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Abstract. The Couette configuration of a fluid contained between two rotating concentric
cylinders has proved useful to test and validate the HVBK equations which govern the mo-
tion of superfluid helium II. We critically review the current understanding of the superfluid
Couette problem and compare theory and experiment, distinguishing between the results ob-
tained with infinitely long cylinders and those obtained at small aspect ratio. After discussing
some issues which are still unsolved, we point to what should be fruitful directions of further
investigation which can be pursued in the Couette configuration.
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1 Introduction

Helium is a gas at ordinary room temperatures. To transform helium into a liquid it is necessary to cool
it to about 4 Kelvin. If the temperature T is reduced further, at the critical value 7, = 2.1768K (at satu-
rated vapour pressure), a phase transition takes place, quantum effects become important and liquid helium
acquires the remarkable property of superfluidity. Hereafter we shall only be concerned with this low
temperature liquid phase (called helium II), which exists in the range 0 < 7 < T and neglect the higher tem-
perature liquid phase, which occurs for T > T), (called helium I). See [1—4] for further details on the physical
properties of helium II.

The physics of helium II (Bose—Einstein condensation) is interesting in its own right. Equally interesting
are the engineering applications of helium II as a cryogenics coolant, due to the fact that there is no other sub-
stance available in liquid form near absolute zero. However the subject of this paper is not the fundamental
physics nor the engineering applications, but rather the fluid dynamics aspect. Our aim is to critically review,
put on firm ground and test what are thought to be the governing equations of superfluid hydrodynam-
ics. Additional motivation for our work arises from recent and current experiments which have highlighted
similarities and differences between superfluid turbulence and ordinary Navier—Stokes turbulence [5—9]. Al-
though this paper is concerned only with laminar vortex flows, it is clear that a proper understanding of flows
at low velocity underpins our understanding of turbulent flows.

The motion of helium II is usually modelled using Landau’s two-fluid theory [10], in which the fluid is
considered to be made up of two completely mixed components: the normal fluid and the superfluid. The
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former is related to thermally excited states (phonons and rotons) and is similar to a classical Navier—Stokes
viscous fluid, whereas the latter is related to the quantum ground state and is similar to a classical Euler invis-
cid fluid. The superfluid velocity field is irrotational because it is proportional to the gradient of the quantum
mechanical wave function. The total density of helium II is given by p = p" + p* and is approximately con-
stant, but the normal and superfluid densities p" and p° are strongly temperature dependent. At 7 = 0 the
normal fluid component is absent and helium II is entirely superfluid (p” = 0), whilst at T = T, the super-
fluid component vanishes (p* = 0) and helium I becomes helium I, which is an ordinary Navier—Stokes
fluid.

If helium II is put in a simple cylindrical container and rotated with angular velocity §2 greater than some
small critical value then Landau’s original theory requires a subtle modification [3, 11]. The normal fluid be-
haves like any ordinary classical fluid and is put into solid-body rotation by the no-slip boundary conditions
at the walls of the vessel. Hence it acquires vorticity 252 in the direction of the rotation axis. The superfluid
cannot rotate like the normal fluid, instead it minimises its free energy by creating a lattice of vortex lines
which are aligned along the axis of rotation. Since the axis of each filament is hollow within a region of ra-
dius a, ~ 10~8¢m, the superfluid becomes multiply connected and thus can acquire a net circulation whilst
remaining irrotational. The key property of the vortex lines is that the circulation of the superfluid velocity
field v* along a closed path C around the axis of each line is a fixed quantity I" (the quantum of circulation):

fvf-dl -r (1)

C

where I" = 9.97 x 10~*cm?/sec is the ratio of Planck’s constant and the mass of one helium atom. The num-
ber of superfluid vortex lines per unit area is N = 2£2/1I", thus approximating by discrete amounts (N times
I') the vorticity 252 of the solid-body rotating normal fluid. In summary, the hydrodynamics problem which
we consider involves the study of three classic fluid dynamic entities: a perfectly inviscid Euler fluid, a clas-
sical Navier—Stokes fluid and vortex lines. As far as we are concerned, the only visible effect of quantum
mechanics is to guarantee that all the vortex lines have the same circulation I" and the same vortex core
radius a,,.

