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Abstract In the paper, we show how the assumption of helical symmetry in the context of 2D helical vortices
can be exploited to analyse and to model various cases of rotating flows. From theory, examples of three basic
applications of 2D dynamics of helical vortices embedded in flows with helical symmetry of the vorticity
field are addressed. These included some of the problems related to vortex breakdown, instability of far wakes
behind rotors and vortex theory of ideal rotors.
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1 Introduction

In contrast to the equations governing helical Beltrami flows with colinear velocity and vorticity fields [1], the
class of 2D helical vortex flows introduced in [2] is characterized by a simple linear correlation between axial
wz and azimuthal wϕ velocity components. This relation simply states that wz + rwϕ/l = const , where 2πl
is the pitch of the helical symmetry of the vorticity field and r is the radial distance from the symmetry axis.
The primary assumption of the 2D theory has been carefully tested in swirling flows generated by different
kinds of swirlers and vortex generators and for a wide range of operating conditions in, e.g. vortex devises [3],
wakes behind rotors [4] and in the boundary layer downstream of a wall-mounted vortex generator [5].

The theory of 2D helical vortex dynamics is developing fast. At present, the fundamentals are based on
various analytical components, which holds true for all values of the helix pitch such as (i) the 2D Biot–Savart
law for helical filaments represented by Kapteyn series [6] or in a form with singularity separation [2]; (ii)
solutions of helical vortex tubes with finite core, governed by series expansion of helical multipoles [7]; (iii)
relations between the induction of vortex filaments and the self-induced velocity of helical vortex tubes [8]
resulting in a closed analytical solution of the helix motion [9]; (iv) analytical representation of Goldstein’s
solution for the circulation of a helical vortex sheet in equilibrium [10]; (v) Kelvin’s N -gon stability problem of
point vortices generalized to multiple helical vortices [9,11]. In the following, we will show three examples of
how the theory can be exploited to explain various features of helical flows: a simple model explaining vortex
breakdown, a study of the instability of the far wake behind rotors, and some new results on the theory of ideal
rotors (propellers or wind turbines). The main goal of the current work is to demonstrate the possibilities of
using the concept of helical symmetry and attract attention the thriving theory.
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2 Control volume analysis of vortex breakdown

The phenomenon of vortex breakdown has being observed in numerous studies of slender vortices in pipe
flows with high swirl (see, e.g. [12,13]). A chronological list of most of the theories can be found in [14]. In
the following, we will describe a simple control volume (CV) analysis of vortex breakdown in pipe flows, in
which helical symmetry is utilized to predict the velocity profiles behind the breakdown zone.

Vortex breakdown is characterized by two specific features: (1) a change in a flow topology; (2) a change
in axial velocity from a jet-like profile before breakdown to a wake-like profile after breakdown. The second
feature permits to study vortex breakdown as a change in helical symmetry of the vorticity field. For analyzing
experimental data in connection with vortex breakdown, the following empirical relations are widely used [15]:

wϕ = K

r
(1 − exp(−αr2)) ≡ � f (r, ε)

2πr
; wz = W1 + W2 exp(−αr2) ≡ U − � f (r, ε)

2πr
(1)

where K , W1, W2 and α are empirical constants, with the following physical interpretation: circulation � =
2πK ; helical pitch l = K/W2; advection velocity U = W1 + W2; effective radius of vortex core ε = 1/

√
α

and f (r, ε) = 1 − exp(−r2/ε2) [16]. In this interpretation, the columnar vortex (1) has everywhere a dense
distribution of helical filaments in the core (Fig. 1). The jet- and wake-like velocity profiles may be explained
as flows induced by a right-handed helical vortex (with a “positive” pitch) or a left-handed helical vortex
(with a “negative” pitch). The ability to induce reverse flow by the left-handed helical vortex explains the first
breakdown property—the flow topology change.

