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Abstract For reliable computational predictions of transonic flows, it is important to resolve the significant
effects of physical variations on the shock wave locations. The resulting discontinuities in probability space
require extremum diminishing uncertainty quantification to avoid overshoots and undershoots in the response
surface approximation. In this paper, the extremum diminishing concept in probability space is extended to
infinite parameter domains using inverse distance weighting interpolation of deterministic samples. Based on
results for three analytical test functions, the combination of Halton sampling and power parameter limit value
c → ∞ is selected. The approach is employed to model spatial-free-stream velocity fluctuations in the highly
sensitive transonic AGARD 445.6 wing test case in an up to ten-dimensional probability space. The 0.5%
input variations are amplified to a coefficient of variation for the wave drag of cvD = 9.58% in combination
with an increase of the mean drag by 1.75% compared to the deterministic value.

Keywords Uncertainty quantification · Inverse distance weighting · Transonic flow · Extremum diminishing

1 Introduction

Physical variability present in practically all engineering problems is in computational fluid dynamics usually
not taken into account in a systematic way. These intrinsic variations in, for example, atmospheric conditions
and geometrical properties result in varying model parameter values, and initial and boundary conditions. The
inherent variability can also be interpreted as uncertainty in terms of a random description in a probabilistic
mathematical framework. Physical or aleatoric uncertainty differs in that sense from epistemic uncertainty,
caused by modeling unknowns or insufficient input data, which is in general not random in nature.

The effect of physical variations can, nonetheless, be significantly larger than the numerical errors for flow
problems which are sensitive to changes in the input data. The aerodynamic drag in the transonic flow regime
is, for example, known to be sensitive to small free-stream fluctuations. The resulting variations in the shock
wave location lead to an increased variability of local pressures in the shock region. It is, therefore, important to
quantify the effect of physical uncertainties in transonic flow problems using robust uncertainty quantification
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methods which can deal with discontinuities in a reliable way.

Monte Carlo simulation [10] and Polynomial Chaos methods [1,8,31,32,36] are popular approaches for the
detailed and quantitative probabilistic modeling of physical variations by random parameters. The Polynomial
Chaos framework has become a well-established spectral method for probability space [9,17,22,24,39]. It
has been applied to various problems involving flow [18,20,38] and fluid-structure interaction [33,37]. The
mathematical formulation of the Polynomial Chaos problem for output of interest u(x, t, a(ω)) is

L(x, t, a(ω); u(x, t, a(ω))) = S(x, t, a(ω)), (1)

with appropriate initial and boundary conditions. Operator L and source term S are defined on domain D×T×A,
where x ∈ D and t ∈ T are the spatial and temporal dimensions with D ⊂ R

d , d = {1, 2, 3}, and T ⊂ R
+.

The randomness is introduced in (1) and its initial and boundary conditions by na uncorrelated second-order
random parameters a(ω) = {a1(ω), . . . , ana (ω)} ∈ A with probability density fa(a) and parameter space
A ⊂ R

na . The argument ω is a random event with the set of outcomes � = [0, 1]na of the probability space
(�, F , P) with F ⊂ 2� the σ–algebra of events and P a probability measure. Spatially correlated data is in this
framework modeled by random fields, which can be discretized in terms of uncorrelated random parameters
using the Karhunen–Loève expansion of the covariance function [15].

Here, we consider nonintrusive uncertainty quantification methods l which construct a weighted approx-
imation w(x, t, a) of response surface u(x, t, a) based on ns deterministic solutions vk(x, t) ≡ u(x, t, ak) of
(1) for different parameter values ak ≡ a(ωk) with k = 1, . . . , ns . The samples vk(x, t) can be obtained by
solving the deterministic problem

L(x, t, ak; vk(x, t)) = S(x, t, ak), (2)

for k = 1, . . . , ns , by reusing an existing deterministic flow solver based on standard spatial discretization
methods and time marching schemes. A nonintrusive uncertainty quantification method l is then a combination
of a sampling method g and an interpolation method h. Sampling method g defines the ns sampling points
{ak}ns

k=1 and it returns the deterministic samples v(x, t) = {v1(x, t), . . . , vns (x, t)}. In nonintrusive Polynomial
Chaos methods [11,27], (pseudo-)random sampling and quasi-random sampling techniques are employed such
as Latin Hypercube sampling or Hammersley sampling [10]. Sampling in suitable Gauss quadrature points
is used in Stochastic Collocation approaches [2,16,21,29]. Interpolation method h results for nonintrusive
Polynomial Chaos and Stochastic Collocation in a global polynomial interpolation w(x, t, a) based on exact
Lagrange interpolation through the samples or Least Squares approximation [12]. We are eventually interested
in an approximation of the probability distribution and statistical moments μui (x, t) of the output u(x, t, a),
which can be obtained by sorting and weighted integration of w(x, t, a)

μui (x, t) ≈ μwi (x, t) =
∫

A
w(x, t, a)i fa(a)da. (3)

This information can be used for reducing design safety factors and robust design optimization, in contrast to
reliability analysis, in which the probability of failure is of interest [23].

