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Abstract We discuss some aspects of using the spatial description and the finite volume method as applied
to the solid mechanics problems. The main objective is to study the differential equation relating the strain
measure to the velocity gradient. We show that this equation can be reduced to an integral form and the
obtained equation has the structure of the balance equation without a source term. On the one hand, such form
of equation for the strain measure is convenient when dynamical problems of solid mechanics are solved by
using the finite volume method. On the other hand, the balance equation allows us to look at the strain measure
as a parameter of state in a broader sense, not as the purely geometrical characteristic. We believe that this
interpretation of the strain measure may open up new prospects for describing the processes connected with
the substance supply into solids. In order to solve such problems, we suggest to add a source term into the
balance equation for the strain measure. We discuss this idea from different points of view. We also solve some
problems where the stress—strain state of solids is caused by the source terms in the balance equation for the
strain measure.

Keywords Solid mechanics - Open systems - Strain measure - Spatial description - Eulerian description -
Finite volume method - Solid front tracking

1 Introduction

There are two basic approaches to describe the kinematics of continua: the material (Lagrangian) description
[1-3] and the spatial (Eulerian) description [4—6]. Moreover, there are various hybrid descriptions, see, e.g.,
[7-12]. The material description is usually employed to simulate the behavior of solids. We note that one
can introduce several different strain measures in the material description [13]. All of them have the clear
geometrical meaning, since they somehow or other characterize changes of the form and volume of the
elementary part of material fixed in the reference configuration. The partial differential equations formulated via
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the material description can be discretized by the Finite Element Method (the FEM), see [14—16]. Recognizing
all the advantages of the material description and the FEM, we do note that they have some limitations. For
example, finite elements tend to significantly distort at large strains, and as a result of this, the calculation
accuracy reduces. That is why, the computationally expensive remeshing techniques are often employed for
large strains. Furthermore, the use of the material description and the FEM is problematic when modeling
fracture processes and plastic flow of materials. Certainly, there are computational techniques allowing to
overcome the difficulties associated with the material discontinuity, but they considerably complicate the
numerical procedures. In addition, it takes some ingenuity to apply the material description and FEM to model
the processes associated with the mass supply, such as the chemical reactions and the growth of biological
tissues. Certainly, there are a number of works, which solve such problems within the framework of the material
description, see, e.g., [17,18]. At the same time, the need to get over the difficulties and limitations arising
from the use of the material description has been resulted in that the spatial description begins to be used
in solid mechanics [19-24]. We note that, in the recent years, the spatial description is developed not only
for the classical continuum, but also for the Cosserat continuum [25-32] and the Cosserat continuum with
microstructure [28,33-36].

The spatial description consists in the observation of material flow through a control volume that is fixed in
the reference frame or moves relative to the reference frame in a given way. Such an approach does not require
the material to be continuous. That is why the spatial description is less restrictive regarding the simulated
processes and has a broader range of applicability than the material one. The spatial description is usually
employed for simulating the gas and fluid dynamics, the dynamics of porous materials and multi-component
media, as well as the sedimentation processes and the chemical reactions. We emphasize that for a long time
the spatial description was applied exclusively for gases and fluids, i.e., when the elastic part of the stress
tensor is completely determined by pressure. The constitutive equations for the elastic pressure can be written
in terms of the density of mass. Therefore, we do not need the strain measures in the gas and fluid dynamics.
The situation is completely different in solid mechanics, where the constitutive equations for the elastic part of
the stress tensor are formulated in terms of the strain measures. From a mathematical point of view, the strain
measures in the spatial description seem to be exactly the same as the corresponding strain measures in the
material description. However, there are several important differences. First of all, in contrast to the material
description which implies two position vectors and two gradient operators, in the case of the spatial description
we deal with only one position vector and only one gradient operator. Therefore, not all the strain measures that
are employed in the material description have analogies among the strain measures that can be introduced in the
spatial description. The second distinction between the strain measures in the material and spatial descriptions
results from the fact that, in the spatial description, we cannot define the displacement vector as the difference
of the current and reference position vectors, as it is done in the material description. This is due to the fact that
the spatial description does not implies the reference position vector at all. Thus, using the spatial description
we are forced to introduce the displacement vector as the solution of the partial differential equation relating
it to the velocity vector, see, e.g., [28,29]. The displacement vector obtained in such a manner is a formally
introduced characteristic. In some cases, it does not correspond to an actual displacement of some part of the
material. As a result, the strain measures defined by the gradient of the displacement vector, lose the clear
geometrical meaning that the strain measures have on the case of the material description. The third distinction
is connected with the fact that the velocity field plays an important and completely independent role in the
spatial description. Indeed, in contrast to the material description, which is based on two position vectors (the
reference one and the current one), the spatial description is based on using the velocity vector along with the
current position vector. Therefore, in the spatial description, it is of interest to determine the strain measures
by means of the equations relating them to the velocity gradient, but not to the displacement gradient. These
equations are well known, see, e.g., [28,29,37]. They have exactly the same structure in both the descriptions.
The only difference is that we employ the total time derivative in the material description and the material time
derivative in the spatial description, see [38,39].

‘We emphasize that it is not advisable to use the equations directly relating the strain measures to the velocity
gradient in the material description. However, these equations turn out to be very useful in the spatial description.
First of all, they allow us to close the system of differential equations without using the displacement vector,
see [29]. In addition, they allow us to look at the strain measures as parameters of state in the broadest sense,
and not as the purely geometrical characteristics. The latter may open a way to modify the strain measure
definition. This, in turn, may open up new prospects for describing the processes connected with the substance

supply.
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The main objective of our study is to analyze the differential equation relating the strain measure to the
velocity gradient and to reduce this equation to the integral form, or rather to the form of the balance equation.
The novelty consists in the modification of the obtained balance equation by adding a source term into it. We
note that equations for strain measures having the form of the balance equation can be found in [24,37,40], but
the corresponding equation with the source term is suggested for the first time. We believe that this equation
may be useful for describing various structural transformations and phase transitions in solids, as well as
chemical reactions in multi-component media. This source term can also be used to simulate the processes
associated with the substance supply not through the surface, but directly into the volume, e.g., by means of a
syringe. It is obvious that the process of the substance supply depends on the direction of the syringe needle.
It is also obvious that this process cannot be modeled with the sufficient accuracy if only the source term in
the mass balance equation is used, because the scalar source term does not allow one to take into account the
syringe needle direction. We note that we can consider the substance supply directly into the volume regardless
of whether this substance is a fluid or a solid. Certainly, it is difficult to imagine the supply of solids with a
syringe. But we can consider the supply of a fluid that instantly turns into a solid under the certain thermal or
chemical conditions. Simulating this process, we can assume that we supply the solid with a syringe. Below
we discuss two examples of solid deformation caused by the source term in the equation for the strain measure.

