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Full and reduced model solutions of steady axi-symmetric ice sheet flow
over small and large bed topography slopes
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Two numerical methods for solving the full steady ice-sheet equations in axi-symmetric flow are
described. The free-boundary problem is treated by transforming the problem to a fixed domain
using either an orthogonal co-ordinate transformation or a variant of a transformation proposed
by Landau, and difficulties with the former, more sophisticated, method are demonstrated. The
simplerReduced Model is also presented, and accurate solutions for flows over bed topography
with moderate to large slopes are generated by an inverse method for comparison with the
numerical solutions of the full equations. The reduced model is not valid for such bed slopes,
and the comparisons demonstrate the extent and nature of the errors arising from the use of
the simpler model.

1 Introduction

Ice-sheet evolution in response to climate change is of interest in the contex of global warming and also
because of the potential impact of ice sheets on the performance of repositories for long-lived radioactive
waste. Simulations of ice-sheet evolution hinge on large scale numerical computation. Model equations must
incorporate a sound physical description of the response of ice to stress and temperature, and the mechanical
and thermal interactions at the surface and base with the atmosphere and bed, which lead to a complex
initial/boundary value problem on the unknown ice-sheet domain. Current treatments assume that the ice
is an incompressible non-linearly viscous fluid with a temperature dependent rate factor which gives rise
to strong thermo-mechanical coupling through heat advection in the energy balance. A detailed review of
current practice is given by Morland (1993). In particular, all large-scale numerical treatments are based on
theReduced Model which is derived from the leading order balances and relations in an asymptotic expansion
in a small parameterε. This can be introduced as the ratio of a thickness magnitude to a span magnitude,
equivalently the ratio of a vertical velocity magnitude to a horizontal velocity magnitude, which is the basis of
Hutter’s (1983)Shallow Ice Approximation, or alternatively as a dimensionless viscous parameter defined by
the momentum balance, which emerged in the formulations developed by Morland and Johnson (1980, 1982),
Morland and Smith (1984) and Morland (1984, 1993). An essential feature of the asymptotic expansion is
that gradients in longitudinal directions are small compared to those through the thickness, in the ratioε,
which leads to a surface slope of orderε. The asymptotic validity formally requires that basal conditions must
not induce longitudinal gradients greater than orderε, so that, in particular, slopes of the bed topography
must not exceed orderε. The Reduced Model, then, is formally valid only when bed topography slopes are
extremely small. In reality, the beds of the large ice sheets, such as the present Antarctic and Greenland ice
sheets, have topographies with significant slopes, and application of theReduced Model must be questioned.

The large mesh spacings currently adopted for practical considerations in the large-scale numerical sim-
ulations are unable to resolve rapidly varying topographic features, and in any case cannot represent the
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associated large gradients, so the effects of real topography are lost. A series of European Ice Sheet Mod-
elling Initiative Workshops on Model Intercomparisons (Brussels, 1993; Bremerhaven, 1994; Grindelwald,
1997), the first two reported by Huybrechts and Paynes (1996), presented comparisons between solutions to
idealised test problems obtained by different, but related, numerical algorithms applied to theReduced Model
equations. While there was general agreement on the ice-sheet profiles, significant differences in the temper-
ature fields emerged, which in turn must influence the flow through the strong thermo-mechanical coupling.
Comparisons with known accurateReduced Model solutions for low slope beds had not been performed.
The present study obtains numerical solutions of the full equations for steady axi-symmetric flow under pre-
scribed isothermal and non-uniform temperature fields, for a variety of basal conditions, and compares these
with accurate solutions to the correspondingReduced Model, to demonstrate the nature and extent of the
differences. Such differences could be enhanced by the strong thermo-mechanical coupling when the energy
balance is included, but these first comparisons focus on the basic distinctions in steady uncoupled flow to
show the effects of simply neglecting longitudinal gradients, highlight the numerical difficulties of solving
the full model equations and illustrate a new approach to resolving those difficulties.

The full three-dimensional model equations are stated in appropriate non-dimensional variables. Then the
equations for steady axi-symmetric flow are derived, and their leading order relations which describe the
Reduced Model. ExactReduced Model solutions for moderate and finite slope topography are constructed by
inverse methods for comparisons with solutions to the full equations. Two co-ordinate mapping techniques
to transform the problem to a fixed domain are described, an orthogonal mapping and a variant on a Landau
transformation. The finite element solution procedure is presented, and the accuracy of the basic algorithm is
tested by comparison with flat bedReduced Model solutions which have errors of orderε2. Features of the
two mapping techniques are discussed: a failure of the orthogonal mapping, and, in the Landau approach,
the need to apply the surface kinematic condition in the appropriate manner. Numerical solutions for the
full governing equations for ice-sheet flow have been obtained previously by Mangeney et al. (1997) using a
finite-difference method.

The major results are the final comparisons of a variety of full andReduced Model solutions for different
bed topography features, which show that the predicted sheet profiles are very similar, in these examples, but
velocity fields have significant differences in zones extending to the surface above bed sections containing
appreciable topography. Such differences must influence the heat advection when the energy balance is
considered, and in turn the viscous response through the strong temperature dependence, so the coupled
theory can be expected to yield larger differences.

2 Governing equations

Ice-sheet dynamics are described by very slow, gravity driven, flow of an incompressible non-linearly viscous
fluid with a temperature dependent rate factor. Inertia terms are extremely small, so that the momentum balance
is simply equilibrium under gravity, where the gravity accelerationg has vertical componentg = 9.81m s−1.
Ice density isρ = 918kg m−3. The maximum temperature range would be 213K at the surface of a large
cold sheet to melting 273K at a warm base, and over this range it is supposed that the thermal conductivity
λ = 2.2N K −1s−1 and specific heatC = 2 × 103N m kg−1K −1 are constants. Energy balance for cold ice,
with no internal melting, is approximated by the balance between local heating and heat advection with heat
diffusion and stress working, though the latter is negligible except perhaps in a warm basal boundary layer.
Details of the formulation and following model equations are presented in Morland (1993).

It is convenient to present all the relations in appropriate dimensionless variables from the outset. In spatial
co-ordinates, a position vectorr and its length co-ordinates have unitd0, which is the ice-sheet thickness
magnitude, the velocityu and its components have unitq0, which is the magnitude of the surface accumulation
or basal melt: volume of ice entering/leaving the sheet per unit area per unit time. The timet has unitd0/q0,
and the strain-rateD has unitq0/d0. The stressσ has unitρg d0, which is the magnitude of the overburden
pressure at depthd0. A normalised dimensionless temperatureT̄ is defined in terms of the temperatureT by

T = T0 + ∆T T̄ , ∆T = 20K , T0 = 273K , (2.1)

whereT0 is the (approximate) melt temperature. The mass, momentum and energy balances are now
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∇.u = 0 , (2.2)

∇.σ + ρg = 0 , (2.3)

∂T̄
∂t

+ u .∇ T̄ = k ∇2 T̄ + α tr [σD ] , (2.4)

where

k =
λ

ρC d0 q0
, α =

g d0

C∆T
, D =

1
2

(∇ u + [∇ u]T ) , (2.5)

and the spatial gradients are with respect to the dimensionless co-ordinates.
The commonly adopted viscous shear law is the simplified relation in which deviatoric stress and strain-

rate are parallel, with the non-linear dependence on just the second principal invariant of the deviatoric stress
or of the strain-rate, and temperature dependence is through a rate factora(T̄ ). In the above dimensionless
variables this takes the equivalent forms

D = ε−2 ā(T̄ )ψ(J ) σ̂ , σ̂ = ε2 ā−1(T̄ )φ(I ) D , (2.6)

where the deviatoric stress ˆσ is defined in terms of the stressσ and mean pressurep by

σ̂ = σ + p I , p = −1
3

tr σ , (2.7)

where I is the unit tensor, anda(T̄ ) = a0 ā(T̄ ) where a0 = a(0) is the rate factor at temperatureT0. The
dimensionless parameterε is defined by

ε2 =
σ0q0

ρgd2
0 D0a0

, (2.8)

where the shear-stress and strain-rate units,σ0 and D0 respectively, are chosen to normalise the response
functionsψ(J ) andφ(I ), so thatε2 is the magnitude of a dimensionless viscosity in the stress law (2.6)2. The
argumentsJ and I are defined by

J =
1
2
ϑ ε−2 tr σ̂2 , I =

1
2
ϑ ε2 ā−2(T̄ ) trD2 , ϑ =

ρgq0

σ0D0a0
. (2.9)

It will be seen thatε is very small for typical ice-sheet parameters, and is the small parameter referred to in
the Introduction which defines the ice-sheet aspect ratio. TheReduced Model is based on the leading order
balances in an asymptotic expansion inε.