The global polynomial approximation w(x, t, a) of discontinuous responses in probability space can result
in overshoots and undershoots at the discontinuity. Overshoots and undershoots refer here to an interpolation
that attains locally alternating higher and lower values than the exact solution due to an oscillatory polynomial
fit through the sampling points. These oscillatory predictions can even lead to unphysical realizations. A more
robust approximation is pursued by adaptive finite elements discretizations of probability space [7,19,30],
which evaluate integral (3) by dividing parameter space A into ne elements A j

μwi (x, t) =
ne∑

j=1

∫
A j

w(x, t, a)i fa(a)da. (4)

Approximation w(x, t, a) is then a piecewise polynomial function based on local nonintrusive Polynomial
Chaos or Stochastic Collocation approaches in usually hypercube elements. In case of higher-order approx-
imations, these finite elements discretizations of probability space still allow local unphysical oscillations.
Multielement methods based on a piecewise polynomial approximation of the response in parameter space are
also limited to finite parameter domains.
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For reliable approximations of discontinuous response surfaces, it is important to define the robustness of
uncertainty quantification methods more precisely. This is essential especially for high dimensional probability
spaces, for which a response surface approximation can no longer easily be inspected visually. In the field of
deterministic finite volume methods there has been much attention for the robust approximation of disconti-
nuities in physical space, which has resulted in the introduction of the extremum diminishing (ED) and local
extremum diminishing (LED) concepts [13]. In that context, the ED property ascertains that no unphysical
solutions are predicted due to overshoots and undershoots near, for example, shock waves.

The ED concept was recently also extended to probability space as basis for the development of robust
uncertainty quantification methods [35]. In probability space, the ED property assures that an uncertainty
quantification method does not predict nonzero probabilities for unphysical realization due to overshoots and
undershoots in the vicinity of discontinuities. A fourth-order multielement uncertainty quantification method
based on Newton–Cotes quadrature points in simplex elements was also proposed which satisfies the require-
ments of the ED concept in probability space [34,35].

The applicability of this multielement ED uncertainty quantification method is, however, limited to finite
parameter domains. Uncertain parameters are often modeled using random parameters with probability distri-
butions on (semi-)infinite parameter ranges. For example, the Gaussian distribution is commonly assumed as a
result of the central limit theorem. The Karhunen–Loève expansion for discretizing random fields is also based
on Gaussian random parameters. For physically positive parameters often lognormal or Weibull distributions
with a semi-infinite parameter domains are used. Although infinite parameter values can be impractical, the
truncation of the parameter range at an arbitrary finite value in the multielement ED method introduces a
stochastic bias in the simulation results.

In this paper, the extension of the ED concept in probability space to infinite parameter domains is explored
in application to velocity fluctuations in transonic flow. An ED uncertainty quantification method for infinite
parameter domains is developed based on inverse distance weighing interpolation h of deterministic samples v.
Inverse distance weighting (IDW) is an efficient method for multivariate interpolation of scattered data points
[28]. It is commonly used for fitting a continuous surface through irregularly spaced data in the generation
of contour maps in, for example, geography [3], meteorology [6], and hydrology [4]. Here, inverse distance
weighting is employed to construct an interpolation h which is extremum conserving on infinite parameter
domains with respect to the samples v. The resulting uncertainty quantification method l is then extremum
diminishing with respect to the exact response surface u(x, t, a). The considered approach can also be used
to extend the ED multielement approximation for finite parameter domains to infinite parameter domains by
reusing the samples of the multielement formulation.

Extremum diminishing uncertainty quantification for infinite parameter domains is derived in Sect. 2 and
the effect of power parameter c in the IDW formulation is analyzed. In Sect. 3.1, the effect of power parameter
c is investigated in error convergence studies for three standard test functions based on one random parameter
and uniform sampling. The limiting case c → ∞ is applied to the test functions in a two-dimensional prob-
ability space in combination with Halton sampling in Sect. 3.2. In Sect. 4, free-stream velocity fluctuations
are modeled in the three-dimensional transonic AGARD 445.6 wing problem. First, the effect of a fully corre-
lated inflow velocity on the surface pressure and the wave drag is considered. These results are subsequently
compared to cases for velocity fields with strong and weak spatial correlation, which are discretized using an
up to ten-dimensional Karhunen–Loève expansion. In Sect. 5, the paper is concluded with a discussion of the
main findings.

2 Extremum diminishing uncertainty quantification for infinite parameter domains

In this section, extremum diminishing uncertainty quantification for infinite parameter domains is developed
based on inverse distance weighting interpolation. The extremum diminishing concept is defined for probabil-
ity space in Sect. 2.1. In Sect. 2.2, it is shown that IDW interpolation of samples in probability space satisfies
the extremum diminishing property on infinite parameter domains. The effect of the power parameter c is
analyzed in Sect. 2.3.

2.1 The extremum diminishing concept in probability space

The extremum diminishing concept has been developed in the context of finite volume methods for a robust
approximation of discontinuities in physical space [13]. Here, the extremum diminishing property is defined
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for uncertainty quantification methods in probability space with infinite parameter ranges. Consider an uncer-
tainty quantification method l, which results in an approximation w(x, t, a) of response u(x, t, a) for an infinite
parameter domain a ∈ A. Let the function w(x, t, a) be constructed using interpolation h of samples v gener-
ated by sampling method g. In the following, the arguments x and t are omitted for convenience in the notation.
The extremum diminishing property in probability space is then defined as follows.