The partial differential equations obtained via the spatial description are usually discretized by using
the Finite Volume Method (FVM), see [14,41-44]. Certainly, the numerical methods based on the spatial
description, including the FVM, have their advantages and disadvantages. In particular, it is problematic to
formulate the Dirichlet—-Neumann boundary conditions in the case of the moving boundary of matter using
these methods. That is why the hybrid approaches are often used. They possess the advantages of the both
material and spatial descriptions and reduce the inconveniences of each one. Some cutting edge numerical
techniques based on such approaches has been firstly developed in fluid dynamics and later on adapted to
solid mechanics. One of these methods we employ in this paper. This method consists in the following. We
use the spatial description to formulate all the differential equations in the whole computational domain. An
important and innovative aspect of our approach is to use the components of the inverse deformation gradient
as the main variables. To be precise, we eliminate the components of the displacement vector and obtain the
differential equations that directly relate the components of the velocity vector and the components of the
inverse deformation gradient. On the one hand, these differential equations play the role of the kinematics
relations, because they do not contain any material constants. On the other hand, these differential equations
can be interpreted as generalizations of the mass balance equation, since the latter can be rewritten in terms
of the determinant of the inverse deformation gradient. Thus, we obtain the system of differential equations
describing the behavior of solids that has the same structure as the system of differential equations in the gas
and fluid dynamics. The only difference is that, in the case of gas and fluid, the system of equations includes
the mass balance equation, whereas we use equations relating the velocities and strains. Along with the spatial
description, we also apply the material description, but only to track the interface of the material. Using this
hybrid description allows one to formulate various conditions at the cells where the interface of the material
is located at the given moments of time. For example, one can apply the Dirichlet—-Neumann conditions to the
moving boundary of the material. We employ the front tracking technique to locate the interface of the material,
see [45]. In accordance to this technique, we interpolate the velocity field at points located in close proximity
to the interface of the material and in this manner we calculate the velocities of the interface points. After
that we use these velocities for determining the position of the interface of the material at the next moment of
time. We discretize the system of the differential equations using the Finite Volume Method and explicit time
integration scheme, as it is usually done in the fluid and gas dynamics. We note that our program allows us
to use a highly irregular mesh for space discretization. We also can solve problems for solids of any shape,
because the program performs a set of boolean operations to construct the initial map of the density. But the
main advantage of our approach is that it makes it possible to simulate the non-isotropic supply of matter by
means of source terms in the differential equations for the strains.

2 The solid mechanics problems in the spatial description

Below we consider the solid mechanics problems and apply the spatial (Eulerian) description. Let vector r
identify the position of the center of a control volume. Then, all variables characterizing the stress—strain state
of the matter are the functions of position vector r and time 7. We use the following notations: v = v(r, t) is
the velocity vector field; p = p(r, t) is the density field; ¢ = o (r, 1) is the Cauchy stress tensor; g = g(r, 1)
is the inverse deformation gradient; and U = U (r, t) is the internal energy per unit mass.
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2.1 The total time derivative and the material time derivative

Now we consider a moving control volume (or, what is the same thing, a moving observation point). A position

of the observation point in a reference frame is determined by position vector r(x, y, z, t), where x, y, z are
dr

the reference coordinates. Velocity of the observation point v is calculated as vp = o orasvp = g, what
is the same thing since coordinates x, y, z do not depend on time. We suppose that a matter flows through
the control volume. At time ¢, some part of the matter occupies the control volume. This part of the matter
possesses velocity v. We emphasize that v # vg. At time ¢ + At, the position of the observation point is
identified by position vector r 4+ vp At and the considered part of the matter occupies a new control volume,
the position of which is identified by position vector r + VAf.

Next, we consider scalar function f = f(r, ) characterizing a property of the matter or a process in the
matter.

The total time derivative determines the rate of change of function f in the given control volume at the
given time. It is defined as

dt ~ A0 At

df . fr+voAtr, t+ At) — f(r,1)
— lim . (1)

It is obvious that different parts of the matter occupy the given control volume at different time. That is why,
the total time derivative characterizes the process at the given point of space rather than at the given part of the
matter.

The material time derivative determines the rate of change of characteristic f associated with that part of
the matter which turns out in the given point of space at the given moment of time. It is defined by the following
formula [28,38]:

Sf . far+vVvAt,t+ At)— f(r, 1)
- lim .

= 2
5t At—0 At @
The expression on the right-hand side of Eq. (2) can be divided into two parts as
Sf . fr+voAr,t+ Ar) — f(r,1)
— = lim +
ot At—0 At 3)
. far+vALt+ At)— f(r+ VoAt t + At)
+ lim
At—0 At

The first term on the right-hand side of Eq. (3) is the total time derivative, see Eq. (1). The second term on
the right-hand side of Eq. (3) is the convective derivative. It is related to the rate of change of characteristic f
due to the fact that the given part of the matter moves with velocity v — v relative to the control volume and
occupies different control volumes at the subsequent moments of time. Thus, the material time derivative is
defined as

sf df d

— =—4+(v—vp) VS V=—. 4

ot dr ( 0)-V/ or @

We note that in the case of the material description the observation point moves with the material volume.

