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Abstract In the last decade, the exotic properties of pantographic metamaterials have been investigated and
different mathematical models (both discrete or continuous) have been introduced. In a previous publication, a
large part of the already existing literature about pantographic metamaterials has been presented. In this paper,
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we give some details about the next generation of research in this field. We present an organic scheme of the
whole process of design, fabrication, experiments, models and image analyses.

Keywords Pantographic structures · Additive manufacturing · Tomography · Generalized continua · Digital
image correlation

1 Introduction

Along the history of science, the efforts for developing models giving a description of some phenomena
have always been triggered by the effective possibility to produce experimental evidences. In line with this
methodology, Cauchy’s version of ContinuumMechanics had a very large number of validations. The classical
ContinuumMechanics contains some unnatural, hand-crafted, limitations to the choice of the termswhich have
to be considered in the energy of a deformable body [1,2]. In particular, it is decided a priori that only first
gradients of displacement must be contained in the deformation energy. If this choice can be accepted without
any other proof apart from the experimental validation for standard materials, it is not understandable why a
similar approach should be adopted in any other case.

For example, it has been shown by Germain [3,4], Mindlin et al. [5–7], Toupin [8] and Sedov [9] how
the presence of a microstructure can be described from a macroscopic point of view by introducing a second
gradient (or strain gradient, as it was first called) term in the energy of the microstructured material [10–18].

The main criticism to higher gradient models was the following. If we have two models, both working,
describing the same system, the simplest one should be preferred. In Ref. [19], it has been shown how the design
of pantographicmetamaterials [20] has been performed in order to obtain amaterial whose first-gradient energy
is zero. Pantographic metamaterials are, then, naturally described by a second-gradient continuum model. The
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validation of this generalized model calls for the practical production of samples to use in experiments. Up
to the last decade, this was very difficult (see Fig. 1 for the fabrication of a pantographic structure). It was
presumably not possible to simply fabricate it the “old” way. In the last years, the fast development of 3D
printing technologies has improved the current possibilities of production of very small samples. It is now
possible to fabricate a microstructured material by additive manufacturing [21].

This paper deals with an aspect of pantographic fabrics that is complementary and, by all the ways,
correlated to that treated in Ref. [19]. Herein we put our focus on manufacturing techniques and processing
that have been used so far to obtain pantographic structures. The paper is divided as follows: (i) design; (ii)
manufacturing; (iii) modeling (short recalling); (iv) experimental results; (v) from data acquisition to discrete
modeling. In order to give an idea of the complex and integrated procedure needed to study pantographic
fabrics using the most advanced tools (including Lagrangian mechanics), the following workflow has been
implemented: computer-aided design, acquisition of the CAD model into 3D printing workflow, experiments,
analysis of experimental results via digital image correlation (DIC).

2 Design and manufacturing

The design of pantographic structures has been motivated in Ref. [19]. The fundamental idea was to design a
metamaterial whose deformation energy is, at the first order, a second-gradient energy. As an analogy with the
beamdeformation energy [22,23], it was proposed as fundamental cell of themicrostructure to be homogenized
to get a second-gradient macro-model, a fiber network called pantographic beam [24], which has the following
properties:

i. it is made of by two families of mutually orthogonal beams, intersecting by means of some cylinders
called pivots (see Fig. 1);
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Fig. 1 Three different views of a metallic pantographic structure with perfect pivots

ii. the pivots, in theory, have no torsional energy;
iii. an elongation of the structure corresponds (at the first order) to bending of the fibers, which is represented

by a second-gradient energy.

As a result of points (i)–(iii), the homogenized model corresponding to the pantographic beam has at the first
order a deformation energy that is purely second gradient.

Thanks to the last advancements of the 3D printing technology, it is now possible to validate the model
developed to describe pantographic metamaterials. With the computer-aided manufacturing technology, it is
possible to fabricate specimens whose geometrical structure can be controlled very precisely. The possibility
to specify a design and manufacture an object by means of a software has far reaching consequences to
experimental as well as numerical investigations. The production process consists of two steps: (i) computer-
aided design and (ii) additive manufacturing. The samples are produced with different geometrical properties,
as well as different base materials (e.g. polyamide, steel, aluminum).

