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Abstract We ask whether the tendency of Hotelling duopolists to choose uniform
pricing (discriminatory pricing) when the pricing policy is chosen before (after) the
location is robust to the case of imperfect or third-degree price discrimination. By
using a general framework encompassing both perfect and imperfect price discrimi-
nation for any degree of imperfectness, we show that both firms choose uniform pricing
when the pricing policy is chosen before the location for any degree of imperfectness
of price discrimination. When the pricing policy is chosen after the location and price
discrimination is precise enough both firms choose price discrimination; if price dis-
crimination is highly imprecise, an equilibrium exists where both firms commit not to
price discriminate.

JEL Classification D43 · L11

1 Introduction

Price discrimination is a widely used business practice. However, in oligopoly it may
be possible that the equilibrium discriminatory prices are all lower than the equi-
librium uniform price. This phenomenon is called all-out competition (Corts 1998).
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398 S. Colombo

When all-out competition occurs, equilibrium profits under the discriminatory price
regime are lower than the equilibrium profits under the uniform price regime.

All-out competition typically emerges in the Hotelling (1929) framework with lin-
ear or quadratic transportation costs. Thisse and Vives (1988) study the case of price
discrimination within the Hotelling (1929) model when firms are maximally differ-
entiated. First, they show that when firms can price discriminate and simultaneously
choose the price schedule, uniform pricing is never an equilibrium. Then, Thisse and
Vives (1988) assume a two-stage game, where in the first stage each firm chooses the
pricing policy, while in the second stage the price schedules are set. They show that
even when every firm may credibly commit to uniform pricing before setting the price
schedule, the discriminatory prices still arise in equilibrium, since no-commitment is
the dominant strategy for each firm in the first stage of the game conditioned on the
equilibrium path in the second stage of the game. This situation gives rise to a typi-
cal prisoner dilemma: both firms would be better off setting uniform prices, but the
dominant strategy of each firm induces the discriminatory equilibrium. Eber (1997)
studies two different versions of a three-stage game. In the first version, firms first
simultaneously choose where to locate, then they choose whether to price discrimi-
nate or not, then they set the price schedules. In the second version of the game, the
first two stages are reversed: firms first choose the pricing policy and then they choose
the location. The author shows that the unique equilibrium of the first game is char-
acterized by price discrimination by both firms (Prisoner Dilemma arises), while the
unique equilibrium of the second game is characterized by uniform pricing by both
firms (no Prisoner Dilemma arises).

The main limitation of the analysis of Thisse and Vives (1988) and Eber (1997)
is that only perfect price discrimination is considered. As Eber 1997, p 420 points
out: “like Thisse and Vives (1988), we only study the choice between one price and an
infinity of prices, so that we rule out imperfect discriminatory pricing from the set of
possible choices”. That is, firms are assumed to be able to set a different price for each
consumer, which is far from being a realistic assumption. In this paper we fill this gap
by using a more general price discrimination framework which allows considering
both imperfect or third-degree price discrimination and perfect price discrimination
as a limit case. We show that the second-game result of Eber (1997) extends for any
degree of imperfectness: when the pricing policy decision occurs before the location
decision, uniform pricing emerges as the unique equilibrium, regardless of the degree
of imperfectness of price discrimination. The reason for this can be found in what
we call the spatial competition effect: the possibility to price discriminate induces
lower distance between the firms, which in turn increases the competition and makes
the no-commitment strategy less profitable for each firm. Moreover, we show that the
first-game result of Eber (1997) extends to imperfect price discrimination when the
degree of imperfectness is sufficiently low; instead, if price discrimination is highly
imprecise, an equilibrium exists where both firms commit not to price discriminate:
in this case no Prisoner Dilemma arises. Other results concern equilibrium locations,
equilibrium prices and equilibrium welfare. When firms can imperfectly price dis-
criminate, the equilibrium locations are very close to the locations that maximize total
welfare and they converge to 1/4 and 3/4 when price discrimination tends to perfect-
ness; equilibrium prices are all lower under price discrimination than under uniform
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Discriminatory prices and the prisoner dilemma problem 399

pricing (all-out competition occurs); consumer surplus and total welfare are higher
under price discrimination than under uniform pricing.

This paper is organized as follows. In Sect. 2 we describe the model and we briefly
recall the well-known location-price equilibrium under the hypothesis of uniform price
regime. In Sect. 3 we analyse the location-price equilibrium when the firms can price
discriminate. In Sect. 4 we analyse the two versions of the three-stage game. Section 5
concludes.

2 Uniform price

Assume a linear market of length 1. Consumers are uniformly distributed along the
segment. Assume density one. Define with x ∈ [0, 1] the location of each consumer.
Each consumer consumes exactly one unit of the good.

There are two firms, A and B, competing in the market. Firms sell spatially differ-
entiated, but otherwise homogeneous, products. Both firms have zero marginal costs.
Define with a the location chosen by firm A and with b the location chosen by firm
B. Without loss of generality, assume: 0 ≤ a ≤ b ≤ 1. Define with p̄A the uniform
price set by firm A and with p̄B the uniform price set by firm B. Free-on-board prices
are assumed.

The utility of a consumer located at x when he buys from firm A is given by
ux = v − p̄A − t (x − a)2, while the utility of a consumer located at x when he buys
from firm B is given by ux = v − p̄B − t (x − b)2, with t > 0. Suppose that v is
large enough to guarantee that each consumer always buys the good. Define with x∗
the consumer which is indifferent between buying from firm A or from firm B for a
given couple of locations, a and b, and for a given couple of uniform prices, p̄A and
p̄B . Equating the utility in the two cases and solving for x it follows:

x∗ = a + b

2
+ p̄B − p̄A

2t (b − a)

Given the uniform distribution of the consumers, x∗ is the demand function of firm
A and 1 − x∗ is the demand function of firm B. It is well known that in a two-stage
game in which firms first choose locations and then choose the uniform price, the
unique sub-game perfect equilibrium implies maximal distance between the firms, as
the following proposition indicates:

Proposition 1 (D’Aspremont et al. 1979) in a two-stage game in which the firms first
simultaneously choose the location and then simultaneously decide the [uniform]
price, there is a unique sub-game perfect equilibrium, defined by a∗ = 0 and b∗ =
1, and p̄A∗ = p̄B∗ = t .

