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Abstract To understand theoretically the flow properties of physiological fluids we have considered as a model
the peristaltic motion of a Johnson–Segalman fluid in a tube with a sinusoidal wave traveling down its wall. The
perturbation solution for the stream function is obtained for large wavelength and small Weissenberg number.
The expressions for the axial velocity, pressure gradient, and pressure rise per wavelength are also constructed.
The general solution of the governing nonlinear partial differential equation is given using a transformation
method. The numerical solution is also obtained and is compared with the perturbation solution. Numerical
results are demonstrated for various values of the physical parameters of interest.

Keywords Peristaltic flow · Perturbation solution · Transformation method · Numerical method ·
Johnson–Segalman fluid

PACS 47.50.-d

1 Introduction

Peristaltic pumping is a form of fluid transport that occurs when a progressive wave of area contraction or
expansion propagates along the length of an extensible tube containing a liquid. In physiology, it appears to
be a major mechanism for urine transport in the ureter, in swallowing food through the esophagus, transport
of lymph in the lymphatic vessels, and in the vasomotion of small blood vessels such as arterioles, venules,
and capillaries. Technical roller and finger pumps also operate according to this mechanism.

Since the first investigation by Latham [1], several theoretical and experimental attempts have been made
to understand this peristaltic action in different situations. A review of the early literature is presented in
Jaffrin and Shapiro [2]. The theoretical investigations of peristaltic motion by Burns and Parkes [3], Barton
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and Raymor [4], Chow [5], Shapiro et al. [6], Jaffrin [7], Liron [8], and Takabatake and Ayukawa [9] have
excited some interest in recent years. However, these studies are confined to Newtonian fluids. Some of the
theoretical and experimental studies considering blood as a non-Newtonian fluid are discussed in references
[10–14]. The peristaltic transport of non-Newtonian fluids is also discussed by Siddiqui et al. [15] and Siddiqui
and Schwarz [16,17], Böhme and Friedrich [18], Misra and Pandey [19,20], and Hayat et al. [21,22].

In this paper, the peristaltic flow of a Johnson–Segalman fluid in a tube is considered, which can be used to
explain the spurt phenomenon [23–25]. Experimentalists usually associate spurt with slip at the wall [26–31].
The present analysis is based on an adaptation of the channel geometry to cylindrical geometry since small
glandular ducts and other tracts of the body involving peristalsis are approximately cylindrical in shape. Thus,
the axisymmetric case seems more realistic physiologically than the channel case. With this fact in view, the
perturbation solution, general analytical solution, and numerical solution are investigated for the flow in a tube.
The presented analysis holds for the large-wavelength case, for which normal-stress effects and memory effects
of a viscoelastic Johnson–Segalman fluid are excluded and the fluid behaves like a nonlinear viscometric flow.
For the perturbation solution, the expressions for the stream function, axial velocity, pressure gradient and
pressure rise over a wavelength are derived, valid for small Weissenberg number. The transformation method
is used to find the general analytical solution of the governing nonlinear partial differential equation arising
from the momentum equation. Finally, the numerical solution is obtained and compared with the perturbation
solution. Several results of interest are obtained as particular cases of the presented analysis.

2 Basic equations

We choose the Johnson–Segalman fluid, which is characterized by the constitutive equations [32]

σ̄ = −pI + τ̄ , τ̄ = 2µD̄ + S̄,
(1)

S̄ + m

[
dS̄
dt

+ S̄
(
W̄ − aD̄

)+ (W̄ − aD̄
)T

S̄

]
= 2ηD̄,

in which σ̄ is the Cauchy stress tensor, p is the pressure, I the unit tensor, τ̄ the extra stress tensor, S̄ the
extra stress, which takes into account the truly nonlinear viscoelastic behavior of the fluid, µ the Newtonian
viscosity, η the elastic shear modulus, m the relaxation time, and a is called the slip parameter. D̄ and W̄ are
the symmetric and skew-symmetric parts of the velocity gradient (L̄ = grad V̄), respectively, and are given by

D̄ = 1
2

(
L̄ + L̄T

)
, W̄ = 1

2

(
L̄ − L̄T

)
. (2)

We note that, for a = 1 and µ = 0, the model (1) reduces to the Maxwell model, and that when m = 0 it
becomes Newtonian.