2.1 Design of pantographic structures

An appealing feature of computer-aided design and additive manufacturing is based upon the fact that exactly
the same geometry can be used for both manufacturing and full-scale 3D numerical simulations. In Figs. 3, 4
and 5, some of the currently designed (and CAD modeled) structures are shown. First, a pantographic beam
(Fig. 2) has been introduced in the very first study about pantographic structures [24]. Notwithstanding, it has
been the first theoretically designed structure, and it has been necessary to wait for the growth of the know-how
in the CAD modeling and additive manufacturing of pantographic structures, due to the need for accuracy.

A pantographic structure with perfect pivots is shown in Fig. 3. In this case, the CAD modeling of this
structure has been performed only recently, even though in the first works about pantographic structures [24,25]
the pivots were perfect hinges. The reason is related to technical challenges associated with the fabrication of
perfect hinges. Additional details about this topic will be given in the following.

Figure 4 shows the design of a “millimetric” pantographic substructure, whose dimensions are approx-
imately 1 cm × 3 cm. The fabrication of such a substructure, composed of a few basic units, allows for the
analysis with greater details of the local behavior of more complex structures made up of a larger numbers
of primitive cells. A last example is reported in Fig. 5. This kind of pantographic structure is not a sheet-like
material as those that have been presented so far. Instead, it is made up of many layers so that its depth cannot
be neglected. With this design choice, it is possible to supress the undesirable out-of-plane motions when
performing some mechanical tests to determine in-plane deformability properties (e.g. three point bending
test).
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Fig. 2 Design of a pantographic beam with all the involved geometrical parameters. The dimensions are in mm

Fig. 3 Design of a pantographic structure with perfect pivots. The stl file can be both used for numerical simulations and for the
manufacturing of a specimen

Fig. 4 CAD model of a so-called “millimetric” pantographic structure
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Fig. 5 Multilayered pantographic structure

2.2 Additive manufacturing

Recent advances in the technical capability of production and designing processes enable for the fabrication
of materials having specific microstructures at small length scales, which have the ability to strongly condition
the macroscopic mechanical response of the material. The fabrication of the pantographic structure considered
herein, and other complex geometries, can now be performed using 3D printing, also referred to as additive
manufacturing (AM). For example, selective laser sinterting (SLS) has already been employed for the produc-
tion of lattice structures [26,27]). 3D printing is used to create objects with complex shapes in layer-by-layer
procedures utilizing some precursor constitutive material. Most 3D printing processes employ wires or pow-
ders mainly made up of metallic or polymeric materials, which assume the designed shape by interacting with
an energy source. For fabrication with 3D printing, the object must be designed and its three-dimensional
geometry generated using a CAD software. The geometry is then discretized into a triangular/tetrahedral mesh
and saved in the form of stl files. Such a file is then used as input for an AM software where the 3D geometry
is sliced into layers, whose thickness can be set according to the needed resolution and machine capabilities,
and the object to be made is positioned on the building platform. Before the printing process can start, it is
necessary to design the supports that connect the object to the building platform and take on the functions of
(i) supporting the part during the printing process, (ii) dissipating heat, (iii) avoiding thermal distortion. The
particular case of metal additive manufacturing requires specific care to the minimization of overhanging areas
where overheating zones usually are located and provoke a deterioration of the surface roughness.

The so-called powder bed processes are certainly the most promising among the AM techniques [28,29].
This category includes selective laser melting (SLM), also called laser beam melting (LBM), and electron
beam melting (EBM). The production process employs a laser (or electron) beam to melt a thin layer of
powder. A resolution can be defined for such a process based on the size of the laser beam, being usually in the
range between 50 and 100 µm, and the height of the powder layer in the range from 20 to 50 µm. Generally,
the overlapping of hundreds of welding beds (200-300 µm in width) is needed to build a part (about 500
m of bead/cm3 [30]), and the melting process is performed under shielding inert gas in order to prevent the
oxidation of the powder. The shapes that can be built are complex and the objects, typically, have a satisfactory
mechanical behavior [31].