Given the equilibrium locations and the equilibrium prices, the equilibrium profits of
each firm are �A = �B = t/2.
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400 S. Colombo

3 Discriminatory prices

Following Liu and Serfes (2004), we suppose that there is an information technology
which allows firms to partition the consumers into different groups. We assume that
the information technology partitions the linear market into n sub-segments indexed
by m, with m = 1, . . . , n. Each sub-segment is of equal length, 1/n. It follows that
sub-segment m can be expressed as the interval

[m−1
n ; m

n

]
. A firm can price discrim-

inate between consumers belonging to different sub-segments, but not between the
consumers belonging to the same sub-segment. The cost of using the information
technology is zero. Define with pJ

m the price set by firm J = A, B on consumers
belonging to sub-segment m. Clearly, when firm J cannot price discriminate, it must
be pJ

m = pJ
m′ ,∀m, m′. Finally, assume that n = 4 + 6k, with k = 0, 1, 2, 3, 4 . . . This

segmentation allows us to keep the analysis tractable (see footnote 8), while maintain-
ing at the same time the basic idea of Liu and Serfes (2004): n measures the precision
of consumer information, since the higher the n, the higher the information precision
(the lower is the degree of imperfectness of price discrimination).1 Note that when
n → ∞ we are in the situation of perfect price discrimination analysed by Thisse and
Vives (1988) and Eber (1997).

We study now the location-price equilibrium when both firms can price discrimi-
nate between consumers. We suppose a two-stage game, in which the firms first decide
where to locate and then compete on prices. The utility of the consumer x belonging
to sub-segment m when he buys from firm A is ux = v − pA

m − t (x − a)2, while his
utility when he buys from firm B is given by ux = v − pB

m − t (x − b)2. Consider
segment m. Define x∗

m as the consumer on segment m which is indifferent between
buying from firm A or from firm B for a given couple of locations, a and b, and for
a given couple of discriminatory prices, pA

m and pB
m . Equating the utility in the two

cases and solving for x it follows

x∗
m = a + b

2
+ pB

m − pA
m

2t (b − a)

Therefore, the demand of firm A and firm B on sub-segment m is, respectively,

d A
m = a + b

2
+ pB

m − pA
m

2t (b − a)
− m − 1

n
(1)

d B
m = m

n
− a + b

2
− pB

m − pA
m

2t (b − a)
(2)

It follows that the profits of firm A and firm B on sub-segment m are, respectively,

�A
m = pA

md A
m = pA

m

[
a + b

2
+ pB

m − pA
m

2t (b − a)
− m − 1

n

]

1 Liu and Serfes (2004) assume n = 2k , with k = 0, 1, 2, 3, 4 . . ..

123



Discriminatory prices and the prisoner dilemma problem 401

�B
m = pB

md B
m = pB

m

[
m

n
− a + b

2
− pB

m − pA
m

2t (b − a)

]

The following proposition defines the equilibrium price schedules:

Proposition 2 The equilibrium prices and the equilibrium demand of each firm in the
second stage of the game are the following:

•

m A < m < m B

pA∗
m = t (b − a)

3

(
4 − 2m

n
+ a + b

)
, d A∗

m = 2 − m

3n
+ a + b

6

pB∗
m = t (b − a)

3

(
2 + 2m

n
− a − b

)
, d B∗

m = m + 1

3n
− a + b

6

•

m ≤ m A

pA∗
m = t (b − a)

(
a + b − 2m

n

)
, d A∗

m = 1

n

pB∗
m = 0, d B∗

m = 0

•

m ≥ m B

pA∗
m = 0, d A∗

m = 0

pB∗
m = t (b − a)

(
2m − 2

n
− a − b

)
, d B∗

m = 1

n

where m A = n(a+b)
2 − 1 and m B = n(a+b)

2 + 2.

Proof We refer directly to the proof provided by Liu and Serfes (2004) for their Prop-
osition 1. In order to keep tractability, m A (the last sub-segment monopolized by firm
A) and m B (the first sub-segment monopolized by firm B) have to be integers. There-
fore, the analysis is limited to symmetric location equilibria, which (together with the
assumption of even n) guarantee that m A and m B are integer.2 We check later (see
Proposition 3) that in equilibrium firms locate symmetrically. 
�

Using Proposition 2, the firms’ profits can be written directly as functions of a and
b (the subscript indicates that both firms are price discriminating). They are

2 We thank one anonymous referee for this clarification.
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Fig. 1 Equilibrium location of firm A

�A
DD∗ =

m A∑

m=1

t (b − a)

n

(
a + b − 2

m

n

)

+
m B−1∑

m=m A+1

t (b − a)

3

(
4 − 2m

n
+ a + b

) (
a + b

6
+ 2 − m

3n

)

= t (b − a)[9n2(a + b)2 − 18n(a + b) + 40]
36n2 (3)

�B
DD∗ =

m B−1∑

m=m A+1

t (b − a)

3

(
2 + 2m

n
− a − b

) (
m + 1

3n
− a + b

6

)

+
n∑

m=m B

t (b − a)

n

(
2m − 2

n
− a − b

)

= t (b − a)[9n2(2 − a − b)2 − 18n(2 − a − b) + 40]
36n2 (4)

We state the following proposition:

Proposition 3 The equilibrium locations are a∗ = 9n2−40
36n2−36n

and b∗ = 1 − a∗.