Good correlations between measured velocity profiles and the axisymmetric solution (1), established in
[15], permit to apply the CV analysis to study the flow. We do not take into account the influence of friction
and flux losses on the pipe-wall. The CV consideration leads to conservation of five characteristic quantities
[16,17]: flow rate Q, velocity circulation �, axial flux of angular momentum L , axial flux of momentum S and
axial flux of energy E , This leads to the following relationship valid at the outflow of the pipe cross-section

{Q, �, L , J, E} = {Q0, �0, L0, J0, E0} (2)

with the right part is defined by the flow parameters before breakdown at the inflow pipe cross-section. Substi-
tution of the expressions (1) in the left part of (2) allows to write a system of five non-linear algebraic equations
for the parameters �, l, ε,U of the vortex structure (1) and the static pressure p∞ in the pipe.

Using algebraic manipulations to eliminate �, l, U and p∞, the equation system (2) reduces to a non-linear
energy equation than only depends on the vortex core radius ε:

U (ε)

(
−Q0

U (ε)

2
+ J0+ k2(ε)

2

(
�0

l(ε)

)2

+k4(ε)�0

)
− �0

l(ε)

(
k1(ε)p∞(ε)+k6(ε)

(
�0

l(ε)

)2

+k5(ε)�
2
0

)
= E0

(3)

where � = �0; l(ε) = �2
0

k2
1(ε)−πk2(ε)

πL0−Q0�0k1(ε)
; U (ε) = L0k1(ε)−Q0�0k2(ε)

�0(k2
1(ε)−πk2(ε))

; and p∞(ε) = J0
π

− 1
π
[U (ε)Q0 − L0

l(ε)

+ k3(ε)�
2
0] are functions of ε only; and ki are defined by integrals of f (r, ε),

Fig. 1 Velocity profiles induced by vortex structures with different symmetry of vortex lines: a right-handed helical vortex and
b left-handed helical vortex
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Fig. 2 Root of (3) and distributions of axial wz and swirl wϕ velocities: points and circles are the experimental data from [9];
lines are result of the modeling (solid before vortex breakdown and doted after breakdown)

k0(ε) = f (1, ε), k1(ε) = 2π

1∫
0

f (r, ε)rdr, k3(ε) = 2π

1∫
0

⎛
⎝ r∫

0

f 2(σ, ε)

σ 3 dσ

⎞
⎠ rdr,

k2(ε) = 2π

1∫
0

f 2(r, ε)rdr, k4(ε) = π

1∫
0

f 2(r, ε)

r
dr, k6(ε) = π

1∫
0

f 3(r, ε)rdr ,

k5(ε) = π

1∫
0

f 3(r, ε)

r
dr + 2π

1∫
0

⎛
⎝ r∫

0

f 2(σ, ε)

σ 3 dσ

⎞
⎠ f (r, ε)rdr.

The non-linear equation (3) has several roots in the full range of ε which makes possible the existence of
several vortices with corresponding �, l,U, p∞ to this roots and different helical symmetry under the same
integral flow characteristics in the outflow cross-section (Fig. 2). The existence of a set of roots explains the
possibility of the existence of several flow regimes at the same flow parameters undergoing a transition from
a right handed to a left handed vortex structure, which is the experimental evidence of vortex breakdown
[15]. Indeed the first root of (3) corresponds to a right-handed helical vortex with positive l and defines the
initial flow in the inflow of the pipe cross-section with a jet-like axial velocity profile (seen as solid lines
in Fig. 2 which are directly identical to experimental data [15]—points). The other roots correspond to left-
handed helical vortices with negative values of l and wake-like axial velocity profiles (seen as dotted lines in
Fig. 2 with a good correlation between one of them and the experimental data behind the breakdown zone
[15]—circles).

Thus, explaining vortex breakdown as a transition in helical symmetry from a right-handed to a left-handed
helical vortex has been supported by this simple CV-analysis of the experimental data [15]. Further evidence
for this explanation can be found in numerical simulations [18].