Definition 1 (Extremum diminishing) A set of samples v is extremum diminishing (ED) with respect to
response surface u(a) if

min(v) ≥ min
A

(u(a)) ∧ max(v) ≤ max
A

(u(a)). (5)

Sampling method g is ED, if the resulting set of samples v is ED for all u(a). Approximation w(a) of response
surface u(a) is ED if

min
A

(w(a)) ≥ min
A

(u(a)) ∧ max
A

(w(a)) ≤ max
A

(u(a)). (6)

Uncertainty quantification method l is ED, if the resulting approximation w(a) is ED for all u(a).

It is shown in [35] that any sampling method g is ED. If interpolation method h is extremum conserving
with respect to the samples v, then also uncertainty quantification method l is ED. Extremum conserving is
defined in probability space as follows.

Definition 2 (Extremum conserving) Interpolation w(a) of samples v is extremum conserving (EC) if

min
A

(w(a)) = min(v) ∧ max
A

(w(a)) = max(v). (7)

Interpolation method h is EC, if the resulting interpolation w(a) is EC for all v.

2.2 Inverse distance weighting interpolation of deterministic samples

In IDW interpolation [28], the surface w(a) is constructed based on the weighted average of the ns sampled
values v according to

w(a) =
∑ns

k=1 vkφ(rk)∑ns
k=1 φ(rk)

, (8)

with rk = ‖a − ak‖ ≥ 0 the Euclidean distance between a and sampling point ak in parameter space A. The
weighting function φ is a function of the inverse of the distance r

φ(r) = r−c, (9)

with power parameter c ≥ 0. In the sampling points ak , the interpolation surface w(a) is not differentiable for
low values of the power parameter 0 ≤ c < 1 and smooth for c > 1. In more compact notation (8) can be
written as

w(a) =
ns∑

k=1

vk φ̃(rk), (10)

in terms of normalized weighting function φ̃(r)

φ̃(rk) = φ(rk)∑ns
j=1 φ(r j )

. (11)

It is derived below that IDW interpolation method h leads to an extremum diminishing uncertainty quantifi-
cation method l for infinite parameter domains. First, a lemma shows that interpolation method h is an exact
interpolant.
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Lemma 1 IDW interpolation method h for samples v is exact in the sense that it satisfies interpolation con-
dition w(ak) = vk for k = 1, . . . , ns.

Proof Consider the limit of (8) for a → ak

w(ak) = lim
a→ak

w(a) = lim
a→ak

∑ns
j=1 v j r

−c
j∑ns

j=1 r−c
j

= lim
a→ak

vkr−c
k

r−c
k

= vk, (12)

for k = 1, . . . , ns . �
The result of this lemma is used to prove that interpolation method h is EC with respect to the samples v.

Theorem 1 IDW interpolation method h is EC with respect to the samples v.

Proof Consider the interpolation function w(a) (10)

w(a) =
ns∑

k=1

vk φ̃(rk),

in terms of the normalized weighting function φ̃(rk) (11)

φ̃(rk) = φ(rk)∑ns
j=1 φ(r j )

= r−c
k∑ns

j=1 r−c
j

.

For φ̃(rk) holds (i)

ns∑
k=1

φ̃(rk) =
ns∑

k=1

(
r−c

k∑ns
j=1 r−c

j

)
=

∑ns
k=1 r−c

k∑ns
j=1 r−c

j

= 1, (13)

for all a ∈ A and (ii) 0 ≤ φ̃(rk) ≤ 1 for all a ∈ A, since rk ≥ 0 for k = 1, . . . , ns . Then holds for the minimum
of interpolation function w(a) using property (i) and (ii)

min
A

(w(a)) = min
A

( ns∑
k=1

vk φ̃(rk)

)
≥ min

A

(
min

k
(vk)

ns∑
k=1

φ̃(rk)

)
= min(v). (14)

Using the result of Lemma 1

w(ak) = vk

for k = 1, . . . , ns gives

min
k

(w(ak)) = min
k

(vk), (15)

and in combination with (14)

min
A

(w(a)) = min(v). (16)

Equivalently for the maximum of w(a) holds

max
A

(w(a)) = max(v). (17)

Since (16) and (17) hold for all v, interpolation method h is EC on infinite parameter domains with respect to
the samples v according to Definition 2. �

The extremum diminishing property of uncertainty quantification method l follows from the next corollary.

Corollary 1 Uncertainty quantification method l which consists of sampling method g and IDW interpolation
method h is ED with respect to response surface u(a).
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Proof Any sampling method g is ED

min(v) ≥ min
A

(u(a)) ∧ max(v) ≤ max
A

(u(a)). (18)

Theorem 1 then gives

min
A

(w(a)) = min(v) ≥ min
A

(u(a)) ∧ max
A

(w(a)) = max(v) ≤ max
A

(u(a)). (19)

Since (19) holds for all u(a), uncertainty quantification method l is ED on infinite parameter domains with
respect to response u(a) according to Definition 1. �

Theorem 1 also results in an error bound for the error εμ = |μw − μu| in the approximation μw of the
mean μu given by (3) with i = 1

μw =
∫

A
w(a) fa(a)da =

∫

A

∑ns
k=1 vkr−c

k∑ns
k=1 r−c

k

fa(a)da. (20)

Corollary 2 The error εμ = |μw − μu| in the approximation μw of the mean μu is bounded by εμ ≤
maxA(u(a)) − minA(u(a)).

