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By using an internal variable method, we study a fractional derivative type model for uniaxial,
isothermal deformation of a viscoelastic body. It is a generalization of a Zener model. Entropy
inequality and minimum of free energy conditions are used to determine restrictions on coeffi-
cients in the constitutive equation. The asymptotic behavior in creep and stress relaxation tests
are analysed in detail.

1 Introduction

Consider a standard viscoelastic body (Zener model), that in a uniaxia isothermal deformation has a stress
strain relation of the form
Tga(l) +0= Erge(l) +Eeg, Q

where o and ¢ denote the stress and strain at time t, respectively. (1) = % (+) denotes the first derivative with
respect to time, 7., 7. are constants called relaxation times, and E is the modulus of elasticity. The second
law of thermodynamics, implies that in (1) the following restrictions on the constants must be satisfied

E>0 17,>0 7>7,. 2

Equations of the type (1) are not aways valid. Indeed, there is a class of viscoelastic materials which is better
described by the constitutive equation (modified Zener model), see [3],[5]

o +bo® = Epe + Eye(®), (3)

where o(®) and £(® are fractional derivatives; 0 < a < 1,0 < 3 < 1. Thea! fractional derivative, 0 < o < 1,

of afunction f (t) in the Riemann-Liouville form is defined as (see [1] or [2])
d~ d 1 Yf(r)dr _d 1 f(t—T7)dr
—f (t)
o 70[) 0 o

() = —
0 fl) =

dIr(l—a)fy -7 dI'(1

_ fote, 1 LD (t — 7)dr
T I'(l-o) F(l—a)/o T

s a th—a .
= Z(n)F(n+1—a)f()(t)’ @

n=0
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where in (4); the binomial coefficients are ( ﬁ ) = Y al(h—a) - (—1)"n(!—a)n and (2), = z(z+1)...

T(1—a)I(n+1)
(z+n-1), n=12...,(2)g=1

From (4)4 it is obvious that a constitutive equation of the form (3) takes into account all integer derivatives
tﬂfoé

rntl—ca) "
By invoking the second law of thermodynamics for sinusoidal strain and sinusoidal stress the following
restrictions on the constants «, 3, b, Eg and E; are obtained in [3]

of o and ¢ at afixed time t, each one with the weighting factor equal to ?:

Eo>0, >0, b>0, —>E, a=p4 )

Except for the equality in (5); these conditions are identical to (2), whenever a comparison is posible, i.e.,
fora=p=1
There are other propositions for the constitutive relations as well. Thusin [4] the relation

Ere t @ (u)
t)=D®e =
0= ra= ), tour ™

(6)

was analyzed, where E and 7 are constants. D¢ isthe Caputo fractional derivative of the order «. For the
connection between D{“e and =(®) see [8]. An element with the constitutive equation given by (6) is called
a springpot. In the context of (6) it is possible to identify the inelastic part ¢;, of the strain by

1
DWg, = = (e —emn). 7
and define a standard solid with the constitutive relation
o (t) =Eeqe +E (e — &in). )

By interpreting a fractional damping in terms of a continuous superposition of Maxwell elements in parallel
it was shown in [4] that the condition E > 0 guarantees that the entropy inequality is satisfied (see [4] p. 89).
As stated in [6] the parallel connection of springpot elements of the type (6) is exactly the rheological inter-
pretation of the model (3) with « = 3. In [4] references to other works treating thermodynamic admissibility
of viscoelastic models with fractional derivatives are aso given.