3 Stability of tip vortex in far wake behind rotor

In 1912, Joukowski [19] proposed a simple model for a two-bladed propeller that basically consists of two
rotating horseshoe vortices, corresponding to the tip and root vortices created by the rotation of the propeller
with two blades. Corresponding to this, a far wake model of an N -blades rotor may be introduced as infinitely
long N -helical vortices of strength � with constant pitch and radius, and a root or hub vortex represented by
an infinitely long axial hub vortex of strength �0 = −N� (see the sketch in Fig. 3). Assuming a first-order
perturbation of the position of the k-helical vortex of the form, δrk = δr̃k exp(αt + 2π iks/N ), where δr̃k is
the amplitude vector of the perturbations, s is the sub-harmonic wave number that takes values within the range
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Fig. 3 Le f t Comparison of maximum amplification rate for γ = 0 (solidlines calculated by analytical solution (4) and
dashedlines by numerical simulation of [14]). Right Neutral stability curves for helical tip vortices modeled far wake behind
N -blade rotor as function of the circulation ratio γ (stable regions are located on the dashedside of the curve)

[1, N − 1], corresponding to N − 1 independent eigenfunctions, and α is the amplification rate. An analysis
of the stability [9,11] leads to the following analytical solution for the non-dimensional amplification rate

α(4πa2/�) = √
AB, (4)

where

A = s(N − s)

√
1 + τ 2

τ
− τ

4

4τ 2 − 3
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(
N

s
− E − ψ

(
− s

N

))
;

B = −4Nγ + s(N − s)
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+ 1
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4
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s
+ 3

4
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τ

))]

+ τ 3
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(
2τ 4 − 6τ 2 + 3

4

)
ς(3)

N 2 ;

and ε = σ/a is the dimensionless core size, τ = l/a is the dimensionless pitch, γ = �0/N� is the circulation
ratio, E = 0.577215 . . . is the Euler constant, ς(3) = 1.20206 . . . is the Riemann zeta function, and ψ(·) is
the psi function. The value γ = −1 corresponds to Joukowski’s far wake model. The first term of B describes
the effect of the hub vortex. The vortex system is unstable if AB ≥ 0 for any combination of s, τ, ε, γ .

As an illustration of (4), in Fig. 3, we plot the absolute maximum amplification rate as function of helical
pitch and number of tip vortices N for a far wake model without hub vortex (γ = 0). In the plot, results from
our analytical model are compared to the numerical calculations by [20] which are a generalization of the
single vortex theory [21]. The right plot of Fig. 3 shows neutral stability curves of the most unstable modes,
when α(N , s∗, γ, τ ) = 0, for different N -plets as function of the circulation ratio γ and helical pitch τ . From
the data we can conclude that for N < 7 stable states may exist for 0 > γ > −1, but for the important case
γ = −1, where the total circulation of the vortex configuration is zero, the far wake described by the model
of Joukowski is unconditionally unstable for all pitch values.

Most experiments on rotor wakes, by means of flow visualizations as well as numerical simulations [20,22],
support this conclusion. But some investigations, however, indicate that the wake under some conditions may
be stable. The review [23] shows examples from the pertinent literature on visualizations of stable vortex
behavior.

An explanation for this apparent contradiction is that the model of Joukowski is too simple to describe the
general behavior of rotor flows. Indeed, Joukowski’s model is based on the assumption that the circulation is
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constant over the blade span, and that the wake only consists of a hub vortex and trailing tip vortices. Con-
sidering the non-constant circulation that usually characterizes the operating range of a rotor, trailing vortices
are created behind the rotor blades. These vortices form helical vortex sheets or screw surfaces along with the
tip vortices. As it was shown in the experiments of [24], a visualization of this wake seemed to be stable on a
long distance behind the rotor plane, whereas it clearly became unstable when the roll-up process of the vortex
sheet formed concentrated tip vortices like in Joukowski’s model.

