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Abstract In this work, we aim to model the reorientation process of mesogens in nematic liquid crystal
elastomers within the context of dynamics. We consider a continuum model with separate mappings for the
deformation of the monolithic material and the orientation of the nematic director, where the latter describes
the inclination of the mesogens. We achieve the inextensibility of the nematic director through the introduction
of drilling degrees of freedom. We combine this approach with the application of the principle of virtual power
and a mixed finite element formulation, in order to formulate distinct momentum and angular momentum
balance laws for the two separate mappings. Furthermore, we include in our continuum model a volume load
and a surface load associated only with the orientation mapping. We show in the presented three numerical
examples that our formulation enables the fulfillment of all momentum and angular momentum balance laws.

Keywords Nematic liquid crystal elastomer - Momentum-conserving time stepping scheme - Variational
principle - Micropolar continuum

1 Introduction

Liquid crystal elastomers (LCEs) are under investigation since a few decades due to their capability to respond
with large deformations to external stimuli, such as heating and the application of electric fields. Because of this
feature, a LCE can perform motion actuation and is thus evaluated as a suitable material for the development
of artificial muscles. The behavior of LCEs is related to their instrinsic structure, as the characteristics of
rubber are integrated with the orientational properties of liquid crystals [1-3]. Based on the grade of ordering
of molecules, LCEs can be categorized into three classes: smectic, nematic and cholesteric [4]. The isotropic
state of LCEs is achieved by heating above the transition temperature. In this work, we focus on nematic
LCEs, in which rodlike parts of the molecule called mesogens are linked to the polymer backbone. In case
of a monodomain microstructure, the mesogenic rods are aligned toward a unique nematic director [5] and
LCE:s are thus manufactured as thin films in order to keep the alignment of the nematic director through the
whole thickness of the specimen [6]. Due to their unique features, nematic LCEs are currently the subject of
intensive research and several works deal with the modeling of their behavior. In the works of Leslie [7,8],
a continuum theory for liquid crystals was formulated from balance laws by including volume and surface
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forces related to the director in the former, and by introducing a viscous dissipation in the latter. As one of the
main features of LCEs, the modeling of soft elastic response was the subject of several works, e.g., [9-12].
More recently, Agostiniani and DeSimone [13] developed a model for thin films at large strains by considering
different nematic textures. Another crucial issue concerns the modeling of LCEs subjected to external stimuli,
along with the experimental validation, e.g., [14] which leads to the model for the prediction of the actuation
[15-17]. In this work, we present a variational-based approach for model the dynamic behavior of nematic
LCEs. We have introduced two separate mappings for describing the bulk material and the nematic directors
[18], whose reorientation is modeled through drilling degrees of freedom [19]. A list of the used symbols is
reported in Table 1

2 The finite element formulation
2.1 Continuum model

We take into account the LCE material as a continuum (see Fig. 1); therefore, we consider the reference
configuration % at initial time ¢ = 0 with the corresponding nematic director ng, which is a function of the
material point X. We introduce two distinct mappings: the deformation mapping ¢ (X, 1) : By x T — %;
and the orientation mapping x (X, 1) : %o x .7 — R"dim give back the spatial point x and the nematic director
n; in the current configuration %, respectively. Furthermore, the two mappings fulfill the conditions related
to the reference configuration, i.e., ¢ (X, 0) = X and x (X, 0) = ng. In order to deal with dynamic problems,
two further variables must be included: the velocity vector v (X, ) := @ (X, ) = x as time derivative of
the deformation mapping and the linear momentum vector p := pov. Since we aim to formulate a distinct
momentum balance for each mapping function [18], an orientational velocity vector v, (X, t) := x (X, ) = i,
as time derivative of the orientation mapping and an orientational momentum vector p, := ,001)2( v, have been

introduced, where [, is the radius of gyration. Anderson et al. [18] defined the term pol)z( as referential
orientational inertia density and it keeps consistency with the units of the parameter, since the nematic director
is a unit vector [18]. For a detailed description of the radius of gyration, we refer to the book of Warner and
Terentjev [1]. Another approach for taking into account the inertia of the LCE continuum has been presented
by GroB et al. [20].

From the deformation mapping ¢, we introduce the deformation gradient F := Grad [¢], the right Cauchy—
Green strain tensor C := FT F and the Jacobian determinant J := det[ F], which are needed for formulating
the Neo-Hookean material model. Anderson et al. [18] divided the strain energy into three parts: the elastic
energy density, which is a function of C and of the nematic director in the reference configuration ng, the
nematic energy density as a function of the orientation gradient G := Grad [x] and the interactive energy
density, depending on the invariant F n;. In this work, we let out the terms depending on the orientation
gradient, consistently with the strain energy density formulations which were described in other works, e.g.,
[2,21]. Therefore, the strain energy is described as the sum of elastic energy density v, and interactive energy
density v;