Smith and Morland (1981) have determined an accurate polynomial representation forψ(J ) based on
Glen’s (1955) experimental data at temperatureT0 = 273.15K :

a0ψ(J ) = 0.3336 + 0.32J + 0.0296J 2 , (2.10)

with the normalising parameters

D0 = 3.18× 10−8s−1 , σ0 = 105Nm−1 . (2.11)

Direct application of the momentum equation (2.3) requires the law for ˆσ, that is,φ(I ). The equivalence of
the two forms (2.6) yields the relations

φ(I )ψ(J ) = 1 , J = Iφ2(I ) → φ(I )ψ[Iφ2(I )] = 1 , (2.12)

and the latter determines a uniqueφ(I ) when ψ(J ) is a prescribed monotonic function. The rate factor
determined by Smith and Morland (1981) from Mellor and Testa’s laboratory data over a temperature range
212K –273K is

ā(T̄ ) = 0.68 exp(12̄T ) + 0.32 exp(3̄T ) , a0 = 1 . (2.13)

Note the decrease of ¯a(T̄ ) from 1 at 273K to 1.6 × 10−2 at 253K to 7.9 × 10−4 at 233K , which shows
the strong influence of temperature on the viscous response. A choice ofa0 less than unity would model ice
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which is stiffer than the laboratory sample. The relations (2.10) and (2.13) are adopted for the applications
in this study.

Boundary conditions are prescribed on the unknown ice-sheet surface and the given bed, and in the case
of axial symmetry the surface and bed slope on the axis are zero, and the radial velocity is zero. The surface
S and its unit outward normaln can be defined by

S : S (r , t) = 0 , n = ∇ S/|∇ S | . (2.14)

Let the stress be measured relative to an assumed uniform atmospheric pressure, then the surface is traction
free:

S : σ.n = 0 . (2.15)

If the accumulation – the volume of ice entering the sheet per unit surface area per unit time – isqn , negative
where ablation occurs, then the surface kinematic condition is

S :
∂S
∂t

+ u.∇ S = −|∇ S | qn , (2.16)

which is the additional boundary condition required to determine the surface position. A common thermal
condition is the prescription of the surface temperature:

S : T = Ts , (2.17)

which could be a function of elevation and horizontal location.
While the bed of an ice sheet will rise and fall as the sheet thins and thickens, with time lags, the present

comparisons are made for a fixed bed:

B : B (r) = 0 , n = ∇ B/|∇ B | , (2.18)

with unit outward normaln. Let bn be the basal melt – the volume of ice leaving the sheet per unit bed area
per unit time – negative where refreezing occurs, then the bed kinematic condition is

B : u.∇ B = |∇ B | bn . (2.19)

It is common to assume a sliding law which relates the tangential traction to the tangential slip velocity,
with a coefficient depending on the normal pressure. In particular, Morland and Johnson (1980) show that
the coefficient must be proportional to the pressure, as the pressure (sheet thickness) approaches zero, to
eliminate a surface slope singularity at a margin in theReduced Model. For the present illustrations a sliding
law linear in velocity and normal pressure is adopted:

B : s.σ.n = −ε2 Λ (n.σ.n) u.s , (2.20)

where s is any unit tangent vector; this implies that the tangential traction and slip velocity are parallel.
The factorε2 is introduced to ensure that the slip velocity does not exceed the surface velocity in a flat bed
Reduced Model solution when the friction coefficientΛ is order unity or greater; bed topography will not
change the interface friction conditions. AsΛ increases the slip velocity decreases, for given traction, and the
limit condition of no-slip corresponds to infiniteΛ:

B : u.s = 0 (no-slip). (2.21)

The thermal condition could be an energy jump condition involving the latent heat associated with melting
or freezing, but a more common simpler prescription is the balance with a geothermal heat fluxG :

λ n.∇ T = −G .n . (2.22)
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3 Axi-symmetric steady flow

A detailed analysis of radially symmetric flow and the derivation of a reduced model is presented by
Morland (1997), where solutions for the prescribed temperature theory are also constructed. Hutter et al. (1987)
obtained direct numerical solutions for the coupled balances of steady radially symmetric flow and showed
the influence of different boundary conditions. This outline provides a self-contained formulation, in the
dimensionless variables intoduced in the previous section, of the boundary value problems addressed in this
study for steady axi-symmetric flow.

Steady axi-symmetric flow of a large ice sheet is described by radial and vertical velocity fieldsu(r , z )
andw(r , z ) respectively, where (r , θ, z ) are cylindrical polar co-ordinates withz vertically upward, and the
flow variables are independent of the polar angleθ. The corresponding non-zero dimensionless physical
components of the strain-rate are

Drr =
∂u
∂r

, Dθθ =
u
r
, Dzz =

∂w

∂z
, Drz =

1
2

(
∂u
∂z

+
∂w

∂r

)
, (3.1)

subject to the incompressibility, mass balance, condition

∂u
∂r

+
u
r

+
∂w

∂z
= 0 , (3.2)

which is satisfied identically by expressing the velocity components in terms of a stream functionω(r , z ):

u =
1
r
∂ω

∂z
, w = −1

r
∂ω

∂r
. (3.3)

The non-zero dimensionless physical components of stress areσrr , σθθ, σzz andσrz , with associated deviatoric
stresses

σ̂rr = σrr + p , σ̂θθ = σθθ + p , σ̂zz = σzz + p , σ̂rz = σrz . (3.4)

The horizontal radial and vertical momentum balances for this very slow flow are

− ∂p
∂r

+
∂σ̂rr

∂r
+
σ̂rr − σ̂θθ

r
+
∂σ̂rz

∂z
= 0 , −∂p

∂z
+
∂σ̂zz

∂z
+
∂σ̂rz

∂r
+
σ̂rz

r
− 1 = 0, (3.5)

and the circumferential balance is automatically satisfied.
The deviatoric viscous law (2.6)2 has the non-zero components

σ̂rr = 2ε2µ
∂u
∂r

, σ̂θθ = 2ε2µ
u
r

, σ̂zz = 2ε2µ
∂w

∂z
, σ̂rz = ε2µ

(
∂u
∂z

+
∂w

∂r

)
, (3.6)

whereµ is given by

µ =
1
2

a−1(T )φ(I ) =
1
2

a−1(T )ψ−1(J ) . (3.7)

Now the factorε2a−1(T ) which is a measure of the dimensionless viscosity is highly non-uniform when
temperature varies over 20K or more, and for thin sheets with very cold surfaces, whenε is not too small and
a at the surface is small, this factor can approach order unity near the surface. For simplicity, the order of
magnitude arguments presented in the next section to derive theReduced Model assume this factor is small,
of order ε2 as in the original Morland and Johnson (1980) isothermal treatment witha0 = 1. An analysis
allowing for non-uniformity with large temperature variation was presented by Morland (1984), and again
more elaborately by Morland (1993), to yield the same leading order reduced model, with the assumption
that the base is close to the temperatureT0. An isothermal approximation at a colder temperatureTc should
therefore set ¯a(T̄ ) = 1 and choosea0 = a(Tc) in the definition (2.8) ofε, which then increases asTc decreases.

The traction-free surfacez = h(r) is subjected to a normal ice fluxqn , which is positive over accumulation
zones and negative over ablation zones. It is expected that accumulation will occur over a central zone at
higher elevations and ablation below a snow line. A simple dependence ofqn on elevationh is a common
prescription, but dependence only onr allows a simpler solution. Let the surface have unit tangent and
outward normal vectorss andn in a right-hand sense, then
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n = ∆−1
h [−h ′(r),0,1] , s = ∆−1

h [1,0, h ′(r)] , ∆h =
{

1 + [h ′(r)]2
} 1

2 . (3.8)

The zero traction is conveniently expressed in terms of vanishing normal and tangential tractionstn = n.σ.n
and ts = s.σ.n in the Orz plane:

z = h(r) : ∆2
h tn = −∆2

h p + σ̂zz + [h ′(r)]2 σ̂rr − 2h ′(r) σ̂rz = 0 , (3.9)

z = h(r) : ∆2
h ts =

{
1 − [h ′(r)]2

}
σ̂rz + h ′(r) (σ̂rr − σ̂zz ) = 0 . (3.10)

The kinematic condition (2.16) prescribing the surface accumulation flux becomes

z = h(r) : −∆h vn = h ′(r) u − w = ∆h qn = q̃ , (3.11)

wherevn is the normal velocity and ˜q is the equivalent vertical flux which can be identified with equivalent
vertical snow fall. This is the additional boundary condition required to determine the unknown surfaceh(r).