4 Maximum power of wind turbines with finite number of blades

The determination of the ideal or theoretical maximum efficiency of a wind turbine rotor is today still a subject
that has not been completely clarified. The most important upper limit was nearly a century ago derived by
Betz [25] who, using axial momentum theory, showed that no more than 59% of the kinetic energy contained
in a stream tube having same cross area as the rotor can be converted into useful work. Using general momen-
tum theory Glauert [26] developed a model for the optimum rotor that included rotational velocities. In this
approach, the rotor is treated as a rotating actuator disk, corresponding to a rotor with an infinite number of
blades, and the maximum efficiency was shown to be a function of tip speed ratio, with values ranging from
zero efficiency at zero tip speed ratio to the aforementioned 59% at high tip speed ratios. For a more realistic
rotor with a finite number of blades, there have been many numerical or approximate models to determine the
optimum rotor performance (see e.g. [27,28]). Using an analytical approach Betz [29] showed that the ideal
efficiency is obtained when the distribution of circulation along the blade produces a rigidly moving helicoid
wake that moves backward (in the case of a propeller) or forward (in the case of a wind turbine) in the direction
of its axis with a constant velocity.

Based on the criterion of Betz, a theory for lightly loaded propellers was developed by Goldstein [10]
using infinite series of Bessel functions. The theory was later generalized by Theodorsen [30] to cover cases
of heavily loaded propellers. Paradoxically, in his analysis, Theodorsen correctly used the unsteady Bernoulli
equation but neglected the time-dependent term in the momentum equation. Our interest in the subject was
stimulated by the recent paper by Wald [31], who developed a complete set of Theodorsen’s equations for
determining the properties of an optimum heavily loaded propeller. However, when we tried to use the equa-
tions to analyze the optimum behavior of a wind turbine the theory always predicted a much lower efficiency
than expected and what is known from experiments. Further, when extending the theory to the case of a rotor
with infinitely many blades, the results did not comply with Betz limit and the general momentum theory.

Based on the analytical solution to the induction of helical vortex filament developed recently by Okulov
[2,9], we analyzed in detail the original formulation of Goldstein [10] and found that the model by a simple
modification could be extended to handle heavily loaded rotors in a way that is in full accordance with the
general momentum theory [32]. Figure 4 presents the optimum power coefficient and corresponding thrust
coefficient as a function of tip speed ratio for different number of blades. From the figures, it is evident that
the optimum power coefficient has a strong dependency on the number of blades.

Fig. 4 Power coefficient, CP , and thrust coefficient, CT , as function of tip speed ratio for different number of blades of an
optimum rotor. Horizontal dashed lines original Betz limit; points general momentum theory; dashed and solid lines present
theory
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The curves in Fig. 4 are compared to CP -values obtained from the general momentum theory. The com-
parison shows that the results from the present theory for a rotor with infinite many blades are in excellent
agreement with the values computed from general momentum theory.

5 Conclusions

Three applications of 2D dynamics of helical vortices embedded in flows with helical symmetry of the vortic-
ity field have been considered. The applications include a novel explanation of vortex breakdown, a stability
analysis of wakes behind rotors, and a solution to the problem of the optimum rotor with a finite number of
blades. The main findings of the analysis can be summarized as follows:

1. The hypothesis that the change in axial velocity from a jet-like profile to a wake-like profile during vortex
breakdown is associated with a transition in helical symmetry of the vortex structure has been supported
by a control volume analysis of a swirling flow in a pipe.

2. An analytical solution to the stability problem of an infinitesimal spatial displacement of a multiple of
N helical vortices with a hub vorticity distribution has been found. The solution allows us to provide an
efficient analysis of some of the experimentally observed stable vortex arrays in the far wake behind wind
turbines.

3. An analytical method to determine the loading on an optimum wind turbine rotor has been developed. The
method, which basically is a modification to the original model of Goldstein, is based on an analytical
solution to the helical wake vortex problem. The model enables to determine the optimum circulation
distribution and the theoretical maximum efficiency of rotors with an arbitrary number of blades at all
operating conditions.
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