2.2.1 Manufacturing of steel pantographic structures

In this survey, the SLM125HL setup from SLM solutions has been used to create the pantographic structures.
This machine is equipped with a 400W YAG laser (YLR-400-WC) at a wavelength of 1070 nm. The scanning
speed varies from 400 to 1500 mm/s, while the thickness of the powder layer lies in the range between 30 and
100 µm. The minimum diameter of the laser at the focal point is about 70 µm. The powder employed is 316L
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Fig. 6 Manufactured steel 316L samples

Fig. 7 SEM views of the beam pivot connection after tensile testing of 316L pantographic structure

stainless steel having spherical particles whose lowest diameter is 37 µm (CILAS 920). As mentioned above,
the manufacturing of the part is preceded by the proper positioning of the 3D geometry in the printing volume
using the MAGICS Materialize Software.

As depicted in Fig. 6, the specimenswere positioned orthogonally to the building platform even though a tilt
angle of 45◦ would have been preferable for the realization of the pivots. Despite the significant technological
achievements represented by such manufacturing technologies, the objects obtained are very sensitive to the
location and the number of supports whose inadequate positioning could result in widespread microstructural
flaws. Furthermore, the rough surfaces in Fig. 7a, b show porosity which can potentially be suppressed by
heat treatments such as hot isostatic pressing (HIP), resulting in almost-fully dense metallic alloys [31] (such
post-processing was not performed on the samples presented in next sections).

2.2.2 Manufacturing of aluminum pantographic structures

The following investigations were conducted with a commercial LBM system (EOS M 400), equipped with a
1 kW laser unit (YLR-series, CW-laser, wavelength 1070 nm). All objects were manufactured with AlSi10Mg
alloy (PSD: D10: 12.28µm; D90: 43.22µm) processed in 90µm layers under the influence of a heated
building platform (165 ◦C). A shielding gas flow was applied parallel to the top layer of the powder bed to
remove any side products arising from the welding process.

General exposure strategy The process control and resulting material characteristics are intricate due to the
incremental fabrication.An exposure strategy (arrangement of laser tracks) is necessary to create a volumeusing
a spot-like energy source such as a laser beam. The exposure strategy in combination with exposure parameters
like laser power and exposure speed define the material microstructure and therefore its characteristics. Due
to different thermal boundary conditions, a part is usually divided into areas of different parameter settings
(see Fig. 8). Areas in the surrounding of low thermal conductivity (e.g. powder) require different parameter



1238 F. dell’Isola et al.

Fig. 8 Example of a basic exposure strategy (stripe strategy) and exposure areas. D: downskin; U: upskin; I: inskin; O: overlap;
Blue: contour exposure (color figure online)

Fig. 9 AlSi10Mg alloy lamellas manufactured by a single laser track per layer, showing the impact of inertia (left sides) and
interruption delay (right side). Left to right: increasing energy density

settings compared to areas with increased thermal conductivity (e.g. surrounding solid material) in order to
create a high-quality material (regarding factors like porosity, homogeneity or microstructure).

Laser track characteristics Usual exposure speeds for the processing of AlSi10Mg alloy can reach 2000mm/s.
The switch on/off time of the laser unit can take up to 50µs. Therefore, the full laser power is reached after a
distance of∼ 0.1mm. This distance can also be impacted by delays in the electronics controls. This effect can
cause different ending points for the laser track (see interrupt delays in Fig. 9). A second effect can be caused
by the physical inertia of the projector mirror, which is resulting in a lower exposure speed in the beginning
of the track and therefore in a higher energy input.

Part orientation Aproper orientation of a partwithin the building volume is essential to its quality and error-free
reproducibility. Acute angles between the building substrate and the part’s surface require a support structure.
This is due to the residual stress within the material resulting from rapid cooling rates [32]. Without any
connection of the part to the substrate, the former would deform within the process causing the coating unit
to jam. Furthermore, surfaces with an acute angle result in poor surface quality regarding roughness, surface
cracks and surface porosity. Therefore, it is advisable to avoid part orientations with major surfaces with acute
angle.