Proof For probability density function, fa(a) holds
∫

A fa(a)da = 1 and fa(a)≥ 0 for all a ∈ A. The approx-
imation μw (20) of the mean is then bounded by

μw =
∫

A

w(a) fa(a)da ≥
∫

A

min
A

(w(a)) fa(a)da = min
A

(w(a)) ≥ min
A

(u(a)), (21)

where the result of Corollary 1 is used and, equivalently,

μw ≤ max
A

(u(a)). (22)

Since the exact mean μu is also bounded by

μu =
∫

A
u(a) fa(a)da ≥

∫
A

min
A

(u(a)) fa(a)da = min
A

(u(a)), (23)

and

μu ≤ max
A

(u(a)), (24)

the error εμ = |μw − μu| in the approximation μw of the mean μu is bounded by

εμ ≤ max
A

(u(a)) − min
A

(u(a)). (25)

�

The error in the mean approximation μw is, therefore, bounded by the difference between the minimum
and maximum of the exact response surface u(a). If the exact response u(a) is a constant function, then the
approximation w(a) is exact with εμ = 0.
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2.3 Analysis of power parameter c

Power parameter c can be used to influence the accuracy of the interpolation function w(a) and the resulting
approximation of the statistical moments (3). Below, the two limiting cases c = 0 and c → ∞ are considered.
For c = 0 holds

w(a)|c=0 =
∑ns

k=1 vkr−c
k∑ns

k=1 r−c
k

∣∣∣∣∣
c=0

= 1

ns

ns∑
k=1

vk, (26)

which is equal to the arithmetic mean of the samples v independent of a. The mean μw is then equal to the
mean of the samples μv and the standard deviation σw is by definition equal to zero. A better approximation
is given by the limit c → ∞

lim
c→∞ w(a) = lim

c→∞

(∑ns
k=1 vkr−c

k∑ns
k=1 r−c

k

)
= v j , (27)

with j for which holds

r j (a) = min
k

(rk(a)). (28)

The interpolation value w(a) in a point a in parameter space A is then equal to the sampled value v j in the
nearest sampling point a j . The limit case for c → ∞, therefore, corresponds to nearest neighbor interpolation.
This results for moment approximation (3) in

μwi =
∫

A
w(a)i fa(a)da =

ns∑
j=1

∫
A j

vi
j fa(a)da =

ns∑
j=1

vi
j

∫
A j

fa(a)da, (29)

with subdomains A j ⊂ A for which holds with â j ∈ A j

r j (â j ) = min
k

(rk(â j )), (30)

for j = 1, . . . , ns . The moment approximation for the limit case c → ∞ (29) is comparable to the evaluation
of the moment relation by multielement methods (4). For c → ∞, the integral over parameter space A is
divided into a summation of integrals over ns polyhedral subdomains A j defined by (30). The boundary of
these subdomains A j is known as a Voronoi polygon and the resulting discretization of probability space is
called a Voronoi diagram [26]. The value of the response surface approximation is constant in each element
and equal to the sampled value v j for sample a j in element A j for j = 1, . . . , ns .

3 Results for analytical test functions

Extremum diminishing uncertainty quantification for infinite parameter domains is first studied in application
to three standard analytical test functions. In Sect. 3.1, an appropriate value of power parameter c is selected
based on results for one random parameter and uniform sampling. This parameter value is used in Sect. 3.2 in
approximations of the two-dimensional versions of the test functions in combination with Halton sampling.

3.1 Effect of power parameter c

The effect of power parameter c on the approximation accuracy is studied for the step function, arctangent
function, and Gaussian function. The step function is used to illustrate the robust approximation of discon-
tinuous responses. The arctangent function is considered as an example of a smooth and monotone function.
The approximation of a response surface with a local extremum is studied for the Gaussian function. The
randomness is given by na = 1 random parameter a1(ω) with a standard Gaussian distribution with mean
μa = 0 and standard deviation σa = 1. The sampling g is performed uniform in ω ∈ [0, 1]. Results for power
parameter values c ∈ [0, 20] and c → ∞ are shown.
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Fig. 1 Approximation of the step function with random parameter a1(ω)

3.1.1 Step function

A step function with an arbitrary location and orientation of the discontinuity is given by the following
Heaviside function

u(a) = H(a · ā − ā2
1), (31)

with ā = {ā1, . . . , āna } a vector of na arbitrary numbers in the domain āi ∈ [− 1
2 , 1

2 ] for i = 1, . . . , na . The
function is here introduced in a multidimensional formulation, since it is also used as a two-dimensional test
problem in the next section. The approximations of the step function for power parameter values c = 3 and
c → ∞ based on ns = 20 samples are shown in Fig. 1a. Both approximations show an extremum conserving
interpolation of the samples. The error in the piecewise constant approximation for c → ∞ is only a result
of the error in the predicted discontinuity location. The interpolation for c = 3 exhibits minor extremum
conserving oscillations near the discontinuity and in the tails of the distribution.