Because of the smallness of the quantum of circulation, even relatively weak rotational motions and ed-
dies produce a large density L of vortex lines (defined as the length of line per unit volume, or equivalently
as the number of vortices crossing the unit area). This means that, at least for laminar flows, the average sep-
aration between vortices L™ !/? is usually smaller than any scale of interest in the flow. It is therefore useful
to develop a set of macroscopic hydrodynamical equations for helium II which average over the presence of
many individual vortex lines. This set of equations, referred to as the Hall-Vinen—Bekharevich—Khalatnikov
(HVBK) model, was derived by a number of people over the years. Essentially, the HVBK model describes
a continuum in which a fluid particle is a small but macroscopic region which is threaded by a high density of
vortex lines, all pointing almost in the same direction [12—15]. This is an approximation, of course, because
microscopically, that is to say on scales smaller than the scale described by the HVBK theory, each vortex
line is a tiny hollow around which the superfluid velocity field is irrotational. The HVBK equations thus rep-
resent a coarse-graining of the original theory of Landau. Together with the vortex lines, the HVBK model
introduces two new physical effects which are absent in Landau’s original theory. The first is that the super-
fluid vortex lines scatter the thermal excitations, thus introducing a coupling force between normal fluid and
superfluid components called the mutual friction force [16]; this effect is important in problems of heat flow
because it leads to extra dissipation. The second effect is that the vortex lines have energy per unit length, that
is tension. Because of the tension, the vortex lines which thread a fluid particle can oscillate (vortex waves),
thus giving the superfluid an intrinsic springiness.

The aim of this paper is to give a critical overview of recent research involving the use of the HVBK
model to investigate the flow of helium II in a Couette apparatus, that is the flow between two concentric
rotating cylinders. Our aim is to put on firm ground and test the HVBK equations, which represent the best
available model of superfluid hydrodynamics. We choose the Taylor—Couette flow because it has been used
as a benchmark for fluid mechanics since Taylor’s [17] pioneering work to investigate the transition from
Couette flow to Taylor vortices, which together with previous work [18], established the use of the Navier—
Stokes equations and the no-slip boundary conditions. Taylor—Couette flow is simple but not trivial, thus,
unlike solid-body rotation (in which context the HVBK equations were first derived), all physical ingredi-
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ents such as mutual friction and tension play a role in determining whether an instability occurs or not. This
allows for a better understanding of the HVBK model. Furthermore, experimental data is available to test
the theory. It must be stressed that progress in the helium II Couette problem has been slower than for clas-
sical fluids, due in part to problems of flow visualisation at such low temperatures, so we have much less
information available than in the vast classical Taylor—Couette literature.

Experiments on helium II between concentric cylinders were first performed by Kapitza [19] in 1941;
a review of all experiments involving helium II in Couette apparatus was written by Donnelly and
LaMar [20]. In this article we shall expand on two types of experiments performed, which have been used
for comparison against theoretical predictions. Early Taylor—Couette experiments were concerned with de-
termining the viscosity of helium II by measuring the torque exerted by the flow on the stationary cylinder.
A break in the linear dependence of the torque with the angular velocity of the rotating cylinder is taken to
denote a transition from one flow pattern to another. The other experimental technique, that of measuring the
extra attenuation of a second sound wave, can be used to probe the superfluid vorticity. Second sound waves
occur when there is a periodic counterflow between the normal fluid and superfluid, which corresponds to
a temperature and entropy wave at approximately constant density and pressure. Angular velocity is plotted
against the attenuation factor and breaks in the curve are interpreted as transitions in the flow. By measuring
the extra attenuation of second sound waves in the axial, azimuthal and radial directions it is theoretically
possible to get an idea of the number and direction of the quantised vortex lines. In practice the information
obtained in the experiments is less complete than this.

The plan of the paper is as follows. The HVBK model is presented in Sect. 2. Linear stability calcula-
tions and nonlinear solutions in the limit of infinitely long cylinders are presented in Sect. 3 and compared
to experiments. The apparent discrepancy between theory and experiments at low temperatures is explained
in terms of end effects, which motivate the calculations at finite (short) aspect ratios (in which vortex lines
can be perpendicular to boundaries) presented in Sect. 4. These calculations reveal various anomalous flow
patterns, but the last part of Sect. 4 shows that if the aspect ratio is large enough the results of the infinitely
long cylinders theory are recovered. Finally, Sect. 5 summarises our understanding of the HVBK model, lists
open questions which still need to be answered, and describes directions of further work.