This means that

§f _df
= _——=—, 5
vo=v 5 dr ©)
In hydrodynamics, the fixed observation point is usually used. In this case
§f _df
= O _——= — . V . 6
Vo = o TV (6)

In this section, we have considered the moving observation point in order to clarify the difference between the
total time derivative and the material time derivative. We emphasize that below we use the spatial description,
and hence, we use the material derivatives. Below, for simplicity sake, we consider the fixed observation point.
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2.2 The mass balance equation

Let us consider an open control volume V fixed in the reference frame and bounded by surface S. In general
case, the mass change inside the control volume can be caused by two different processes: the mass flow
through the surface and the supply of mass to the volume. The integral form of the mass balance equation is
well known:

d
— | pdV = —/(n‘v),odS+/ XpdV, (7
dr Jy s v

where n denotes the outward-pointing unit normal vector to surface S, and x, is the mass supply per unit volume
per unit time. We can consider Eq. (7) as the mass balance equation for one of the mixture components. In
this case, the source term y, characterizes the mass exchange between the components of the mixture due to
chemical reactions or some mechanical processes such as adhesion of particles of one component to particles
of another component. We can also use the source term y, to simulate various mechanical processes, e.g., the
Hele-Shaw flows, where the mass is supplied with a syringe in the direction perpendicular to the flow plane,
or even biological processes like the volume growth of tumors due to the anomalous cell division [46], as well
as many other processes.
It is well known that from Eq. (7) it follows the local form of the mass balance equation

5p
ot
where the material derivative is defined by Eq. (6). We note that if x, = 0 the whole system is a closed system,

certainly under the appropriate boundary conditions, whereas the infinitesimal control volume is an opened
system in any case.

+ oV v =xp, (8)

2.3 The linear momentum balance equation

The integral form of the linear momentum balance equation is

i pvdV = —/(n-v)pvdS+/n-adS+/ pfdV +/ XpVsdV. )
dr Jy s s v v

Here f is the body force, v, is the velocity of particles of the supplied matter. Velocity v, can be equal to zero,
e.g., if we model the adhesion of particles of a stationary medium to particles of a moving medium. Velocity v,
can be equal to velocity v, e.g., if we model chemical reactions in a mixture, all components of which move at
the same velocity. In view of Egs. (6), (8), from Eq. (9) one can obtain the local form of the linear momentum

balance equation

ov
ps; =V o+l xp(Ve = V). (10)

We note that source term x, (v, — v) in Eq. (10) can be treated as an internal body force, see [18]. We believe
that this is a question of terminology, and nothing more.

When using the spatial description, the boundary conditions are formulated only at the boundary of the
computational domain. Let us assume that the computational domain is not completely filled with a material.
In this case, there are boundaries between the material under consideration and empty space (or some other
material) within the computational domain. Let us assume that some external forces are distributed over the
surface of these internal boundaries of the material. Within the framework of the spatial description, we cannot
formulate the boundary conditions at these internal boundaries. Hence, we should replace these surface forces
with the corresponding body forces in the momentum balance equation. Thus, it is convenient to represent the
body force f in Eq. (10) as the sum of two terms, namely

f=1+f., (11)
where f}, is the true body force, e.g., gravity force, and £, is the body force modeling some surface forces, e.g.,
the Neumann boundary conditions, see [24,47]. Substituting Eq. (11) into Eq. (10) yields
v
p§=V~a+pfb+pfc+xp(v*—v). (12)

Later on, we discuss in more detail how to change the surface force by the equivalent body force pf..
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2.4 The angular momentum balance equation

We assume that the rotational degree of freedom and the moment interactions are absent. Then, the integral
form of the angular momentum balance equation is

d
—/ rx(pv)dV:—/(n-V)rx(,ov)dS—i—/rx(n-or)dS—i-
dr Jy s s (13)
+/rx,ode+/rxxpv*dV

v 1%

Transformation of Eq. (13) in view of Egs. (4), (8), (10) yields o = oT. Thus, we see that the stress tensor
must be symmetric even if the mass supply is taken into account.

2.5 Differential and integral equations for the strain measure

It is well known that, in the material description, the inverse deformation gradient g is defined as
g=E — Vu, (14)

where E is the second-rank identity tensor, V is the gradient operator at the current configuration, u is the
displacement vector. Exactly the same strain measure can be introduced in the spatial description, see, e.g.,
[25,28,29].

Below we use only the spatial description. As shown in [29], in the spatial description, the displacement
vector does not have a clear geometrical meaning. In fact, we can consider the relation between the displacement
vector and the velocity vector

su (15)
— =V
ot

as the definition of the displacement vector. Such definition can be found in [29]. Certainly, this is not the
only possible definition of the displacement vector in a spatial description. We can consider Eq. (14) as an
alternative definition of the displacement vector if we define tensor g by means of an equation that directly
relates it to the velocity gradient. In Sect. 2.8, we discuss two definitions of the displacement vector in more
detail.

It is evident that one can exclude vector u from the system of Eqgs. (14), (15) and obtain a differential
equation that directly relates the strain measure to the velocity gradient. First of all, we refer to [25,28,29],
where this equation is given in the form

og

5= —(Vv) - g. (16)

In addition, we note that it is not difficult to show that Eq. (16) can be rewritten as

8g_l

— g L.
5 8 (Vv). A7)

Next, we consider another form of the differential equation relating the strain measure to the velocity
gradient. In view of Eq. (4), we rewrite Eq. (15) as

W €V (18)
— =V- — u,
dr
Taking the gradient of both sides of Eq. (18) and changing the order of the gradient operator and the total time
derivative, we obtain
d(Vu)
-

Taking into account the definition of the strain measure (14), we can rewrite Eq. (19) as

V(v [E — Vu]). (19)

d
d—f - _V(v-g). (20)
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Equation (20) is less known than Egs. (16), (17), but it also can be found in literature, see, e.g., [37,40].
Certainly, Egs. (16), (17), (20) are equivalent to each other.

Generally speaking, we can consider any of Eqgs. (16), (17), (20) as the definition of strain measure g. To be
exact, we can replace the definition of the strain measure (18) with any of the listed equations. In this manner
we can obtain a closed system of the differential equations describing dynamical processes in solids, in which
tensor g will play the role of one of the main variables and vector u will be absent. Thus, if we do not need the
displacement vector, we can ignore both Egs. (14), (15). If we still need vector u, it can be calculated by using
any of Eqgs. (14), (15) when tensor g and vector v are already known. The possibility of using Eq. (15) does not
need proof. The possibility of using Eq. (14) is less obvious. Let us prove this. First of all, we note that from

d
Eq. (20) it follows that E(V x g) = 0. Hence, if (V x g)|;,—0 =0, then V x g = 0. Hence, V x (E—g) = 0.

This means that tensor E — g can be represented as Vu. Thus, Eq. (14) has a solution for any tensor g satisfying
Eq. (20).