The error convergence of the mean μw and standard deviation σw as function of the number of samples ns
is given in Fig. 1b for c = 1 and c = ∞. The error εμ in the approximation of the mean μu is here defined as

εμ = |μw − μu|
|μu| , (32)

with μw the mean that follows from the response surface approximation w(a). The order Oμ of the error
convergence of εμ is then given by the slope of the least-squares interpolation ε̃μ(ns) of the error εμ as
function of the number of samples ns in the asymptotic region of the logarithmic plot of Fig. 1b
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Oμ = −
log

(
ε̃μ(ns1 )

ε̃μ(ns2 )

)

log
(

ns1
ns2

) , (33)

with ns1 and ns2 two different sample sizes in the asymptotic range. Equivalent relations are used for the
error εσ in the standard deviation σ and its order of convergence Oσ . The average first order convergence for
c → ∞ exhibits an oscillatory behavior due to the approximation of the discontinuity location. The error for
c = 1 shows a smoother convergence at a significantly slower convergence rate.

The effect of the power parameter is further illustrated in Fig. 1c for c ∈ [0, 20] and c → ∞ with
ns = 1,000. For c = 0, the error in the standard deviation has a maximum, since the standard deviation is by
definition σw = 0 for c = 0 according to (26). For that limit value of the power parameter, the mean μw is
also equal to the mean of the samples μv. For c → ∞ the error in both the mean εμ and standard deviation
εσ is lower and nearly independent of c. The local minima for the errors in the mean and standard deviation
at c = 2 and c = 3.5, respectively, are related to the oscillatory convergence behavior.

3.1.2 Arctangent function

The arctangent function with na arbitrary numbers ā is given for 0 ≤ u(a) ≤ 1 by

u(a) = 1

π
arctan(a · ā − ā2

1) + 1

2
. (34)

The approximation of the arctangent function in Fig. 2a gives a staircase behavior for c → ∞ and a smoother
interpolation for c = 3. For the continuous arctangent function, the error convergence in Fig. 2b is also smooth
with again a first order convergence for c → ∞ and a significantly slower convergence rate for c = 1. The
error decreases in general with increasing power parameter value c in Fig. 2c with a minimum for c → ∞.

3.1.3 Gaussian function

A Gaussian test function with an arbitrary location of the maximum is given by

u(a) =
na∏

i=1

1

σ
√

2π
exp

(−(ai − āi )
2

2σ 2

)
, (35)

with σ = 1. The results in Fig. 3 show that shape parameter value c → ∞ results also for the Gaussian function
with a local extremum in the minimum error, a staircase approximation of the response, and first order error
convergence.

In conclusion, the results for the test functions indicate that power parameter value c → ∞ results in
general in the most accurate approximation of the mean and standard deviation. Even for this, optimal power
parameter value the error convergence is limited to first order accuracy. This suggests that the extremum
diminishing robustness criterion can for infinite parameter domains compromise the efficiency of uncertainty
quantification.

3.2 Two-dimensional response surface approximation for c → ∞
Uniform sampling method g employed in the previous section for one random parameter a1(ω) results in an
exponentially fast increase of the sample size as function of the number of random parameters. More efficient
sampling techniques in multiple dimensions are, for example, Monte Carlo sampling, Latin Hypercube sam-
pling, or Halton sampling. It has been verified that these sampling approaches g do not result in significant
differences in accuracy of uncertainty quantification method l. Halton sampling is selected in the following,
since it is a hierarchical sampling strategy with a good spread of the samples. It is applied to the three test
problems with two random input parameters a1(ω) and a2(ω) in combination with power parameter value
c → ∞. Higher dimensional probability spaces are considered in the transonic wing test problem.
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Fig. 2 Approximation of the arctangent function with random parameter a1(ω)

3.2.1 Step function

The two-dimensional step function given by (31) with na = 2 is shown in Fig. 4a. The approximation w(a)
based on the extremum conserving interpolation of ns = 100 Halton samples can be found in Fig. 4b. The
interpolation predicts a true discontinuity without overshoots and undershoots. The error in the approximation
is only caused by the unknown discontinuity location in between the samples. This results again in an irregular
convergence behavior shown in Fig. 4c.

3.2.2 Arctangent function

The approximation of the arctangent function in two dimensions is shown in Fig. 5. The multielement Vonoroi
diagram character of the piecewise constant interpolation for c → ∞ can clearly by recognized, where each
of the polygonal elements contains one of the Halton samples. The error convergence is less smooth than for
the one-dimensional problem due to the less regular Halton sampling sequence.

3.2.3 Gaussian function

Figure 6 shows the approximation of the Gaussian response surface in two dimensions. The error convergence
with increasing number of samples ns approaches first order accuracy.

In summary, the two-dimensional results show that also for multiple random parameters the extremum
diminishing concept in combination with Halton sampling leads to a robust approximation of discontinuities.
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Fig. 3 Approximation of the Gaussian function with random parameter a1(ω)

The accuracy is, however, also for smooth response surfaces on infinite parameter domains limited to first
order convergence.