The bedz = f (r) is prescribed. Unit tangent and outward normal vectorss and n in a right-hand sense
are defined by

n = ∆−1
f [f ′(r),0,−1] , s = ∆−1

f [−1,0,−f ′(r)] , ∆f =
{

1 + [f ′(r)]2
} 1

2 . (3.12)

Normal and tangential tractionstn and ts are given by

z = f (r) : ∆2
f tn = −∆2

f p + σ̂zz + [f ′(r)]2σ̂rr − 2 f ′(r) σ̂rz , (3.13)

z = f (r) : ∆2
f ts =

{
1 − [f ′(r)]2

}
σ̂rz + f ′(r) (σ̂zz − σ̂rr ) , (3.14)

and normal and tangential velocitiesvn andvs by

z = f (r) : ∆f vn = f ′(r) u − w , (3.15)

z = f (r) : ∆f vs = −u − f ′(r)w . (3.16)

The kinematic condition (2.19) prescribing the normal basal melt fluxbn , negative if freezing occurs, becomes

z = f (r) : ∆f vn = f ′(r) u − w = ∆f bn = b̃ , (3.17)

where b̃ is an equivalent vertical flux. The linear sliding relation (2.20) between the tangential traction and
velocity becomes

z = f (r) : ts = ε2 Λ tn vs , (3.18)

where Λ is an order unity or greater constant friction coefficient. A special simpler case is that of no-
melt/freezing and no-slip:

z = f (r) : vn = vs = 0 → u = w = 0 . (3.19)

The no-slip condition gives rise to unbounded surface slope at a margin at which there is ablation in the
reduced model, which violates the expansion scheme.

4 Reduced model

With the assumption that ¯a, and henceµ, is order unity, it is evident from the deviatoric stress expressions
(3.6) that they are small compared to the order unity pressure, given that the vertical and horizontal strain-rates
are order unity, or, at least, much smaller thanε−2, so the zero surface normal traction (3.9) implies that the
pressurep vanishes at order unity at the surfacez = h(r). The vertical equilibrium (3.5)2 then implies that at
order unityp = −z + h(r). Now the horizontal equilibrium (3.5)1 would imply thath(r) is constant at order
unity, so that the surface could not return to the bed at a finite margin span, unless there is a deviatoric stress
gradient sufficiently large to balance a non-zero horizontal pressure gradient. A finite span sheet therefore
requires that the vertical gradient of ˆσrz provides the balance, which is reflected by the co-ordinate stretching
and variable scalings

R = ε r , Z = z , H (R) = h(r) , F (R) = f (r) , (4.1)



Full and reduced model solutions of steady axi-symmetric ice sheet flow over small and large bed topography slopes 201

U (R,Z ) = ε u(r , z ) , W (R,Z ) = w(r , z ) , P (R,Z ) = p(r , z ) , (4.2)

σ̂rz = ε Σ̂rz , σ̂rr = ε2 Σ̂rr , σ̂θθ = ε2 Σ̂θθ , σ̂zz = ε2 Σ̂zz , (4.3)

where the capital symbols are order unity andR and Z derivatives have equal status. The mass balance,
incompressibility, condition (3.2) is now expressed by

Ω(R,Z ) = ε2 ω(r , z ) , U =
1
R
∂Ω

∂Z
, W = − 1

R
∂Ω

∂R
, (4.4)

and the viscous relations (3.6) become

Σ̂rr = 2µ

(
1
R

∂2Ω

∂R∂Z
− 1

R2

∂Ω

∂Z

)
, Σ̂θθ = 2µ

1
R2

∂Ω

∂Z
, Σ̂zz = −2µ

1
R

∂2Ω

∂R∂Z
,

Σ̂rz = µ

(
1
R

∂2Ω

∂Z 2
− ε2 1

R
∂2Ω

∂R2
+ ε2 1

R2

∂Ω

∂R

)
, (4.5)

where the invariantsJ and I defined by (2.9), appearing in the expression (3.7) forµ, are given by

J = ϑ
[
Σ̂2

rz + ε2
(
Σ̂2

rr + Σ̂rrΣ̂zz + Σ̂2
zz

)]
, (4.6)

I = ϑā−2

×
[

1
4

(
∂U
∂Z

)2

+ ε2

{(
∂U
∂R

)2

+
∂U
∂R

∂W
∂Z

+

(
∂W
∂Z

)2

+
1
2
∂U
∂Z

∂W
∂R

}

+
1
4
ε4

(
∂W
∂R

)2
]
. (4.7)

The surface slope is of orderε, expressed by

h ′(r) = εH ′(R) = ε Γ (R) , (4.8)

so that the ice-sheet span is of orderε−1. It is formally assumed that bothR and Z derivatives of the
normalised capital variables do not exceed unity in magnitude, and in particularΓ does not exceed unity in
magnitude. It is seen later how this restricts permitted bed slopes.

The momentum balances (3.5) now become

−∂P
∂R

+ ε2∂Σ̂rr

∂R
+ ε2 Σ̂rr − Σ̂θθ

R
+
∂Σ̂rz

∂Z
= 0 , (4.9)

−∂P
∂Z

+ ε2 ∂Σ̂zz

∂Z
+ ε2 ∂Σ̂rz

∂R
+ ε2 Σ̂rz

R
− 1 = 0 , (4.10)

which, neglecting terms of orderε2 compared to unity, give the leading order balances

∂P
∂Z

= −1 ,
∂P
∂R

=
∂Σ̂rz

∂Z
= µ

1
R

∂3Ω

∂Z 3
, (4.11)

while the surface traction conditions (3.9) and (3.10) require to leading order,

Z = H (R) : P = 0 , Σrz = 0 . (4.12)

Integrating the vertical equilibrium equation (4.11)1 subject to the surface pressure condition (4.12)1 deter-
mines the leading order expressions

Z = H (R) = H0(R), P = P0(R,Z ) = H0(R) − Z . (4.13)

The horizontal equilibrium equation (4.11)2 and the surface tangential traction condition (4.12)2 now have
the leading order expressions
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Ω = Ω0(R,Z ) , H ′
0(R) = Γ0(R) =

∂Σ0
rz

∂Z
= µ

1
R

∂3Ω0

∂Z 3
, (4.14)

Z = H0(R) :
∂2Ω0

∂Z 2
= 0 . (4.15)

Integrating (4.14)2 subject to the surface traction condition (4.15) then gives the leading order vertical shear
stress and stream function gradient

Σ0
rz (R,Z ) = µ

1
R

∂2Ω0

∂Z 2
= −Γ0(R) [H0(R) − Z ] . (4.16)

From the viscous relation (3.6)4 with (3.7) and the leading order shear stress expression (4.16) and velocity
gradient (3.6)2, to leading order

∂U0

∂Z
=

1
R

∂2Ω0

∂Z 2
= 2a(T )ψ(J )Σ0

rz , J = ϑ [Σ0
rz ]2 = ϑΓ 2

0 (R) [H0(R) − Z ]2 , (4.17)

which can be expressed as

∂U0

∂Z
=

1
R

∂2Ω0

∂Z 2
= ζ a(T )g(τ ) , ζ = −sgn (Γ0) , (4.18)

where
τ = −ζ Γ0(R) [H0(R) − Z ] ≥ 0 , g(τ ) = 2τ ψ(ϑ τ2) ≥ 0 . (4.19)

To leading order,∆h = 1, qn [R,H (R)] = q̃ [R,H0(R)], and the kinematic condition (3.11) becomes

Z = H0(R) : −vn = Γ0(R) U0[R,H0(R)] − W0[R,H0(R)]

=
1
R

d
dR

Ω0[R,H0(R)] = q̃ [R,H0(R)] . (4.20)

For a prescribed temperature fieldT (R,Z ), uncoupled from the energy balance, the rate factora(T )
becomes a known function of (R,Z ). Define

g1(R,Z ) =
∫ Z

F
a(T ′) g(τ ′) dZ ′ , T ′ = T (R,Z ′) , τ ′ = −ζ Γ0(R) [H0(R) − Z ′] , (4.21)

g2(R,Z ) =
∫ Z

F
g1(R,Z ′) dZ ′ =

∫ Z

F
(Z − Z ′) a(T ′) g(τ ′) dZ ′ . (4.22)