Y=Y+ Vi (D
A 2
Ye=ci(:C=3-2log())+5 <[log O+ - 1)2) + e3ng - Crg )
2
Vi = o F my|* +cxo (mo - Fmy) 3
with the following parameters
—1 1 1
c1=%, C3=%, C9=%<;—1) and clo=%<2—;—r). @)

w is the shear modulus and r is the ratio between lengths of steps parallel £ and perpendicular £ to the
nematic director [1,18]. The terms with prefactors c3, c9 and ¢ in Egs. (2-3) couple the orientation mapping
x with the deformation mapping ¢, i.e., the nematic directors both in the reference no and in the current
configuration n; are coupled with the deformation gradient F and both right and left Cauchy—Green strain
tensors C and B, where the latter can be easily obtained from the term of the interactive strain energy density
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Table 1 List of symbols

(o) Time derivative

84 (@) Variation with respect to the functional variable (e)

B Initial configuration

B, Current configuration

ar By Surface load boundary of %

ow Ao Orientational surface load boundary of %

9y, PBo Boundary of % for Dirichlet conditions

con Reorientation function

H Total energy functional

Tskw Fourth-order skew-symmetric projection tensor

I Length of step parallel to the nematic director in %,

I Length of step perpendicular to the nematic director in %,
Lo Length of step parallel to the nematic director in %

LoL Length of step perpendicular to the nematic director in %
put Internal power

T Time set

T Time step

T Deformational kinetic energy functional
7, Orientational kinetic energy functional
B Volume load vector related to the deformation mapping
B, Orientational volume load vector

C Right Cauchy—Green strain tensor

F Deformation gradient

H Sum of all energy functionals

1 Second-order identity tensor

J Jacobian determinant

J (ty) Moment of momentum vector at time ¢

Jn () Moment of orientational momentum vector at time ¢
Iy Radius of gyration

L (t,) Linear momentum vector at time ¢

L, (t,) Orientational momentum vector at time ¢

ng Nematic director in %y

n; Nematic director in %;

p Momentum vector related to the deformation mapping
Py Momentum vector related to the orientation mapping
r Ratio between lengths of step in %,

70 Ratio between lengths of step in %y

R Reaction force vector related to the deformation mapping

t Time

T Surface load related to the deformation mapping

v Velocity vector related to the deformation mapping

Vy Velocity vector related to the orientation mapping

w Orientational surface load vector

we Double axial vector of T g

X Position vector in %

x Position vector in %;

o Continuum rotation

€ Third-order Levi-Civita tensor

A Second Lamé constant

n Shear modulus

v Poisson ratio

1ext Functional of the external energy related to the deformation mapping
rext Functional of the external energy related to the orientation mapping

mt Functional of the internal energy related to both mappings
£0 Specific density

Ty Reorientation stress vector

Tskw Second-order Kirchhoff skew-symmetric stress tensor

] Deformation mapping

X Orientation mapping

Vi Interactive energy density

Ve Elastic energy density

o Axial vector of Tgkw
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mesogen

T2
X polymer chain

T3 T1

Fig. 1 Continuum configuration for a LCE with the deformation mapping ¢, the orientation mapping x and the associated
orientational volume load B, and orientational surface load W (color figure online)

with prefactor cg just by using few simple rules of tensor algebra. In contrast with the work of Anderson et al.
[18], we assume that the ratio r is the same for both reference and current configurations, i.e.,

4

0 (6]

e()” ZEH, EOJ_ZEJ_, ro=r
This assumption is motivated by the work of Warner and Terentjev [1]: they expressed the ratio r as a function of
the orientational order parameter as well as the square of the ratio between the radii of gyration of the ellipsoid,
which represents the chain distribution. Since our model aims to describe only isothermal loading cases, the
changes in the orientational order are of minor importance [10]. Hence, it can be deduced that the ellipsoid
keeps its shape with the same ratio between the radii of gyration parallel and perpendicular to the nematic
director. Furthermore, the sum of the first two terms of the elastic strain energy density with the prefactor ¢y in
Eq. (2) with the further terms having c3, cg and c1¢ as prefactors corresponds to the well-known trace formula
of Warner and Terentjev [1], if the assumptions of Eq. (5) are made and some rules of tensor algebra are applied.
In the scientific literature, the LCE material has been modeled either as incompressible, e.g., [4], or as nearly
incompressible, e.g., [16]. We apply the Neo-Hookean model for compressible elastomers [22] and the nearly
incompressibility is fulfilled by using suitable values for the shear modulus p and the Poisson ratio v, which
define the second Lamé constant A.! The rotation of the nematic director, i.e., its reorientation, is described by
means of the drilling degrees of freedom, which are depicted in Fig. 2 for a single linear hexahedral element.
The time derivative of the continuum rotation « is defined as the axial vector of the current velocity gradient

1.
& = —5€: FF~! (6)

in order to model the kinematic reorientation process of the nematic director, where € is the third-order Levi-
Civita tensor and F is the time derivative of the deformation gradient. In the finite element formulation, the
introduction of the time derivative of the continuum rotation ¢ as a variable offers the advantages related to
the potential applications of related Dirichlet boundary conditions; nonetheless, no boundary conditions for &
have been imposed in this work. Moreover, & is needed for describing the time derivative of the orientation
mapping as follows:

X=aXxXx. @)

Equation (7) is the widely known formula for describing rigid-body dynamic rotations [23], which we impose
as a constraint in our variational formulation (see Eq. (21)) for the purpose of forcing the orientation mapping
and thus the nematic director to rotate without any stretching. The spin tensor of such rigid rotation is expressed

2 14+v
Ti=2 —1).
3“(1—2v
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Fig. 2 Eight-noded hexahedral element with the drilling degrees of freedom for each node: the displacement with three directions
u, v and w, the nematic director with its three components r, s and ¢ and three rotation angles 8, y and é [19] (color figure online)

in Eq. (7) as a cross-product with the corresponding axial vector &. The constraints of Eqgs. (6—7) are imposed
through Lagrange multipliers. The Lagrange multiplier for Eq. (6) is the double axial vector

w,=20=71,, € (8)
of the skew-symmetric Kirchhoff stress tensor gy . According to Eq. (8), the Lagrange multiplier w, contains
the third-order Levi-Civita tensor, which must be single-contracted with the third-order Levi-Civita tensor in
the right-hand side of Eq. (6), and with the time rate of the continuum rotatiqn « in the left-hand side. Hence,
the spin tensor, i.e., the skew-symmetric part of the spatial velocity gradient F F~!, is constrained to be equal
to the skew-symmetric second-order tensor associated with the time rate of the continuum rotation —e - & by
means of the Lagrange multiplier’ w.. The Lagrange multiplier for Eq.(7) is the reorientation stress vector
T, associated with the nematic director.

1 . 1 . .
2 tsTkW:e-<§e:FF*1+dc) :rsTkW:<§e-e:FF*1+e-d> :rsTkw:(]Iskw:FF*I—i—e-d).
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2.2 Variational-based weak formulation

The weak forms are obtained starting form the principle of virtual power [19]

In+1 .
/ 84 H (@D, V. XDy Vs 6, We, Ty, R) dr:=0 9)
In

where fields with continuous time evolution, i.e., the time derivatives @, p, v, X, P ¥ Vv, & and discontinuous
time evolution w, T,, R appear. Equation (9) is valid for any time step .7, = [tn, tn+1] and the functional

H is given by the sum of the internal energy IT™, both kinetic energies 7 and 7, as well as both external
energies T1%" and 15X, associated with the deformation mapping ¢ and the orientation mapping x

H = T+ 7;1 + I—[ext + HZXt + Him. (10)

Hence, the fulfillment of Eq. (9) is associated with
In+1 . . . . ..
/ (8+T + 8Ty + 8. TI + 8, T + 6, IT™) dr := 0. (11)
I

The distinction between kinetic energies 7 and 7, and external energies [T and I1¢** for the two mappings is
made according to Anderson etal. [ 18]. We start by presenting each functional and calculating the corresponding
variation. The functional of the deformational kinetic power depending on the fields ¢, v and p reads

Bo

T@.p= [ voowav— [ pov—grav- [ pov-grav. (12)
K7 ._%’0
The variations with respect to the fields ¢, v and p are calculated by means of the Gateaux derivative

8T (¢, V,p) == /
0

p-d@dV +/ (pov —p) - 8xvdV
%o

- [v—¢@]-8,pdV. (13)
Kz

The functional of the orientational kinetic power, which depends on the fields x, v, and p, is given by

7, (X V. By) :Z/

¥ -[poﬂ]v dV—/ b, -[v, — %] dv
o X X X o X [X ]
—f Py [Vx = %] av (14)
HBo
and the corresponding virtual orientational kinetic power
8T, ()'(,\"X,px) :=/ Py - Six dV —i—/ (,oolf(vx —px> <84V, dV
%’0 %’O

- / [ve — %] 8.b, dV. (15)
0

Consistently, again with the work of Anderson et al. [18], we define as deformational and orientational the
energies that are associated with the deformation mapping ¢ and the orientation mapping y, respectively. The
deformational and orientational kinetic powers in Eqgs. (12) and (14) are obtained by summing up the integral
of the time derivative of the kinetic energy density on % with the integrals of the following constraints:
v = ¢ and v = ¢ for the deformational kinetic power and v, = x and v, = j for the orientational kinetic
power. Constraints are satisfied by means of the Lagrange multiplier method with p, p, p, and p, as Lagrange
multipliers. This procedure has been taken from Grof et al. [24].

