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Abstract We present an analytical study of the problem associated with an edge dislocation near a completely
coated finite anticrack (or rigid line inhomogeneity). The two foci of the elliptical coating-matrix interface
are located at the two tips of the anticrack. In addition, the coating and the matrix have identical shear
moduli but distinct Poisson’s ratios. By means of conformal mapping and analytic continuation, we obtain a
closed-form representation of a specifically constructed auxiliary function defined in the entire image plane.
This auxiliary function is then used to derive analytical expressions (in the image plane) of the two pairs of
analytic functions which characterize the corresponding stress and displacement distributions. A closed-form
expression representing the rigid-body rotation of the anticrack is presented by satisfying moment balance on a
circular disk with sufficiently large radius. The mode I and mode II stress intensity factors at the two anticrack
tips are determined explicitly.

Keywords Anticrack - Confocal elliptical coating - Edge dislocation - Rigid-body rotation - Stress intensity
factor - Analytic solution

1 Introduction

The study of elastic fields resulting from the presence of rigid line inhomogeneities continues to attract
increasing attention in the literature. These rigid line inhomogeneities are especially useful in the modeling
of composites; for example, they can be used to represent thin hard fibers as part of a reinforcing phase in
composite materials. Accordingly, researchers have considered material microsystems incorporating rigid line
inhomogeneities in various different scenarios ranging from those involving the influence of rigid inhomo-
geneities placed near material interfaces [1-4], the interaction of dislocations with rigid line inhomogeneities
[5] and the singular stress fields induced near the tips of rigid line inhomogeneities [6-9]. In all of the afore-
mentioned studies, the rigid line inhomogeneity is either embedded in a homogeneous material [3,5-9] or lies
at the interface of a bimaterial [1-4]. In the design of fibrous composites, a coating layer is usually inserted
between the internal inhomogeneity (representing the fiber) and the surrounding matrix with the objective of
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improving the bonding between the inhomogeneity and the matrix and also to reduce the material mismatch
induced stress concentration at the interface [10]. It is of interest to examine the influence of a rigid line
inhomogeneity when it is entirely embedded inside such an intermediate coating layer especially with respect
to its interaction with an edge dislocation located nearby inside the matrix region. We know, for example,
that dislocations are always present in a composite and the embedded rigid line inhomogeneity will tend to
repel the dislocation so that an analysis of the interaction between the two becomes crucial in the design of
the corresponding composite. We mention in closing this paragraph that a rigid line inhomogeneity is often
referred to as an ‘anticrack’ [2,7] originating from the point of view put forward by Dundurs and Markenscoff
in [7] that a rigid line inhomogeneity can be considered as the ‘opposite’ of a crack [7]:

“The opposite of a crack, in a certain sense, is a cut in the material that is filled with a rigid lamella: A
crack is a cut that transmits no tractions, but allows a displacement discontinuity. The rigid lamella transmits
tractions, but prevents a displacement discontinuity. There is no uniform terminology for the latter, and we
shall call them anticracks for brevity.”

In this paper, we present an analytical study of the interaction of an edge dislocation located inside the
matrix region and a finite anticrack entirely embedded in a confocal elliptical coating. The confocal geometry
permits an analytical treatment of the interaction problem. The coating and the matrix have identical shear
moduli but distinct Poisson’s ratios. Using conformal mapping, analytic continuation and an application of the
generalized Liouville’s theorem, we construct a closed-form representation of an auxiliary function defined
in the entire image plane. This auxiliary function is then used to derive the two pairs of complex potentials
(whose expressions contain convergent series) in the image plane which characterize the corresponding stress
and displacement distributions everywhere in the composite. By satisfying moment balance on a circular
disk with sufficiently large radius, the rigid-body rotation of the anticrack can be uniquely determined and
expressed in closed-form. We also obtain the stress intensity factors at the two anticrack tips induced by the
edge dislocation. Our solution is verified by careful comparison with its classical counterpart in Dundurs and
Markenscoff [7].