4 Effect of transonic velocity fluctuations

Extremum diminishing uncertainty quantification is employed below to study the effect of free-stream velocity
variations on the wave drag of the transonic AGARD 445.6 wing. This standard test case for three-dimensional
transonic flow is described in Sect. 4.1. A spatially fully correlated velocity field is assumed in Sect. 4.2. In
Sects. 4.3 and 4.4, spanwise velocity fluctuations with strong and weak spatial correlation are considered. The
AGARD 445.6 wing test case is chosen to study the ED uncertainty quantification method in a challenging
CFD problem with highly sensitive transonic flow and shock discontinuities. The problem contains the typical
features of computationally intensive deterministic samples and potentially the effects of numerical noise. The
application should not primarily be considered as an uncertainty quantification validation.

4.1 Transonic AGARD 445.6 wing

The AGARD 445.6 wind tunnel experiment is defined by a wing with a NACA 65A004 symmetric airfoil, taper
ratio of 0.66, 45o quarter-chord sweep angle, and a 2.5-foot semi-span under zero angle of attack [40]. The
free-stream conditions for density and pressure are ρ∞ = 0.099468 kg/m3 and p∞ = 7704.05 Pa, respectively.
The mean free-stream velocity μU∞ = 312.83 m/s used here corresponds to a Mach number of M∞ = 0.95.
Previous numerical simulations of the AGARD 445.6 wing can be found in [14,41].
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Fig. 4 Approximation of the step function with two random parameters a1(ω) and a2(ω)

The wave drag and the pressure distribution on the wing surface are resolved to give a practical illustration
of the robustness of an extremum diminishing approximation of a transonic shock wave sensitive to free-stream
variations. The Euler equations for inviscid flow [5] are used to determine the trends in wave drag as a sig-
nificant contribution to the total drag in the transonic regime. The governing equations are discretized using
a second-order Roe upwind finite volume scheme on an unstructured hexahedral mesh in a 60 × 15 × 30 m
external flow domain. Based on a grid convergence study for the mean velocity μU∞ , a mesh with 3.8 · 105

volumes is selected to perform the uncertainty quantification study. The surface mesh is shown in Fig. 7a.
The residual is reduced by five orders of magnitude with respect to that of the initial uniform flow solution in
typically 2 · 103 iterations. The residual is here defined as the L2 norm of the residual of the governing system
of equations per cell. Smaller cells are given a relatively large contribution to the residual by dividing the cell
residuals by the cell volume.

The deterministic solution for the mean free-stream velocity μU∞ is given in Fig. 7b in terms of the pressure
distribution over the wing surface. A strong shock wave downstream of a low pressure supersonic region can
be identified close to the trailing edge at the root of the wing. A secondary, weaker shock wave is present
near the leading edge in the tip region. A robust uncertainty quantification approach is, therefore, required to
resolve the discontinuities in probability space caused by the shock waves in a reliable way. The deterministic
computation predicts for zero angle of attack a wave drag of D = 0.8527 Newton (N), which corresponds to
a wave drag coefficient of CD = 0.4961 · 10−3 defined as
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CD = D
1
2ρ∞U 2∞S

, (36)

with wing area S = 0.3531 m2 and free-stream velocity U∞ equal to its mean value μU∞ .
The simulations are performed using the commercial CFD code Hexstream of Numeca Int. based on an

unstructured fully hexahedral finite volume discretization. The upwind scheme is used to minimize the contri-
bution of fictitious numerical drag due to numerical damping. External boundary conditions are imposed on
the far field boundaries and the symmetry plane is set to mirror boundary conditions. In spite of the upwind
scheme and a proper treatment of the boundary conditions, the effect of fictitious drag cannot entirely be
eliminated. However, it has been verified that the numerical drag is small compared to the predicted wave drag
through a mesh convergence study.

4.2 Fully correlated velocity field

A simplified model for atmospheric velocity fluctuations is to treat the free-stream velocity U∞(ω) in the
inflow boundary conditions as a random parameter with full spatial correlation. The velocity is assumed to
have a Gaussian distribution with coefficient of variation cvU∞ = 0.5%, since the Karhunen–Loève expansion
used in the next sections is also based on normal random parameters. The coefficient of variation cvU∞ is here
defined as the ratio of the standard deviation σU∞ and the mean μU∞ of the free-stream velocity
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cvU∞ = σU∞
μU∞

, (37)

with μU∞ = 312.83 m/s. Due to the low input variation, all samples used below fall within an interval around
the deterministic value U∞ ∈ [309, 316] in the transonic regime. It is nonetheless important to model the tails
of the distribution, since truncating them arbitrarily would result in a bias error in the stochastic results.

The effect of random free-stream velocity U∞(ω) is resolved using up to ns = 50 Halton samples and
interpolation with shape parameter value c → ∞. Results for the mean and standard deviation of the surface
pressure field are given in Fig. 8a, b. The effect of the velocity variation is concentrated in the shock region
with lower gradients in the mean pressure field than in the deterministic case and an increased variability of
local pressures. This results in a maximum coefficient of variation in the surface pressure of cvp = 4.46%,
which is defined as

cvp = max
x∈X

σp(x)

μp(x)
, (38)

with x ∈ X a spatial parameterization of the wing surface. This corresponds to an amplification of the input
coefficient of variation by a factor 8.92. The amplification is caused by the effect that small variations in shock
wave location caused by the random free-stream velocity lead locally to large jumps in surface pressure.