In the functional of the deformational external power, the external loads such as the volume load B and
the surface load T' occur, which act upon the whole body % and the Neumann boundary dr %, respectively.
The reaction force R is a Lagrange multiplier, which acts on the Dirichlet boundary 0,%¢ = 0% \dr %o
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for enforcing the constraint related to the Dirichlet boundary condition ¢ = @, which is expressed as time
derivative [24]

™ (¢, R) := —/

7

Po

,ooB-{odV—/ T‘{odA—/ R (¢ —9) dA. (16)
ar Bo 3w‘%0

The virtual deformational external power with respect to the variations of the time derivative of the deformation
mapping ¢ and the reaction force R reads

8,11 (¢, R) = —/ﬁ
Po

—/ R-B*(pdA—/ 8:R - [¢ — @] dA. (17)
BW%) 34;@0

poB-(S*q')dV—/ T 8.¢dA
97‘:@0

We introduce the functional of the external power and the virtual orientational external power in Eq. (19)
associated with the time derivative of the orientation mapping x with the relating volume load B, and surface
load W, with the latter acting on the Neumann boundary dw %y. In this work, we do not introduce any
Dirichlet boundary condition for the orientation mapping; therefore, a corresponding orientational reaction
force as Lagrange multiplier is not needed.

f[;“(x):—/ poBX-)'(dV—/ W xdA (18)
L%() w Bo
81 () :=—/ poB -S*XdV—f W .5, x dA. 19)
L%)() 3ngo
The time derivative of the internal energy IT™, as it appears in Eq. (10), is the internal power
pint . pyint ((P, X6, Ty, wr) ) (20)
In the internal power, we include the strain energy densities of Eqs. (1-3), the constraints for the time rates

of the continuum rotation & and the orientation mapping x and the two stress vectors w. and 7, as Lagrange
multipliers. The internal power reads

. Y .Y , :
P‘"H:/ [—:F+—-x]dV+/ Ty X te:x®@aldV
By oF 8X By *

1 .
+/ w, - [-e L FF! +a} dav. 1)
By 2
The virtual internal power is obtained by calculating the variations with respect to the five fields @, x, e,

7, and w,, considering that the time derivative of the deformation mapping ¢ occurs in the internal power as
time derivative of the deformation gradient F := Grad [¢]

: Y OF 1 OF
5*73““:/% —1/’-—.3*¢dv+/ zwf'e-F_T:%wS*gde
0

oF "¢ %o
oy . . .
+ — S xdV + Ty -0 xdV + 8*u~(txxx) dv
By OX By By

+/ wToS*deV—i-/ 8sTy - [X +x xa]dV
@0 %)O
1.
+/ SxWy - [—e :FF~! +a} dav. (22)
Bo 2

By summarizing all variations from the virtual powers, we obtain five weak forms which are solved by a
monolithic approach. The deformation mapping is obtained from the weak balance of the linear momentum

Int1 In+1 1 oF
/ / 5.9 [p— poB] dth—i—/ / “w, e FT 5T 5,pdvdr
ty Bo ty Bo 2 8(p
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In+1 3w 8F In+1
f f -8, dV dr — / f 8. -TdAdr
20 (p I ar Bo

Int1
—/ f 8.9 - RAAdt =0, (23)
ty 0y Ao

whereas the orientation mapping yx is given by the weak balance of the orientational momentum

In+1 Int1
/ / 8*)'(- — poB dth+f / — S x dV dr
In «%0 5’0

Int1 Int1
+/ / a*x-erde—f / Sui - WdAdr = 0. (24)
ty Bo th ow Ao

The weak balance of the reorientation stress expresses the reorientation stress 7, as a function of the orientation
mapping x and the stress vector w, of Eq.(8)

Int1
/ / Sua - [Ty X x +we ] dVdr =0. (25)
B
The weak continuum rotation

th+1 1 .
/ / S Wy - |:dc+—e : FF_l} dvdr =0 (26)
tn %O 2

and the weak balance of the orientation rate
tht1
f / 8:Ty - [X —aex x]dVdt =0 27
Bo

correspond to the two constraints of Egs. (6) and (7), respectively.

2.3 Balance laws

The weak forms of Egs.(23-27) fulfill balance laws, which are obtained by using particular types of test
functions. By substituting the test function §,¢ = ¢ = const. in the weak balance of the linear momentum,

we obtain
h+1 Int1 1
/ / p-chdtz—/ / —w, -€- FT : Grad[c]dV dt
I %() th %’0 2

Int1 9
—/ _lﬁ : Grad[c]dV dt
l . OF

1 0
th+1
+/ / poB - cdV dt
In 330
th+1
+/ / T cdAdt
In ar Bo

In+1
+/ / R-cdAdt, (28)
ty awﬂo

where the derivative of the deformation gradient with respect to the deformation mapping occurring in Eq. (23)
can be expressed as

OF 3Grad
IF 50 = 200d0] o o Gradls,¢] = Gradle]. (29)
0@ L)
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Since the gradient of the constant term ¢ is equal to zero, we determine the balance of the linear momentum
by canceling the constant ¢ from the other integrals

Int1 In+1
L(tn+1)—L(tn)=/ / ,ooBdth—l—/ / T dAdr
In 930 173 31,@()

Int1
+ / / RdAdr. (30)
I 9y Ao

Analogously, we formulate the balance law of the orientational momentum by inserting the test function
8+ X = ¢ = const. in Eq.(24)