Proof The equilibrium locations come from the solution of

{
∂�A

DD∗/∂a = 0
∂�B

DD∗/∂b = 0
. 
�

Figure 1 illustrates the equilibrium location of firm A.3 Firm A locates just below
1/4 when the market is partitioned in four sub-segments; it locates just above 1/4 when
the market is partitioned into ten sub-segments and afterwards the equilibrium location
decreases monotonically with n and converges to 1/4 at the limit.

3 Even if n does not take all values, in order to better illustrate the pattern of the equilibrium locations as
n increases we draw a continuous line.
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The next propositions compare the location-price equilibrium when price discrimi-
nation is possible with the location-price equilibrium under the uniform price regime.

Proposition 4 All equilibrium prices are lower under price discrimination than under
uniform price (all-out competition). Profits are lower under price discrimination than
under uniform price.

Proof Consider firm A. The equilibrium prices (Proposition 2) can be written as

pA∗
m =

{
t (1−2a∗)

3

( 4−2m
n + 1

)
if m A < m < m B

t (1 − 2a∗)
(
1 − 2 m

n

)
if m ≤ m A

First, note that the equilibrium price for m ≤ m A is always higher than the equi-
librium price for m A < m < m B . In fact, since pA∗

m is decreasing in m, the lowest
equilibrium price for m ≤ m A occurs when m = m A, while the highest equilibrium
price for m A < m < m B occurs when m = m A + 1. Substituting a∗ and b∗ into m A,
and then substituting m A into pA∗

m , we have pA
m A(a∗,b∗)∗ = 2t (1−2a∗)

n >
4t (1−2a∗)

3n =
pA

m A(a∗,b∗)+1∗.

Therefore, the comparison between the uniform equilibrium price, p̄A∗ = t , and
the discriminatory prices can be limited to the comparison between p̄A∗ and the high-
est discriminatory price for m ≤ m A. The highest discriminatory price occurs when
m = 1. Substituting m = 1 into pA∗

m , we get t (1 − 2a∗)(1 − 2/n), which is always
lower than t since both terms in the round brackets are positive and lower than 1.


�
Proposition 5 Consumer surplus and total welfare are higher under price discrimi-
nation than under uniform pricing.

Proof The consumer surplus and the total welfare can be written, respectively, as
CS = v −�T − T C and W = �T +CS = �T +v −�T −TC = v −TC, where TC
are the total transportation costs and �T ≡ �A

DD + �B
DD is the sum of the profits of

each firm. From Proposition 4, we know that profits are lower under price discrimi-
nation than under uniform price. Moreover, transportation costs are lower under price
discrimination than under uniform price, since firms locate near to the socially opti-
mal locations, 1/4 and 3/4. It follows that consumer surplus and total welfare increase
passing from the uniform price regime to the discriminatory price regime. 
�

4 The three-stage model

In Sect. 3 we have shown that price discrimination yields lower profits then uniform
pricing. Now, we suppose that each firm can choose the pricing policy before setting
the price schedule. In a context of perfect price discrimination and firms exogenously
located at the endpoints of the segment, Thisse and Vives (1988) show that even if
there is the possibility to commit to uniform pricing, price discrimination emerges in
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equilibrium.4 In the context of perfect price discrimination and endogenous locations,
Eber (1997) shows that (a) if the location choice occurs before the commitment deci-
sion, price discrimination emerges as the unique equilibrium; (b) if the commitment
decision occurs before the location choice, uniform pricing emerges as the unique
equilibrium. In this section we ask whether these results are still valid when a more
general framework of price discrimination is considered. Both versions of the three-
stage game a la Eber (1997) are considered: in the first version, firms first choose
location, then they choose whether to price discriminate or not, and finally they set
the prices; in the second version, firms first choose the pricing policy, then choose the
location and finally set the price schedules.

4.1 Game 1

Timing: At time 1, both firms simultaneously choose the location; at time 2 both firms
simultaneously decide whether to commit to uniform pricing (U) or not (D); at time 3
both firms simultaneously choose the price schedule.

We solve the game by backward induction. Consider the third stage of the game.
At the third stage firms compete on prices, given the locations and the commitment
decision. We need to calculate the equilibrium prices when one firm has committed
and the other has not committed. The following proposition defines the equilibrium
prices in such case:

Proposition 6 If firm A has committed and firm B has not committed, the equilibrium
prices in the third stage of the game are the following:

p̄A∗ = t (b − a)(a + b)

2
+ t (b − a)

2n

pB∗
m =

⎧
⎪⎨

⎪⎩

t (b − a)

n
i f m = m∧ − 1

t (b − a)

2

(
4m − 3

n
− a − b

)
i f m ≥ m∧

where m∧ = [n(a + b) + 7]/4
If firm A has not committed and firm B has committed, the equilibrium prices in the

third stage of the game are the following:

4 There are many ways in which a firm may commit to uniform pricing. First, one may imagine an explicit
contract between the firm and the consumers. An example of such contract is the most-favoured nation
clause, which engages a firm to offer a consumer the same price as its other consumers: if the clause is not
respected, the firm must pay back the consumer the difference between the price he effectively paid and
the lowest price fixed by the firm. Other forms of commitment to uniform pricing are no-haggle policies, in
which the firm promises the customers that the posted sticker price is the final price (Corts 1998). Moreover,
one may consider a more subtle (and perhaps more common) type of commitment to uniform pricing. Since
a firm can price discriminate only if it is able to identify consumers (or groups of them), when a firm has
not such specific consumers’ information, it is prevented from price discrimination. Therefore, when a firm
does not acquire consumers’ information, it commits to uniform pricing (Liu and Serfes 2004).
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pA∗
m =