We note that Eq. (20) essentially differs from Eqgs. (16), (17), because it can be rewritten in the integral
form. Indeed, integrating Eq. (20) over the volume and applying the divergence theorem, we have

d
— | gdV =— / n(v - g)ds. 21
dr v S
Now we introduce a third-rank tensor
J;=Ev-g. (22)
In view of Eq. (22), we can rewrite Eq. (21) as
d
— ng:—/nngdS. (23)
dr 1% S

It is evident that Eq. (23) has the structure of the integral balance equation and tensor J, can be treated as the
strain flow tensor. We believe that Eq. (23) is of interest. On the one hand, it is convenient to use this equation
when solving problems numerically via finite volume method. Such an approach was developed in [24,37].
On the other hand, Eq. (23) suggests that it is possible to modify the definition of the strain measure. This can
be useful for modeling processes where the mass supply from the external source is taken into account.

2.6 The mass density and the determinant of the strain measure

It is well known that, in gas and fluid dynamics, the mass density is one of the main variables and the mass
balance equation is one of the basic equations. If the source term is absent, this equation takes the form

5p

V.v=0. 24
3t+'0 v (24)

In solid mechanics, Eq. (24) is not included into the system of the basic equations, if the material description
is used. In this case the current value of the mass density is calculated by the algebraic formula relating it to its
reference value and the volumetric strain. Exactly the same algebraic relation holds in the spatial description,
if the source term in the mass balance equation is absent. This relation has the form

p=p013(g), I3(g) =Detg, (25)

where I3 determines the volume strain of the matter, pg is the value of p corresponding to the unstrained state
of the matter, i.e., the state when g = E, and hence, I3 = 1. A substantiation of Eq. (25) is as follows. As
shown, e.g., in [28], from Eq. (16) it follows that

4
22 i BVav=0, (26)
8t

and from Eqgs. (24), (26) it follows that

1p 1 68l s (p
- E=_22 —(£)=o. 27
ot Lot 5t( ) 7)
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It is evident that Eq. (25) is a solution of Eq. (27). Although, as shown in [28], Eq. (27) has other solutions.
But we will not discuss them here.

Now we consider the dynamical processes when it is necessary to take into account the source term in the
mass balance equation. In other words, we return to Eq. (8). There are two possibilities.

1. We can keep the generally accepted definition of the strain measure or, that is the same thing, the definition
of the strain measure in the form of Eq. (20). Then, Eq. (26) remains unchanged. In this case, we reject
Eq. (25) relating the density of matter to its volume strain.

2. We can keep Eq. (25). In this case we are forced to add the corresponding source term into Eq. (26). This
means that we need to modify the definition of the strain measure by adding a source term to it.

In our study, we choose the second way, i.e., we add the source term into the equation for strains. Then,

the equation for /3 takes the form
513

E+I3V‘V:X3‘ (28)
In order to keep Eq. (25) unchanged, source terms yx, and x3 must be related as
o
Xp = X3 29
I3

2.7 The strain balance equation with the source term

It is obvious that we cannot replace Eq. (26) with Eq. (28), keeping the equation for tensor g unchanged. As
mentioned above, the differential equation for tensor g can be written in different forms, e.g., Egs. (16), (17),
(20). Looking at the problem from a purely mathematical point of view, we conclude that one can add source
terms to all of the listed equations. It is obvious that the source terms will be related to each other. But it is not
obvious whether the source terms will have a clear physical meaning. The situation becomes quite different
when we consider the integral form of the equation for tensor g, namely Eq. (23). Since it has the form of the
balance equation, adding the source term to this equation, we take into account the supply of strains to the
control volume.
Thus, adding of source term x , to Eq. (23) yields

d
m ng:—/n-JgdS-i—/xng. (30)
1% S 1%

From Egs. (22), (30) it follows the local form of the strain balance equation

d
d—fz—V(v-g)erg. 31)

2.8 Two definitions of the displacement vector

Now we turn to the definition of the displacement vector. As shown above, Eq. (20) follows from Egs. (14),
(15). It is evident that, if we change Eq. (20) by adding source term x ,, i.e, we replace Eq. (20) with Eq. (31),
then both equations (14), (15) cannot hold true simultaneously. We can reject one of Eqgs. (14), (15) and use
the other one as the definition of the displacement vector. We consider two approaches.

Approach 1. We reject Eq. (14) and define the displacement vector by means of Eq. (15). In this case,
source term X , can be chosen arbitrary. From Eq. (31) it follows

8
S = (V) gV Ve— (Ve v (32)

We emphasize that if we reject Eq. (14) we cannot prove that terms v - Vg and (Vg') - v are equal to each
other. That is why, Eq. (32) differs from Eq. (16) not only by term x ,, but also by two additional terms. From
Eq. (32) we obtain

813

W+13(V-V+g_l--(VgT)~V—V-(Vg)--g_l)=X3, (33)
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where
x3=Dhg X, (34)
It is easy to see that Eq. (33) differs from Eq. (28). This means that we cannot keep Eq. (25) unchanged even
if source terms x, and x3 are related by Eq. (29).
Approach 2. We reject Eq. (15) and use Eq. (14) to define the displacement vector. In this case, we have
the following restriction:

V xg=0. (35)
It is not difficult to show that from Eqs. (31), (35) it follows that
Vxx,=0. (36)
In view of Eq. (14), from Eq. (31) we obtain
og
5= —(Vv) - g+ X,- (37)

Itis evident that Eq. (37) differs from Eq. (16) only by the additional term x ,. From Eq. (37) it follows Eq. (28),
where source term 3 is given by Eq. (34). Hence, Eq. (25) is hold true and source term x, can be expressed
through source term x3 by Eq. (29). From Egs. (29), (34) it follows that x, can be calculated as

Xo=Pg X (38)
In addition, we note that, in the considered case, we can replace Eq. (15) by the equation

)
L (39)

where x, is a source term. We can prove this by the following line of reasoning. In view of Eq. (14), we rewrite
Eq. (39) as

du
E:w(E—Vu)—i—xu. (40)
Next, taking the gradient operator of the both sides of Eq. (40) and taking into account Eq. (14), we obtain
o Vyg-v @1
—_— = — V- — .
ar g Xu
Comparing Eq. (41) with Eq. (31) we conclude that

It is easy to see that source term x , defined by Eq. (42) identically satisfies the restriction given by Eq. (30).
Thus, we have proved that if we introduce the source term in the strain balance equation and define the
displacement vector by Eq. (14), we can replace Eq. (15) by Eq. (39).