2 Model

The isothermal, incompressible HVBK equations may be written as:

gv" n n n n<2,.n IOS

74—(1} V)" =-Vp" vV +;F, 2)
a S n

& V) =-Vp+T-2F, 3)
ot P

V-v"'=0, V-v°'=0, 4)

where v" is the normal fluid velocity, p", p* are effective pressures and V" is the kinematic viscosity of the
normal fluid. What makes the HVBK equations different from Landau’s two-fluid equations is the existence
of the macroscopic vorticity field

W' =V xv’, (5)

and the introduction of the mutual friction force F' and the vortex tension force T'. Essentially, the super-
fluid vorticity w® is a measure of how many vortex lines are contained in a given small region of fluid and
point along a particular direction. We define &° = w*/|w*| to be the unit vector in the direction of superfluid
vorticity. The mutual friction force is

F = 1B&*x (' x (0" —v* —v'V x &%) + JB'w'x (0" —v* —1*V x &) (6)

where B, B’ are known temperature-dependent mutual friction parameters [4]. This force describes the inter-
action between the normal fluid and vortex lines. The vortex tension force may be written as

T =—vV'ws x (Vxw*) @)
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and reflects the energy in the vortex lines. The vortex tension parameter v* = (I/4x) log(b, /a,) has the same
dimension as kinematic viscosity, but physically it is very different; it represents the ability of a vortex line
to oscillate due to vortex waves which can be excited on the vortex lines themselves. Finally the quantity
b, = (Jw*|/ N ~'/2 measures the typical inter-vortex spacing.

The HVBK equations have two interesting limits. If 7 — T;, then p*/p — 0, p"/p — 1, helium II be-
comes entirely ‘normal’ and the normal fluid Eq. (2) reduces to the classical viscous Navier—Stokes equation.
Vice versa, if T — 0, then p"/p — 0, p°/p — 1 and helium II becomes entirely ‘super’; in this limit, if
we also set Planck’s constant equal to zero, then I” and v* vanish and the superfluid Eq. (3) reduces to the
classical Euler equation.

We consider a sample of helium II held at temperature 7" and confined radially between two concentric
cylinders of inner and outer radius R; and R;, and axially between two fixed plates which are separated by
a distance H. The top and bottom plates and the outer cylinder are held stationary and the inner cylinder
rotates at constant angular velocity £2;. Results will be presented for the radius ratio, n = R;/Ry = 0.976
as in the experimental apparatus of Swanson and Donnelly [21]. The key parameters of the system are the
Reynolds number of the inner cylinder, Re = £2; R (R, — Ry)/V", the aspect ratio, h = H/(Ry — Ry) and the
temperature, T. Hereafter we shall use cylindrical coordinates (r, ¢, z).

3 Results at infinite aspect ratio
3.1 Linear theory
In the case of flow between infinite cylinders (h — 00), Couette flow, given by
ve=(Ar+C/r) & ®)

(where € is the unit vector in the azimuthal direction) is an exact solution of the HVBK equations for both
the normal fluid and superfluid (provided that §2; is greater than a small critical value at which vortex lines
first appear). The values of A and C are determined by the no-slip boundary conditions imposed on the
normal fluid at the cylinder walls, which are:

vy =0 at r=Rj;and R, 9)
v;:ﬂlr at r=Ry (10)
v =0 at r=Ry (11)
VW=0 at r=Rjand R,. (12)

Z

The superfluid, being inviscid, is not required to satisfy such boundary conditions; the only restriction is that
there is no penetration through the boundary:

viy=0 at r=R;andR;. (13)

From Eq. (8) it can be seen that in the Couette state the superfluid vorticity is purely axial and has a magni-
tude of 2|A|.

The first pioneering attempt to calculate the stability of helium II flowing between rotating concentric
cylinders was made by Chandrasekhar and Donnelly [22], who did not make contact with the experiments
because they failed to properly take into account the vortex tension force. Barenghi and Jones [23] and
Barenghi [24] considered the linear stability of Couette flow with respect to infinitesimal perturbations of
the form exp(im¢ +ikz + of) where o is the complex growth rate, m the azimuthal wavenumber and k the
dimensionless axial wavenumber (expressed in units of 1/§ where § = Ry — Rj is the gap width). Barenghi
and Jones [23] found that if the inner cylinder rotates sufficiently fast, at a certain critical value Re = Re i
the growth rate, Real (o) of the axisymmetric (m = 0) perturbation becomes positive, hence Couette flow
becomes unstable. This transition corresponds to the onset of Taylor vortices for a classical fluid. In Fig. 1
we plot curves showing the stability boundaries of the axisymmetric mode against axial wavenumber k for
(a) helium I (dotted), (b—d) helium II at temperatures 7 = 2.16 K, 2.1 K, 2.05 K, respectively (solid lines).