⎧
⎪⎨

⎪⎩

t (b − a)

n
if m = m◦ + 1

t (b − a)

2
(2 + a + b + 1 − 4m

n
) if m ≤ m◦

p̄B∗ = t (b − a)(2 − a − b)

2
+ t (b − a)

2n

where m◦ = [n(2 + a + b) − 3]/4

Proof Suppose that firm A has committed while firm B has not committed. Consider
the sub-segment m. The demand of firm B is

d B
m = m

n
− a + b

2
− pB

m − p̄A

2t (b − a)
(5)

The profits obtained by firm B from the sub-segment m are therefore

�B
m = pB

m

[
m

n
− a + b

2
− pB

m − p̄A

2t (b − a)

]
(6)

Maximizing Eq. (6) with respect to pB
m , we obtain the optimal discriminatory price in

sub-segment m given the price set by the non-discriminating firm. We get

pB
m = t (b − a)

(
m

n
− a + b

2

)
+ p̄A

2
(7)

Inserting Eq. (7) into Eq. (1), we get firm A’s demand in each sub-segment:

d A
m = a + b

4
− m

2n
− p̄A

4t (b − a)
+ 1

n
(8)

The demand of firm A is zero in the most at the right sub-segments. More precisely,

d A
m ≤ 0 ↔ m ≥ m∧ ≡ n

[
a + b

2
− p̄A

2t (b − a)
+ 2

n

]

In order to maintain tractability we assume that m∧ is integer.5 Therefore, the analy-
sis is limited to location equilibria under which m∧ is integer (similarly, for the case
where firm A has not committed and firm B has committed the analysis is limited to
location equilibria under which m◦ is integer). We check later (see footnote 8) that m∧
and m◦ are indeed integers under the location equilibrium emerging when the firms
adopt asymmetric pricing policies. The demand of firm A is 1/n in the most at the left

5 Again, we thank one referee for this clarification.
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sub-segments. More precisely

d A
m ≥ 1/n ↔ m ≤ m∧∧ ≡ n

[
a + b

2
− p̄A

2t (b − a)

]

Note that m∧ − m∧∧ = 2. Therefore, when m∧ is integer, m∧∧ is integer as well.
Moreover, both firms have a positive demand only in sub-segment m∧ −1. The profits
of firm A are therefore defined by the following equation (the subscript indicates that
firm A sets a uniform price while firm B price discriminates):

�A
UD = p̄A

m∧∧∑

m=1

1

n
+ p̄A

[
a + b

4
− m∧ − 1

2n
− p̄A

4t (b − a)
+ 1

n

]

= p̄A
[

a + b

2
− p̄A

2t (b − a)
+ 1

2n

]
(9)

Maximizing Eq. (9) with respect to p̄A we obtain the optimal uniform price set by the
non-discriminating firm:

p̄A∗ = t (b − a)(a + b)

2
+ t (b − a)

2n
(10)

Inserting Eq. (10) in Eq. (7), and substituting m with m∧ − 1 (in which we insert
Eq. (10) again), we obtain the optimal discriminatory price in the only sub-segment
in which both firms sell a positive amount. That is

pB
m∧−1 = t (b − a)/n (11)

The demand of firm B in sub-segment m∧ −1 is obtained inserting Eq. (11) in Eq. (5).
It follows

d B
m∧−1 = 1/2n

The optimal discriminatory prices in sub-segments m ≥ m∧ are obtained by solving
d B

m ( p̄A∗) = 1/n. It follows

pB∗
m = t (b − a)

2

(
4m − 3

n
− a − b

)

The proof of the second part of the proposition proceeds in the same way. 
�

By Proposition 6, the profits of the two firms when one sets a uniform price while the
other discriminates follow immediately.
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Table 1 Equilibrium firms’ profits in Game 1

�B

� A U D

U
t (b − a) (2 + a + b)2

18
; t (b − a)

[
n2(a + b)2 + 2n(a + b) + 1

]

8n2 ;
t (b − a)(4 − a − b)2

18

t (b − a)
[
5 − 2n(4 − a − b) + n2(4 − a − b)2

]

16n2

D
t (b − a)

[
5 − 2n(2 + a + b) + n2(2 + a + b)2

]

16n2 ; t (b − a)
[
9n2(a + b)2 − 18n(a + b) + 40

]

36n2 ;
t (b − a)

[
n2(2 − a − b)2 + 2n(2 − a − b) + 1

]

8n2

t (b−a)
[
9n2(2−a−b)2−18n(2−a − b) + 40

]

36n2

Corollary of Proposition 6 if firm A has committed and firm B has not committed,
the equilibrium profits are

�A
UD∗ = t (b − a)

[
n2(a + b)2 + 2n(a + b) + 1

]
/8n2

�B
UD∗ = t (b − a)

[
n2(4 − a − b)2 − 2n(4 − a − b) + 5

]
/16n2

If firm A has not committed and firm B has committed, the equilibrium profits are

�A
DU∗ = t (b − a)

[
n2(2 + a + b)2 − 2n(2 + a + b) + 5

]
/16n2

�B
DU∗ = t (b − a)

[
n2(2 − a − b)2 + 2n(2 − a − b) + 1

]
/8n2

We can write the firms’ profits directly as functions of a and b in the four possible
cases: UU, UD, DU and DD.6 We do it in Table 1:

We state the following proposition:

Proposition 7 If n ≥ 10 the unique equilibrium is characterized by both firms price
discriminating; if n = 4 both firms setting a uniform price is an equilibrium.