The equations of continuity and momentum in the absence of body forces are

div V̄ = 0, ρ
dV̄
dt̄

= div σ̄ , (3)

where ρ is the density and t̄ is the time.

3 Mathematical formulation

We consider the flow in a circular cylindrical tube with a sinusoidal wave of small amplitude traveling down
the wall. The dimensional wall equation is given by

R̄wall = h̄
(
Z̄ , t̄
) = h0 + b sin

[
2π

λ

(
Z̄ − ct̄

)]
, (4)

and is shown graphically in Fig. 1. Here h0 is the average radius of the original undisturbed tube, b is the ampli-
tude of the wave, λ is the wavelength, and c is the wave speed. R̄ and Z̄ are the cylindrical coordinates with
Z̄ measured along the axis of the tube and R̄ in the radial direction. Let Ū and W̄ be the velocity components
in the radial and axial directions, respectively. We further assume that the wall is extensible.
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Fig. 1 Schematic diagram of the cylindrical tube

In the laboratory frame
(
R̄, Z̄

)
, the flow in the tube is unsteady. In order to carry out a steady-state analysis,

we move to the wave frame (r̄ , z̄) and apply the following transformation to various parameters in the axial
direction (the radial parameters remaining unaffected):

r̄ = R̄, ū (r̄ , z̄) = Ū
(
R̄, Z̄ − ct̄

)
,

z̄ = Z̄ − ct̄, w̄ (r̄ , z̄) = W̄
(
R̄, Z̄ − ct̄

)− c,
(5)

where ū and w̄ are the velocity components in the wave frame.
Employing the transformations (5) in (3), using the following nondimensional quantities

r = r̄

h0
, z = 2π z̄

λ
, u = ū

c
, w = w̄

c
,

h = h̄

h0
, p = 2πh2

0 p̄

λµc
, t = 2πc

λ
t̄, S = h0

µc
S̄,

(6)

and introducing the stream function ψ and wavenumber δ by

u(r, z) = −δ
r

∂ψ

∂z
, w(r, z) = 1

r

∂ψ

∂r
, δ = 2πh0

λ
, (7)

we find that (3)1 is identically satisfied and (3)2 for large wavelengths gives

−∂p

∂r
= 0, −∂p

∂z
+ 1

r

∂

∂r
(rτr z) = 0. (8)

By employing (5)–(7), the constitutive equation (1) yields

τr z = αγ̇ + βγ̇ 3

1 + βγ̇ 2 , (9)

where the parameters α, β and the Weissenberg number We are defined by

α = η

µ
+ 1, β = We2 (1 − a2) , We = mc

h0
(10)

and the local shear rate γ̇ is given by

γ̇ = ∂w

∂r
= ∂

∂r

(
1

r

∂ψ

∂r

)
. (11)

Equation (8)1 shows that p is not a function of r . Hence, substituting (9) into (8)2, we obtain

d p

dz
= 1

r

∂

∂r

(
r
αγ̇ + βγ̇ 3

1 + βγ̇ 2

)
. (12)
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Furthermore, eliminating the pressure between (8)1 and (8)2, we arrive at a differential equation for the stream
function ψ

∂

∂r

[
1

r

∂

∂r

(
αr γ̇ + βr γ̇ 3

1 + βγ̇ 2

)]
= 0. (13)

The nondimensional boundary conditions are [17]

ψ = 0, γ̇ = 0 at r = 0,

ψ = F, w = −1 at r = h,
(14)

where the nondimensional radius of the tube h is

h = 1 + φ sin z (15)

with φ = b/h0 (0 < φ < 1) being the amplitude ratio or occlusion and 2πF indicated the nondimensional
volume flux.