Our intention in this note is to formulate a fractional derivatives type model for one dimensional defor-
mations of a viscoelastic body. The constitutive equation that we construct is of the form (3) with « = 8 and
with an additional term. It reads

o+1,00) =E [E + TEE(V)] +E (1 — Te) [dm + 1d] . 9
To To
The last term, by which (9) is different from (3), results from the desire to make viscoelastic constitutive
equation compatible with an internal variable theory which lends itself for a clear-cut exposition of the
thermodynamic conditions imposed by the second law. In (9) the functional d is given as

t
d = /e*i“*f)(g(T)

0

+/ e (u; 1> {—15(7 —u) —e®(r —u)| du)dr, (10)
0 To To
where e, . (t; A) is defined by (35) below. The functional d is chosen so that (9) satisfies the entropy inequality
for all deformations ¢ (t) . The explicit form (i.e. (9) solved for o (t)) of the constitutive equation is given by
(62) below. The functional d (¢) is equal to zero when v = 1 and decreases strongly with time. Itsinfluence is
important only at the beginning of the motion. We shall examine the restrictions which the entropy inequality
and equilibrium stability conditions imply on a constitutive equation of the type (9) and we shall conclude
that the presence of d (¢) in (9) is essential, if one wants to satisfy the entropy inequality for all deformations
e (t) (see Remark 1).
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2 Theinternal variable theory

We recall the description of the constitutive relation (1) and of the thermodynamic stability conditions (2) in
the context of an internal variable theory.

TP

F

Fig. 1. Load configuration

Consider a rod in the uniaxia isothermal deformation (see Fig.1). The length is L in the undeformed state
and | (t) during the deformation. The rod is loaded by the force P and F is the cross-sectiona area in the
undeformed state. Thus stress' and strain are given by

o(t)=§ and s(t)=|E—1, (12)

We describe a state of the body by two variables: the strain ¢ (t) and an internal variable ¢ (t) . The equilibrium
state of the unloaded body corresponds to
e=0, ¢£=0. (12)

Thus the internal energy U, the entropy S and the free energy U — TS are all functions of ¢, or | and £ and
we may write the Gibbs equation for the free energy U — TS in the form

dU -TS) _ ., de _d¢
=V -6 (13)

T is the temperature, assumed to be constant. © is the "force” associated with the internal variable £ so that
Qﬂ—f is the power of the force ©, and V is the volume of the body which is assumed to be constant. We
assume that both o and © are linear in the variables e and ¢ so that

0 =Esxe+ [, O=ne+dE, (14)

where E, 3,7 and § are constants. From (14) we conclude that £ is proportional to the difference between
the instantaneous and equilibrium stress E.e. Note that with (14) the force P is given as

P =F (Exe +f3¢). (15)
The integrability for the free energy requires
V3=—n. (16)
Therefore, with (16) the equation (14) becomes
0 =Exe+pE, O=-Vpe+. (17)

We return to the Gibbs equation (13) in which we replace dd—Lt’ and ‘(’,—f by the equations of balance of

energy and of internal variable, viz.

U de de

1 The stress o is the load referred to the cross-sectional area of the unloaded rod.
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Q is the heating and P is the production of £. Thus we obtain an equation of balance of entropy in the form

= _2=2p. >0 (19)

where we have indicated that the entropy production is non-negative. The inequality (19) may be satisfied by
setting P = a©@ with a non-negative coefficient «. Therefore

D=0 a>0. (20)

Elimination of ¢ and © between the three equations (17) and (20) provides

2
S o (Eoo +vﬁa) e+ E;”(Sa(l). (21)

—0 —Q

which is of the form (1), if we identify the coefficients in (1) with the coefficients of the interna variable

theory as follows
1 32 Eeo 1
17= ) E: EOO+V7 ) = . 22
o= ( 5) e T (22)

Thus the viscodlastic constitutive equation (1) is a consequence of the internal variable theory. It results upon
elimination of al explicit reference to the internal variable field.

The internal variable theory lends itself for an easy evaluation of thermodynamic stability conditions.
Indeed, elimination of Q between (18) and (19) provides the inequality

dU-TS—-Pl) <|d£
dt .
Thus for a constant force the Gibbs free energy (U — TS — PI) tends to a minimum and it assumes that

minimum in equilibrium. Therefore the matrix of the second derivatives of the Gibbs free energy must be
positive definite. Thus by (13) an (17) we must have

(23)

Ew AV
{ N o } pos.def. (24)
or
Ew >0, —E.d— 2V >0, (25)

so that E,, > 0and § < 0or E + 527\’ > 0. By using this in (22) we obtain
>0 E>0, 7>7,, (26)

i.e. the conditions (2).