2 Complex variable formulation

We first establish a Cartesian coordinate system {x;} (i = 1,2, 3). For plane deformations of an isotropic
elastic material, the three in-plane stresses (o1, 022, 012), two in-plane displacements (uj, u2) and two
stress functions (¢1, ¢2) are given in terms of two analytic functions ¢(z) and ¥ (z) of the complex variable

z=2Xx1 +ixpas[11]

ol +oxpn =2 [(0/(2) +W] ,

o2 — o011 + 2io12 = 2[2¢"(2) + ¥/ (2)], (H
20 (uy +iuz) = k(2) — 2¢'(2) — ¥ (2),
b +itr =i[o@ + 0@+ @), @)

where k = 3 — 4v for plane strain and k = (3 — v)/(1 + v) for plane stress, u and v (0 < v < 1/2) are
the shear modulus and Poisson’s ratio, respectively. In addition, the stresses are related to the stress functions
through [3]

o1l = —912, 012 =911,
o021 = —¢22, 02 = . (3)

3 Analytic solution

As shown in Fig. 1, we consider an edge dislocation interacting with a confocally coated finite anticrack. The
two sides of the anticrack of half-length @ lying on the interval —a < x; < a, x, = 0% remain perfectly
bonded to a confocal elliptical coating, which is in turn surrounded by an unbounded matrix. Let S; and S
denote the coating and the matrix, respectively, which are perfectly bonded through the elliptical interface L
whose two foci are located at z = £a. The edge dislocation with Burgers vector (b, by) is located at z = zg
in the matrix. In what follows, the subscripts 1 and 2 are appended to quantities formerly free of subscripts to
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Fig. 1 An edge dislocation interacting with a confocally coated finite anticrack
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Fig. 2 The image &-plane

identify the respective quantities in Sy and S (for example, ¢1, V1, k1 will denote the values of ¢, 1, k in the
region Sy, etc—this notation should not be confused with the use of existing subscripts corresponding to the
complex variable z = x| 4 ix2). In order to arrive at an analytical solution, we further assume that the coating
and the matrix have equal shear moduli but distinct Poisson’s ratios.

As shown in Fig. 2, by introducing the following conformal mapping function

a 1
= = = PR ) 2 17 4
z=w() 2<$+$> €] “)
the two sides of the anticrack are mapped onto the unit circle |§| = 1; the elliptical interface L is mapped

onto the outer concentric circle |£| = R > 1; the location of the edge dislocation at z = z¢ is mapped onto
& =& (|%0| > R). Evidently, the semi-major and semi-minor axes of the ellipse L are given, respectively, by
5(R+ R~1) and 5(R — R~1). For convenience, we write ¢; (£) = @i (w(£)), Vi (€) = ¥i(w(&)) (i =1, 2).

As noted above, the two sides of the anticrack remain perfectly bonded to the coating. We disregard any rigid
body translation of the anticrack and assume that the anticrack undergoes only an unknown rigid-body rotation.
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Using Eq. (2)1, we thus impose the condition of rigid-body displacements on the two sides of the anticrack,
i.e., that u; + iup = iez, where ¢ is the unknown rigid-body rotation of the anticrack (to be determined),
leading to the introduction of the following analytic continuation

_ (1) EE*+ 1) 1
V1(6) = k191 (—) — 25— (&) +iape [ £+ - ). &)
3 £ — 3
Equation (5) implies that ¢ (§) has been extended to the annulus 1/R < |&]| <
Using Eq. (5), the continuity of tractions and displacements across the perfectly bonded elliptical coating-
matrix interface L can be written as

1

wz(é) z < ] < 4005 (6)

p1(§) =

and

. <R2> R4(K1—K2)(§2+1)+R2(K2+1)(52+R4)_/(R2> iape
o\ | — — |+

£ EE2— RY (1 + 1) “\e)T R
_ K2 — ki kika + D) (& dapeR®
= +1¢(€)+K1T (ﬁ>_ E €] = R. @)