By construction,
g1[R,F (R)] = g2[R,F (R)] = 0 . (4.23)

From (4.18), denoting evaluation on the bedZ = F (R) by a subscriptb ,

U0(R,Z ) = U0b(R) + ζ g1(R,Z ) , (4.24)

Ω0(R,Z ) = Ω0b(R) + R U0b(R)[Z − F (R)] + R ζ g2(R,Z ) , (4.25)

and hence

W0(R,Z ) = − 1
R

dΩ0b

dR
− 1

R
U0b(R)[Z − F (R)] + U0b(R)F ′(R)

−dU0b

dR
[Z − F (R)] − 1

R
ζ g2(R,Z ) − ζ

∂g2

∂R
. (4.26)

On the divideR = 0, by symmetryΓ0, τ andU 0
b are zero, and henceg, g1 andU are zero. Denoting evaluation

on the surfaceZ = H0(R) by a subscripts ,

U0s (R) = U0b(R) + ζ g1[R,H0(R)] , (4.27)

Ω0s (R) = Ω0b(R) + R U0b(R)[H0(R) − F (R)] + R ζ g2[R,H0(R)] . (4.28)
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The leading order solution is completed by satisfying the basal melt condition (3.17) and sliding condition
(3.18), or non-slip condition, on the bed. With the assumption that the bed slopef ′(r) = εF ′(R) is orderε or
less, then∆f = 1 to leading order and (3.17) becomes

Z = F (R) : F ′(R) U0b(R) − W0b(R) =
1
R

dΩ0b

dR
= bn = b̃ , (4.29)

recalling thatΩ0b(R) = Ω0[R,F (R)]. The sliding law (3.18), with the leading order values of the tractions
(3.13), (3.14), and velocity (3.16), recalling thats points in the negativer direction, becomes

Z = F (R) : −Γ0(R) = ΛU0b(R) , (4.30)

while the no-slip condition is simply
Z = F (R) : U0b = 0 , (4.31)

which is obtained from (4.30) by allowingΛ to become infinite. Substituting the expression (4.28) forΩ0s (R)
in the surface kinematic condition (4.20), and eliminating the consequent radial derivative ofΩ0b(R) by
(4.29), yields the differential equation

1
R

d
dR

{R U0b(R)[H0(R) − F (R)] + R ζ g2[R,H0(R)]} = q̃ − b̃ = Q [R,H0(R)] . (4.32)

With the sliding law (4.30), this becomes the second order differential equation

1
R

d
dR

{−R Λ−1Γ0(R)[H0(R) − F (R)] + R ζ g2[R,H0(R)]
}

= Q [R,H0(R)] (4.33)

for H0(R) on an unknown span 0≤ R ≤ RM , subject to the boundary conditionsH0(RM ) − F (RM ) = 0 and
Γ0(0) = 0. For no-slip theU0b term is absent, equivalent to an infinite friction coefficientΛ.

In both cases, provided that, as expected, there is net ablation at the margin, an asymptotic analysis of
(4.33) near the margin determines a unique finite surface slope, which depends onRM , for sliding with finite
Λ, and the unique asymptotic behaviour of an unbounded surface slope when there is no-slip at the margin
Morland (1997). By (4.21) and (4.22),g2[R,H0(R)] ∼ [H0(R) − F (R)]3 as [H0(R) − F (R)] → 0 whenΓ is
bounded. For finiteΛ, then, the balance in (4.33) as [H0(R) − F (R)] → 0 is dominated by the linear term
associated with sliding. For finiteΛ define

Γ0(RM ) = ΓM , F ′(RM ) = βM , Q [RM ,H0(RM )] = QM < 0 , (4.34)

then the dominant balance becomes
ΓM (ΓM − βM ) = −ΛQM , (4.35)

which has the unique negative slope solution

ΓM =
1
2

(βM − [β2
M − 4ΛQM ]

1
2 ) , ζM = 1 . (4.36)

For no-slip, infiniteΛ, the balance is necessarily withg2[R,H0(R)] which must therefore be linear in [H0(R)−
F (R)] as [H0(R) − F (R)] → 0, and hence the margin slope is unbounded. Define

a(T [RM ,F (RM )]) = aM , τ [RM ,F (RM )] = τM , ∆(R) = H0(R) − F (R) , (4.37)

where the thickness∆(R) vanishes at the marginRM , and the tangential tractionτM at the margin is now
non-zero. Since the bed slope at the margin,βM , is bounded

∆′(R) ∼ H ′
0(R) , τM ∼ −∆(R)∆′(R) = −1

2
[∆′(R)]2 , (4.38)

and hence the thickness, its gradient and surface slope have the asymptotic behaviours asR → RM ,

∆(R) ∼ (2τM )
1
2 (RM − R)

1
2 , ∆′(R) ∼ H ′

0(R) ∼ −(
1
2
τM )

1
2 (RM − R)−

1
2 . (4.39)
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The balance (4.33) now shows, with the substitutionH0 − Z = ∆ y , that τM is the unique positive root of

τM

∫ 1

0
g(τM y) dy = −QM /(2 āM ) > 0 , (4.40)

which completes the asymptotic expressions (4.39). In both cases it follows from (4.33) that∫ RM

0
R Q [R,H0(R)] dR = 0 , (4.41)

which states that there is no net flux of ice into the sheet between divide and margin, as required by the
steady profile assumption.

Morland (1997) has constructed a variety of solutions for different temperature fields, different accumu-
lation/melt patterns, different bed topographies and different viscous laws, for both sliding and no-slip at the
bed. The numerical method is essentially shooting from an assumed margin spanRM with zero thickness
there, and either the thickness slope or asymptotic behaviour given by (4.36) or (4.39), and iterating until
an RM is found which yields zero surface slope at the divideR = 0. A heat source necessary in the energy
balance to determine the prescribed uncoupled temperature field is also constructed. A selection of these
solutions has been used to test and confirm the accuracy of the present numerical algorithms for the full
equations with a flat orε order slope bed, which in turn are the starting solutions for continuation methods
to treat bed profiles with gradually increasing slopes.

5 Reduced model solutions for large bed slopes

In addition to the valid reduced model solutions for bed slopes of orderε or less constructed to compare
corresponding solutions of the full equations, comparisons with solutions of the reduced differential equation
(4.33) when bed slopes are large, including order unity slopes, can test whether applying the reduced model
in such cases is satisfactory. In practice, the coarse mesh necessary for a large ice-sheet flow simulation can
miss the presence of a large slope over a small span, but even if captured the associated large gradients in
a normalised span co-ordinate will result in numerical errors. Furthermore, a reported practice in large scale
flow simulations is to identify the tangential traction and velocity with the horizontal components; namely the
leading order values when the bed slope does not exceedε. Here this yields the relations (4.29) and (4.30) as
the leading order expressions of the kinematic and sliding relations (3.17) and (3.18). Thus, if the bed slope
f ′(r) has magnitudeδ exceedingε, the leading order relations have a local error of orderδ2 instead ofε2

which is the assumption in the conventional reduced model, and will be significant for large bed slopes. This
error does not arise in the case of no-slip and no basal melting/refreezing. An improved reduced model to
avoid thisδ2 error would retain the exactf ′(r) in the basal relations (3.13) – (3.18).