4 Perturbation solution

For small values of We2 (12) and (13) application of the binomial theorem yields

∂

∂r

{
1

r

∂

∂r

[
r
(
γ̇ + We2α1γ̇

3 + We4α2γ̇
5
)]}

= 0, (16)

d p

dz
= α

1

r

∂

∂r

[
r
(
γ̇ + We2α1γ̇

3 + We4α2γ̇
5
)]
, (17)

where

α1 =
(
a2 − 1

)
η

(η + µ)
, α2 = −

(
a2 − 1

)2
µ

(η + µ)
. (18)

In order to seek the solution of (16) and (17) with the boundary conditions (14) for small Weissenberg number,
we expand ψ , F and p in the following form

ψ = ψ0 + We2ψ1 + · · · , (γ̇ = γ̇0 + We2γ̇1 + · · · , w = w0 + We2w1 + · · · ),
(19)

F = F0 + We2 F1 + · · · , p = p0 + We2 p1 + · · · .
Substituting (19) in (14), (16) and (17) and collecting terms with coefficients of like powers of We2, we get
the following set of equations:

Zeroth-order problem

∂

∂r

[
1

r

∂

∂r
(r γ̇0)

]
= 0,

d p0

dz
= α

1

r

∂

∂r
(r γ̇0), (20)

ψ0 = 0, γ̇0 = 0 at r = 0,

ψ0 = F0, w0 = −1 at r = h.
(21)

First-order problem

∂

∂r

[
1

r

∂

∂r

{
r(γ̇1 + α1γ̇

3
0 )
}] = 0,

d p1

dz
= α

1

r

∂

∂r

{
r(γ̇1 + α1γ̇

3
0 )
}
, (22)

ψ1 = 0, γ̇1 = 0 at r = 0,

ψ1 = F1, w1 = 0 at r = h.
(23)
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Solving (20) subject to the boundary conditions (21), the zeroth-order expressions for the stream function, the
axial velocity, the pressure gradient, and the pressure rise per wavelength

(
Pλ0

)
are, respectively, given by

�0 = (2F0 + h2) (L2 − L4

2

)
− r2

2
, (24)

w0 = 2
(
2F0 + h2

)
h2

(
1 − L2)− 1, (25)

d p0

dz
= −8α

(
2F0 + h2

)
h4 , (26)

Pλ0 =
2π∫

0

d p0

dz
dz = −8α (I2 + 2I4 F0) , (27)

where L = r/h and

I2 = 2π(
1 − φ2

)3/2 , I4 = π
(
3φ2 + 2

)
(
1 − φ2

)7/2 . (28)

Solving (22) subject to the boundary conditions (23) and using the zeroth-order solution (24) for γ̇0, we
get

ψ1 = α1

192

(
d p0

dz

)3 [
r2h4 (2L2 − L4 − 1)

)]+ F1L2 (2 − L2) , (29)

w1 = α1

192

(
d p0

dz

)3 [
h4 (8L2 − 6L4 − 2)

)]+ 4F1

h2

(
1 − L2) , (30)

d p1

dz
= αα1

6

(
d p0

dz

)3

h2 − 16αF1

h4 , (31)

Pλ1 = −256

3
αα1

[
8F3

0 I10 + 12F3
0 I8 + 6F0 I6 + I4

]− 16αF1 I4, (32)

where

I3 = π
(
2 + φ2

)
(
1 − φ2

)5/2 , Ik = 1(
1 − φ2

) [(2k − 3

k − 1

)
Ik−1 −

(
k − 2

k − 1

)
Ik−2

]
, k > 4. (33)

The expressions for ψ , w, d p/dz and pλ up to We2 can now be written as

ψ = (2F0 + h2) (L2 − L4

2

)
− r2

2

+We2

{
α1

192

(
d p0

dz

)3 [
r2h4 (2L2 − L4 − 1

)]+ F1L2 (2 − L2)} , (34)

w = 2
(
2F0 + h2

)
h2

(
1 − L2)− 1

+We2

{
α1

192

(
d p0

dz

)3 [
h4 (8L2 − 6L4 − 2

)]+ 4F1

h2

(
1 − L2)} , (35)

d p

dz
= d p0

dz
+ We2

{
αα1

6

(
d p0

dz

)3

h2 − 16αF1

h4

}
, (36)

Pλ = −8α (I2 + 2I4 F0)

+We2
{−256

3
αα1

[
8F3

0 I10 + 12F3
0 I8 + 6F0 I6 + I4

]− 16αF1 I4

}
. (37)
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5 General solution

Integrating (13), we have

αγ̇ + βγ̇ 3

1 + βγ̇ 2 = A(z)

2
r + B(z)

r
, (38)

where A(z) and B(z) are functions of integration. In fact, by means of the expression (12) and the symmetric
condition (14)2, γ̇ = 0 at r = 0, we can immediately obtain A(z) = d p/dz and B(z) = 0. However, we
abstain from specifying these functions of integration and prefer to work with the general form (38).