Now we cannot say that one of two considered approaches is preferable to the other. Perhaps the choice of
approach depends on the problem being solved.

2.9 The strain balance equation and the mass balance equation

We note that adding the source term to the equation for the strain measure we change the definition of the
strain measure and endow the strain measure with new physical meaning. In fact, we can consider Eq. (31)
as a new definition of the strain measure. If we look at the strain measure from the point of view of its new
definition, we can return to the question of whether the mass density and the determinant of the strain must be
related. There are two possibilities.

1. We can use Eq. (38) for calculating the source term in the mass balance equation. In this case p will be
related to the determinant of g by Eq. (25).
2. We can reject Egs. (38). In this case we can consider g and p as the independent variables.

In this study, we choose the first approach. However, we believe that the second approach can be useful
when modeling phase transitions and structural transformations that result in changes of some mechanical
characteristics of solids, but do not result in change of the mass density. For modeling such processes, we can
use the strain balance equation with the source term and the mass balance equation without the source term.
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2.10 The energy balance equation in the simplest case

Now we consider the purely mechanical processes. Thus, we assume that the supply of thermal, electrical,
chemical and other non-mechanical energy is absent. However, we take into account the mass supply. Certainly,
the supplied substance can possess both the kinetic energy and the internal energy. In view of the aforesaid,
the energy balance equation is written as

d

1
E ,O(EV V+U>dV /(n o) - VdS+/pf vdV —

4
1 1
/(n v)p (EV V+U)dS+/<§XpV*'V*+Xe>st
14

where . is the internal energy of the supplied substance per unit volume per unit time. Applying the divergence
theorem and taking into account Egs. (4), (8), (10), after some transformations we obtain
sU 1
P =0 (V) + S xp (Ve = V)P + Xe = xpU- (44)
Now we should eliminate Vv from Eq. (44) in view of Eq. (32) or Eq. (37). Let us use, e.g., Eq. (37). Then we
reduce Eq. (44) to the form

43)

8 U sg  _ 1 _
=0T (B )+ [ S0 =V e — U 0 (x g ) | (45)
8t ot 2
For simplicity sake, we assume that
1 _
Xe=XpU = SXpMVa = V) =0 - (xg g (46)
In view of Eq. (46), the energy balance equation (45) takes the form
6 U T ég  _ 1)
=—0 - . 47
8t ’ <5t 8 “7)

2.11 The constitutive equation for the stress tensor

In order to derive the constitutive equation, we perform the standard transformations of Eq. (47) taking into
account the fact that tensor ¢ is the symmetric one. As a result, we obtain

sU T oe
R e, 48
P (g-0-g) 5 (48)
where e is the Green strain tensor, which has the form
I _ _
e=2@ g —E). (49)

We assume the material to be elastic. Then, in accordance with Eq. (48), the internal energy U is a function of
tensor e. Substituting U = U (e) into Eq. (48) and taking into account Eq. (25) yields

0ol 7

de ’
Thus, Eq. (50) allows us to represent the stress tensor in terms of strain measure g if the internal energy is
specified as the function of tensor e.

For simplicity sake, we consider the physically linear isotropic elastic material. We use the St.Venant—
Kirchhoff model:

o =det(g)g - (50)

A
poU = Etrz(e)—i—ue--e, (51)
where X and p are the Lame parameters. Substituting Eq.(52) into Eq.(50), we obtain the constitutive equation

o = det(g) g*l -(Atr(e)E + 2ue) - g*T. (52)
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2.12 Description of thermal processes in view of the new concept of strains

Now we rewrite the energy balance equation (43) taking into account thermal processes. We have
d 1
m p(iv-v—l—U)dV=f(n~a)-vdS+/,of~vdV—/n-hdS
14 S

Vv N
1 1
+/pqu—/(n.v)p<5v-v+U>dS+/(EXPV*-V*+Xe>dV.
Vv N Vv

Here h is the heat flux vector, ¢ is the heat supply from the external source per unit mass per unit time. In view
of Egs. (4), (8), (10), (37), from Eq. (53) it follows

U r (08
=5
{2 =V 4 e = 1, U -1

2X,0 % Xe — Xp +‘7"(Xg'g )

(33)

g’l) —V -h+pq
(54

For simplicity sake, we assume the material to be elastic. Next, we introduce the absolute temperature 7 and
the entropy per unit mass 7 in the same way as it is done in [25-28]:

oH 1 -
'OTE =—V-h+pg+ [Exp(v* —V)2 + Xe— xoU +0 - (xg - g 1)} (55)
In view of Eq. (55) the energy balance equation takes the form
sU T /(08 _1) oH
—=—0 =" T—. 56
P51t 7 (5; & Tp ot (56)

Equation (56) is called the reduced energy balance equation. It allows to obtain the constitutive equations
for stress tensor ¢ and temperature 7. Equation (55) is the heat conduction equation. We pay attention to two
important facts. Firstly, source term x , effects thermal processes. Secondly, if source term x, is not equal to
zero, then an additional effect of elastic stresses on thermal processes appears. This additional effect is not
directly related to the thermal expansion.

Here we briefly outline a way that allows us to describe the mutual influence of thermal and mechanical
processes in view of our concept of strains. A more detailed discussion of this subject is beyond the scope of
this study. But we note that our approach can be useful, e.g., in describing structural transformations in metals
that occur as a result of mechanical and thermal effects. It also can be useful in describing the processes of
crushing rocks.

3 Computational aspects

To solve the problems numerically, we use the finite volume method. Therefore, we formulate the basic
equations in the integral form, namely

d
—/ pvdV = —/(n-v)pvdS+/n~adS+/ pde—}—/ XpVsdV,
dr Jy s s 1% 1%

d
d
Vv N Vv

Certainly, to close this system of equations, we must supplement it with the algebraic equations

o = det(g) g*1 -(Atr(e)E + 2ue) -g*T, Xp = pg*l C g
| S (58)
e=§(g g —E), J;=Ev-g.

Now we give an account of the main features of our approach:
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Fig. 1 The discretization scheme

— We use the components of strain measure g as the main variables. We include the equations relating the
components of g to the components of velocity vector v into the system of the basic equations.