Accurate numerical solution of (4.33), the conventional reduced model, henceforth described simply as
the Reduced Model, or of an improved form incorporating the bed profile exactly as defined above, will
require step lengths inR sufficiently small to represent the variation of the bed profileF (R), which has a
derivative of orderε−1 if the hump amplitude and span are of ice-sheet thickness, and will still be very
large for moderately greater spans. However, accurate solutions of (4.33), but not the improved form, can
be constructed by inverse methods which avoid numerical representation of derivatives. The solutions of
(4.33) constructed for the present comparisons involve only quadrature when the ice is linearly viscous and
isothermal, and the net accumulation is prescribed as a function ofR only. That is

a(T ) = ā0 , g(τ ) = 2ψ(0)τ = g0 τ , ζ g2[R,H0(R)] = −1
3

ā0 g0 Γ0(R)∆3(R) , (5.1)

whereg0 is an order unity constant,ζ2 = 1, and ¯a0 is a constant ranging from 0.2 to 0.016 corresponding to
mean temperatures -5K to -20K, and in terms of a normalised radial co-ordinatet ,

R = RM t (0 ≤ t ≤ 1) , Q = Q0 Q̃(t) , Q̃(0) = 1 . (5.2)

With the definitions
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∆ = ∆̃(t) , H0 = H̃ (t) , Γ0 = R−1
M H̃ ′(t) = R−1

M Γ̃ (t) ,

λ =
1
3
Λg0 ā0 , κ = 2λΛQ0 R2

M , S (t) = t−1
∫ 1

t
y Q̃(y) dy , (5.3)

the differential equation (4.33) and margin condition now becomes a first order differential equation and
boundary condition

Γ̃ (t) [∆̃(t) + λ ∆̃3(t)] =
κ

2λ
S (t) , ∆̃(1) = 0 . (5.4)

The integral in (5.3) vanishes att = 1 by (4.41), and with the margin limit (4.34)3 with QM = Q0 Q̃(1) < 0,
and divide limitQ0 = Q(0) > 0,

S (t) ∼ −1
2

t as t → 0, S (t) ∼ Q̃(1) (1− t) as t → 1, S (t) < 0 for 0< t < 1 . (5.5)

The third relation supposes there is no divide other than atR = 0. If the accumulation is prescribed in the
form Q(R), then the zero net flux determinesRM . It follows from (5.4) thatΓ̃ (0) = 0 necessarily.

As a first step the flat bed solutionH0(R) = H̃ (t) = Y (t) say, forF (R) = F̃ (t) = 0 is determined as the
solution of

2 Γ̃ (t)[H̃ (t) + λ H̃ 3(t)] = [1 + λ Y 2(t)]
dY 2

dt
=
κ

λ
S (t) , Y (1) = 0 , (5.6)

which is

Y (t) =

{
[1 + κP (t)]

1
2 − 1

λ

} 1
2

, (5.7)

where

P (t) = −2
∫ 1

t
S (y) dy > 0 for 0 ≤ t < 1 , P (1) = 0 . (5.8)

The surface slope is then given by

Y ′(t) =
1
2
κ {λ [1 + κP (t)]}− 1

2

{
[1 + κP (t)]

1
2 − 1

}− 1
2

S (t) , (5.9)

with asymptotic expansions

t → 0 : Y (t) ∼ Y0 − Y2 t2 , Y ′(t) ∼ −2Y2 t , Y0 > 0, Y2 > 0 , (5.10)

t → 1 : Y (t) ∼
{

−κ Q̃(1)
2λ

} 1
2

(1 − t) , Y ′(t) ∼ −
{

−κ Q̃(1)
2λ

} 1
2

, (5.11)

where

Y0 =

{
[1 + κP (0)]

1
2 − 1

λ

} 1
2

, Y2 =

{
κ

8λ
1
2 [1 + κP (0)]

1
2 {[1 + κP (0)]

1
2 − 1} 1

2

}
. (5.12)

The inverse method is to prescribe a thickness distribution∆̃(t) in the form

∆̃(t) = Y (t) + Z (t) − Z (1) , |Z ′(t)|max = d−1 , d � 1, (5.13)

whered = ε corresponds to an order unity derivative inr . From (5.4),

Γ̃ (t) =

{
κ S (t)

2λ [∆̃(t) + λ ∆̃3(t)]

}
= O(Λ) , (0 ≤ t < 1) , (5.14)

and with the asymptotic results (5.5)2, and (5.11)1, and choosingZ (t) − Z (1) with the same behaviour as
t → 1,

Z (t) − Z (1) ∼ Z1 (1 − t) , ∆̃(t) ∼ ∆1 (1 − t) as t → 1 , Γ̃ (1) =
κ Q̃(1)
2λ∆1

. (5.15)
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The surface slope can therefore be greater than unity, but in general much less thanε−1 for moderate friction
coefficientΛ. Now

β̃(t) = RM β(R) = F̃ ′(t) = Γ̃ (t) − Y ′(t) − Z ′(t) , (5.16)

which yields a bed slopẽβ(t) of order the prescribed largeZ ′(t), but with opposite sign. The corresponding
bed profile is then given by

F̃ (t) = −
∫ 1

t
β̃(y) dy + F̃ (1) , (5.17)

where the numerical quadrature must be performed with sufficiently small step lengths in regions of large
β̃(t), and finally the surface profile by

H̃ (t) = ∆̃(t) + F̃ (t) or −
∫ 1

t
Γ̃ (y) dy + H̃ (1) , (5.18)

with F̃ (1) = H̃ (1) a free parameter. Where|Z ′(t)| � 1, (5.13)1 shows that∆̃′(t) ≈ Y ′(t), and if this applies
over some region adjacent to the margin where both∆̃ andY vanish, then∆̃(t) ≈ Y (t) there, and hence by
(5.4) and (5.6),

Γ̃ (t) ≈
{

κ S (t)
2λ [Y (t) + λ Y 3(t)]

}
≈ Y ′(t) ⇒ H̃ (t) ≈ Y (t) , (5.19)

and the reduced model solution is approximately a flat bed solution not influenced significantly by large bed
slopes elsewhere.

Examples have been constructed for the accumulation function

Q̃(t) = 1− 2 t2 , Q̃(1) = −1 , S (t) = −1
2

t (1 − t2) , (5.20)

and two prescribed functionsZ (t). The first generates a large slope central hump descending to a nearly flat
bed at short distance from the divide:

Z (t) = Z0 exp(−k t2) , −Z ′(t)max = Z0 (2k/e)
1
2 at tm = (2k )−

1
2 , (5.21)

for which Z (1) = 0 and the choicek = 1
2 e/(Z0d )2 gives a maximum slope inR of order d−1, and hence

δ = εd−1 in r . The second has a central plateau with a large slope descent to a nearly flat bed at prescribed
t = tm :

Z (t) = Z0

{
tanh [k (1 − tm )] − tanh [k (t − tm )]

tanh [k (1 − tm )] + tanh [k tm ]

}
, Z (1) = 0 ,

Z ′(t) = −k Z0

{
sech2 [k (t − tm )]

tanh [k (1 − tm )] + tanh [k tm ]

}
,

−Z ′(t)max =

{
k Z0

tanh [k (1 − tm )] + tanh [k tm ]

}
at t = tm . (5.22)

Since the denominator in theZ ′(t) expression (5.22) lies between 1 and 2 for alltm , choosingk = 2/(Z0d )
gives a maximum−Z ′(t) betweend−1 and 2d−1. Comparisons with solutions of the full equations are
illustrated in Sect. 8.

6 Numerical methods

Focussing on the prescribed temperature theory for steady axi-symmetric flow, a numerical method is required
to solve the mass balance (3.2) or (3.3), the radial and vertical equilibrium balances (3.5), and the viscous
shear relations (3.6) inside the ice-sheet domain, subject to the conditions on the surfacez = h(r) of zero
tractions (3.9) and (3.10), and the kinematic condition (3.11), and on the bedz = f (r) the basal kinematic
condition (3.17), and the tangential sliding condition (3.18) or no-slip conditionvs = 0 . In addition there are
the conditions of zero surface slope and radial velocity on the axis of symmetryr = 0. The surfacez = h(r),
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and hence the domain, are unknown, to be determined by the additional kinematic condition on the traction-
free surface. The two methods adopted both use mappings of the unknown domain onto a fixed domain by a
transformation of co-ordinates, and then solve the transformed equations and boundary conditions on the fixed
domain by a finite element procedure. Since the basic equations and the mapping relations are non-linear,
Newton iteration is used to reduce the problem to a sequence of linear algebraic problems. The first method
applies an orthogonal co-ordinate transformation, specifically that developed by Ryskin and Leal (1983), and
the second applies a generalisation of the Landau (1950) transformation.

The orthogonal mapping is not explicit, but is determined by two elliptic partial differential equations.
Ryskin and Leal (1983) noted that in a Cartesian co-ordinate system the co-ordinate transformation functions
both satisfy Laplace’s equation, and that the Laplacian can be written in any co-ordinate system once the
components of the metric tensor are known. For two dimensional mappings this symmetric tensor has three
independent components. In orthogonal co-ordinate systems the off diagonal element must be zero, leaving
just two components. A further constraint comes from the fact that the underlying space is Euclidian, which,
in two dimensions requires that the Gaussian curvature is zero. This can be satisfied if the ratio of the two
diagonal elements of the metric tensor, which are the scale factors, is a function of the co-ordinates only,
which is the property adopted here. The original co-ordinates (r , z ) are transformed to co-ordinates (ξ, η) by
a mapping satisfying the equations Ryskin and Leal (1983), Cliffe et al. (1992),

∂

∂ξ

(
1
!