We utilize the transformation

γ̇ = βγ̇ − β

3

(
A

2
r + B

r

)
. (39)

This reduces (38) to

γ̇
3 − 3F̃(r, z)γ̇ − G̃(r, z) = 0, (40)

where the functions F̃(r, z) and G̃(r, z) are given by the expressions

F̃(r, z) = β2

9

(
A

2
r + B

r

)2

− αβ

3
,

(41)

G̃(r, z) = β2
(

A

2
r + B

r

)(
1 − α

3

)
+ 2

27
β3
(

A

2
r + B

r

)3

.

The further substitution

γ̇ = δ̃ + τ̃ (42)

provides the solution of (40) in terms of F̃ and G̃ as

δ̃(r, z) =
3

√√√√ G̃(r, z)

2
+
√

G̃2(r, z)− 4F̃3(r, z)

2
,

(43)

τ̃ (r, z) =
3

√√√√ G̃(r, z)

2
−
√

G̃2(r, z)− 4F̃3(r, z)

2
.

Note that since (40) is cubic in γ̇ , one can have other solutions in addition to (42), viz.

γ̇ = ω̃δ̃(r, z)+ ω̃2τ̃ (r, z), γ̇ = ω̃2δ̃(r, z)+ ω̃τ̃ (r, z), (44)

where ω̃3 = 1.
We now invoke (39) on (42) to obtain

γ̇ = δ̃

β
+ τ̃

β
+ 1

3

(
A

2
r + B

r

)
. (45)

The integration of (45) yields the general solution for the stream function ψ

ψ(r, z) = 1

β

∫
r
∫ [̃

δ + τ̃
]

drdr + 1

48
A(z)r4 + 1

3
B(z)

[
r2

2
ln r − 1

4
r2
]

+ r2

2
C(z)+ D(z), (46)

where A(z), B(z), C(z), and D(z) are functions of integration that should be determined by the boundary
conditions (14) and for which analytical expressions are impossible. Therefore, the analytical solution (46)
can be obtained only by numerical methods. In the next section, we directly numerically solve the nonlinear
boundary-value problem (13) and (14) instead of using the solution expression (46).
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6 Numerical method

Here, instead of the approximate perturbation method described in Sect. 4 and the expression of the general
analytical solution given in Sect. 5, we intend to find direct numerical solutions of the nonlinear differential
equation (13) together with the boundary conditions (14) by means of a suitable numerical technique. For this
purpose, we rewrite the differential equation (13) in the form

∂

∂r

[
1

r

∂

∂r

(
(α − 1)r γ̇

1 + βγ̇ 2

)]
+ ∂

∂r

[
1

r

∂

∂r
(r γ̇ )

]
= 0. (47)

Because the differential equation (47) is nonlinear in γ̇ (or ψ), we cannot solve this boundary-value problem
by the direct finite-difference method. In solving such nonlinear equations, iterative methods are usually used.

We can now construct an iterative procedure for the local shear rate γ̇ in the form

∂

∂r

[
1

r

∂

∂r

(
(α − 1)r γ̇ (n+1)

1 + β
(
γ̇ (n)

)2
)]

+ ∂

∂r

[
1

r

∂

∂r

(
r γ̇ (n+1)

)]
= 0. (48)

where the index n indicates the iterative step. If the indices n and n + 1 are removed, (48) is consistent with
(47). Substituting (10) and (11) into (48) yields an iterative procedure for the unknown ψ

∂

∂r

⎡
⎢⎢⎢⎢⎢⎣

1

r

∂

∂r

⎛
⎜⎜⎜⎜⎜⎝

(
η

µ

)
r
∂

∂r

(
1

r

∂ψ(n+1)