A detailed derivation of Egs. (6) and (7) can be found in Appendix A. Equation (6) is an analytic continuation
of the two analytic functions ¢ (§) and ¢, (£) in view of the fact that ¢ (§) is now extended to R < |§] < 400
while ¢; (&) is extended to % < €] < R by using Eq. (6). In view of Eq. (7), an auxiliary function H (£) can
be constructed as follows

7 (R _ Rk 2+ D+R2 (o + D(E+RY) IW
V2 ( § ) EE2—RD (1 +1), %) g & 1EI<R

H(§) =
1 R?
T ® + e () — M 1> R

®)

We can see from Egs. (7) and (8) that H (&) is continuous across the circle [§] = R and is then analytic in
the whole &-plane except at the four points & = 0, &, R?&y, R?/&. By applying the generalized Liouville’s
theorem, a closed-form expression for the auxiliary function H (§) can be obtained as follows

(k1 — k2) (b1 +ib) ik (k2 + 1) (b1 +1b2)

. _ _ _ p2
) = T hrn M0 T sy E R
ift(by +ib2) <R2 )
—— (&
7 (2 + 1) 3
inbr = ibo) [Solk — k) (R* = D(R* = §0) + R + Do — ) (1 = %D] 1
e + D2+ D & G = D § - R%

€))

Remark The auxiliary function H (&) defined in Eq. (8) is quite different from that for a crack in a con-
focal elliptical inhomogeneity in Wu and Chen [12]. In deriving Eq. (9), we have utilized the fact that
the singular parts of ¢2(§) and ¥2(§) at § = &, denoted, respectively, by ¢;(§) and (&), are given by

by +ib by —ib i (b +iby) 55 g +D)
p:6) = — MR I — £0), ¥a®) = BPSR In(E — o) + MR BT I see Suo [13] for

more details).

Consequently, the pair of analytic functions ¢; (¢) and ¥ (£) can be derived from Egs. (8) and (9) as follows

in(by +iby) iapeR*(kp +1) 1
= 71 -
»2(8) o n(§ —&o) + e Rt DE

_m<~1+n<m+wz>zwm(k;g_go)
n=0

ik (k + 1)2
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iu(br — i) [Solker — k) (R* = D(R® = &) + R (k1 + D(Go — o) (1 — 60*)] i“” M"

iy (er + 1D2R2 [ (63 — 1) o RME —E
(10)
iw(by — iba) in(b +iby) E3EF+1) 1
= 2 Y e — -
V=T n MY TG D e —nE &

2082 4 2 4
by + iby) ((/q — 1) [E2(55 — 1) —E&(RY + 1) — (6§ + R )])

+R* (k2 + 1) [E2(67 — 1) — 2&0& — (63 + 1]

TR (k1 4+ Dk + D(EF — DE2 - 1)

iape {1 = k)R + D) + R* 2 + D) [20c + D) + 11 — 1]}
E(E2 = 1) [k2 — k1 + R%c1 (k2 + 1)]

ik — k1) (b1 —ib2) ipk1 (k2 + 1) (b1 —iby)

+

In(R2e~" — &) + InE"" = &)
7l + Dz + 1) Rt T T Dl ME TR
G k1)(E>+ RY) — &Ry + D(EZ + 1)
R2(E2 =Dk + 1)
i+ by +iby) *i" M
7k (k2 +1)2 n=0 E(R?EpE—1) (11)
+iu(b1—ibz>[so<~1—xz)<R2—1)<R2—§3>+R2<K|+1><so—§o><1—\so\2>]*i" R M" '
w1 (2 + 12 R2 60 P (B3 —1) = (RE-EH?
where
K1 — K
= T M <. (12)
K1(ky + 1)