— We do not include the components of displacement vector u in the list of the basic variables and our system
of the basic equations does not contain the equations for the components of vector u. If these quantities
are needed, they can be calculated after the system of the basic equations is solved.

— We use the well-known staggered grid discretization scheme adapting it to our basic variables. Such scheme
allows us to to work with highly irregular grids, such that the height and width of elementary cells differ
by more than 100 times.

— We employ an explicit time-marching scheme. The fact that our system of the basic equations includes
the equations for strains instead of the equations for displacements does not affect the choice of the time
integration step.

— We apply the initial marker functions to define the initial density of the material and to construct the initial
material interface. We employ the front tracking technique to define new positions of the material interface
at each subsequent time step.

— We do not formulate any additional conditions at the boundary of the material if this boundary does
not coincide with the boundary of the calculation domain. We take into account the Neumann boundary
conditions by means of the corresponding body forces in the equations of motion. In the case of the
kinematic boundary conditions, we use them instead of the equations of motion.

3.1 The staggered grid discretization scheme

We use the staggered grid discretization scheme, where different variables are assigned at different points of
the control volume. This technique of the spatial discretization allows one to reduce computational errors and
make the computational procedure more stable. This technique has a significant advantage over collocated
grid discretization, where all variables are defined at the same points of the control volume. The staggered grid
discretization is the well-known technique and it is often used in the finite volume method. But we suggest
an original formulation of the problem, where the components of the strain measure play the role of the basic
variables. Therefore we are forced to adapt this technique to the variables that we use. We assign the velocity
projections v, and v, and the mass density p at the cell centers, the components of the strain measure g, and
gyx at the centers of the vertical sides, the components of the strain measure gy, and gy, at the centers of the
horizontal sides. The discretization scheme is illustrated in Fig. 1.

3.2 The choice of the time step

Since we use the explicit time-marching scheme, we choose the time step based on the Courant—Friedrichs—
Lewis number, which is defined as CFL = cAt/Ax, where c is the maximal signal propagation speed; At is the
time step discretization; and Ax is the minimal spatial step in the calculation domain. It is known that CFL < 1
guarantees stability for almost all explicit schemes. By numerical experiments, we found that CFL. = 0.25
ensures the convergence of our numerical scheme.
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Fig. 2 An example of the marker function

3.3 Constructing of the initial marker function

We use the marker function to compute the average mechanical properties on the elementary cell, such as the
initial mass density, Young’s modulus and Poisson’s ratio, and also to define the interface of the material for
those cells which are partially filled with the material. The marker function is defined as the ratio of the volume
of material in the given cell to the volume of the whole cell. It takes values between 0 and 1. Value 0 means
that the material is absent in the cell. Value 1 means that the cell is completely filled with the material. All
other values mean that the cell is partially filled. The procedure for constructing the initial marker function is
as follows:

— to generate the domain geometry using Gmsh open source software and employing Q9 elements (the
rectangle with 9 nodes);

— to generate the solid geometry using Gmsh open source software and employing 7'3 elements (the triangle
with 3 nodes);

— export two geometries into MATLAB and set the data and connectivities;

— to perform a set of intersection boolean operations between the solid geometry and each elementary cell
in order to define the initial marker function in all elementary cells of the computational domain.

In order to illustrate the procedure, we give an example, see Fig. 2. A regular volume with two contours,
which represent the internal and external boundaries of the material is shown in Fig. 2a. The result that we
obtain after performing the procedure is shown in Fig. 2b.

3.4 The front tracking technique

The front tracking technique is a numerical method that was first developed by Tryggvasson [37,45] to study
multi-component flows. The main idea of the method is to track the material interface by interpolating the
velocity vector at some points located at the material interface, e.g., point P in Fig. 3. As soon as the interface
velocity v, is determined, we can find the new position of the interface.

In order to calculate the velocity vector of point P located at the material interface we use the bilinear
interpolation:

4
1 1
V;;'_ = Z wivith, (59)
i=1

where w; = A;/Y_ A; are the interpolation weights, A; are the areas shown in Fig. 3, and v; are the known

velocities calculated at the centers of the neighboring cells.
After velocities le"'_l are found, we can determine new positions of the corresponding points of the material

interface as:

il =rl 4 v AL (60)
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Fig. 4 The scheme for calculating the body force f. equivalent to the Neumann boundary conditions

We note that, when analyzing the large strains, the pseudo-remeshing technique need to be applied at the
material interface, because neighboring nodes can become distant from each other.

3.5 The Neumann boundary conditions

In the spatial description, the boundary conditions are formulated at the boundary of the computational domain.
If the material boundary is inside the computational domain, then we have to set the Neumann boundary
conditions by body force f. in the linear momentum balance equation, see Eq. (9). The procedure for calculating
f. is as follows:

— to calculate length S; for each segment of the material interface in the control volume, see Fig. 4;

— tocalculate f; = p; Sin;, where p; is the pressure on the segment and n; is the normal vector to the segment,
see Fig. 4;

— to calculate f, = > f; /Ay, where A, is the area of the control volume (for 2D analysis).

4 Test problems

Below we consider five test problems illustrating the application of our method to model different mechanical
processes in solids, such as the wave propagations, the flow of matter through the control volumes, and the
dynamical processes in the matter caused by the source terms in the balance equations for the strains. For
simplicity sake, we ignore the thermal effects and solve all the problems under the assumption of the plane
strain, i.e., we suppose that all samples have the infinite length in the direction perpendicular to the plane x, y.

The first three problems are well known. We consider these problems in order to demonstrate that our
method allows us to obtain quite adequate results when describing various mechanical processes. The first
problem illustrates the propagation of initially plane waves, which are subsequently reflected from a circular
hole. The second problem illustrates the generation and propagation of waves in the case of more complex
geometry. The third problem shows the crack opening process and demonstrates the movement of matter
through the elementary cells. The statements of the fourth and fifth problems are original, since they contain
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the source terms in the equations for the strains. These problems differ from each other only by the source
terms. The velocity of supplied matter v, is assumed to be zero in both the problems. We consider the fourth
and fifth in order to show that the presence of the source terms does not create any difficulties for the numerical
procedure and leads to predictable results. Modeling of real physical processes by means of the source terms
in the equations for strains is beyond the scope of our study.