It
L, (tn—H) -L, (ty) = / f ,OOBX dVv dr
I 3?0

th41 th+1 81//
+/ / W dA dr —/ / [rx + —] dv dr. (31)
th 3wﬁ0 th @0 8X

By summing up both balances from Eqgs. (30-31), we obtain the following total momentum balance depend-
ing on the external loads, the reorientation stress vector 7, and the partial derivative of the strain energy with
respect to the orientation mapping

L (tn-i-l) —L ([n) + Ln (tn-‘rl) - Ln (tn)

tht1 In+1
=+/ / poBdth—i—/ / T dA dt
tn iz I ar Bo
Int1 tht1
+/ / ,OoBXdth—l-/ / W dA dt
tn 20 I dw Ho

th+1 Iny1 avf
+/ / RdAdr — / / [:X + —} dv dr. (32)
th 3¢,%() th By 8X

In order to determine the balance law for the moment of linear momentum, we insert the test functions
3+¢ = ¢ X ¢ and §,.a = ¢ in the weak forms of Eqgs. (23) and (25), respectively, with ¢ as constant term

In41 aw
J (1) = J (tn) = —/ / (F X —> dvdr
th %0 aF
In+1 In+1
+/ / (xxrx)dth—i—/ / [¢ x T] dAdt
In 4@() tn aT<@O

tit1 Int1
—{—/ / [¢ x poB] dV dt +/ / [¢ x R] dAdt. (33)
In Zo ty 3(0.@0

The balance law of the moment of orientational momentum results from employing the test function
S+x = ¢ x x inEq.(24)

It aw
I (i) = T (0) = —/ / (x « —) av dr
In ﬁo aX
In41 tht1
—f / (x x7y) dth—i—[ / [x x poBy] dV dr
I Z0 ty B

In41
+f / [x x W] dAdr. (34)
In 3w§’30

The space-time integration of the cross-product between the orientation mapping and the reorientation stress
vector appears in both balance laws with opposite signs. Furthermore, based on the strain energy functions in
Egs. (3—4), the following identity is valid:

thtl 9 tht1 0
/ / (F « —‘/’> dvdr = _/ / (x « —‘/’> dv dr, (35)
In Ho oF ty Ao 3X
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which is demonstrated in the Appendix. Consequently, by summing up Eqs. (33—-34) we obtain the total moment
of momentum, which is depending only on the external loads

Int1
J(tn-'rl)_J(tn)‘f'.]n(tn-‘rl)_.]n (tn)=+/ / [(DXR] dAdr
th 8¢<%0

th+1 Int1
+/ / [goxT]dAdt—i—/ f [x x W] dAds
In aTf%}O In BWL@O
Int1 tht1
+/ / [x x poBy] dV dr +f / [¢ x poB] dV dr. (36)
th -—%’0 In %0

A further balance related to the orientation mapping results by inserting the test function 6,7, = x in the

weak form of Eq.(27)
Int1 X
/ / x-x=0, (37)
tn 330

since the cross-product of a vector with itself is equal to zero, i.e., & - (x x x) = 0. It leads to a further aspect
of the reorientation process for the nematic director: given that Eq. (37) is valid, the two vectors y and x are
perpendicular to each other and the nematic director is thus forced to rotate without undergoing any elongation
or shortening. The inextensibility of the nematic director is linked to its length, which must be equal to one;
therefore, we introduce the following weak balance of the reorientation function:

. . Int1
CM (tn41) — C (1) = / /Q (x> = 1] dv dr. (38)
n %0

2.4 Space and time discretization

In order to implement our model, we discretize the five variables @, &, x, w, and 7, in the weak forms of
Eqgs. (23-27) and the balance laws of Eqs. (30-31) and Egs. (33-34) in space and time.

k+1 n,
) 1
¢ =—> M ()Y Nt i (39)
hn
I=1 A=1
1 k+1 Ny
e ! eA
@ = - D M) Y Na(gp)ef (40)
I=1 A=1
1 k+1 np
ce / eA
X6 = EZM’ €)Y Nals)x§ (41)
=1 A=1
k np
w =Y My (€)Y Na@p) ws" (42)
I=1 A=1
k ny
T,0= Y M) Y Na@) Tt (43)
=1 A=1
Equations (39-43) show the time and space approximations of all variables for the eth finite element in
space with (piA, oth, fo, w,‘;A and 7 XfA as spatial and temporal nodal values. We used the same space

approximation with the shape function N4 (¢p) and n,, = 8 spatial Gauss points {p with B =1, ..., 8 for all
variables, whereas we applied the continuous Galerkin method for the time discretization with k = 2 temporal
Gauss points &; with J = 1, 2 for all variables. The time discretization is carried out in different ways based
on the type of the single variable. For variables which are time derivative, such as ¢, & and x, we use Lagrange
polynomials M; (£;) of degree k, whereas variables which are Lagrange multipliers, such as w, and 7, are