The appearance of the series in Eqs. (10) and (11) is due to the fact that the singularities in H (§) can be located
at points other than £ = 0, oco. By using D’ Alembert’s ratio test, the series appearing in Eqgs. (10) and (11) are
found to be always convergent. By satisfying moment balance on the circular disk: |z| = p, p — +o00, the
rigid-body rotation of the anticrack can be uniquely determined as

kR =M) [(R2 — (ki —x2) (5o — 50)2} Eo(b1 + iby)
 malky + Dka + 1) R4(c; + 1) R2 &% g1
N K1(R* — M) [k1(k2 + 1) + R*(k2 — k1) |
maR2(k1 + 1)2(kr + 1)
ki — k2 + R*(k2 + 1) o )
C 7aR2(ky + (ks + 1)2Re {50 (b1 +lb2)}
L kK R%(ky + 1)
maR* &) (k1 + D22 + 1)2
Re | G182 [Eo(k1 — K2) (R? — 1><R2§2— sgl) + R% (k1 + 1) (&0 — &) (1&0|* — D] } W
2

Re {go—l(bl + ibz)}

Although both ¢, (&) and v () contain series, the rigid-body rotation of the anticrack in Eq. (13) is in closed-
form. When the edge dislocation is located on thex;-axis with & = &, the rigid-body rotation in Eq. (13)
becomes

(ki —k2)(R* =1 b k=1 b

= 7aRX(k + D2 + 1) £ — 1) * ma(ky+1) &

(14)

It is deduced from Eq. (14) that ¢ = 0 when the edge dislocation is located at

_ (k2 — k1) (R — R71)?
&)—:I:\/l-i- it D=1 , kp >k = 1. (15)
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When k1 = k3 = «, Eq. (13) becomes

£ 2 B2
g:iRe{[ 28) — &(E2 + ED) +H (b1+ib2)}' 06
0

an (e + 1) lol* 65 — 1)
Furthermore, when the edge dislocation is located on the x1-axis, Eq. (16) reduces to

bi(k — 1)
e=—, a7
ma&o(k + 1)
which is simply the classical result by Dundurs and Markenscoff [7].
Using the relationships in Egs. (5) and (6), the pair of analytic functions ¢ (&) and ¥1(§) can be further
developed to the form

iy tiby) iapeR2 +1) 1 iy +iby) X < L )
918) = w(kp +1) In( = 50) + Ky — k1 + R2k1(kp + 1) & mri(ea + 1) nZ:OM n R2n¢ %
it by = ib2) [80er — ) (R? = D(R? = 8) + R2(c1 + D& — &)1 — 60| £ pym
iy (k1 + Do + DR2 §? &3 — 1) R - g
(18)
k(b —ibp) -1 _z iape(icy —k1)é iape  ip(by —iby) P n _ p2n
O = Tarn M T T T R D T E T A ,;M (e = K750
i (b1 +iba) [Boer — 2)(R2 = D(R? = &3) + R2(et + Do — €)1 — 6o ] £ yym
+
wky + D + DR (&) (6 — 1) o Re—l — gy
in(b+iby) 1 iapeR2 ) 1 inby+iby) J%O Mm"
EE24+1) | mhatD §-80 T -k +R%(o+]) §2 T maila D) S e (R EE-1T)

+

E2—1 | ik [f—k)(RP=DR &)+ R+ D Go—8) (&P =D] ¥ g2ry»
et (141D (k2 + 1) R2[Eo > (65— 1) Nz (RE—&"1)?

19)

The singular stress field near the right tip of the anticrack can be extracted from the full-field solution derived
in Egs. (18) and (19) as follows

= L |:(3 +K1)COS€ — sin 0 sin ﬁi|
V2mr(1 — k1) 2 2
— L _(3 —K1)Si1’l€ + sin 6 cos 3—9:| ,
2rr(1 =) L 2 2
oy = L [(1 — /q)cosg + sin @ sin ﬁ:|
V2rr(1 — k1) 2 2
+L -—(1 +K1)sin€ + sin 6 cos ﬁj| ,
V2rr(1 =) L 2 2
o1y = L |:(1 + K1) sing + sin 8 cos 3—0:|
27r(1 = kp) 2 2
St