3 The fractional derivative model

Consider now the constitutive equation of the type (9). We write it as
oc+1,00 =E [6 + TEE(’Y)] +g(e). (27)

where g (¢) is given functional. If g (¢) = 0 equation (27) reduces to (3) with o = 5. We want to include this
type of equation into the internal variable framework of the previous section. We repeat the relevant system
of equations (17),(18),(19)

0 = Exc+ff, O=-Vfe+it,
ds 1dQ o6
@ = o -"p, >
3 Po & Taq T ¢20 (28)
that must be satisfied by & (t) and « (t) satisfying (27). Suppose that the v derivative of ¢ is given by
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N =00 +X, (29)

where X is afunctional that will be specified later. Equation (29) is a generalization of (20) and is of central
importance in the analysis that follows. Note that with X = 0 the equation (29) leads to a constitutive relation
of the type (3) with a = 3. Equation (20) is obtained if we take v = 1 and X = 0. The specia case of (29)
with X =0, # 1 was used for an internal variable description of the fractional derivative model in [6]2. Our
intention is to choose X so that (28), is satisfied. Now from (17), and (29) it follows

0 +(—ad)E =Ke+X, (30)
where K = —aV 3. Suppose that X is given as
X =x0 + (—ad) x, (31)
where x is another function. With (31) equation (30) could be written as
(€ =0 + (—ad) (€ —x) =Ke. (32)
The solution to the fractional order differential equation (32) reads (see [1] p. 837 or [7])
E,,(@ft) 1 ( L (E(r) +x (T))d7>
0 t=0

E—x = K

tlr I'l-a) (t—n)*°
+K /t By (09 (t; ) e(r)dr, (33)
0 t—m)y""
where E,, 3 (t) is the Mittag-Lefller function defined by
oo {n
Ea s (t) = nz:; T(an+p)’ (34

(see [9] vol. 111 p.210, or [10]). Note that E; 5 (t) = €'. With E, s (t) thus given, a new function e, s can be

defined by e )
o, \

(see [8] p.267). This function possesses the following properties
n
er(t) = e (- oo (@sN) 20, =012,
b 1ASn[(8 — a)] +resin(gr)
. - —rt — a—pf
€ (LiA) /o € I sore cos(am) + A2 re (36)
With (35) and by use of the fact that at t = 0 both £ and x are equal to zero (33) becomes
t
& = K / e, (t—7 —ad)e(r)dr +x
0
t
= K / e (1, —ad)e(t —T)dr +x. (37
0
We now specify x in the form
t
x = K {/ e M (7)
0
+ / e, (U; —ad) [Ae (1 —u) — @ (7 — u)]du)dr} , (38)
0

2 In [6] equation (29) with X = 0 is used in the context of finite deformations of a viscoelastic body.
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where A and A are constants. Combining (37) and (38) we obtain

t t
£ = K{/O eM(T;—a(s)s(t—T)dﬂ/o e M= (1)

[ e i mad) e - v) - £ ¢ - wldwr |
Next we use (39) to determine ¢®, and thus P (see (28)). The first derivative of ¢ becomes
I {eM (t; —ad) e (0) + /: e, (r;—ad)e® (t — r)dr
+e«)+[jaﬁ0x—aapka—wo—é”a—umm
t
-\ /0 e M (e (7)
+/OT e, (U —ad)[As (r — u) — @ (r u)]du)dT} ,

and sincee (0) =0

5(1)

t t
K {e(t)+/1/0 e, (1 —ad)e(t —7)dT — /\/0 e M= (1)
" / "o, (U —ad) [As (7 — u) — <O (7 — u)]du)dT}
0
t
= « {ﬂVE(t) — ﬂV/l/ e, ({t -7 ad)e(r)dr
0
eI ()
+ﬁV)\/o e

" /T e, (U —ad)[As (r — u) — @ (r u)]du)dT} .
0

Suppose that A and A\ are selected so that
—BVA=Ks=(—aVP3)s, pVI=K3I=—aV}jd,

or
A=(ad), \=—(ad).