Adapted manufacturing parameters for a metamaterial The AlSi10Mg alloy pantographic sheet was manu-
factured in a 45◦ angle rotated about its axial direction in order to prevent any acute angle. All the surfaces
show therefore a 45◦ angle with respect to the substrate plate. A further advantage of this orientation is that
the exposure cross section within a layer offers more surface than the actual beam cross section and therefore
enables longer laser tracks. As a second measurement, a setup of a single exposure area was applied within
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Fig. 10 Pantographic sheet with a beam diameter of 1 mm manufactured with AlSi10Mg alloy. Bottom: sample manufactured
by standard manufacturing parameters. Top: sample manufactured by adapted exposure parameters and strategy

Fig. 11 Impact of heat treatment onglobal deformations of an aluminumalloy pantographic structures.aHeat-treated pantographic
sheet with no defects. b No heat treatment and manufacturing defects due to standard exposure strategy. c Heat treatment and
manufacturing defects due to standard exposure strategy. d, e No heat treatment and no defect

the lattice. In order to increase the laser track length, circular laser tracks were applied instead of a stripe
strategy. Furthermore, the exposure speed was minimized, which also required an adaption of laser power and
hatch distance (spacing between laser tracks). As a result, it is possible to manufacture the pantographic sheet
without any visual damage. A comparison of standard parameters and the adapted manufacturing parameters
is illustrated in Fig. 10. The specimens were manufactured under the same building orientation.

Remark As mentioned above, parts produced by LBM exhibit increased residual stresses [33]. During the
process, the support structures are counteracting to those forces preventing a deformation of the part. In order
to prevent a deformation after the removal of the support structures, a heat treatment at 300 ◦C was applied
for 2 h. A comparison of the results is shown in Fig. 11, which shows the effect of heat treatment on the final
shape of the pantographic structures.

2.2.3 Fabrication of polyamide specimens

In case of polyamide samples, the chosenmanufacturing technique is selective laser sintering (SLS). In Fig. 12,
a polyamide printed pantographic structure is shown.Many setting parameters are involved in the SLS (selective
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Fig. 12 Top view a and side-view b of the beam-pivot connection at the middle of the polyamide sample after tensile test (a). A
detail showing the granulosity of the material (c)

laser sintering) 3D printing process, such as preheating temperature, laser power, bed cooling time [34]. A
careful choice of the arrangement of prototypes in the virtual printing chamber is also required. A wrong
orientation of the model, especially when the model includes moving parts (as in the case of hinges in “perfect”
pantographic fabrics), can affect their functionality or make a specimen completely useless [33]. After printing,
especially in the SLS technology, it is necessary to wait until all the objects are cooled down in order to reduce
material contractions. Wrong cooling procedures could lead to internal differential pre-stresses in the material,
entailing impaired performances or even rupture of the printed specimen. In the end, the cleaning process is
carried out. It is performed, for example, using air pressure, abrasive blasting or ultrasonic washers. A study
is usually carried out in order to determine the optimal setting for specimens manufacturing and the optimal
geometric properties of the CAD model [35].

2.3 Fabrication of pantographic structures in microscale

As it has been shown in the previous subsections, advances in three-dimensional printing technologies have
enabled the fabrication of arbitrary 3D metamaterial structures even at the microscale. Utilizing processes
such as multi-photon lithography (MPL) and microstereolithography [36–38], the fabrication of pantographic
structures in microscale has become feasible. In the present example, micrometric pantographic structures in
1 µm lengthscale have been fabricated and tested (the results of the tests are presented in the next section).
The setup that was utilized is illustrated in Fig. 13.