Superfluid Couette flow in an enclosed annulus 187

400 F (c)

. \/¥/(b)
300¢ (d) SO .(a)
200k
100 F

0 | | | \
0 1 2 3 k 4

Fig. 1. Stability boundaries of (a) helium I (dotted), helium II (solid) at temperatures (b) 7 =2.16k, (c) T =2.1K,
d) T=205K
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Fig. 2. Critical Reynolds number, Re j; as a function of temperature 7" (measured in Kelvin). Error bars: data of Swanson and
Donnelly [21]; solid line: prediction from linear stability analysis [24]

The regions which are below and above each stability curve represent stable and unstable Couette flow re-
spectively. Since helium I is a classical Navier—Stokes fluid, the dotted stability curve (a) represents the
well-know transition from Couette flow to Taylor vortices (at this value of radius ratio). The critical Reynolds
number Re j; and critical wavenumber k¢ are given by the minimum of each curve. For the sake of clar-
ity only the bottom part of each stability curve has been plotted. From Fig. 1 we can see that helium II is
more stable than helium I at temperatures close to 7 and that the critical axial wavenumber decreases as the
temperature is reduced.

The results of Barenghi and Jones [23] prompted further experiments [21] and good agreement between
the predicted and measured values of Re . was found [24], particularly for temperatures close to 7 (see
Fig. 2). Unfortunately, as is visible in Fig. 2, at lower temperatures (7 < 2.1 K), although there is qualita-
tive agreement between theory and experiment, the measured critical Reynolds numbers are larger than those
predicted by the linear stability analysis. Barenghi and Jones argued that the discrepancy arises from the tem-
perature dependence of the critical axial wavenumber k¢ In the classical Taylor—Couette problem k¢t =~ 7,
hence each individual Taylor vortex cell is approximately square (the extension in the axial direction is equal
to the gap’s size). In the case of helium II, Barenghi and Jones [23] found that k¢ — 7 as T — Ty, as
expected in the limit of a pure normal fluid. However, as the temperature is reduced, they found that k¢
decreases and tends to zero (see Fig. 3). This result suggests that the discrepancy between theory and experi-
ments for T< 2.1 K is due to end effects; at low enough temperatures there are not enough Taylor vortex
cells in the typical experimental apparatus, thus the infinite cylinder assumption breaks down. It is import-
ant to remark that this feature does not arise in the classical Taylor—Couette problem. It is important to note
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Fig. 3. Critical axial wavenumber, k; as a function of temperature 7 (measured in Kelvin)

that, due to the lack of direct flow visualisation of the helium II Couette problem, the elongation of the Taylor
vortex cells is not immediately visible to the experimentalist.

3.2 Nonlinear solutions

The success of the linear stability analysis at temperatures close to 7), validated the HVBK equations, at least
in the linear regime, and opened the door to further study. Using the infinite cylinder assumption (A — 00),
Henderson, Barenghi and Jones [25] numerically solved the HVBK equations for the first time and computed
the nonlinear flow of helium II between infinite cylinders. The aim of the work was to obtain solutions for
helium II corresponding to what would be Taylor vortices in a classical flow and to investigate what happens
to the vortex lines. Only axisymmetric solutions were considered since linear theory predicts that, for rota-
tion of the inner cylinder only, the axisymmetric mode onsets first. To solve the HVBK Egs. (2—4), boundary
conditions are required. The nonlinear problem is 6th order in both the normal fluid and superfluid; however,
the linear problem is only 2nd order in the superfluid. Thus two further boundary conditions for the super-
fluid are needed in addition to the no penetration of the boundary (13) used successfully in the linear stability
analysis. The extra boundary conditions employed are

a)fi) =0 at r=Rjand R (14)
U;Z.er at r=R; (15)
v, =0 at r=Ry. (16)

Equations (14-16) force the superfluid vorticity to be purely axial at the cylinder walls. This is consistent
with Couette flow, in which the vortex lines are purely axial throughout the flow and results in the mutual
friction being small at the boundaries, which is an advantage numerically and helps the stability of the nu-
merical scheme. The normal fluid satisfies the standard no slip boundary conditions (9-12) as for the linear
model.