Then (41) becomes (use © = —V e + 6¢ and (39))

t t
v a{ﬂvs(t)+6K V e (T;a5)6(t77)d7+/ e M-
J0 0

x(e (1) + / ’ e, (U; —ad) [Ae (r —u) —e® (7 — u)]du)dT] }
0
a{=pVe )+ ()} = aBd.

Thus, with
a >0,

(39)

(40)

(41)

(42)

43

(44)

(45)

the condition (28), is satisfied. Note also that (44) guarantees that the constitutive equation for the internal

variable ¢ islocal in time, since the right hand side of (44) is a function of  (t) and & (t).

We determine now the form of the constitutive equation (o —e relation) that follows from (30). Combining

(28)1,(30),(31) and (38) we have
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(U _ﬂE°°E>7 + (—ad) (” _BE“’E) = (—aV B)e +xO + (—ad)x,

where

X = _aw{ /tea‘*(t—ﬂ(e(r)

0
" /T e, (U; &) [ade (r — u) — e® (7 — u)]du)dr} .
0
From (46) we obtain

oM — E e — ado + adEoce = —aV 3% + X — adfx,

or
1 E Vﬁz 1)
™) + = > _(7) + |E.. + + [€0] + .
5’ i { - 5 }a — 5X Bx
With )
1 V3 E.o 1 E-
= E=E. + — = _- _ = _—
[ =TT T TWE T E
(49) becomes
To0 N+ = E[r.e® +e] +E <1 — Tg) [dm + 1d] ,
To To
where

d = /t e 7 ") <E ()
0
+/OT e <u; Tla> {ig(f )@ (- u)} du> dr.

Note that for v = 1 we have
(7)==
ei{ti—)=e 7,
To

S0 that

o
1

/Ot e 7 (e (r) + /OT d% (e—i”g(f - u)) du)dr
/ Lo BN () e ()T =0,
0

and (51) reduces to (1).

t T
/ e t=7) (e (7) +/ e 7 [—15(7 —u)—eW(r - U)} dU) dr
0 0 To

143

(46)

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

Remark 1. The congtitutive equation (51) reduces to (3), if we take d = 0. We show that in this case there is

a deformation process ¢ (t) such that (28)4 is violated. If d = 0 then, x = 0 so that (39) becomes

t
§=K/O e (1 —ad)e(t — 7)dr.

Also, instead of (40) we get
t
D = K (e%7 (t; —ad) e (0) +/ e, (1 —ad)eW (t — T)dT)
0

t
= K / e, (r;—ad)e® (t — ) dr.
0

(55)

(56)
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Therefore P: =K [J e, , (r; —ad)e® (t — 7) dr. Also, with d =x = 0 the function © reads

o) —V B + ¢

t
= =Vpe(t)— on,B(S/O e, (1, —ad)e(t —7)dT, (57)
so that
t
gpg . _T_'(Vﬂs(t)aVﬁé/o e, (ri—ad)et T)d7> y
(—aVp) / t e, (1 —ad)e® (t — 7)dr. (58)
0

It is obvious from (58) that we can always choose ¢ (t) so that (28), is violated. [

The restrictions that follow from the stability of the equilibrium states are satisfied since we started with
(28) and since (28); guarantees the integrability conditions for U — TS. Therefore the convexity of U — TS
as afunction of the variables ¢, ¢ leads, again, to (25),(26). _

To analyze (51) we apply the Laplace transform (£f = fo‘x’ e 3f (t)dt =f (s)) so that

7,870 +0 = Eg[r.s” +1] + {E (1 - TE) (s7 + 1)} d, (59)

To To

where it is assumed that o (t) and & (t) are bounded® for t — +0. From (52) it follows

d = s+1 <z <s(7)+/OTe%7 <u;T1> |:—7EL€(’T—U)—€(1)(T—U):| du>
(5+y; </Teyﬁ(U;1>|:—1€(T—U)—8(1)(7‘—u):| du>>

- 0 To To
e () )
( .