0 30
+—————| (1 — k1) cos = — siné sin —i| , (20)
V2rr(1 = k1) [ R 2

where z — a = re!? with r and 6 being the usual local polar coordinates, and Sy and Sy are, respectively, the
mode I and mode II stress intensity factors determined explicitly as

. Ty
Sp—iSp =1 —«y) E(pl(l)
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iy — Dby +ib)) 1 iymapeR* (e — Dl + 1) iu(n—l)(bmiby*i" m"
- Jmaki+1) 1—& ko —k1+ R (kp + 1) Vraki (ko + 1) = R¥Ey — 1
inep — 1)(by —iby) [Eo(Kz —k)(R2 = 1)(R* — &) + R*(xc1 + D)(&0 — E0)(I&0]” — 1)] 00 pongym
+ — — .
Jraki(k + Diky + DR2 &> €3 — 1) = (R — )2
(21)

The derivation of Egs. (20) and (21) can be found in Appendix B. When the edge dislocation lies on the x;-axis
with &y = &y, we have from Eq. (22) that

+00

S = byuky —1) 1 bk —1) Z Mm"
VT Umata + DE— 1 Jraki( + 1) = R¥E — 1
bou(ir — Dk — k) (R2 = D(R? = 62) & R M”
Jraki(er + Diea + DR2%EF — 1) = (R —g5H?2
bip(ky —1) 1 by — 1) (k1 — Kk2)(R? — 1)? 2
S = - + R*(ky — 1
T Umata + g — 1 \/ﬁ[Kz—K1+R2K1(K2+1)]§0{ (k1 + DE — 1) el
_ bipGe = 1) *2"’ M" bipa = Do — k) (R2 = DR2 =) 3 R M"
Vrari (2 +1) = R1gg — 1 Vraki (e + D2 + DR2&(EF — 1) = (R — 5512
(22)
Furthermore, when x| = k2 = «, Eq. (22) reduces to
—_1)2 12
o b= U buse = D) 1 o3

T Jmakk+DE -1 T Umak(c + DG — 1)

In a similar manner, the mode I and mode II stress intensity factors at the left anticrack tip can be determined
as

) T
Si—iSp =1 - Kl)\/;% (=D

_ _inta =Dl +ib) 1 iVmape R (ci — D +1) | iper — 1)(by +iby)

Jraki +1) & +1 ko — k1 + R2k1(kp + 1) Jraki(ky + 1)
+00
Mn
S S
= R¥ME + 1

in(cr — 1) (b — ib2) [Eo(ka — k1) (R? — D(R? — &3) + R* (k1 + 1) (&0 — &) (1&|* — D]
+ 21t 252
Vraki (ki + Do + DR? [E)* G2 — 1)
400 R2nMn

n=0

(24)

When the edge dislocation lies on the x1-axis, Eq. (24) becomes
o bra=D 1 b= D) *i” M"
JraG + D&+ 1 Jraki( +1) = R + 1

bau(kr — D(ka — k)R = D(R? — €)X R M"
Jraki (k1 + Dy + DR2Eg(E; — 1) =4 (R + £, )2
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PRV Gl VI S bip(ki — 1) (1 = k) (R = 1)? R206r — 1)
Vraki+ 1D+ 1 Jmalky—ki+ R+ D]& | (k1 +DE - D
_ bipGa =D *f’ M" bl = Do — ) (R = DR = £3) +ZOO R M
Vraki (ko + 1) = R + 1 Vraki (ki + Do+ DR¥E0(55 — 1) =5 (R +£, 12
(25)
Furthermore, when x| = k3 = «, Eq. (25) reduces to
—1)2 _1)2
5 — bap(e — 17 1 _ bipk =1 1 26)

T Jmak(k + D E+ 1 SII__WK(K+1)50(50+1)'

It is verified that Eqgs. (23) and (26) can also be extracted from the full-field expression of the stresses along
the entire xj-axis given in Dundurs and Markenscoff [7].