The HVBK equations were solved numerically using a pseudo-spectral method, based on expansions in
Chebychev polynomials in the radial direction and trigonometric functions in the axial direction [26]. Results
were obtained for angular velocities of up to 15% above the critical angular velocity at which linear theory
predicts that Couette flow becomes unstable. Apart from the axial stretching of the Taylor cells, the normal
fluid displays a velocity profile similar to that of a classical fluid, However, at lower temperatures, the su-
perfluid velocity profile is markedly different to the classical case; instead of a meridional flow consisting
of single pair of cells in each period, we find a more complex pattern of eddies and counter-eddies. Perhaps
what is of most interest is the orientation of the vortex lines. The numerical results show that the superfluid
vorticity is still predominantly axial and the deflection in the azimuthal direction is smaller than that in the
radial direction. This is illustrated in Fig. 4a in which contour plots of the three components of superfluid
vorticity at 7 = 2.17 K, Re = 300 are shown. The rotating inner cylinder is on the the left and the station-
ary outer cylinder is on the right. Results are plotted over a complete wavelength A = 27r/k where the axial
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Fig. 4a,b. Components of superfluid vorticity: (i) o}, (ii) w;, (iii) w} at T =2.17 K, Re =300 calculated using (a) the infinite
cylinder code (plotted over a complete period: 0 < z/8§ < 27/k, where k =2.9), (b) the finite aspect ratio code, taking 7 =6
(plotted for 1.5 < z/8 <4.5). The value printed underneath each plot corresponds to the average value of the absolute value of
each field over the region plotted
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wavenumber is taken to be k = k¢jy = 2.9 as predicted from linear theory. The value printed underneath each
plot corresponds to the average value of the absolute value of each field over the region plotted. Light and
dark regions correspond to positive and negative contour lines respectively.

The numerical results were compared with experiments in two different ways. Firstly by comparing the
additional attenuation of a second sound wave due to the vortex lines and secondly by measuring the torque
exerted on the outer cylinder. Henderson, Barenghi and Jones [25] compared the relative change in the azi-
muthal attenuation coefficient of second sound and found an order of magnitude correspondence between
the experimental value of Swanson and Donnelly [21]. Henderson and Barenghi [27] compared torque meas-
urements with those measured by Donnelly [28] at T = 2.1K. The results are presented in Fig. 5 in which
the dimensionless torque G applied to the outer cylinder is plotted against Reynolds number. The solid line
represents the results of the calculation and the ellipses represent the experimental data of Donnelly [28].
The observed break in the curve represents the onset of Taylor vortices and it can be seen that there is good
agreement between the calculation and the experimental data in the nonlinear regime. This agreement further
validated the HVBK model in the high temperature regime.

4 Results at finite aspect ratio

As discussed in Sect. 3.1, at low enough temperatures the cylinder ends need to be included in the model.
This enables us to study how the vortex lines respond to a shear in the presence of boundaries which are
both parallel and perpendicular to the natural axial direction of the vortex lines. Henderson and Barenghi [29]
considered helium II contained in a unit aspect ratio (2 = 1) Couette annulus and revealed unexpected flow
patterns, some of which have similarities to anomalous modes known in the classical Taylor—Couette liter-
ature [30]. The axisymmetric form of the HVBK Eqs. (2—4) were solved using a finite difference approach



190 K.L. Henderson, C.F. Barenghi

taking a regular grid in both the r and z direction. The boundary conditions on the curved cylinder walls were
taken to be the same as for the infinite cylinder case (9-16). However extra boundary conditions are needed
on the two end-caps, z = 0, H. For the normal fluid, standard no slip boundary conditions were imposed:

V=0 at z=0and H 17
v’J,:O at z=0and H (18)
v;=0 at z=0and H. (19)

Whilst for the superfluid the following boundary conditions were used:

v;=0 at z=0and H (20)
wy=0 at z=0and H (21)
a)é) =0 at z=0and H. (22)

The first condition (20) ensures that there is no penetration of the superfluid through the boundary, whilst the
last two conditions (21,22) correspond to perfect sliding of the vortex lines as discussed by Khalatnikov [2].
We shall present the results at finite aspect ratio in two parts. The low Reynolds number flow, which corres-
ponds to the Couette state in the infinite cylinder case, is described in Sect. 4.1 and the transition to Taylor
vortices is described in Sect. 4.2. Figures 6—9 show contour plots of various quantities for the complete cross-
section of the annulus; R <r < Ry, 0 < z < H with the inner/outer cylinder on the left/right respectively.
The maximum value of each field is printed underneath the corresponding contour plot. Light and dark
regions correspond to positive and negative contour lines, respectively.

4.1 Low Reynolds number flow

Henderson and Barenghi [29] considered the low Reynolds number flow of helium II in a unit aspect ratio
Couette annulus and extended their work to consider moderate aspect ratios [34]. The main result is the
anomalous motion of helium II when compared to the motion of a classical fluid. We shall highlight the key
findings in this section.

The velocity profile obtained is a superposition of an azimuthal motion v4 around the inner cylinder and
a toroidal motion v, and v, in the vertical plane. The latter motion is in the form of a pair of cells similar
to a Taylor vortex pair, but being caused by boundaries rather than a centrifugal instability, it is hereafter re-
ferred to as an Ekman cell pair. This toroidal motion may be visualised by introducing the stream function
such that

» 1 oy? o 1 oy?
= , !
r 0z

= (23)

where p = n, s represents the normal fluid, superfluid, respectively. The motion in the vertical (r, z) plane
occurs along the streamlines, given by Yy = constant.