The apparatus has a FemtoFiber pro NIR laser with a wavelength of 780 nm, pulse width of 100 fs, and
repetition rate of 80 MHz. The beam is focused by a 100× microscope objective lens (Plan-ApoChromat
100 × /1.40 Oil M27, Zeiss). By tightly focusing the laser in the photosensitive material, the material was
locally polymerized. The stages were then translated so that the focused beam could “fabricate” inside the
material and fabricate the three-dimensional structure of interest. In this fabrication method, the beams of
the structure were designed as lines in the three-dimensional space. The geometry was then converted to
a g-code, whose coordinates defined the geometry of the structure to be fabricated. Further information
about the experimental setup can be found elsewhere [40]. The design of fabricated pantographic struc-
tures is presented in Fig. 14, obtained utilizing scanning electron microscopy. It should be noted that MPL
is presently the only method capable of fabricating such complex 3D structures, as it is free of the intrin-
sic constraints of layer-by-layer printing techniques, architected the structure in a three-dimensional man-
ner.
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Fig. 13 Schematic description of the MPL experimental setup [39]

Fig. 14 Micro-pantograph image obtained by scanning electron microscopy

2.4 Fabrication of fiber-reinforced structures exhibiting pantographic-like responses

To demonstrate the industrial relevance of pantographic structures, experimental investigations have been
conducted on thermoplastic composite laminates, also known under the term organic sheets [41]. In particular,
Tepex®dynalite 102-RG600(1)/47 from LANXESS has been considered here as a prototypical example. This
material consists of 47% vol. of a woven fabric (roving glass) and polycaprolactam (PA 6) as matrix material.
The matrix material is hydrophilic with a maximum absorption of moisture between 2.6 and 3.4%. Notably,
the used fiber-based prepregs are semi-finished products, which allows for a dedicated separation between
production of prepregs and production of the final parts by forming. The forming temperature to be used
within the forming process is between 240 and 260, about 20 ◦C above the melting temperature.

In industrial application, several layers with different fiber orientations are fused during the production.
To obtain a clear view on the mechanical properties, a single-layer material with a layer thickness of 0.5 mm
has been made available by LANXESS. As can be seen in Fig. 15, the fibers are oriented similarly to the
pantographic structure presented in Fig. 1. Moreover, Fig. 15 shows the differences between the warp and weft
directions arranged as twill weave, leading to a slight unsymmetric mechanical behavior.
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Fig. 15 Tepexdynalite 102-RG600(1)/47 organic sheet with pantographic-like structure, undeformed configuration

The surrounding matrix material stiffens the woven fabric and connects the junctions of the fibers in a
similar manner as the hinges do for the pantographic structure. Consequently, this class of material consists
of a homogeneous matrix with microstructures analogue to the pantographic structure with standard pivots,
i.e., it acts like a combined first and second gradient material. It is important to note that additional stiffening
mechanisms are present depending on the actual weave of the woven fabric, since stretching the fibers can
lead to an increase of the stresses between the fibers at the junctions. This leads to complex reactions of the
material especially in the inelastic regime. However, these effects cannot be separated within the experimental
investigations, i.e., we always obtain a mean value of the material characteristics.

3 From experiments to modeling

In Ref. [19], a wide variety of models describing pantographic structures has been introduced. In particular,
the Hencky-type discrete model and the second gradient homogenized continuum model have been presented.
In this section, different experimental tests validate those models. Moreover, new kind of measurements have
been performed, needing sometimes the introduction of other types of kinematic variables.

In the subsequent discussion, results in different experiments, both static and dynamic, involving panto-
graphic structures and pantographic-like (or pantographic-inspired) composite materials will be presented:

i. BIAS extension and shear tests of 316L steel specimens with standard and/or quasi-perfect pivots;
ii. BIAS extension of millimetric pantographic structures;
iii. BIAS extension of micrometric pantographic structures;
iv. torsion of aluminum alloy specimens;
v. BIAS extension of wide-knit polyamide specimens;
vi. dynamics polyamide pantographic structures with perfect pivots;
vii. extension test of a pantographic-like fiber-reinforced composite;
viii. wrinkling in engineering fabrics.

Some of these experiments can be analyzed by using the models presented in Ref. [19]. In those cases
where a different theoretical description is needed, elements of the newly developed models are given. First
optimization results have been obtained for structures subjected to tests as in (i).