(s-rlé_SVii>€—:((s+;;(sj+é))a (©0

where £ (e, (t;1/7,)) =1/ (s7 + %) (see [8] p.267), and ¢ (0) = O was used. From (60) and (59) we get

E[TES"Y+1]+E( _;s) [sv.,.%]( s7—s

S+i) (Sw+i)
To To

= ¢

Ql
I

7,87 +1

_TES"’+1+( — LE) 57_5)

= E: ’ (61)

7,87 +1

The solution o (t) can be obtained by finding the inverse Laplace transform of (61) or from (28);. By using
(39),(43) and (50) we may write the solution of (51) for o as

3 The Laplace transform of f () is given as % (f (W)) =s7f - [ﬁ OI (tf—(:))"*]t—o‘ The term in brackets vanishes if limy_,.o f (t)
is bounded (see [2]).
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€ 1 5 ! 1 t Ll (t—r
ot) = E:—U5+EE (1—;) {/O e ., <T;%)g(t—7)d7+/0 e 7t
X <5(T)+/T e~ (u;71> [—715(7— u) —e® (r — u)} du> dT}.
0 o o

Note that the constitutive equation (51) with d given by (52) is equivaent to (1). This can be concluded from
(44) and (20) or from (61).

(62)

4 Creep and stress relaxation

To examine the asymptotic behavior of the solution to (51) or (62) and to compare it to the asymptotic
behavior of the solutions to (3) for o = § we consider the special kind of applied stress (strain). Thus,

suppose that
_[ 0 t<O
o(t)-{g0 t>0 - (63)
Then % (o) = 00/s, 0 that (61) leads to
Y
= @} ToST+1 . (64)
St (2] 0

Now, if lim;_,. e (t) exists, it is given as lim;_, . & (t) = limg_,0Se(s) (see [11]). By use of this in (64) it
follows that o

tI_|)r11og (t) = £ (65)
Also, if limi_ge (t) = e (+0) exidts, it is given as € (+0) = lims_,, Se (S) . Therefore

. 00 To g0
= =+ = —_—
lime () =c(+0) = 2 T <E (66)

In Fig. 2 the function® ¢ (t) is shown, schematically.

Next suppose that
e(t):{ 0 t<0 67)

From (61) it follows that

(68)

lime(7) SR

0-0 t—>0
lim &(¢) ::
» t—0 —p

t

Fig. 2. Strain as a function of time for suddenly applied stress

Again limy_,, o (t) =lims_,gSo (S) so that

4 Note that € (t =0) = 0. Thus,  (t) has a discontinuity at t = 0. Also  (t) is drawn as a monotone increasing function. That this
property holds can be shown by analyzing the inversion of (64). We present such an analysis later.
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Jlim o (t) = E<o. (69)

Also, for t — 0 we have .
limo (t) = o (+0) = lim so (s) = Ecp— > Eeo. (70)
t—0 S—00 T,

g

In Fig. 3 the function o (t) is shown schematically.

o A

limo (¢) e —
[—>0

i I > v »

Fig. 3. Stress as a funcion of time for suddenly applied strain

We prove next that o (t) is a decreasing function, as shown in Fig. 3. First we decompose o (t) as

O'(t) = EEOE + OR (t) . (71)
TO’
Then from (68) it follows that
— = (1 1 1 1 sr-1 1
= B (L2 ¥ 72
" 507_0 (Tg' TE){Ss’Y+Tl S'Y+Tis+% (72)