Proof 7Consider n ≥ 10. Let call the two firms generically “firm I ” and “firm J”
and their respective locations i and j , where I, J ∈ {A, B} and i, j ∈ {a, b}: if in
equilibrium i < j , then I = A and J = B, while if in equilibrium i > j , then
I = B and J = A. We show that in the first stage of the game no location equi-
librium exists that induces an asymmetric pricing policy equilibrium in the second
stage. We start with the following observation coming directly from Table 1: if firms
locate symmetrically, in the second stage of the game the equilibrium is DD. Consider
now the necessary conditions on iand j for DU to arise in the second stage of the

6 The profit functions in UU can be obtained by standard calculations (see Tirole 1988, p 281).
7 Here we provide the intuition of the proof. The complete proof can be found in the Appendix.
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game. The necessary conditions can be obtained by solving �B
DU > �B

DD. Without
loss of generality, assume that the non discriminating firm is J and define the R2-set
inducing DU with S, that is, S ≡ {

(i, j) ∈ R2 : �B
DU > �B

DD, j > i
}
. Now, consider

firm J : given i , is the best reply of firm J to set j such that (i, j) ∈ S? If at least one
j̃ such that (i, j̃) /∈ S exists that guarantees higher profits to firm J when the rival
plays i , then j such that (i, j) ∈ S cannot be the best reply of firm J , and (i, j) ∈ S
cannot be an equilibrium. We consider j̃ = 1 − i : since symmetric locations induce
DD equilibrium in the second stage, we are sure that (i, j̃) /∈ S. Then, we compare
�J

DU((i, j) ∈ S) with �J
DD((i, j̃)). It can be shown that �J

DU((i, j) ∈ S) is always
lower than �J

DD((i, j̃)): therefore, choosing j such that (i, j) ∈ S cannot be the best
reply of firm J when firm I plays i . No location equilibrium inducing DU can exist
in the first stage of the game. The proof for the non-existence of location equilibria
inducing UD in the second stage equilibrium is analogous. Moreover, it can be easily
verified by looking at Table 1 that for any possible couple of locations, UU is never an
equilibrium in the second stage of the game when n ≥ 10. Therefore, only a location
equilibrium inducing DD can exist in the first stage of the game. Consider now the
location equilibrium defined in Proposition 3. When firm I plays i*, the equilibrium
emerging in the second stage of the game is DD for any possible j (this can be eas-
ily verified by substituting i∗ into Table 1 and noting that neither �B

DU > �B
DD nor

�A
UD > �A

DD are possible). Therefore, firm J plays j* as shown in Proposition 3, and
(i∗, j∗) is the unique equilibrium. It follows that in the second stage of the game both
firms choose not to commit. When n = 4 direct computations show instead that UU is
an equilibrium, while neither UD nor DU are an equilibrium. Unfortunately, we have
not been able to prove whether DD can arise as an equilibrium or not. 
�

Proposition 7 shows that the Prisoner Dilemma argument of Thisse and Vives (1988)
and Eber (1997) cannot be extended for any degree of imperfectness of price discrim-
ination: when price discrimination is highly imperfect, an equilibrium exists where
the Prisoner Dilemma does not occur.

4.2 Game 2

Timing: At time 1 both firms simultaneously decide whether to commit or not; at time
2 both firms simultaneously choose the location; at time 3 both firms simultaneously
choose the price schedule.

As usual, in order to solve the game we start from the last stage. We already have the
equilibrium prices and locations when both firms set a uniform price (Proposition 1)
and when both price discriminate (Propositions 2 and 3). Moreover, we already know
the equilibrium prices when one firm has committed and the other has not (Propo-
sition 6). It remains to calculate the equilibrium locations in the sub-games arising
when only one firm has committed in the first stage. Equilibrium locations in these
sub-games are defined by the following proposition:

Proposition 8 If firm A has chosen U and firm B has chosen D, the equilibrium loca-
tions at the second stage of the game are a∗ = 1

3 − 1
3n and b∗ = 1.
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Table 2 Equilibrium firms’ profits in Game 2

�B

�A U D

U
t

2
; t

2

t (1 + 2n)3

54n3 ;
t (1 + 2n)

(
5 − 4n + 8n2

)

54n3

D
t (1 + 2n)

(
5 − 4n + 8n2

)

54n3 ; t (1 + 2n)3

54n3

t
(

9n2 − 18n + 40
)2

648n3(n − 1)
;

t
(

9n2 − 18n + 40
)2

648n3(n − 1)

If firm A has chosen D and firm B has chosen U, the equilibrium locations at the
second stage of the game are a∗ = 0 and b∗ = 2

3 + 1
3n .8

Proof Suppose that firm A has chosen U and firm B has chosen D in the first stage
of the game. Then, taking the derivative of �B

UD∗ with respect to b, the result is
∂�B

UD∗/∂b = t[5 + 4n(b − 2) + n2(16 − 16b − a2 + 2ab + 3b2)]/16n2, which is
always positive. Therefore, the discriminating firm, B, locates at the right endpoint of
the market. Substituting b∗ = 1 into �A

UD∗ and maximizing it with respect to a, we
get a∗ = 1/3 − 1/3n. The second part of the proposition can be proved in the same
way. 
�

Since we have the equilibrium prices (third stage) and the equilibrium locations
(second stage) in all possible cases, we can write the equilibrium profits of each firm
directly as functions of the pricing policy at the first stage of the game, by substituting
the equilibrium prices and the equilibrium locations in the appropriate profit functions.
The equilibrium profits are summarised in Table 2.

We state the following proposition:

Proposition 9 The (unique) sub-game perfect Nash equilibrium entails uniform pric-
ing by both firms.

Proof Suppose that firm A chooses U. The pattern of the profits of firm B as function
of n when it chooses U and when it chooses D is depicted in Fig. 2.9 Suppose now
that firm A chooses D. The pattern of the profits of firm B as function of n when it
chooses U and when it chooses D is depicted in Fig. 3. From Figs. 2 and 3 it fol-
lows immediately that firm B always prefers to commit, regardless of firm A’s pricing
policy.