approximated by Lagrange polynomials M (&)) of degree k — 1. Approximated time derivative variables must
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be divided by the chosen time step size #, in Eqs.(39-41). The variables ¢ and x occur in the weak forms
without time derivative, e.g., in the weak balance of the reorientation stress of Eq. (25) and the weak continuum
rotation of Eq.(26). In this case, the variables ¢ and yx are discretized as follows:

k+1 Ny

9° =) M ()Y Na(tp) oi’ (44)
=1 A=1
k+1 np

X“=)_ MiE) ) Na@s) xi (45)
I=1 A=1

where M; (&) are Lagrange polynomials of degree k. Lagrange polynomials M; (£;), M; (£;) have been
reported in the work of GroB et al. [24] and the Lagrange polynomials M (£;) are the time derivatives of the
Lagrange polynomials M; (£;). According to the continuous Galerkin method, all test functions 5@, 8¢, 54 X,
8w and 8,7, must be discretized with Lagrange polynomials M (£)) of degree k — 1 as in Eqgs. (42-43).
A complete and concise description of the continuous Galerkin method can be found in the work of Erler and
Grof} [25]. Rules for time discretization must be of course strictly followed for the implementation of residuals
and tangents, and the corresponding discretized equations are not reported in this work for the sake of brevity,
but our approach has been partially described again in the work of Grof3 et al. [24].

3 Numerical results

We describe the results of the simulations on a LCE film. We consider the same geometry of LCE film for
all simulations as a film of size 0.0125 x 0.075 x 0.0003 m [20] with 1500 hexahedral elements (H1). A
quadrilateral element with drilling degrees of freedom could be considered as an alternative to the hexahedral
element (see, e.g., [26]), but we refrain from using plane finite elements, since we would like to include
three-dimensional motion in a future work. Moreover, we employ for all simulations a finite element method
and the continuous Galerkin method with a degree k = 2 for the Lagrange polynomial of the time shape
functions, which have been implemented in our in-house finite element software. For a detailed description on
the time discretization for fields having either a continuous time evolution or a discontinuous time evolution,
we refer to the work of Grof3 et al. [19]. The time step size is 0.0005 s from O up to 0.1 s, which corresponds
to 200 time steps. We have considered the infinity norm of the global residual as convergence criterion, i.e.,
the highest value in the residuals of the weak forms from Egs. (23-27) must be lower than the prescribed
tolerance of 10~8. We have taken into account the data reported from de Luca et al. [2] for the shear modulus
p = 3.43 x 10* N/m? and the ratio between polymer step lengths r = 1.88. Although these data are referred
to a temperature of 60 °C, in this work the temperature does not influence in any other way the mechanical
response of the LCE. We have taken the radius of gyration [/, = 28 x 10719 m from the book of Warner and
Terentjev [1] in the direction parallel to the nematic director for the temperature of 60 °C. Since the radius of
gyration perpendicular to the nematic director is equal to 23 x 107! m, the difference between the two radii
of gyration in both directions is negligible. The density is pg = 1760 kg/m> [20] and the Poisson ratio is set
to v = 0.49 in order to lend a quasi-incompressible behavior to the material.

3.1 LCE film under initial rotation

In the first simulation, the LCE film is subjected to an initial rotation @ = 25 rad/s about an axis parallel to
the z-axis (direction +e;), passing through the center of mass of the considered geometry, as shown in Fig. 3a,
b. In the reference configuration, the nematic director is oriented in the direction ey. Neither Dirichlet nor
Neumann boundary conditions are applied in this case; therefore, all momenta and moments of momenta (both
linear and orientational) must be conserved. In Fig. 3¢, d, the distribution of the magnitude of the reorientation
stress vector on the LCE film surface is shown for the time step in the middle, i.e., # = 0.05 s and the final time
step, i.e., = 0.1 s, along with only one nematic director every 20 nodes, whereas a single nematic director is
depicted every 40 nodes in figures representing the reference configuration for the sake of understandability. As
Lagrange multiplier of the constraint in Eq. (7), the reorientation stress vector corresponds to the stress which
makes the nematic director rotate about the direction describing the time rate of the continuum rotation and thus
impedes the nematic director from stretching. The nematic directors rotate uniformly keeping their orientation
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vector with the nematic directors for t = 0.05 s (¢) and r = 0.1 s (d) for a LCE film subject to the prescribed initial rotation
(color figure online)