We see from the asymptotic singular stress field in Eq. (20) that the definition of Sy is in complete agreement
with that introduced by Wang et al. [9] for a rigid line inhomogeneity as opposed to the definition of Sy which is
quite different. In the discussion by Wang et al. [9], mode I and mode II deformations are in fact identical after
excluding the pre-factors. The present mode II deformation has not been identified by Wang et al. [9] mainly
because they considered only uniform stresses at infinity, and, as a result, the actual mode II deformation
observed here is not excited by the uniform remote loading.

The driving force on either the right or the left anticrack tip, denoted by J, can be determined as [4]

kil +k1) o )
=T ) (ST + Spp)- (27)
As a result of the geometry, the right anticrack tip tends to contract toward the left while the left anticrack
tip tends to contract toward the right. Using the Peach—Koehler formula [14] or evaluating of the J integrals
around the center of the edge dislocation [15], the image force acting on the edge dislocation can also be
obtained (we omit its rather lengthy expression). Here, we point out that the image force gives a quantitative
description of changes in the interaction energy [14,16].

It follows from Egs. (23), (26) and (27) that when x| = k» = « and the dislocation lies on the x;-axis, the
x1 component of the image force acting on the edge dislocation, denoted as Fp, which is equal to the driving
force on the left anticrack tip minus that on the right anticrack tip, is given by

Fo_ 20— DT 4 §503)
' wak(e + DEgE2 — 2

which is found to be consistent with the result in Dundurs and Markenscoff [7].

(28)

4 Conclusions

We have presented an analytical solution of the interaction problem associated with an edge dislocation in
the vicinity of a confocally coated anticrack. An auxiliary function defined in the whole image plane is
constructed in Eq. (8) with its closed-form representation given by Eq. (9) following an application of the
generalized Liouville’s theorem. Subsequently, the two pairs of analytic functions ¢; (§), ¥;(§) (i =1, 2) are
given by Eqgs. (10), (11), (18) and (19). A closed-form expression of the rigid-body rotation of the anticrack
is given by Eq. (13). The singular stress field near the two anticrack tips is completely governed by two stress
intensity factors St and Sip which are explicitly determined by Eq. (21) at the right tip and Eq. (24) at the left
tip. The rationales for the introduced stress intensity factors and the driving force on the two anticrack tips are
demonstrated through the indirect determination of the image force on the edge dislocation in Eq. (28).

When the coating and matrix have distinct shear moduli, the two pairs of complex potentials
i (&), ¥i(§) (i =1, 2) must be expanded in standard Laurent series. The coefficients in the Laurent series
together with the rigid-body rotation of the anticrack would then be determined through the solution of a
coupled set of an infinite number of linear algebraic equations.
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Appendix A

It follows from Eq. (2) that the continuity conditions of tractions and displacements across the perfectly bonded
coating-matrix interface L can be expressed in terms of ¢; (§), ;i (§), i = 1, 2 in the image &-plane as follows

0 = 01 (8) +91 (8) = ® - 500 (£) + 2 (§).

_ - 4E240) - (2N - (R El=R. (A.D)
/q(pl(é)—f—?(;f ;}&(p/( ) l/f1< )=K2¢2($)+%%<%)— 2 R? ;

By adding the two conditions in Eq. (A.1), one can obtain

ko 1 .
p1(§) = p +1<pz(§), |E] = R. (A.2)

By considering Eq. (A.2) and the analytic continuation in Eq. (5), we can arrive at the expression in Eq. (6).
In addition, substitution of Egs. (5) and (A.2) into Eq. (A.1); will finally result in Eq. (7).

Appendix B

When z — a, the pair of analytic functions ¢ (z) and | (z) are

S 218+ S
~ .1
p1(z) = _(1 1)«/ —a, Y1) = ——\/2_(1 KI)VZ —a, asz —> a, (B.1)

where S = St + 15m1. By substituting Eq. (B.1) into Eq. (1), we arrive at the singular stress field at the right tip
of the anticrack in Eq. (20). In fact, the formula of the stress intensity factors in Eq. (21) is derived with the
aid of Eq. (B.1).
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