�
Therefore, when the pricing policy is decided before the location, discriminatory

prices do not arise in equilibrium, independently of the numbers of partitions of the
consumers.

8 In order to verify that m∧ and m◦ are integer under the equilibrium locations, substitute the appropriate
equilibrium locations from Proposition 8 into m∧ and m◦. We get m∧ = (n + 5)/3 and m◦ = (2n − 2)/3,
which are always integer when n = 4 + 6k, with k = 0, 1, 2, 3, 4 . . ..
9 Both in Fig. 2 and in Fig. 3, the graphs are drawn for continuous n though we consider only a subset of n.
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Fig. 2 Firm B’s profits when firm A chooses U

Fig. 3 Firm B’s profits when firm A chooses D

In what follows, we provide the intuition of the main result of this paper. When
locations are fixed at the pricing policy stage (Game 1), the possibility to price discrim-
inate creates two effects: on the one hand, each firm is able to extract more consumer
surplus when it can customize the prices, but on the other hand flexibility induces
firms to compete more fiercely.10 When price discrimination is sufficiently precise the
first effect dominates and each firm decides to price discriminate.

When locations are chosen after the choice of the pricing policy (Game 2), a third
effect arises: we call it the spatial competition effect. When firms do not commit,

10 See Ulph and Vulkan (2000) for more details about these effects.

123



Discriminatory prices and the prisoner dilemma problem 411

they are nearer each other in equilibrium, and then competition is fiercer: this induces
each firm to commit to uniform pricing at the first stage of the game. Therefore, the
occurrence of the spatial competition effect seems responsible for the emerging of the
uniform pricing equilibrium in Game 2, because it makes price discrimination less
attractive for firms. However, one may ask why the spatial competition effect arises,
or, in other words, why distance is lower when firms price discriminate. In what fol-
lows we give the intuition by analysing the incentives that drive the location choice
of firm A (for firm B the reasoning is analogous) in the limit case of perfect price
discrimination (n → ∞) by both firms.11 We observe three different effects. First,
firm A wants to move toward the centre because in this way some consumers, which
otherwise would be nearer to firm B, become nearer to firm A. This effect is analogous
to the demand effect emerging under uniform pricing (Tirole 1988, p 281). Consider
now the effect of a movement of firm A toward the centre on the equilibrium prices
applied on those consumers which are nearer to firm A even before the movement.
Note that when n → ∞ each sub-segment is infinitely small and reduces to the indi-
vidual consumer. Therefore, there cannot be consumers “shared” between the two
firms: each consumer patronizes one firm. Moreover, when n → ∞ we get m = nx .
This allows us to rewrite the equilibrium price schedule defined in Proposition 2 as
pA∗

x = t (b − a)(a + b − 2x). This makes clear that the price on consumer x depends
on two factors. On the one hand, it depends on the distance between the two firms (the
first term): the more the firms are distant, the higher is the price applied on consumer
x , because the difference between the two firms perceived by the consumer is higher
(and therefore the advantage of firm A over firm B is higher). Clearly, this effect (we
call it the increasing distance effect) stimulates firm A to move toward the endpoint of
the segment. On the other hand, the price applied on consumer x depends on the dis-
tance between consumer x and firm A (second term): for a given couple of locations,
the more the consumer is near to the firm the higher is the price. This effect (we call
it the minimizing transportation costs effect) stimulates firm A to minimize its dis-
tance from the consumers buying from it. Note that this last incentive is absent under
uniform pricing, because in that case the (uniform) price depends only on the distance
between the firms, but not on the distance between the firm and its consumers. To sum
up, when both firms price discriminate the demand effect pushes the firms towards
the centre of the segment, the increasing distance effect pushes the firms towards the
endpoints of the segment, and the minimizing transportation costs effect pushes each
firm towards the middle of its respective markets. In the perfect price discrimination
case, the equilibrium between these three forces arises when firms choose respectively
locations at 1/4 and 3/4.

5 Conclusion

We extend the perfect price discrimination analysis of Thisse and Vives (1988) and
Eber (1997) to a general framework of imperfect price discrimination encompassing
perfect price discrimination as a limit case. We obtain the following results. If firms

11 The intuition is similar for the cases of asymmetric pricing policies.
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cannot commit to uniform pricing before competing on price, price discrimination
emerges as the unique sub-game perfect equilibrium (Proposition 2). Firms locate,
respectively, in the proximity of 1/4 and 3/4 (Proposition 3). Equilibrium discrim-
inatory prices are all lower than the equilibrium uniform price of a two-stage
location-price game where price discrimination is impossible, for any degree of imper-
fectness of price discrimination (Proposition 4). Therefore, all-out competition (Corts
1998) is shown to occur regardless of the degree of imperfectness of price discrim-
ination. If firms can commit to uniform pricing before competing on price but after
choosing the location, the unique equilibrium is characterized by price discrimina-
tion provided that price discrimination is precise enough: if price discrimination is
highly imprecise, an equilibrium exists where both firms commit not to price discrim-
inate (Proposition 7). On the contrary, if firms can commit to uniform pricing before
competing on price and before choosing the location, the unique equilibrium is char-
acterized by uniform pricing for any degree of imperfectness of price discrimination
(Proposition 9).