with respect to the specimen. The magnitude of the reorientation stress vector increases from both ends of
the LCE film up to the end of the simulation, when a spot-like pattern for the magnitude of the reorientation
stress arises and the highest magnitude is finally reached over the whole specimen. Figure4a refers to the
total momentum in the left y-axis and the total moment of momentum in the right y-axis over time. The total
momentum in the current time step L1 (t,+1) = L (t,+1)+Ly, (t,+1) is given by the balance in Eq. (32) asa sum
between momenta in the previous time step L (t,) + L, (t,) and the terms in the right-hand side of Eq. (32).
Analogously, the total moment of momentum in the current time step J7 (ty+1) = J (th+1) + Jn (tar1) 1S
given by the balance in Eq.(36) as sum between the total moment of momentum in the previous time step
J (ty) + J, (t,) and the terms in the right-hand side of Eq.(36). Figure4a shows that the total momentum
and total moment of momentum are conserved, as expected. In Fig.4b, the orientational momentum and the
moment of orientational momentum are shown, given by the balances in Egs. (31) and (34), respectively. The
orders of magnitude of the orientational momentum and its moment are much lower by comparison with
the total moment and total angular momentum, which includes also the linear momentum and its moment.
This is due to the orientational momentum p, being determined by the square of the radius of gyration, as
shown in Eq.(15). The orientational momentum and the moment of orientational momentum are conserved
as well, but an abnormal trend can be observed by approaching the end of the numerical test. The sum of the
orientation stress vector with the partial derivative of the strain energy with respect to the orientation mapping
mainly affects the trends of the orientational momentum and its moment. The trend might be linked to energy
consistency issues, which have been not addressed in this work. Figure 4c shows the error of the balances for the
linear momentum (Eq. (30)) and its moment (Eq. (33)), whereas Fig. 4d shows the error of the balances for the
orientational momentum (Eq. (31)) and its moment (Eq. (34)). All errors are lower than the prescribed tolerance
and all momentum balances are thus fulfilled. In Fig.4d, each error exhibits a trend which is symmetrical to
the associated orientational momentum and its moment with respect to the x-axis. Since the error is given by
the left-hand side of Eq. (34) subtracted by its right-hand side and then divided by the prescribed tolerance,
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Fig. 4 Total momentum and total moment of momentum (a), orientational momentum and moment of orientational momentum
(b), error of the linear momentum balance and error of the moment of linear momentum balance (c¢), error of the orientational
momentum balance and error of the moment of orientational momentum balance (d) over time for a LCE film subject to the
prescribed initial rotation. In all plots, the left y-axis is referred to the momenta and the right y-axis to the moments of momentum

the terms have opposite signs. The orders of magnitude for the orientational momentum and its moment are
much lower than those of the correlated errors because the latter are divided by the tolerance of 1073,

3.2 LCE film under volume load

The second representative simulation consists in the LCE film specimen being clamped in its left side as
Dirichlet boundary condition (See Fig.5a). The Neumann boundary condition is a constant orientational
volume load over time equal to 0.1 m?/s? in direction —e,. In the reference configuration, the nematic director
is oriented in direction e,. In Fig.5c, d the distribution of the magnitude of the reorientation stress vector
and the nematic directors are shown for the same time steps as in the previous example. The rotation of the
nematic director is more pronounced by moving away from the clamping in the left end of the LCE film. The
greatest rotations of the nematic director occur noticeably at the right end of the specimen. The rotation of
the nematic directors is accompanied by the deformation of the embedding bulk elastomer. Figure 6a displays
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Fig. 6 Total momentum and total moment of momentum (a), orientational momentum and moment of orientational momentum
(b), error of the linear momentum balance and error of the moment of linear momentum balance (¢), error of the orientational
momentum balance and error of the moment of orientational momentum balance (d) over time for a LCE film undergoing the
prescribed volume load. In all plots, the left y-axis is referred to the momenta and the right y-axis to the moments of momentum

the total momentum and total angular momentum over time. A decreasing trend for the momenta in the x-
and y-direction is observed along with the decrease in the angular momentum in the z-direction. The decrease
in the trends is due to the term associated with the reaction forces, the term L (#,) in Eq.(32) and the term
J (t,) in Eq. (36), since no other Neumann boundary condition is active, e.g., gravity. In all other directions,
the total momentum and total moment of momentum are constant. We notice an analogous response for the
orientational momentum and moment of orientational momentum in the same directions, although the trend
appears scattered with a significantly smaller order of magnitude. The balance laws for momenta and moments
of momentum are fulfilled, as shown in Fig. 6¢c, d. The increasing trend for the error of the moment of linear
momentum, which is noticeable in Fig. 6¢, is related to the decreasing trend of the total moment of momentum
in Fig. 6a.
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3.3 LCE film under surface load

As third example, we consider the same specimen of LCE film being clamped in its left side with an orientational
surface load acting upon the very thin surface in the right end of the specimen. The orientational surface load
is 3 x 1077 Nm~! in direction —ey. We do not impose any other Neumann boundary condition. The nematic
director in the reference configuration is oriented in direction e, in this case too. The Dirichlet boundary
condition is shown in Fig.7a, which is the same as considered for the LCE film under orientational volume
load. In Fig.7a, the blue arrows refer to the direction of the orientational surface load. Figure7b, ¢ depicts
the reorientation stress distribution and the nematic directors for the two considered time steps. The response
of the LCE film to the orientational surface load is similar to the one observed for the orientational volume
load, but the rotation of the nematic director is much lower and the highest magnitude of the reorientation
stress vector is detected near the narrow area subjected to the Neumann boundary condition. Accordingly, the
resulting deformation of the LCE film is significantly lower as compared to the deformation of the LCE film
subjected to an orientational volume load (cf. Figs. 5c, 7c). Concerning the total momentum and total moment
of momentum of Fig.8a, we observe a remarkable decrease in the y-direction of the total momentum and
the z-direction of the moment of momentum. Such trends are influenced in the same way as the LCE film
under the orientational volume load. In Fig. 8b, the trends of the orientational momentum and the moment of
orientational momentum appear concentrated because the orientational surface load acts only in a restricted
region of the specimen. Figure 8c, d shows that the balance laws for momenta and moments of momentum are
fulfilled.