∂r

)

1 + We2
(
1 − a2

) ( ∂
∂r

(
1

r

∂ψ(n)

∂r

))2

⎞
⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎦+ ∂

∂r

[
1

r

∂

∂r

(
r
∂

∂r

(
1

r

∂ψ(n+1)

∂r

))]
= 0. (49)

The Eq. (49) and the boundary conditions

ψ(n+1) = 0,
∂

∂r

(
1

r

∂ψ(n+1)

∂r

)
= 0 at r = 0,

ψ(n+1) = F,
1

r

∂ψ(n+1)

∂r
= −1 at r = h

(50)

define a linear differential boundary-value problem for ψ(n+1). By means of the finite-difference method a
linear algebraic equation system can be deduced and solved for each iterative step. Therefore, a sequence
of functions ψ(0)(r), ψ(1)(r), ψ(2)(r), . . . is determined in the following manner: if ψ(0)(r) is given, then
ψ(1)(r), ψ(2)(r), . . . are calculated successively as the solutions of the boundary-value problem (49) and (50).

It should be pointed out that the choice of the iterative procedure (49) is not the only one possible. With
this choice nothing can be asserted about the convergence of the sequence ψ(n)(r) to the solution ψ(r) of the
boundary-value problem; it can happen that the sequence does not converge. The effectiveness of the method
is often influenced by the form of the arrangement (49) of the given differential equation. Convergence is also
considerably influenced by the choice of the starting function ψ(0)(r); the method is generally more effective
the closer ψ(0)(r) is to ψ(r).

Usually, in order to achieve better convergence, the so-called method of successive under-relaxation is
used. We solve the boundary-value problems (49) and (50) for the iterative step n + 1 to obtain an estimated
value of ψ(n+1): ψ̃(n+1), then ψ(n+1) is defined by the formula

ψ(n+1) = ψ(n) + τ(ψ̃(n+1) − ψ(n)), τ ∈ (0, 1], (51)

where τ ∈ (0, 1] is an under-relaxation parameter. We should choose τ so small that convergent iteration is
reached. The iteration should be carried out until the relative differences of the computed ψ(n+1) and ψ(n)

between two iterative steps are smaller than a given error, chosen to be 10−16.
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Fig. 2 Profiles of the dimensionless stream function ψ(r) (a) and the velocity w(r) (b). Solid lines indicate the numerical solu-
tions of the boundary-value problem (13) and (14), while broken lines denote their approximate perturbation solutions. The other
parameters are chosen as F = −2, We = 0.2, h = 1, µ/η = 1, and a = 0.8
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ψ
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r
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Fig. 3 As Fig. 2, but for a total flux of F = −4

7 Numerical results and discussions

A comparison of the direct numerical results as obtained for the boundary-value problem (13) and (14) and
its approximate perturbation solutions to order We2, (34) and (35), is shown in Figs. 2 and 3. We display
the dimensionless stream function ψ (left panels) and the dimensionless axial velocity w obtained with two
different values of the total flux, F = −2 in Fig. 2 and F = −4 in Fig. 3, respectively. For a Weissenberg
number of We = 0.2 the difference between the approximate solutions and the direct numerical solutions is
obvious. If the total flux increases from F = −2 in Fig. 2 to F = −4 in Fig. 3 their difference become more
obvious. The reason is that the velocity profile deviates from a uniform distribution for F = −4 more than
that for F = −2 and the term including We in (13) becomes more important. We will see later that for the
boundary conditions (14) a total flux F = 0.5 yields a uniform velocity distribution, in which case the term
containing the Weissenberg number in (13) vanishes and the magnitude of the Weissenberg number plays no
role. Therefore, in this case the results of the approximate perturbation solutions will be in accordance with
those of the direct numerical solutions, which hold for any value of We.

To quantitatively discriminate to what extent the perturbation solutions (34) and (35) can describe the
boundary-value problem (13) and (14), an error measure for a physical variable ϕ, e.g., the stream function ψ
or the velocity w, is introduced,

Eϕ =

√√√√√√
∑

j

(
ϕ

app
j − ϕnum

j

)2

∑
j

(
ϕnum

j

)2 , (52)

where ϕnum
j denotes the direct numerical solution at the space position y j , whilst ϕapp

j is the corresponding
approximate value obtained by the perturbation solutions (34) and (35).