Downstream of both shock waves the standard deviation attains also a secondary local maximum. As a result
of the extremum diminishing property, this phenomenon cannot be an artificial effect caused by overshoots
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(a)

(b)
Fig. 7 Deterministic AGARD 445.6 wing

Table 1 Wave drag of the AGARD 445.6 wing for ns = 50 and nKL = 5

Velocity Mean μD Standard deviation σD Variation cvD

Deterministic 0.8527N – –
Full correlation 0.8676N 0.08315N 9.58%
Strong correlation 0.8631N 0.07538N 8.73%
Weak correlation 0.8555N 0.05008N 5.85%

and undershoots in the uncertainty quantification interpolation near the shock wave. It is actually associated
with the Zierep post-shock expansion commonly predicted by Euler solvers [25].

The variability in the local pressure field also affects the wave drag of the wing. The resulting mean
drag of μD = 0.8676N is 1.75% higher than the deterministic value, see Table 1. The standard deviation of
σD = 0.08315N results in a coefficient of variation of cvD = σD/μD = 9.58%. The amplification of input
variability by a factor 19.2 illustrates that it is of practical importance to develop robust uncertainty quantifi-
cation to be able to resolve the effect of randomness in highly sensitive problems with transonic shock waves
reliably.

The convergence of the mean and standard deviation with increasing number of samples ns is shown in
Fig. 9a, b. A staircase behavior can be recognized in the convergence of both the mean and standard deviation.
This indicates that the approximation of the mean and standard deviation changes more by adding certain
samples compared to the other samples. By inspection it follows that a sample has the most effect on the
moment approximations, if it corresponds to a velocity realization that is lower or higher than all previously
sampled free-stream velocities. This can be understood from the observation that the deterministic solution
for the lowest and highest sampled velocity are used in both the interpolation and the extrapolation of the one-
dimensional response surface to the tails of the distribution. The other samples are only used in interpolating
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Fig. 8 Mean μp and standard deviation σp of the surface pressure distribution in Pascal (Pa) with ns = 50 and nKL = 5 for the
AGARD 445.6 wing subject free-stream velocity fluctuations with: (a, b) full, (c, d) strong, and (e, f) weak spatial correlation

the response surface in between the samples. One might, therefore, consider other sampling strategies, which
sample more in the tails of the probability distribution, to increase the number of samples near the extremes
of the velocity distribution. This can increase the convergence of the method.

4.3 Strong spatial correlation

For a more realistic modeling of atmospheric velocity fluctuations, its spatial correlation structure should be
taken into account. Here, it is assumed that the spatial correlation of the Gaussian random field is given by the
commonly used exponential covariance function

C(x1, x2) = e− |x1−x2 |
Lc , (39)

with Lc the correlation length. Correlated random fields are often discretized by a set of uncorrelated random
parameters using a Karhunen–Loève (KL) expansion [15]. This is a mean error minimizing expansion of the
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Fig. 9 Convergence of the mean μD and standard deviation σD of the drag in Newton (N) as function of the number of samples
ns for the AGARD 445.6 wing subject to free-stream velocity fluctuations modeled with varying number of Karhunen–Loève
expansion terms nKL = {1, 2, 3, 5, 10}

covariance function in terms of its eigenfunctions. For the exponential covariance function, the KL expansion
on spatial domain x ∈ [−b, b] is given analytically by [8]

w(x, ω) =
∞∑

n=0

√
λnan(ω) fn(x), (40)
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with standard Gaussian random parameters an(ω) and eigenvalues

λn = 2d

ω2
n + d2 , λ∗

n = 2d

ω∗2
n + d2 , (41)

with d = 1/Lc, where λn and λ∗
n hold for even n and odd n, respectively, and corresponding eigenfunctions

fn(x) = cos(ωnx)√
b + (1/2ωn) sin(2ωnb)

, f ∗
n (x) = sin(ω∗

n x)√
b − (1/2ω∗

n) sin(2ω∗
nb)

. (42)

The values of ωn and ω∗
n can be found by solving the transcendental equations

d − ω tan(ωb) = 0, ω∗ + d tan(ω∗b) = 0. (43)

Here, the spatial variations in the spanwise direction are modeled, since they are expected to have the largest
effect. In the vertical direction, the velocity boundary condition is assumed to be fully correlated. In order to
avoid boundary effects, the KL expansion is constructed on the domain x ∈ [−Ld, Ld], with the root of the
wing in the origin and Ld the width of the computational flow domain. First, a strongly correlated velocity
field is considered with correlation length Lc = Ld = 15 m.

In numerical applications, the KL expansion (40) needs to be truncated at a finite number of terms nKL.
The truncation then determines the number na = nKL of uncorrelated random parameters an(ω) in the dis-
cretization and, consequently, the dimensionality of the probability space. In Fig. 10, the first 10 eigenvalues
are shown for the strong correlation case Lc = Ld in comparison to those for weak correlation discussed in
the next section. Since for Lc = Ld the eigenvalues decay rapidly for increasing nKL, a discretization with up
to nKL = 5 KL-expansion terms is used.