Appendix

Proof of Proposition 7 Consider n ≥ 10. The necessary (though not sufficient) con-
ditions on a and b for DU to arise in the second stage of the game can be obtained by
solving �B

DU > �B
DD. For this inequality to hold, a, b and n have to belong to one of

the following sets:

•

1 −
√

10 + 9

3n
< a < 1 −

√
5/2

3n
− 3

2n
and −

√
10 + 9

3n
+ 2 − a < b ≤ 1

•

1 −
√

5/2

3n
− 3

2n
≤ a ≤ 1 +

√
10 − 9

3n
and a < b ≤ 1

•

1 +
√

10 − 9

3n
< a < 1 +

√
5/2

3n
− 3

2n
and a < b <

√
10 − 9

3n
+ 2 − a

Note that for DU to arise, a has to be particularly high, since the lowest admissible
value for a is a = 7/10−1/3

√
10 ∼= 0, 59. Now, consider firm B. Suppose that firm A

locates at a belonging to one of the sets defined above, and that firm B wants to induce
the DU equilibrium. Which is firm B’s optimal location? By maximizing �B

DU with
respect to b we get b = b̃ ≡ [1 + n(2 + a)]/3n. Provided that firm B wants to induce
the equilibrium DU, if a and b̃ belong to one of the sets defined above, b̃ is the optimal
choice of firm B. However, it may be that, given a, b̃ does not induce the equilibrium
DU because it is outside all the sets defined above. In this case, if b̃ is higher than the
highest b which induces the equilibrium DU given a, recalling that the profits of B
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are increasing for any b lower than b̃, firm B chooses the most to the right location
among those locations which induce DU given a. On the contrary if b̃ is lower than
the lowest b which induces the equilibrium DU given a, firm B chooses the most to
the left location among those locations which induce DU given a, because the profits
of B are decreasing for any b higher than b̃. Therefore, the possible equilibrium firm
B’s locations are the following:12

(1) b = b̃

(2) b = 1

(3) b = 2 − a −
√

10 + 9

3n

(4) b = 2 − a +
√

10 − 9

3n

However, given a, firm B may decide to leapfrog the rival from the right and locate
at the left of firm A. Suppose in particular that firm B chooses a symmetric location
with respect to firm A. In this case direct calculations in Table 1 show that when
n ≥ 10, DD emerges as the unique equilibrium in the second stage of the game.13 By
leapfrogging, firm B obtains the following profits:14

�̂B
DD = t (2a − 1)(40 − 18n + 9n2)

36n2

If �̂B
DD is higher than the profits induced in the case of DU, it means that at least one

location exists for firm B that guarantees higher profits by inducing DD rather than
inducing DU. In this case DU cannot be an equilibrium in the second stage since firm
B never chooses an equilibrium location which induces DU, but prefers to leapfrog
firm A from the right and induce DD in the second stage. Now we proceed to compare
case by case.

(1) b = b̃. Equilibrium profits of firm B are: �
B,1
DU = t[1 + 2n(1 − a)]3/54n3.

Define: �1 ≡ �
B,1
DU −�̂B

DD = [1 + 2n(1 − a)]3/54n3 − t (2a − 1)(40 − 18n + 9n2)/

36n2. We have to prove that �1 is always negative. First, by taking the deriva-

tive of �1 with respect to n we get ∂�1

∂n = − t[1+n(44−84a)−n2(5−10a−4a2)]
18n4 , which

12 Note that also b = a is a priori a potential candidate for being an optimal firm B’s location. However,
it is noteworthy that b̃ ≡ [1 + (2 + a)n]/3n > a. Therefore, firm B never chooses to locate in the same
point of firm A.
13 Suppose symmetric locations. The difference between �B

UU and �B
UD is [t (1 − 2a)(6n − 5 − n2)]/

16n2, which is decreasing in n: since it is negative when n = 10, it is negative for all n ≥ 10. The difference
between �B

DU and �B
DD is given by [t (1 − 2a)(54n − 71 − 9n2)]/72n2, which is decreasing in n: since it

is negative when n = 10, it is negative for all n ≥ 10.
14 Note that, given the leapfrog, the identity of the two firms should be inverted. In order to avoid confusion,
we maintain the same notation used until now when indicating the two firms. However, one should recall
that firm B is now located at the left of firm A. Moreover, note that profits are positive, since a > 1/2.

123



414 S. Colombo

is strictly negative. Therefore, we can limit the analysis to the lowest n, that is n = 10.
By taking the derivative of �1(n = 10) with respect to a, we get ∂�1(n = 10)/∂a =
−t (821 − 840a + 400a2)/900, which is always negative. Therefore, we can con-
sider the lowest value of a. The lowest value of a inducing the DU equilibrium
is a = 7/10 − 1/3

√
10. By substituting the lowest value of a into �1, we get

�1 = t (−111,339 + 23,246
√

10)/1,458,000 < 0.

(2) b = 1. Equilibrium profits of firm B are �
B,2
DU = t (1 − a)[1 + (1 − a)n]2/8n2.

Define �2 ≡ �
B,2
DU − �̂B

DD = t (1 − a)[1 + (1 − a)n]2/8n2 − t (2a − 1)(40 − 18n +
9n2)/36n2. We have to prove that �2 is always negative. First, by taking the derivative

of �2 with respect to n we get ∂�2

∂n = − t[89−9n+9na2+a(18n−169)]
36n3 , which is strictly

negative. Therefore, we can limit the analysis to the lowest n, that is, n = 10. By
taking the derivative of �2(n = 10) with respect to a, we get ∂�2(n = 10)/∂a =
−t (6,109 − 5,760a + 2,700a2)/7,200, which is always negative. Therefore, we can
consider the lowest value of a. The lowest value of a inducing the DU equilib-
rium is a = 7/10 − 1/3

√
10. By substituting this value into �2, we get �2 =

t (−8,307 + 1,705
√

10)/108,000 < 0.

(3) b = 2 − a − (
√

10 + 9)/3n.