For various values of the Weissenberg number We the errors of the two solutions are listed in Table 1 for
three different values of the total flux F . It is obvious that the errors increase with increasing Weissenberg
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Table 1 Errors for the stream function ψ and the axial velocity w between the numerical solutions and the approximate pertur-
bation solutions of the boundary-value problem (13) and (14) for different Weissenberg numbers We and fluxes F

We 0.0 0.02 0.04 0.06 0.08 0.10 0.15 0.20

F = −1
Eψ [%] 0.37 0.48 0.46 0.79 1.14 1.27 1.41 1.65
Eu [%] 0.58 0.81 0.77 1.07 1.34 1.66 2.01 2.34
F = −2
Eψ [%] 0.35 0.51 0.76 1.02 1.27 1.63 1.90 2.63
Eu [%] 0.61 0.98 1.21 1.62 2.04 2.73 3.67 7.05
F = −4
Eψ [%] 0.51 1.03 1.83 2.17 2.42 3.76 12.18 23.19
Eu [%] 1.14 1.66 2.90 3.73 6.61 11.78 32.17 60.38

number We. For F = −1, up to We = 0.2 or even larger, the perturbation solution is a good approximation,
whilst for F = −2, if We > 0.2, the approximate solutions can no longer be used. For a larger total flux value
F = −4, the approximate perturbation solutions have to be abandoned even for very small values such as
We = 0.1. In these cases, in which the perturbation solution is no longer valid, this boundary-value problem
must be solved by direct numerical methods.

Figure 4 shows the dependence of the flow on the Weissenberg number for two values of the total flux F . It
can be seen that, for small values of the Weissenberg number, with an increase of We the velocity profile along
the transverse section becomes blunt, i.e., boundary thinning occurs. However, test computations show that
the dependence of the velocity profile on the Weissenberg number is not monotonic. For F = −2 the largest
deviation of the velocity profile from its distribution of a Newtonian fluid (We = 0) occurs with We = 0.3,
whilst for F = −4 the largest deviation is achieved with We = 0.2. A further increase of the Weissenberg
number will make the corresponding deviation smaller, and hence for very large values of We the behavior
of a Johnson–Segalman fluid with reference to this considered flow case tends again to that of a Newtonian
fluid. The reason for this is that, with increasing We, the denominator of the first term on the left-hand side of
(13) becomes larger, and hence the second term becomes more dominant. In such cases the solution of (13) at
large We tends to the solution of a Newtonian fluid (We = 0) again.

In Fig. 5 the distributions of the stream function ψ(r) and the velocity w(r) are illustrated for various
values of the total flux F . Results are obtained by the direct numerical method, because here we choose a value
of We = 0.1 and hence the perturbation solutions may bring large errors for large values of F . Obviously, the
flow is dominantly influenced by the value of F . For a tube radius of h = 1, if F = −0.5, a constant velocity
distribution across the cross-section is formed; in this case, no pressure gradient exists near the cross-section
of h = 1. If F > −0.5, the flow velocity profile is curved toward the positive z-direction (not shown in Fig. 5)
due to an exerted pressure gradient in the negative z-direction, whilst for F < −0.5 a pressure gradient in
the positive z-direction is required to maintain such a flux value, hence the flow velocity is curved toward the
negative z-direction.

The distributions of the pressure gradient d p/dz within a wavelength z ∈ [0, 2π] are shown in Fig. 6 for
various values of the dimensionless wave amplitude φ, in Fig. 7 for various values of the total flux F , and in
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Fig. 8 for various values of the Weissenberg number We. The dimensionless tube radius is defined by (15),
i.e., h(z) = 1 +φ sin z. The results are obtained by directly solving the boundary-value problem (13) and (14)
for various values of the tube radius h within a wavelength and then substituting the results into (12) to obtain
the pressure gradient at various points along the tube.