For all representative simulations, the balance law of the reorientation function of Eq. (38) has been proven
as well. The error of the reorientation function over time is shown in Fig. 9 for the case of the LCE film under
initial rotation, but all presented loading cases exhibit an identical response for this error.

4 Conclusion

The goal of our work was the modeling of the reorientation process of mesogens in a LCE film under dynamic
loads or free motion. For this reason, we considered a continuum model with two separate mappings for
describing the deformation and the nematic director, where the latter represents the unique direction of the
mesogens. The introduction of two separate mappings led to distinct formulations for the energy, consistently
with the work of Anderson et al. [18]. The reorientation of the nematic directors was accomplished through
the drilling degrees of freedom and the related Lagrange multipliers as independent variables, for the purpose
of ensuring the inextensibility of the nematic director. We simulated the response of a nematic LCE film
subjected to orientational volume load and surface load [18], as well as to free rotation. The weak forms and
the balance laws were determined by using the principle of virtual power, and all presented momentum balances
were preserved thanks to the usage of the continuous Galerkin method. This work lays the foundations for
the prediction of the motion actuation, which is the most remarkable characteristic of LCEs. Moreover, the
formulation could be improved by considering further variables, which were let out in this work, such as the
orientation gradient. A future work should also deal with the issue of energy consistency.
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Appendices A

In order to demonstrate the identity in Eq. (35), the following rule for the cross-product between second-order
tensors must be introduced [19]

AxB:=¢: [ABT]. (A1)
In the elastic strain energy density, only the deformation gradient appears and hence only the left-hand side of

Eq. (35) is involved. In this case, the cross-product between the deformation gradient and the derivative of all
Neo-Hookean terms must be zero, in order to fulfill the identity in Eq. (35), as shown in Egs. (A2)—(A7)))

der(I:C—3
F o 2deid T N o F x F=2cie : (FFT) =0 (A2)
—er 21 -7
(Ol ClogD] ) o delFIFTT (FF~') =0 (A3)
oF det[F]
A 2
9 [— [log (1)] }
Fo L2 L _ g loeW@elUFD gt (A4)
oF 2 det[F]
= rlog (det[Fl)e : (FF~') =0
P [%(1 - 1)2}
F x —=——= = 23F x [det{F] - 1] det( FIF (A5)

aF
= A[det[F]— 1]det[Fle : (FF~') =0

d[c3ng - Cngl

oF =2c3F x F (ng @ ng) (A6)

= 2cz€ : [F (no ® no)" - FT] —0,

since the double axial vector of symmetric second-order tensors, such as F F T and F (ng @ ng)” FT,is equal
to zero.
We calculate the left-hand side of Eq. (35) also for the interactive energy as

L0 [eoll FTn,|I7]

°F =2coF x [(n; @ ny) F] (AT)

= 2co€ : [FFT n; @ nt)T]

and

9 [CIO (no - FTnt)z]
oF

F x

=2c10F x [ (mo- FTn; ) (m @ mo) (A8)

=2c10F x [F : (n; ® no) (n; ® no)]
=2c10[F : (n; @ ng)] € : [F (ng @ ny)] .

In Eq. (A8), the left Cauchy—Green strain tensor B = FFT appears analogously to the free energy density
described by Conti et al. [21]

IF n,|? = [(FTn,) : (FTnt)]22 - <FFT> S, @ny). (A9)
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However, in Eq. (A8) the double contraction between the second-order tensors F and n; ® ng [23] gives back
a scalar, which is factored out from the cross-product. We calculate also the right-hand side of Eq. (35) for the
interactive energy density by substituting the orientation mapping n; = x (ng, t) as the nematic director in
the current configuration

L0 [eoll FTn, %]

= 2con; X (FFTn,) (A10)
ax

= 2c9€ : (nt ® FFTn,)
= —2cge : [FFT n; @ nt)]
T \2
ad [010 (no -F n;) ]

X X i = 2ciom; X [(no : FTnt> (Fno)]

= 2cion; X [F : (n; ® ng) (Fngp)]
= —2c10[F : (n, ®no)] € : [F (no @ n)]. (ALT)

Equation (A11) is equal to Egs. (A8) and Eq. (A10) is equal to Eq. (A7) with opposite signs and thus the identity
of Eq. 35 has been proven.
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