∂r
∂ξ

)
+

∂

∂η

(
1
!

∂r
∂η

)
= 0 ,

∂

∂ξ

(
1
!

∂z
∂ξ

)
+

∂

∂η

(
1
!

∂z
∂η

)
= 0 , (6.1)

where! is the ratio of the scale factors. Here! is restricted to be a constant. Derivatives with respect to
(r , z ) are expressed in terms of derivatives with respect to (ξ, η) by

∂ξ

∂r
=

1
J
∂z
∂η

,
∂ξ

∂z
= − 1

J
∂r
∂η

,
∂η

∂r
= − 1

J
∂z
∂ξ

,
∂η

∂z
=

1
J
∂z
∂ξ

, (6.2)

whereJ is the Jacobian of the transformation defined by

J = det




∂r
∂ξ

∂r
∂η

∂z
∂ξ

∂z
∂η


 . (6.3)

Boundary conditions for the mapping differential equations (6.1) are as follows. On the axis of symmetry

r = 0 ,
∂z
∂ξ

= 0 . (6.4)

On the base

z = f (r) ,
∂r
∂η

= −!
∂z
∂ξ

, (6.5)

where the first relation is a Dirichlet-type condition for (6.1)2 which determinesz , and the second relation,
which expresses the orthogonality of theη direction to the transformed bedη = 0, is a Neumann-type boundary
condition for (6.1)1 which determinesr . On the free surface the kinematic condition (3.11) is applied as a
Dirichlet condition for (6.1)2. Orthogonality is used to provide a boundary condition for (6.1)1 along the free
surface. This takes the form

ν1

!

∂r
∂η

+ ν2!
∂r
∂ξ

= −ν1
∂z
∂ξ

+ ν2
∂z
∂η

, (6.6)

where (ν1, ν2) is the unit outward pointing normal on the untransformed region. This condition is applied as
a Neumann-type boundary condition for (6.1)1.

The Landau transformation Landau (1950), Wheeler and Winters (1989), leaves one co-ordinate direction
unchanged and consists of a simple stretching or shortening in the other direction. While this might appear
to be simpler than the orthogonal transformation, the transformed conservation equations now have a more
complicated form. Here the stretching is chosen so that the transformed surface meets the transformed base
with a finite surface slope at the margin. Thus, if the margin radius isrm ,
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ξ = r/rm , η =
z − f (r)

h(r) − f (r)
Φ

(
r

rm

)
, (6.7)

whereη measures the relative height from the bed. The boundary transformations are

r = 0 : ξ = 0 , z = f (r) : η = 0 , z = h(r) : η = Φ(ξ) , (6.8)

and the mapped region is determined by the choice of the functionΦ(ξ), which for this study was taken to
be part of an ellipse of similar shape to the ice sheets under study, so that

Φ(ξ) = −1 + 2
√

(1 − 3ξ2/2) . (6.9)

The margin radiusrm and the height of the ice sheeth(r) are determined as part of the solution procedure,
essentially from the kinematic condition (3.11) on the ice-sheet surface. If the geometry of the ice sheet is
known, thenrm and h(r) are prescribed in advance and the surface accumulation distribution is determined
by the solution.

A finite element Galerkin discretisation of the balance, viscous and mapping equations is adopted, based
on six-node triangles with quadratic basis functions for all the variables except the pressure for which linear
interpolation is used. This method is very similar to the Taylor-Hood method for the Navier-Stokes equations
Taylor and Hood (1973), . The method used to solve the discretised equations is based on Newton’s method
which requires the Jacobian matrix in addition to the equations themselves. The ENTWIFE program used to
solve the governing equations has a powerful preprocessing facility, based on the REDUCE Hearn (1991),
algebraic manipulation package, which generates the required FORTRAN subroutines. The input to the pre-
processor is written in the REDUCE language and consists of the weak forms of the governing equations. In
addition, the REDUCE package is also used to evaluate the co-ordinate transformed forms of the equations.

The discrete algebraic non-linear equations are of the form

f(x, α) = 0 , (6.10)

wheref is a vector function,x is the vector of all the degrees of freedom in the model, andα is a selected
scalar parameter. The problem may have many parameters, but in the method discussed here all but one of
them are held fixed for a given set of calculations. Further calculations may be carried out in which a different
parameter is varied. Newton’s method of solution of the non-linear system applies the iteration procedure

xn+1 = xn −
(
∂f
∂x

(xn )

)−1

f(xn , α) , (n = 0,1, . . .) , (6.11)

which is quadratically convergent when the Jacobian matrix∂f/∂x is continuous and has a bounded inverse
in a neighbourhood of the solution. Quadratic convergence means that the number of accurate significant
figures in the approximate solution doubles at each iteration and so a calculation rarely needs more that 5 or 6
iterations. Newton’s method is guaranteed to converge provided the initial guessx0 is sufficiently close to the
solution, but this condition is not always easy to realise. Suppose now that a solution is known for a particular
valueα0 of the parameter, perhaps because a good initial guess is possible, then Euler-Newton continuation
can be applied to construct a sequence of solutions for successive small changes inα by adopting the solution
for each previous value ofα as the initial guess to a Newton iteration for the next value ofα. That is,

x0(αk+1) = x(αk ) −
[
∂f
∂x

(x(αk ), αk )

]−1

f (x(αk ), αk ) . (6.12)

This procedure clearly breaks down if∂f/∂x becomes singular or nearly singular. The common reason is
that there is a turning point on the solution branch, which means thatx is no longer a single valued function of
α. Following Keller (1977), this is remedied by introducing a new parameterζ which is a local approximation
to the arclength along the solution branch, so that the solution is clearly a single-valued function ofζ. The
new system now has the form

f(x, α) = 0 , N (x, α, ζ) = 0 , (6.13)
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where N = 0 is the defining equation for the arclength parameter. It can be shown Keller (1977), that
the extended system (6.13) has a non-singular Jacobian, even at a limit point where∂f/∂x is singular. This
extension of Euler-Newton continuation by Keller Arclength Continuation is the method applied to the present
ice-sheet problems.

Before presenting results it is important to confirm the accuracy of the numerical approximation, and to
note that a surprisingly large number of elements were required to obtain satisfactory solutions. Using a mesh
with too few elements lead to spurious wiggles in the surface accumulation function determined by a solution
on a prescribed domain. It is thought that the relatively large aspect ratios of the ice sheets are responsible
for this need to have such fine meshes, which makes large demands on computing resources, even in two
dimensions. Here the prime aim is to determine accurate solutions to selected problems to establish the range
of validity of the Reduced Model. A rigorous grid-convergence investigation has therefore been performed,
involving successive halving of the element sizes which increases the computation time by a factor 16 at
each reduction. The measure chosen to describe each solution is the divide heighthD (µ) as a function of
the mesh sizeµ, defined as the minimum of the radii of the circular disks required to cover each element.
It is expected that the error in the predicted divide height is close to orderµ3 asµ → 0, for which a good
approximation would be

hD (µ) = hE + Kµ3 , (6.14)

wherehE is the exact value of the divide height, andK is a constant independent ofµ. This is tested as
follows from three solutions involving two successive halvings of the element sizes. If the approximation
(6.14) is accurate, then

hD (µ) − hD (µ/2)
hD (µ/2) − hD (µ/4)

= 8 , hE =
8hD (µ/4) − hD (µ/2)

7
, (6.15)

and good agreement with the ratio 8 would confirm the error magnitude assumption and the accuracy of this
estimate forhE . Table 1a shows the results for one of the examples, for which the defining parameter values
are T̄ = −1, Λ = 100 andε2 = 2.77× 10−4. For this example the ratio was 8.3, which is sufficiently close
to the expected value of 8 to indicate that the error estimate given by (6.14) is good. The estimate for the
exact value ofhE is 0.53154, which is compared to the values of the divide heighthD given by the three
solutions. It can be seen that, even on the coarsest mesh, the error in the computed divide height is much
less than 1%, and is even smaller on the finer meshes, which indicates that very accurate numerical solution
have been obtained to the full model equations using the orthogonal mapping technique.

Table 1. Results of the grid convergence study for (a) the orthogonal mapping technique, (b) the modified Landau transformation
technique. The effect of grid refinement on the calculated value of the divide height is shown. The linear dimensions of the elements
are reduced by a factor of two at each step.