In Fig. 6 we show contour plots of the stream function and azimuthal velocity of the normal fluid and
superfluid for Re = 100, 7 =2 at temperatures 7 =2.11 K and 7 = 2.17 K, respectively. The first inter-
esting result is that at low temperatures v’ is almost z-independent (Fig. 6a(iv)). That is the superfluid
moves around the cylinders in a column-like fashion, which is found to be due to the tension in the vortex
lines [29]. This effect becomes less pronounced at higher temperatures when the superfluid component is
smaller (Fig. 6b(iv)). In contrast vg is highly z-dependent as a result of the no-slip boundary conditions.

The second interesting result comes from looking at the Ekman cells in both the normal fluid and super-
fluid. In a classical fluid the primary flow is such that the two Ekman cells form with outflow at the centre
and inflow at the ends of the cylinder. However it is possible to have anomalous modes in which the ro-
tation is the opposite direction (the outflow is near the ends). The connection between the infinite and the
finite Taylor—Couette problem and the existence of anomalous modes on a disconnected branch has been
investigated [31-33]. These solutions occur at Reynolds numbers higher than the values which we have in-
vestigated. In the case of helium II the mutual friction is an extra physical ingredient, and it appears that it can
switch which branch is the “primary” one. In principle one could pursue the search for a secondary branch. In
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Fig. 6a,b. Contour plots of (i) ¥", (ii) vg, (>iii) ¥*, (iv) v‘; for Re =100, h =2 at (a) T =2.11K, (b) T =2.17 K. The value
printed underneath each plot corresponds to the maximum value of each field over the region plotted

the parameter region investigated, we find that the superfluid Ekman cells always rotate in a counter-classical
way due to the mutual friction force, that is outflow occurs at the ends of the cylinder with inflow at the
centre (Figs. 6iii(a,b)). It is also seen that the normal fluid Ekman cells rotate in a counter-classical way at
lower temperatures (Fig. 6a(i)), but revert to a classical direction close to the transition temperature 7 as one
would expect (Fig. 6b(i)).

The effect of increasing the aspect ratio is illustrated in Fig. 7 where we plot contours of the stream func-
tion and azimuthal velocity of the normal fluid and superfluid at Re = 100, 7 = 6 at temperatures 7 =2.11 K
and T = 2.17 K respectively. At T = 2.11 K we see that the superfluid motion takes the form of a pair of
counter-classically rotating Ekman cells (Fig. 7a(iii)). In contrast the normal fluid is in the form of four cells,
with the outer cells rotating counter-classically (Fig. 7a(i)). The inner cells produce outflow at the centreline.
At T =2.17K we see that the normal fluid motion takes the form of a pair of classically rotating Ekman
cells (Fig. 7b(i)). In contrast the superfluid is in the form of four cells, with the outer cells rotating counter-
classically as a result of the boundary conditions there (Fig. 7b(iii)). The inner cells rotate in such a way as
to match the flow of the normal fluid at the centreline. At larger aspect ratios the column-like motion of the
azimuthal component of superfluid velocity is still evident, though it is less pronounced (Fig. 7iv(a,b)).

4.2 Transition to Taylor vortices

Henderson and Barenghi [34] considered the transition from Ekman cells to Taylor vortices in an enclosed
annulus. The transition point. Re ¥;; was quantified by considering the break in the graph of the centreline
average of v, for both the normal fluid and superfluid. At T = 2.17K, h = 6 there is good agreement between
the observed critical Reynolds number (Re ¥, &~ 275) and that predicted by stability analysis in the infinitely
long cylinders approximation (Re ¢y = 278.7). The fully developed Taylor vortex flow is shown in Fig. 8 in
which we plot contours of the stream function and azimuthal velocity of the normal fluid and superfluid at
Re =300. We can see that the normal fluid has split into six cells and that despite the superfluid having an
additional weak pair of cells close to the ends of the cylinders in the (7, z) plane, the two fluids appear to
match each other. The low Reynolds number flow (Re = 100) is plotted in Fig. 7b.