1 1
sy+ s+ L[
To T,

o

Inversion of (72) leads to

(1 1 ! 1
or(t) = *E€0; (T - 7_) {/0 &y <T; 7_) dr
t i, 1 1
+A e 7o t=7) |:E’Y <_T0T’y> — €y (T! 7_U>:| dT}7 (73)

where E, (t) = E, 1 (t) (see [8] p. 267). With (71) and (73) we have

T, T, 1 1 t 1 1
- Te g T (Lt 1 e .1
ot) = Eco- —Eco (TG TE) {/O (1-e )en (T, n) dr
t 1 1
+/ e_ﬁ(t_T)E,Y (—7’7> dT}. (74)
0 To

Since E,(—+-17) = e,1(t; 7-), there follows that E,(—2-t) is a monotone (positive) function. Therefore

from (74) we conclude that o (t) < 0, i.e. o (t) is a decreasing function.

Remark 2. If the term d in (51) is neglected we obtain a solution to (3) with « = 3. By setting the corre-
sponding terms to zero we have, instead of (74)

. 1w (1 1 t 1
od=0 = Eeg (Ta - ; (Ta - Tg) /0 ew(r, Ta)d7'> . (75)

Let A =0 — o¢=0. From (74),(75) it follows that A (0) = 0. To determine lim;_,, A (t) note that from (68)
it follows that
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— Y
A=Eeg (1 . TE) 1 S =S . (76)
To ) S (1,87 +1) (s + %)

By using (76) we conclude that limg_,q sA (s) = 0. Therefore lim;_,, A(t) = 0 and thus, the difference
between o (t) determined by (51) and o4 iSs zero a t = 0 and tends to zero whent — oco. [

5 Conclusions

1. By using the internal variable approach we formulate a constitutive equation for a viscoelastic body in
isothermal uniaxial deformation. It is assumed that the state of the body is described by two variables, strain
(€), and an internal variable (£). The time evolution (balance equation) of the internal variable is assumed to
be in the form

N =06 +X, (77)

and X is chosen so that
9 =P¢ = a0, (79)

The functional X is given by (31). Note that £ is local in time when expressed in terms of ¢ (t) and & (t).
However when ¢@) is expressed in terms of ¢ (t) only, it is not local in time (see (39)).

2. The congtitutive equation that follows from (77) is of fractiona derivative type, see (51),(52). In the
form solved for stress the constitutive equation is given by (62). Equation (62) satisfies the entropy inequality
for all deformations ¢ (t) and the stability condition of the equilibrium state (minimum of Gibbs free energy
in dead loading). The model shows creep and stress relaxation shown in Fig. 2 and Fig. 3.

3. To compare (62) with the generalized Zener model (in an arbitrary deformation process) we solve (3)
with a =+, 6 =v,b =7,,E = Ep,E; = E7. for stress. The Laplace transform of (3) leads to

1
— E[r.s7+1] _ _ 7.8+ _
Oz 7_E7 e

7,87 +1 Te SY + %
- ETE[§+<1_1> 11%, (79)
To Te Ts SY + =
By use of £ 1 (1/ (s7 + %)) = e, ,(t; %) (see [8]) and of the convolution theorem it follows that
az(t):E:—za+%E (1-1;) /OteM (T;;>E(t—7)d7. (80)

Equation (80) may be obtained from (62), if we neglect the terms containing the factor e 7 ") under the
integral sign. The difference between o (t) and o, (t) in a stress relaxation test is zero for t = 0 and when
t — oo (see Remark 2). Thus (62) has the same asymptotic behavior as the generalized Zener model (3) or
(80). The most important difference between (80) and (62), with the restriction on the coefficients (2), is that
(62) satisfies the entropy inequality and the condition of stability of equilibrium for all deformation processes

e (t).
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