Divide height Error Number of nodes Total number of

degrees of freedom

0.52842 0.00312 3823 26803

0.53116 0.00038 14834 101458 (a)

0.53149 0.00005 58483 400108

0.56946 0.00107 3823 26803

0.57036 0.00017 14834 101458 (b)

0.57051 0.00002 58483 400108

A similar study was carried out for the modified Landau transformation technique. The parameter values
for this case werēT = −1, Λ = 100 andε2 = 2.77 × 10−4. The results are summarised in Table 1b. The
estimated factor of 6 is sufficiently close to the expected value of 8 to indicate that the error estimate given
by (6.14) is good in this case too. The estimate for the exact value ofhE is 0.57053, which is compared
to the values of the divide heighthD given by the three solutions. It can be seen that, even on the coarsest
mesh, the error in the computed divide height is much less than 1%, and is even smaller on the finer meshes,
which indicates that very accurate numerical solution have been obtained to the full model equations using
the modified Landau transformation technique.
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Fig. 1a,b. Computed accumulation/ablation function for full model, with the free surface prescribed to be that given by the solution of
the corresponding reduced model. The solid line is the accumulation/ablation function used in the reduced model calculation and the
points are the values computed from the full model solution witha ε2 = 2.77× 10−6 andb ε2 = 2.77× 10−4

7 Results for flat and small slope beds

Numerical solutions for comparison with theReduced Model small bed slope solutions constructed by
Morland (1997) have been determined with the following parameters:

d0 = 2000m , q0 = 3.17 × 10−8 ms−1 , D0 = 3.17 × 10−8 s−1 , a0 = 1 ,

ε2 = 2.776 × 10−6 and ε2 = 2.776 × 10−4 , ϑ = 0.09006, Λ = 25 and Λ = 100, (7.1)

where the latter friction coefficient essentially describes no-slip except under a small thickness of ice. With
this basal sliding law, theReduced Model has errors of orderε2 for a flat bed or maximum bed slope of
orderε if the hump span is that of the sheet, but of orderε if the hump span is that of the sheet thickness. A
Reduced Model solution is then an accurate solution of the full equations for a flat or very small slope bed,
and so provides a test case for the accuracy of a numerical algorithm for the full equations, and a good initial
solution to an iteration which builds the topography from a flat bed. However, in the case of no-slip at the
bed, theReduced Model assumptions are violated near a margin where the surface slope becomes unbounded,
so the solution cannot then be expected to be close to the solution of the full equations near margins. The
Reduced Model solution is only independent ofε in the stretched co-ordinatesR,Z , and expression in the
physical co-ordinatesr , z for comparison with the full equations involves the transformationR = ε r . The
full equations involveε explicitly through the viscous relations. Recall that an isothermal approximation at
a cold temperature should replacea0 by the much lower rate factor, which determines a much largerε and
hence larger errors in theReduced Model.

The first set of tests and comparisons with Morland (1997)’s (1997) solutions were made with an accu-
mulation function

q =
1
2

− 3
2

exp(−4h) , q(0) = −1 , (7.2)

which was the small margin ablation example used by Morland (1997), with a snow lineq = 0 ath = 549m,
and prescribed isothermal and non-uniform temperature distributions

T̄A = −0.25 (−5K ) , T̄B = −0.5 (−10K ) , T̄C = −1. (−20K ) , (7.3)

T̄2(r , z ) = −0.8h(r) + 0.5[h(r) − z ]

−0.125
{

[h(r) − f (r)]2[h(r) − z ] − 0.5[h(r) − f (r)][h(r) − z ]2
}
, (7.4)

following Morland’s notation. The small bed slope results were obtained with the orthogonal mapping method,
and demonstrate a failure of the continuation procedure with this method. The subsequent moderate and large
bed slope results were obtained with the modified Landau transformation.
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While theReduced Model solution fails near the margin with no-slip on the bed, and so fails as an initial
guess, the surface accumulationqred predicted by the full equations if aReduced Model ice-sheet domain
is adopted can be determined for comparison with (7.2). The two accumulation distributions would be very
close if theReduced Model is a good approximation. Comparisons are shown in Fig. 1a,b for a flat bed and
for two values ofε, revealing the expected differences near the margin, but good agreement above relative
heights of 0.2. This does not, of course, confirm the accuracy of the algorithm. Now consider a modified
surface accumulation

u.n = −(1 − α)qred− αq , (7.5)

whereα is called a homotopy parameter. Whenα is zero the accumulation is the value computed from the
full model with the free surface specified to be the same as that obtained from theReduced Model. Thus,
if that solution is adopted as an initial guess for an iteration to solve with the kinematic condition given
by (7.5), Newton’s method should converge very quickly whenα is zero, which proved to be the case.
Keller-Arclength continuation was then applied to investigate if increasingα in small steps from zero to one
would lead to the solution for a no-slip basal boundary condition. However, a turning point was found when
α was approximately 0.1 so that there were no solutions, on this solution branch, for greater values ofα. For
smaller values ofα there are two equilibrium solutions, at least one of which is unstable. The existence of
this turning point meant that the method will not determine solutions to the full model with a no-slip basal
boundary condition, not that a solution does not exist. However, two conclusions can reasonably be drawn
from this investigation. Firstly, it is clear that there are significant differences between the reduced and full
models when a no-slip basal boundary condition is applied, at least near the margin. Secondly, the full model
equations can exhibit multiple equilibrium solutions.

Next consider flat bed problems with the basal sliding law, for which theReduced Model solution is
accurate, for the two friction coefficients given in (7.1) and four temperature distributions given in (7.3) and
(7.4), making a total of eight different cases. TheReduced Model surfaceh(r) is approximated by a cubic
spline for use in the finite element algorithm. The full equations are first solved with thisReduced Model
surfaceh(r) as the domain surface, and with a no-slip basal boundary condition which avoids the non-linear
sliding law as a first step. This is still a non-linear problem, due to the non-linear viscous relation, and is
solved in two stages. First, the viscous relation is linearised by omitting the higher order terms in (2.10), and
this problem can always be solved irrespective of the initial guess. Euler-Newton continuation was then used
to obtain a solution to the problem with the same fixed free-surface but the full non-linear viscous relation
defined by (2.10). This solution was then used as an initial guess for the problem with the sliding-law basal
boundary condition. For all the prescribed temperatures the no-slip solution proved to be a sufficiently good
initial guess for the sliding law case provided that the shape of the free surface was fixed and the large
sliding-law parameterΛ = 100 was used. Solutions for a sliding-law parameter value of 25 were obtained by
continuation inΛ using the solution atΛ = 100 as the starting point.

The next step takes the surface accumulationqred determined by this solution, uses a cubic spline to
express as a function ofh, extended beyond the solution range, and applies the continuation method as before
to determine the solution, including the actual surface, for the prescribed accumulation (7.2). In all cases
the continuation procedure was successful and solutions were obtained to the full problem with the specified
accumulation function.

First consider solutions for a flat bed, with the comparisons illustrated by the shape of the free surface
and the margin radius and divide height. The margin radius and divide height for the three isothermal cases
(7.3) are compared for both values of the friction coefficients withε2 = 2.77×10−4 in Tables 2a–c, Tables 2a
and b show very good agreement between the full-model calculations and the reduced-model calculations for
both values of the sliding-law parameter, and similarly, a comparison of the shape of the free surface obtained
with the full model and that obtained with the reduced model for the case withΛ = 100 andT̄ = −0.25,
shown in Fig. 2a, confirms very good agreement. However, Table 2c and Fig. 2b indicates that there is a
substantial difference between the full andReduced Model results for the case with̄T = −1.0. Repeating the
full solutions withε2 = 3.0× 10−6 results in the much better agreements shown in Table 2d and Fig. 2c. This
is the anticipated dependence onε at cold temperatures whena0 in theReduced Model should be much larger
than unity, which implies that theε2 error term is more significant, and theReduced Model is less satisfactory.
The good agreement obtained by settingε2 smaller is artificial, but shows here that the full solution does agree
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Fig. 2a–c. Comparison, between the reduced and full mod-
els, of the shape of the free surface of the ice. The contin-
uous line represents the surface computed with the full model
and the circles represent the surface computed with the re-
duced model. Λ = 100 and a T̄ = −0.25, ε2 = 2.77× 10−4;
b T̄ = −1.0, ε2 = 2.77× 10−4; c T̄ = −1.0, ε2 = 2.77× 10−6.

with the Reduced Model solution whenε2 is sufficiently small. Note also that the aspect ratio of the ice sheet
is roughly proportional toε−1. The case with the prescribed non-uniform temperature fieldT̄2, (7.4), also
shows a discrepancy between the full and reduced model results, Table 2e, and it is assumed this discrepancy
is also related to the prescription of a large cold ice zone which influences the asymptotic magnitudes.