3.1 Extension and shear tests of steel pantographic structures

3.1.1 BIAS extension tests

The simplest experimental test one can perform on pantographic structures is known as BIAS extension test
[24,42] (it is specifically called BIAS extension and not only extension, because it is performed along a biased
direction respect to the fiber direction, see Fig. 16).

This particular test is performed by clamping the short sides of the pantographic structure in order to
observe the second gradient effects. In fact, as it is shown in Fig. 17, if the short sides are not clamped, then,
in theory, one should measure zero deformation energy, because of the truss effect: up to the point when all
the fibers become parallel the extension energy is zero (or negligible). By not clamping the short sides, the
bending (second gradient) energy will also cancel out. Therefore this test has been conceived specifically to
observe the second gradient effect.
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Fig. 16 Schematic description of a BIAS etension test

Fig. 17 a A pantograhic structure with no clamping deforms as a truss; b when the short sides are clamped, the bending of the
fibers is observed

When one wants to validate theoretically predicted phenomena, the possibility to really fabricate it
has to be taken into account. In Fig. 3, the CAD model of a pantographic structure with perfect piv-
ots has been shown. Depending on the dimensions (and possibly on the material), one decides to
choose the printing process in order to obtain a real structure that will correspond more or less to
the designed model. In particular, in Fig. 18 a comparison between the force–displacement plots of a
structure with perfect pivots and with standard ones is shown. Both specimens are printed steel panto-
graphic structures. If the model developed for pantographic structures is correct, then the total energy
(and the force) related to the deformation should be composed of only the second gradient bending com-
ponent, which is very low (some tens of N). By only observing the plot for the perfect-pivot speci-
men, it would seem that they have not worked in the right way. In fact, the measured force reaches
some hundreds of N. By comparing to the other case, the total force applied to the side of the struc-
ture is five times lower than the one when the pivots are in a standard configuration, carrying down
their deformation (torsion) energy. It is possible to conclude that the perfect pivots were not com-
pletely well working, but, as it can be understood from Fig. 19, at the scale at which the panto-
graphic structure was printed, it was not possible to obtain a very precise resolution. This leads to
some friction between the internal cylinder and the external ring composing the hinge. The measured
force is due to this internal friction mechanism. This effect will be analyzed in detail in future works
(Figs. 20, 21).

Damage tolerance of pantographic structures The measured behavior under BIAS experiments also shows
that the damage tolerance of pantographic structures is noteworthy. This aspect is understood from the force–
displacement plots of Fig. 18 as well as that shown in Fig. 22 (the figures refer to a 3D printed specimen in
stainless steel,with quasi-perfect pivots). The force–displacement diagram for pantographic fabrics customarily
exhibits a peak at the end of the stiffening stage. After the peak, the structure undergoes sequential rupture of
its sub-components, typically the shearing of pivots, resulting in an avalanche-like softening.

The gradual softening leading to failure suggests that the topology of the structure and the deformability
properties of its members are such that, when a sub-component rupture occurs, the load can be redistributed
in a mitigating manner that prevents simultaneous catastrophic failure. In fact such damage tolerance is also
exhibited by the pantographic structurewhen failure of its sub-components occurs before the peak load (Fig. 22).
Similar observations across several specimens demonstrate the damage tolerance of pantographic structures
(Fig. 23).
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Fig. 18 Plot of axial force vs imposed displacement for a BIAS extension test performed on a 316L steel printed pantographic
structure with a quasi-perfect pivots and b standard pivots

Fig. 19 CAD model of a perfect pivots a and its practical realization in 316L steel b

3.1.2 Shear tests

Another standard experiment to measure properties of pantographic structures is the shear test [43,44]. Some
images of a shear test performed on a specimen with quasi-perfect pivots are shown in Fig. 25. This same test
will be used in the following to show how the techniques developed in digital image correlation can be suitably
applied to pantographic structures. In particular, it has to be noted how by substituting standard pivots in the
pantographic structure with quasi-perfect pivots, the whole structure gains in planar stability. Along a shear
test the specimen exhibits buckling or wrinkling modes [45]. This phenomenon is related to the fact that there
is the possibility that a buckled shape could have a lower energy with respect to an in-plane sheared shape.
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Fig. 20 Deformed shapes of a 316L steel pantographic structure