The previous calculation was repeated at the lower temperature of 7' = 2.16K for two different aspect
ratios: & =4 and h = 6. Contour plots of the stream function and azimuthal component of velocity of the
normal fluid and superfluid are plotted for Re = 310 in Fig. 9. What is striking about these plots is that the
normal fluid Taylor cells are elongated, developing two cells when & = 4 and four cells when 4 = 6. This
is consistent with the linear stability analysis which predicts the critical axial wavenumber ki = 2.35. The
elongation of the Taylor cells was first predicted by Barenghi and Jones [23] and this is the first time that it
has been observed numerically taking end effects into account. In contrast, the superfluid develops four and
six cells at aspect ratios & = 4 and h = 6, respectively. Although the matching between the normal fluid and
superfluid is not as pronounced as at higher temperatures, there is a similar structure to the velocity profiles
of the two fluids away form the cylinder ends.

The transition to Taylor vortices is illustrated in Fig. 10 in which we plot the centreline average value
of the radial component of the normal fluid against Reynolds number for (a) & =4, (b) h = 6. Note that
for the case of i =4 the quantity (v}') is positive because the normal fluid develops two classically rotat-
ing cells resulting in outflow at the centre. In contrast, when & = 6 the normal fluid develops four cells with
the central two cells rotating in such a way as to produce inflow at the centre, thus (v)') is negative. Linear
stability analysis predicts Re ¢it = 310.7, so the agreement is not as good as at higher temperatures due to
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(i)
100.

Fig. 7a,b. Contour plots of (i) ¥", (ii) vg, (iii) ¥*, (iv) vfj, for Re =100, k=6 at (a) T =2.11K, (b) T =2.17 K. The value

printed underneath each plot corresponds to the maximum value of each field over the region plotted

(i)
300.
Fig. 8. Contour plots of (i) ¥", (ii) v;’), (iii) ¥*, (iv) v;) at Re =300, h =6, T =2.17 K. The value printed underneath each plot

corresponds to the maximum value of each field over the region plotted

(iii (iv)

(a) 3.20 35.9 100. (b) 4.55 100. 1.2 100.

Gi)  (iv)

35.2 300.

84.3

the elongation of the cells. It appears that at lower temperatures, larger aspect ratios need to be considered
to make qualitative contact with the predictions of the linear stability analysis which assumes infinitely long
cylinders.

We find that in general the superfluid vorticity is primarily axial and concentrated towards the ends of the
cylinders close to the inner cylinder. This predicted result could be observed experimentally by measuring
the extra attenuation of second sound waves due to the vortex lines at the centre and ends of the apparatus. As
the Reynolds number is increased, there is a much larger deflection of the vortex lines in the radial direction.
This is illustrated in Fig. 4b in which we plot the superfluid vorticity components of helium [T at 7 =2.17 K,
h = 6 at the Reynolds numbers Re = 300 for the central region of the apparatus (1.5 < z/§ <4.5). This en-
ables us to see what happens to the vortex lines in the centre of the apparatus away from the cylinder ends,
where there is stronger shear which would make the contour lines in the middle of the apparatus less visible.
The value printed underneath each plot corresponds to the average value of the absolute value of each field



Superfluid Couette flow in an enclosed annulus 193

(i) (iv)

(a) 67.2 310. 36.0 310. (b) 75.4 310. 27.1 310.

Fig. 9a,b. Contour plots of (i) ¥", (ii) v(’;,, (iii) ¥, (iv) vfp at T =2.16 K, Re =310 for (a) h =4, (b) h = 6. The value printed
underneath each plot corresponds to the maximum value of each field over the region plotted

<ur>

—2t Re
100 150 200 250 300 350

Fig. 10. Plot of the average values of v/ at the centreline z = H/2 against Reynolds number at 7' =2.16 K and aspect ratio
@h=4,bBYh=06

over the region plotted. Comparing the results with Fig. 4a, which was performed at the same temperature
and Reynolds number but using the infinite cylinder code, we see that the vorticity pattern is similar to that
found when considering the Taylor—Couette flow of helium II without end effects.

5 Discussion

The results which we have presented show that at relatively high temperatures there is fairly good quanti-
tative agreement between the linearised HVBK theory and experiments, whereas at lower temperatures the
agreement is qualitative only. Furthermore, at least at high temperatures, the HVBK model has been vali-
dated in the nonlinear regime too. These results are encouraging but there are still many important issues
about the HVBK model which need to be addressed. The list below summarises points which need to be
clarified and also possible avenues of further investigations:

Flow visualisation: On the experimental side, the major drawback remains the lack of direct flow visu-
alisation in the difficult low temperature environment of helium II. In particular there is little information
available about the motion of the normal fluid; the quantity which is generally measured and reported is the
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superfluid vortex line density. Visualisation of the normal fluid pattern is necessary to test the effects pre-
dicted in sections 4.1 and 4.2, which depend on the relative balance of friction and tension forces. When
studying the classical Taylor—Couette problem, introduction of flakes (Kalliroscope) or other small particles
into the working fluid (usually oil or water), results in the Taylor vortices being clearly evident. Simple vi-
sualisation with ink revealed a long time ago that the critical (dimensionless) wavenumber is k. & 7 for
which the Taylor vortex cells are approximately square. In contrast, the limited visualisation techniques
available for helium IT did not reveal that the Taylor cells become elongated at lower temperatures. The
consequence of this effect (the value of Re ) became apparent only when predicted by the linear theory.
Attempts have been made to visualise the flow pattern of helium II by adding small particles [35]. However
this was only successful at high rotation rates (40 times the critical angular velocity at which linear stability
analysis predicts Couette flow becomes unstable). Current work on this problem is based on Particle Image
Velocimetry (PIV) [36—38] but the technique is still in the development stage and no results have yet ap-
peared which can be used to test the HVBK theory. On the contrary, preliminary investigations suggest that
more theoretical work is needed to interpret PIV data correctly; it is not clear whether the small particles
trace the motion of the normal fluid or a combination of the motion of the normal fluid and superfluid.

Boundary conditions: A surprising feature which makes the HVBK equations different to the Navier—
Stokes equations in the the Taylor—Couette problem is that the nonlinearities determine the order of the
system of differential equations. The fully nonlinear HVBK equations are 12th order in the coupled normal
fluid and superfluid system, but reduce to 8th order when linearised. In contrast, the classical Navier—Stokes
equations are always 6th order, irrespective of the linearisation. Since the order of the system of differential
equations must be matched by the number of boundary conditions, this means that, in the limit Re — Re ¢
from above, a nonlinear superfluid boundary layer develops. The scaling laws of this boundary layer have
not yet been investigated.

It must also be remarked that the boundary conditions described in Sect. 3.2 and used to find nonlinear
solutions of the HVBK equations may not be the correct ones (although the computed values of the torque
agree with the measurements). A variety of possible boundary conditions have been discussed in the litera-
ture [39], encompassing vortex lines sliding perfectly at the walls, being perfectly pinned or partially sliding.
The choice made in previous work [25] was motivated by physical simplicity and numerical stability. The
fact that it works in the special case of cylindrical geometry (for which in the basic state the vortex lines are
parallel to the boundary) may be accidental, as difficulties were found when attempting to solve the HVBK
equations in spherical geometry [40].

Rotations of the outer cylinder: The results discussed in this paper refer to rotations of the inner cylin-
der only and it should be remarked that, when rotating the outer cylinder, a striking observation was made
many years ago which still lacks an explanation. Heikkila and Hollis Hallet [41] measured the viscosity
of helium II by rotating the outer cylinder at angular velocity 2, and measuring the torque exerted by the
fluid on the inner cylinder, which is held stationary. For small values of £2; they reported values of the vis-
cosity (deduced from the measured torque) for 1.13K< 7 < Tj which are in good agreement with modern
values. At moderate values of £2; they found that the expected linear relation between torque and angular
velocity breaks, indicating an instability of Couette flow. This result is counter-intuitive because one would
expect that the higher the value of £2, the more stable Couette flow is, due to the stratification of angular
momentum which is created. Barenghi and Jones [42] proved that, for a pure superfluid (T = 0), rotations of
the outer cylinder are always unstable due to the vortex tension force. It would be interesting to investigate
whether vortex tension is responsible for the findings of Heikkila and Hollis Hallet at finite temperature or
whether the observed instability arises from nonlinear effects such as those discussed recently by Richards
and Zhang [43] in the astrophysical context.

Instability of Kelvin waves: We mentioned in the introduction that there is current activity to understand the
turbulent flow of helium II. Recent work has highlighted the importance to turbulence [44, 45] of an instabil-
ity which was first observed in the context of heat transfer by Donnelly [46] and then explained by Glaberson
and others [47,48]. The instability takes place when the component of the normal fluid velocity in the direc-
tion of the superfluid vortex lines exceeds a critical value. In this case the amplitude of Kelvin waves (helical
displacements of the vortex cores), which are initially infinitesimal (being caused by thermal and mechanical
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noise), grow exponentially with time; when the amplitude becomes of the order of inter-vortex spacing then
neighbouring vortices reconnect and in most cases turbulence is created [8, 49]. With the addition of an axial
flow [50] (thus parallel to the superfluid vorticity of the Couette state) the Couette configuration would be
ideal to study the Kelvin wave instability in a controlled way, something which evidently cannot be done in
the context of a turbulent flow.
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