The next stage is to apply Keller Arclength continuation in a homotopy parameterα defining an increasing
amplitude bed topography of the form

f (r) = 0.1α exp(−20r2) , (7.6)

for which Morland (1997) givesReduced Model solutions. Starting from the flat bed solution to the problem
with the temperature field prescribed by (7.4), Keller Arclength continuation is applied to successive small
increases ofα. However, a turning point was found for a value ofα of about 0.15, suggesting at first
that there is no equilibrium solution to the ice-sheet problem when the height of the hump is too large.
On a closer examination of the results it was seen that two solutions computed for values ofα less than
0.15 were not physically different, but corresponded to the same solution with two different co-ordinate
transformations. This clearly shows that the co-ordinate transformation equations can have multiple solutions,
and not allow continuation to larger values ofα. Repeating the calculations on two finer meshes, halving the
linear dimensions of the elements in each case, a turning point was reached at values ofα of approximately
0.22 and 0.26 respectively; that is, at increasing values ofα as the mesh is refined, indicating that its presence
might well be due to the discretisation. However, the computational times for the finest mesh were so long that
further mesh refinement was impractical. This non-uniqueness of the orthogonal co-ordinate transformation
with the continuation method indicates that it is not suitable to determine solutions of the full ice-sheet
equations when a bed topography amplitude is increased. Before the turning point, while bed slopes are still
small, comparisons with theReduced Model solutions are good, as expected, as confirmed by Fig. 3a,b, which
show the variation of divide height and margin radius with hump height asα is increased.
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Table 2. Comparison of computed values of the margin and divide height obtained with the reduced and full models.

Λ RM (Reduced) RM (Full) HD (Reduced) HD (Full)

100 12.11 12.01 0.527 0.522 (a) T̄ = −0.25

25 21.68 21.59 0.573 0.566 ε2 = 2.77× 10−4

100 11.14 10.94 0.559 0.545 (b) T̄ = −0.5

25 21.11 20.81 0.589 0.570 ε2 = 2.77× 10−4

100 10.54 9.80 0.590 0.531 (c) T̄ = −1.0

25 20.79 19.17 0.600 0.529 ε2 = 2.77× 10−4

100 101.43 101.33 0.590 0.590 (d) T̄ = −1.0

100 101.43 101.33 0.590 0.590 (d) T̄ = −1.0

ε2 = 3.0 × 10−6

100 13.37 12.06 0.529 0.523 (e) T̄ = T̄2

ε2 = 2.77× 10−4

Fig. 3a,b. Comparison, between the reduced and full models, of the variation ofa divide height, andb margin radius with hump height.
The continuous line indicate the full model results and the squares indicate the reduced model results.

8 Results for moderate and large slope beds

While the orthogonal co-ordinate transformation produces solutions to the full ice-sheet equations which
agree well with theReduced Model when the parameterε is sufficiently small and the bed topography is
nearly flat, it was demonstrated that continuation fails to yield a solution when the bed topography amplitude,
and associated slope, are increased beyond modest levels. This is surprising in view of the fact that similar
methods have been applied very successfully to free-surface fluid dynamics problems that appear to be more
difficult than the present ice-sheet problems. In particular, the method has determined a rapidly undulating
free-surface in a channel flow which correlates accurately with experimental data Cliffe et al. (1992), . An
alternative modified Landau transformation, described in Sect. 6, has therefore been investigated. When applied
to prescribed surfaces it has similar accuracy to the orthogonal transformation method, but attempts to compute
a free surface by continuation using the kinematic surface condition (3.11) directly resulted in an unstable
oscillation of the shape of the free surface that is clearly linked to the element size. However, further
investigations of this phenomenon Cliffe (2000), showed how the application of the surface condition (3.11)
in the non-standard form
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Fig. 4. Computed accumulation/ablation function for full model
for flow over an axi-symmetric hump with moderate bed slope.
The free surface is prescribed to be that given by the solution of
the corresponding reduced model. The + signs indicate the accu-
mulation/ablation function used in the reduced model calculation
and the continuous line indicates the accumulation/ablation func-
tion computed with the full model.

∂

∂r

(
u

dh
dr

)
− ∂q̃

∂h
dh
dr

=
∂w

∂r
(8.1)

eliminated this instability. This application has allowed successful solutions of the ice-sheet problems.
Consider first an example of moderate slope bed topography for which theReduced Model solution

was constructed by the inverse method described in Sect. 5. The maximum slope depends on the value of
the parametersd and ε, and in the present calculation withd = 0.1 and ε = 0.03 the maximum slope is
approximately 0.3, for which the local error isδ2 = 0.09. By prescribing the free surface as that determined
by theReduced Model solution, the solution of the full equations determines a normal surface velocity which
defines the surface accumulation distribution necessary for this full solution. This is compared with the
prescribed accumulation distribution in Fig. 4, both shown as functions of theReduced Model surface height
h. It is seen that over most of the values ofh there are not major differences between the two accumulation
functions, but in a relatively small range ofh corresponding to that part of the ice sheet over a basal region
near the ‘moderate bed slope’, there is a dramatic difference between the two functions. This indicates that
there are large differences between the full andReduced Model solutions in the region of the bed slope.
However, since the velocity field is sensitive to the shape of the surface, it is possible that a relatively
small adjustment to the surface shape in the region of the slope might result in a significant change in the
accumulation function. Similar comparisons have been obtained by Morland and Draghicescu (1998) in a
linearly viscous plane-flow treatment by complex variable methods. The actual differences, and therefore the
extent of the validity of theReduced Model, require the determination of the free surface which solves the
full boundary-value problem.

Finally, a series of calculations was carried out, using the modified Landau transformation, in which the
bed topography and surface ablation/accumulation were prescribed and the surface shape was computed. The
bed topography and surface accumulation were constructed for theReduced Model using the inverse method
described in Sect. 5 withd = 0.1 In the full model numerical calculations the parameterε was varied from
0.03 to 0.1. TheReduced Model solution is, of course, independent ofε. However, changingε corresponds
to changing the aspect ratio of the ice sheet and the maximum slopeδ of the bed topography. The maximum
slope of the bed forε = 0.03 is approximately 0.3, and forε = 0.1 is approximately unity.

A comparison of the full andReduced Model solutions is shown in Fig. 5. The agreement for the case
with ε = 0.03, corresponding to a maximum gradient of 0.3, in spite of the expected local error 0.09, is
clearly good. It is interesting to note that this is essentially the same case as that reported earlier in which
the surface shape was prescribed and the accumulation rate was computed using the full model. It is evident
that a relatively small adjustment in the surface shape is sufficient to change the surface velocities so that the
kinematic condition is satisfied. This also illustrates the fact that the velocity field in the ice is sensitive to
changes in the shape of the ice-sheet surface.

It is also clear from Fig. 5 that the errors in theReduced Model solution increase as the value ofε, and
henceδ, increase. Since theReduced Model error is at greatestO(ε), we suggest that the main reason for this
is the increase in the maximum gradient of the bed topography, and not simply the neglect of higher order
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Fig. 5a–d. Comparison of the surface profiles for the full (squares) and reduced model (solid line) solutions forε2 = a 9 × 10−4, b
2.5 × 10−3, c 8 × 10−3 andd ×10−2. The bed topography is also shown as a thick line.

terms inε. For moderate bed slopes theReduced Model gives reasonably accurate solutions for the ice-sheet
surface.

Conclusions

A successful method for solving the full equations for axi-symmetric steady isothermal flow of an ice sheet on
a bed with significant bed topography has been developed. A sequence of comparisons with solutions given
by theReduced Model approximate equations, justified only for very small bed topography, demonstrate that
indeed theReduced Model solutions have increasing error as the bed slope increases. In particular while the
ice-sheet surface determined by theReduced Model may have only a moderate error at large bed slopes, the
errors in the velocity field are significant. In reality ice has a temperature-dependent viscosity, and an ice
sheet has a non-uniform temperature field determined by a thermo-mechanically coupled energy balance with
significant heat advection. Errors in the velocity field must therefore have a wider impact on the complete flow
and geometry of the sheet. This conclusion must question the validity of widerReduced Model simulations
of ice-sheet evoluti on, which are the current practice in climate studies.
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