The resulting mean and standard deviation fields of the surface pressure are given in Fig. 8c, d for ns = 50
samples and nKL = 5. The results for the strongly correlated case correspond with a maximum coefficient of
variation of cvp = 4.47% closely to the fully correlated case. This illustrates that the effect of the randomness
is also robustly resolved in the five-dimensional probability space originating from the KL expansion.

The mean and standard deviation of the drag are shown in Fig. 9c, d for nKL = {1, 2, 3, 5}. The mean drag
converges for ns = 50 samples and nKL = 5 to a value of μD = 0.8631N, which is in between the deterministic
drag and the fully correlated prediction. From the comparison with the discretizations with nKL = {1, 2, 3}
it can be concluded that the initial error and the number of samples that is required to reach convergence
increases with increasing dimensionality of the probability space. The standard deviation of σD = 0.07538N
is 9.35% lower than for the fully correlated case.
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4.4 Weak spatial correlation

It is unlikely that the relevant atmospheric velocity fluctuations are correlated with the user defined dimensions
of the external flow domain. More interesting is the effect of velocity variations which are correlated with a
characteristic length of the wing. A significantly lower correlation length corresponding to the semi-span of
the wing Lc = Lspan = 0.762m is, therefore, used in this section. Due to the weaker correlation, the eigen-
values (41) in the KL expansion decrease significantly slower than for the Lc = Ld case as shown in Fig. 10.
This well-known decreasing efficiency of the KL expansion with decreasing correlation length leads to an
increasing number of required expansion terms and, consequently, higher dimensional probability spaces.

For comparison with the previous results, nKL = 5 expansion terms are taken into account in the approxi-
mation of the mean and standard deviation of the surface pressure field in Fig. 8e, f. Although the results show
a comparable qualitative pattern, the predicted maximum coefficient of variation of cvp = 4.31% is signifi-
cantly lower than in the previous cases. This effect is caused by the underestimation of the input variability by
truncating the Karhunen–Loève expansion at nKL = 5 terms.

The statistical moments of the drag are, therefore, determined for a discretization in an up to ten-dimensional
probability space with nKL = {1, 2, 3, 5, 10}, see Fig. 9e, f. As a result of the slower convergence for the mean
drag with an increasing number of KL-expansion terms, the result for nKL = 10 is not yet converged for
ns = 50. The results for nKL = 5 converge to a mean drag of μD = 0.8555N, which is only 0.34% larger than
the deterministic drag.

The standard deviation of σD = 0.05008N for nKL = 10 and ns = 50 is also significantly lower than
the values for the fully and strongly correlated cases. The lower variation is caused by the cancelation of the
effect of small-scale velocity fluctuations in determining the drag integral quantity. The truncation of the KL
expansion also contributes to a lower predicted drag variation.

Another practical difficulty is the accurate convection of the free-stream velocity fluctuations from the
inflow boundary to the wing geometry. The usually coarse mesh size in the far field domain would dissipate
the imposed spatial variations to a large extent before they reach the wing. Large computational meshes are,
therefore, required with a fine mesh discretization upstream of the wing.

5 Conclusions

Recently, the first extremum diminishing uncertainty quantification method for the robust approximation of dis-
continuous response surfaces without overshoots and undershoots was developed. This multielement approach
was, however, limited to finite parameter domains, which can through arbitrary truncation of probability dis-
tributions with infinite support result in stochastic bias error. In this paper, the extension of the extremum
diminishing concept to infinite parameter ranges in probability space is studied. An approach for infinite
parameter domains is developed based on an extremum conserving interpolation of deterministic samples
using inverse distance weighting (IDW) interpolation.

This extremum diminishing uncertainty quantification formulation is employed to resolve the effect of
0.5% transonic free-stream velocity fluctuations in the highly sensitive AGARD 445.6 wing test case. For this
application, the power parameter limit value c → ∞ is selected in combination with Halton sampling based
on results for three analytical test functions with one and two random parameters. A fully correlated velocity
field results in the largest effect compared to the deterministic prediction with a 1.75% higher mean wave drag
and an amplification of randomness by a factor 19.2 to a wave drag coefficient of variation of cvD = 9.58%.

The cases with strong and weak spatial correlation of the velocity field modeled by a Karhunen–Loève
expansion with up to ten random parameters result in lower mean drag and standard deviation due to the trun-
cation of the Karhunen–Loève expansion and the cancelation of spatial variations in determining an integral
quantity such as the drag. Modeling spatial correlation in the free-stream conditions poses specific practical
challenges due to the relatively small relevant correlation length compared to the flow domain dimensions and
a fine computational mesh for convecting the inflow variations accurately to the wing structure.

The first order error convergence results for extremum diminishing uncertainty quantification on infinite
parameter domains for the analytical test problems show that the robustness of the extremum diminishing con-
cept can compromise the efficiency of uncertainty quantification for infinite parameter ranges. More advanced
robustness criteria may, therefore, be necessary to obtain a more practical balance between approximation
robustness and simulation efficiency. Future work will also include the uncertainty analysis of transonic flows
based on viscous flow computations using extensions of IDW interpolation by selecting nearby points and
including direction and slope.
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