In all the problems, we consider the samples occupying a part of the computational domain. Thus, we
demonstrate the application of the font tracking technique for determining the location of the sample boundary
at the current time and also the application of our technique of replacing the Neumann boundary conditions
by the corresponding body forces. In all the problems, at the initial moment of time, the samples are at rest
and their states are unstressed and unstrained. In all the problems, we use the same conditions at the boundary
of the computational domain, namely, we assume that projections of the stress tensor on the normal to the
boundary are equal to zero.

4.1 Problem 1: wave propagation in a solid sample with a circular hole

We consider a sample with the following parameters: the height of the sample is 0.1 m; its width is 0.2 m; the
radius of the circular hole is 0.015 m; Young’s modulus is 21.6 GPa; Poisson’s ratio is 0.3; the mass density is
2500 kg/m>. The wave processes in the sample are caused by the pressure acting on the vertical boundaries. If
we used the material description, we would have to formulate the Neumann boundary conditions in the material
description. But in the framework of the spatial description, we cannot formulate any additional equations at
the boundary of the sample, since the boundary is inside the computational domain. That is why we replace
the pressure at the vertical boundaries by the body forces evenly distributed over the elementary cells closest
to the boundaries. These forces are directed along axis x at the left boundary and against axis x at the right
boundary. The forces increase linearly with time, so that they equal to zero at the initial time point and reach
the maximum value of 5 MPa at the final time point. The initial time point is zero, the final time point is
1 s. The horizontal boundaries of the sample are free. In the spatial description, these conditions are satisfied
naturally. We use the space grid with 100 elements in the horizontal direction and 50 elements in the vertical
direction. Sizes of the horizontal elements change from 2.08 mm (in the center of the computational domain)
to 18.5 mm (near the left and right boundaries). Sizes of the vertical elements change from 1.41 mm (in the
center of the computational domain) to 17.6 mm (near the top and bottom boundaries).

We now turn to the simulation results. The distributions of stresses oy, at four different moments of time
are shown in Fig. 5. At the initial moment of time the stresses are absent, see Fig. 5a. The dots in Fig. 5a show
the lagrangian discretization of the material interface. Employing these set of dots we determine the shape
and location of the body at each time step. We observe two stress wave fronts in Fig. 5b. These waves start
to propagate from the boundaries of the sample to its center. When the wave fronts reach the circular hole
at the center of the sample, we observe the appearance of reflected waves, see Fig. 5c. Finally, we observe a
stable and symmetric distribution of stresses, see Fig. 5d. In subsequent moments of time, the stresses increase
linearly with increasing the external forces.

4.2 Problem 2: wave propagations in a thick walled cylinder

We consider a cylindrical sample with the inner radius equal to 0.08 m and the outer radius equal to 0.2 m.
Young’s modulus of the material is 10 GPa; Poisson’s ratio is 0.3; the mass density is 2500 kg/m>. The time-
varying pressure acts on the inner surface of the cylinder, whereas the outer surface is fixed. In order to satisfy
the boundary conditions at the outer surface, we replace the equations of motion in the cells closest to the outer
surface by equations v, = 0, vy, = 0. The conditions at the inner surface are, in fact, the Neumann boundary
conditions. As in the previous problem, we model these boundary conditions by means of the body forces. In
the case of the cylindrical sample, the body forces are evenly distributed over the elementary cells closest to
the inner surface. These forces are directed along the radius of cylinder. The dependence of the body forces
on time is exactly the same as in the previous problem. Thus, this problem is very similar to the previous one,
but it allows us to demonstrate employing of our method in the case of the more complex geometry. We use
the space grid with 51 elements in both the horizontal and the vertical directions. Sizes of elements change
from 5.428 mm (in the center of the computational domain) to 25.0 mm (near the boundaries).

As in the previous problem, we show the distributions of stresses oy, at four different moments of time,
see Fig. 6. The initial state with the zero stresses and the set of points, which discretize the interface of the



1844 E. A. Ivanova, L. E. Jatar Montafio

TimeStep = 1 TimeStep = 50 %107

Y coordinate
o

: °

Y coordinate

-0.6

-0.8

0.15 -0.1 -0.05 0 0.05 0.1 . -0.15 0.1 -0.05 0 0.05 0.1

X coordinate X coordinate
(a) Time =0s (b) Time = 7.5 x10~6 s
TimeStep = 650 TimeStep = 5990

50

45

40

35

30

25

Y coordinate
Y coordinate

0.15 -0.1 -0.05 0 0.05 0.1 0.15 -0.1 -0.05 0 0.05 0.1
X coordinate X coordinate

(¢) Time = 9.75 x10~° s (d) Time = 8.99 x10~* s

Fig. 5 Problem 1. Horizontal stress oy in (Pa) at different time steps

material, is shown in Fig. 6a. One can observe four stress wave fronts in Fig. 6b. All of them propagate from
the inner surface of the cylinder to its outer surface. Two waves are the compression waves. The other two
waves are the extension waves. This is because the distribution of oy, is shown in Fig. 6, whereas the external
load is radial. The distribution of stresses at the moment of time when the waves have already reached the
outer surface of the cylinder is shown in Fig. 6¢. The steady-state stress distribution can be found in Fig. 6d.

4.3 Problem 3: the crack opening process

We consider a sample with a crack located in its center. The sample height and width are equal to 0.35 m and
0.7 m, respectively. The crack height and width are equal to 0.1 m and 0.015 m, respectively. Young’s modulus
of the material is 1000 Pa; Poisson’s ratio is 0.3; the mass density is 900 kg/m>. The boundaries of the sample
are assumed to be fixed. The crack opens due to the pressure acting on its vertical walls. We model the pressure
by the body forces, evenly distributed over the elementary cells closest to the vertical walls. These forces are
directed against axis x at the left wall and along axis x at the right wall. The dependence on time is the same as
in the previous problems. We use the space grid with 120 elements in the horizontal direction and 60 elements
in the vertical direction. Sizes of the horizontal elements change from 1.33 mm (in the center) to 92.4 mm
(near the boundaries). Sizes of the vertical elements change from 4.57 mm (in the center) to 31.9 mm (near
the boundaries).
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Fig. 6 Problem 2. Horizontal stress oy in (Pa) at different time steps

The change of the density field near the crack seem to be the most interesting in this problem. It is shown in
Fig. 7. Theinitial density field is in Fig. 7a, where the empty space is shown in blue and the crack walls are shown
by a set of points discretizing the material interface. At the beginning of the process, when compression waves
propagate from the crack and deformations of the crack walls are invisible so far, is shown in Fig. 7b. Later,
the crack walls are displaced and noticeably deformed, see Fig. 7c. Some elementary cells previously filled
with material become empty. This means that the material flows through the cells. The further development of
the crack opening process, when even more empty cells appear, is shown in Fig. 7d.