It can be clearly seen from Figs. 6, 7 and 8 that, on the one hand, in most of the channel, z ∈ [0, π], the
pressure gradient is relatively small, i.e., the flow can easily pass without the imposition of a large pressure
gradient. On the other hand, in a narrow part of the channel, z ∈ [π, 2π], a much larger pressure gradient is
required to maintain the same flux to pass it, especially for the narrowest position near z = 3π/2 and when
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Table 2 Pressure drop per wavelength in the longitudinal direction for various values of the total flux F and wave amplitude φ

F 1.0 −0.5 −2.0 −4.0

φ 0.2 0.3 0.4 0.2 0.3 0.4 0.2 0.3 0.4 0.2 0.3 0.4
�Pλ −353 −432 −587 16 41 98 383 518 787 877 1153 1704

The other parameters are: µ/η = 1, a = 0.8, and We = 0.02

the wave amplitude φ (Fig. 6) or the absolute value of the flux F (Fig. 7) is larger. When the effect of the
Weissenberg number becomes more important (with its increase for small We values or with its decrease for
large We values), a smaller pressure gradient is needed to maintain the flow through the narrow part of the
tube due to the effect of boundary thinning and the consequent resistance reduction, as seen in Fig. 8.

The corresponding pressure drops in the flow direction over a wavelength are listed in Table 2 for some
values of F and φ. These are still obtained by the perturbation method, i.e., (37), due to the small value of
We = 0.02 used. For small values of F , a pressure rise occurs in the flow direction. With the increase of the
flux F and the wave amplitude φ, the pressure drops increase over a wavelength.

8 Conclusions

Plane steady peristaltic motions of a Johnson–Segalman fluid were analyzed for the conditions that the tube is
sinusoidally deformed. The tube deformation has a wavelength λ that is large in comparison to the undeformed
tube radius and propagates at a prescribed constant speed c. A scale analysis and associated nondimensional-
ization of the equations paired with a Galilei transformation with speed c discloses a steady time-independent
problem in which an aspect-ratio parameter δ and the Weissenberg number We appear as the significant physi-
cal scales. The equations in the limit δ → 0 describe the large-wavelength approximation. These equations still
contain the Weissenberg number We as a parameter. Perturbation solutions up to O (We2

)
for the investigated

flow were constructed for a prescribed total flux F and were compared with numerical solutions valid for any
value of the Weissenberg number. The findings are summarized as follows:

• Qualitatively, the axisymmetric flow case in a tube is similar to the two-dimensional channel-flow case inves-
tigated in [22], but quantitatively the two cases are different. The analysis of the cylindrical case requires
extensive algebraic manipulation.

• A major object of the present analysis of peristaltic flows through a tube is to relate peristaltic flow and the
spurt phenomenon, which has not been explained in the literature yet. Spurt is the term used to describe the
large increase in the volume throughput for a small increase in the driving pressure gradient that is observed
in the flow of a Johnson–Segalman fluid model. Experimentalists usually associate this phenomenon with
slip at the wall. The Johnson–Segalman model offers a very interesting means for explaining spurt; it seems
more likely that the phenomenon is due to the stick–slip phenomenon that takes place at the boundary.
However, this model could very well describe the shear layers.

• The deviation of the flow from a constant velocity profile depends on both the flux F and the Weissenberg
number We. For F = −0.5, the nonlinear viscous properties do not enter the flow at the position with a
tube radius of h = 1 no matter how large We is.

• With growing deviation of F from F = −0.5 for the position with a tube radius of h = 1 the influence of
the nonlinear viscous properties of the fluid becomes increasingly significant.

• The profiles of the stream functions and the longitudinal velocities as computed using the perturbation
expansion are only adequately predicted when the Weissenberg number We is very small. The maximum
values for which the perturbation solutions are valid approximations depend on the flux variable F , and
become larger as F deviates from −0.5.

• For a given total flux a Weissenberg number We exists for which the maximum deviation from the velocity
distribution of the Newtonian fluid (We = 0) is reached, e.g., We = 0.3 for F = −2 and We = 0.2 for
F = −4 at a position with tube radius h = 1, for which the effect of the boundary thinning is most obvious.

• The effect of boundary thinning causes the flow resistance to become smaller.
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