Equilibrium profits of firm B are: �
B,3
DU = −t[9 + n(6a − 6 + √

10/n)](12
√

10 +
77)/108n3. Define �3 ≡ �

B,3
DU − �̂B

DD = − t[9+n(6a−6+√
10/n)](12

√
10+77)

108n3 −
t (2a−1)(40−18n+9n2)

36n2 . We have to prove that �3 is always negative. Consider

first n ≥ 16. Taking the derivative of �3 with respect to n we get ∂�3

∂n =
t[813+n(468a−388+185

√
10/n)+6n2(3+a(8

√
10/n−6)−8

√
10/n)]

36n4 , which is strictly negative.
Therefore, we can limit the analysis to the lowest n, which is n = 16. By tak-
ing the derivative of �3(n = 16) with respect to a, we get ∂�3(n = 16)/∂a =
−t (711 + 4

√
10)/1,536, which is always negative. Therefore, we can consider the

lowest value of a. The lowest value of a among those inducing the DU equilib-
rium is a = 1 − (

√
10 + 9)/3n which is equal to a = 13/16 − √

5/2/24 when
n = 16. By substituting it into �3(n = 16), we get �3 = t (−60,867 + 4,297

√
10)/

442,368 < 0. Consider now n = 10. By taking the derivative of �3(n = 10) with
respect to a we get ∂�3/∂a = −t (279 + 4

√
10)/600, which is always negative.

Then, we can consider the lowest value of a. The lowest value of a inducing the
DU equilibrium is a = 7/10 − 1/3

√
10. By substituting it into �3(n = 10), we get

�3 = t (−8,307 + 1,705
√

10)/108,000 < 0.

(4) b = 2 − a + (
√

10 + 9)/3n.

Equilibrium profits of firm B are �
B,4
DU = t[n(6 − 6a + √

10/n) − 9](77 −
12

√
10)/108n3. Define �4 ≡ �

B,4
DU − �̂B

DD = t[n(6−6a+√
10/n)−9](77−12

√
10)

108n3 −
t (2a−1)(40−18n+9n2)

36n2 . We have to prove that �4 is always negative. Consider first n ≥ 16.

By taking the derivative of �4 with respect to n we get: ∂�4

∂n =
t[813+n(468a−388−185

√
10/n)+6n2(3−a(6+8

√
10/n)+8

√
10/n)]

36n4 , which is strictly negative.
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Therefore, we can limit the analysis to the lowest n, that is, n = 16. By taking the deriv-
ative of �4(n = 16) with respect to a, we get ∂�4(n = 16)/∂a = t (−711 + 4

√
10)/

1,536, which is always negative. Therefore, we can consider the lowest value of
a. The lowest value of a inducing the DU equilibrium is a = 1 + (

√
10 + 9)/3n,

which is equal to a = 13/16 + √
5/2/24 when n = 16. By substituting this value

into �4(n = 16), we get �4 = −t (60,867 + 4,297
√

10)/442,368 < 0. Consider
now n = 10. By taking the derivative of �4(n = 10) with respect to a we get
∂�4/∂a = −t (279 − 4

√
10)/600, which is always negative. Therefore, we can con-

sider the lowest value of a. The lowest value of a inducing the DU equilibrium is
a = 7/10 + 1/3

√
10. By substituting this value into �4(n = 10), we get �4 =

−t (8,307 + 1,705
√

10)/108,000 < 0.
Therefore, firm B can always obtain higher profits by leapfrogging firm A from the

right and inducing the equilibrium DD rather than inducing the equilibrium DU. In the
same way, it can be shown that A can always obtain higher profits by leapfrogging firm
B from the left and inducing the equilibrium DD rather than inducing the equilibrium
UD.

Now we show that UU never arises in the second stage when n ≥ 10. Consider
firm B profits in the case of UU and in the case of UD.

Define: Z ≡ �B
UU−�B

UD = t (b − a)(4 − a − b)2 /18−t (b−a)[5−2n(4−a−b)+
n2(4−a −b)2]/16n2. By taking the derivative of Z with respect to n we get ∂ Z/∂n =
t (b − a)[5 − n(4 − a − b)]/8n3, which is always negative for n ≥ 10. Therefore, if Z
is negative for n = 10, it must be negative for any other n. By substituting n = 10 into
Z we get Z = t[20a3 − 4a2(31 − 5b) − b(185 − 124b + 20b2) + 5a(37 − 4b2)]/
2,880 which is always negative given that 1 ≥ b ≥ a ≥ 0. Therefore, firm B always
chooses D when firm A chooses U. Similarly, firm A always chooses D when firm
B chooses U. It follows that UU cannot be an equilibrium for any possible couple of
locations.

We consider now the case where n = 4. Suppose that firm A plays U. Firm B plays
D when �B

UD > �B
UU. By solving the inequality, we get the following conditions on the

variables for firm B playing D when firm A plays U: 0 ≤ a < 1/8∩a < b < 1/4−a.
Under symmetric locations instead, firm B plays U when firm A plays U (this can be
observed by substituting b = 1 − a into the relevant payoff functions and noting that
�B

UD < �B
UU). Under symmetric locations, firm B’s profits are, therefore, �B

UU =
t (1 − 2a)/2. Define: G ≡ �B

UU(a, 1 − a) − �B
UD(a, b; n = 4). Taking the derivative

of G with respect to a we get ∂G/∂a = t[48a2 − 27 − 16b2 + 16a(2b − 15)]/256,
which is negative for all the admissible values of a and b. Therefore, if G is positive
when a → 1/8 (the highest value of a under which the equilibrium UD may arise
in the second stage of the game), it has to be positive for all the other values of a.
Note that when a → 1/8, the only value of b which induces the equilibrium UD is
b → 1/8. By substituting a = 1/8 and b = 1/8 into G we get 3t/8. Therefore, G
is positive for all the values of a and b belonging to the set inducing the equilibrium
UD in the second stage of the game. It follows that firm B never chooses D when firm
A plays U, since it prefers to mimic the strategy of firm A. As a consequence, UU
emerges as an equilibrium in the second stage of the game. Clearly, neither DU nor
UD can be equilibria. 
�
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