4.4 Problem 4: strain sources distributed in a rectangular region

‘We now turn to the problem, where the external forces are absent and the stress—strain state of the material
is caused only by the source term in one of the equations for strains. We consider a sample with the following
geometrical and physical parameters: the height is 0.35 m ; the width is 0.7 m; Young’s modulus is 21.6 GPa;
Poisson’s ratio is 0.3; the mass density is 2500 kg/m?>. The vertical and horizontal boundaries of the sample are
fixed. We suppose that strain sources x ¥, are evenly distributed over the rectangular region |x| < 2 x 1073 m,
ly| <5 x 1072 m and do not depend on time. All other components of tensor x ¢ are equal to zero. Component

x5, equals —5 x 107> 1/s. We use the spatial grid as in the previous problem.

The density fields are shown in Fig. 8. At the initial moment of time, the density is evenly distributed over
the whole region occupied by the material. In subsequent time points the density decreases significantly in
the region where strain sources x$, are nonzero. Thus, some part of the material is removed from the central
region of the sample, and as a result, this region is occupied by the material with a lower density. The horizontal
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Fig. 13 Problem 5. Horizontal velocity field v, in (m/s) at different time steps (the figure is scaled to better fit the region of
interest)

velocity fields are shown in Fig. 9. It is seen, that the matter located on the left-hand side moves to the right,
whereas the matter located on the right-hand side moves to the left. Thus, the matter flows towards the central
region occupied by the material with a lower density. The vertical velocity fields are shown in Fig. 10. We see
that at the beginning the material tends to flow to the center, but later some parts of the matter move towards
the center, whereas some other parts flow from the center. This can be explained by the Poisson effect. The
distributions of stresses oy, and oy, are shown in Figs. 11 and 12, respectively. At the beginning, we observe
the even distributions of the stresses in the region of the strain sources and zero stresses in all other regions.
Later, the stresses spread to larger regions and considerable concentrations of the stresses appear near the upper
and lower boundaries of the region of the strain sources.

4.5 Problem 5: strain sources distributed in a circular region

Now we consider the problem that differs from the previous one only by the strain sources. We assume that
: g 8 s o ; : 2 2 —232 .2
strain sources xy, and yy, are evenly distributed over the circular region x~ + y= < (2.5 - 107°)° m~ and

do not depend on time. Component x5, equals to 5 - 107> 1/s, component )(ygy equals to 5 - 1070 1/s, the
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Fig. 14 Problem 5. Vertical velocity field vy in (m/s) at different time steps (the figure is scaled to better fit the region of interest)

other components of tensor X , are zero. We emphasize that, in contrast to the previous problem, now we use
where the source term was negative, in this problem the source terms are positive. This means that we add the
material.

The horizontal velocity fields can be found in Fig. 13, where we can observe that the velocities are directed
from the center and their values increase with time. The vertical velocity fields are in Fig. 14. It is easy to see
that at the beginning the velocities are directed from the center, but later the vertical velocity fields become
more complex. It is evident that the vertical velocity fields considerably differ from the horizontal ones. This
is because the value of strain source X;gy is much less than the value of strain source x£,. The distributions
of stresses oy, oyy and oy, can be found in Figs. 15, 16 and 17, respectively. One can observe that stresses
oyx and oy, are negative in the region of the strain sources, whereas stresses oy, are zero in this region. The
distributions of stresses oy, and oy, differ from each other. This is due to the considerable difference of the
strain sources x5, and Xygy. For the same reason, the concentrations of positive and negative stresses oy, appear
near the boundary of the circle region. For the same reason, the concentrations of positive stresses oy, appear
near the upper and lower parts of the circle region boundary, while these stresses remain negative near the left
and right parts of the circle region boundary.
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Fig. 15 Problem 5. Horizontal Stress o, in (Pa) at different time steps (the figure is scaled to better fit the region of interest)

5 Conclusion

Now we emphasize three advantages of our approach. The first one is that we use only the instantaneous
characteristics of the stress—strain state of solids as the main variables. Such an approach does not require the
introduction of the reference configuration. This approach is typical for fluid and gas dynamics, but novel for
the solid mechanics. We believe that our approach can be useful for describing dynamic processes in solids,
when some parts of the material are deformed elastically, and plastic flow appears in other parts of the material.
Our approach can also be useful for describing dynamic and quasi-static processes in the viscoelastic materials
that behave like fluids, e.g., Maxwell’s material. The second advantage of our approach is that we introduce
the source term to the equation for the strain measure. Thus, we have expanded the concept of strains, taking
them beyond the purely geometrical characteristics. This idea is novel. We believe that our definition of strains
can be useful for modeling various processes in multi-component media containing solids. For example, one
can use it to model chemical reactions which result in changes in mechanical states and mechanical properties
of solids. We are convinced that our definition of strains can be applied not only to solving problems related
to the supply of matter from an external source. It can be also applied to the description of phase transitions
and structural changes that occur without a change in mass. The third advantage of our approach is that the
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Fig. 16 Problem 5. Vertical Stress oy, in (Pa) at different time steps (the figure is scaled to better fit the region of interest)

presence of the source term in the equation for the strain measure provides additional opportunities to take
into account the interaction of thermal and mechanical processes.

Within the framework of our approach, some questions remain open. They can be solved in different ways.
For example, we can relate the mass density to the determinant of the strain measure, or we can consider it as an
independent variable, see Sect. 2.9. Now it is unclear, which way is better. Also, we can use different definitions
of the displacement vector, see Sect. 2.8. It is not yet clear, which definition is preferable. In addition, modeling
different physical processes, we can imply different physical meanings of the source term in the equation for
the strain measure. We can consider it to be a purely external factor or the result of some internal physical and
chemical processes. Now it is difficult to say, which interpretation is more promising. All the above questions
require further research.
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