Fig. 21 Deformed shapes of a 316L steel pantographic structure with perfect pivots

Fig. 22 Force versus displacement diagram for a pantographic structure with quasi-perfect pivots. In this test, the structure has
undergone the subsequent rupture of several pivots. The main rupture events are noticeable by looking at small spikes before
irreversible collapse of the structure

In Fig. 24, a steel printed specimen with standard pivots is shown. During the shear test a buckling mode
occurred. If one compares the case of Fig. 24 to that of Fig. 25 (quasi-perfect pivots and no buckling), it is
concluded that the lowered shear energy of the structure allows for plane deformations producing a pantographic
structure which gains in planar stability.
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Fig. 23 Deformed shapes of a 316L steel pantographic structure with quasi-perfect pivots. Rupture of several pivots

Fig. 24 A 316L steel pantographic structure with standard pivots in its reference configuration (a) and a step of deformation (b,
c), where the out-of-plane deformation is evident

3.1.3 Numerical simulations

Using a homogenized continuum model [20], it is possible to perform numerical simulations predicting the
behavior under some experimental tests of such pantographic structures. In Fig. 26, the deformed shapes of
the same specimen with quasi-perfect pivots analyzed previously (see Fig. 21) are compared to numerical
simulations obtained for the same values of prescribed displacement. It is worth noting that, despite the
simulations shown in Fig. 26 seem to be performed on a fibrous shape, the procedure to obtain them consists
in the minimization of the energy associated to the pantographic structure [20] on a rectangular shape with the
same dimensions as the real specimen. The contours on the right side of Fig. 26 arematerial lines corresponding
to the real fibers of the specimen. In such a way, some parts of the rectangular continuum are “hidden” for only
showing thematerial lines. This kind of numerical simulations will be compared in the following to simulations
obtained by using a differentmodel to describe pantographic structures, the so-calledEuler–Bernoulli nonlinear
beam-based model [46].
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Fig. 25 Deformed shapes of a 316L steel pantographic structure

Fig. 26 Deformed shapes of a 316L steel pantographic structure

3.2 Optimization in pantographic structures

As discussed in the previous section about experimental measurements, the problem of failure in pantographic
structures is of primary importance. In Ref. [19], different descriptions and models of damage and failure in
pantographic structures are exploited. On the one hand, it has been noticed that, for structures with standard
pivots, the first rupture is located in one of the corners of the pantographic sheet. In Ref. [47], it has been
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Fig. 27 Different typologies of rupture in pantographic structures. a A polyamide pantographic structures exhibiting the first
rupture on the fiber of one of the corners. b An aluminum alloy pantographic structure in which the first rupture is observed on a
pivot situated on the long side

Fig. 28 Numerically computed deformed shapes of a pantographic structure with a constant stiffness for all the pivots and b
optimized stiffnesses

shown how this kind of rupture can be modeled by considering the elongation of fibers. The fiber that is mostly
elongated is the one at the corner of the rectangular sheet (see Fig. 27a). On the other hand, it has been observed
how, when the aspect ratio of the pivots is very small (i.e., with high value of height over diameter ratio of
pivots), the first rupture occurs no longer on some of the fibers but on the pivot itself, situated on the long side
of the pantographic structure at 2/3 of its length (see Fig. 27b). This mechanism has been analyzed in Ref.
[48].

The aim of this section is to describe an optimization strategy for pantographic structures. The current
development of the optimization procedure is based on the discrete Hencky-type model of pantographic
structures [19,20,47]. First results have been obtained in the case of constant short ratio pivots for which the
prevalent rupture mechanism is based on the elongation of the fibers.

The optimization methodology aims at maximizing the strength of the pantographic structure for which
the failure mechanism is the breakage of beams in tension (see Fig. 28). The failure is in this case directly
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Fig. 29 Distribution of the stiffnesses of pivots in a “standard” pantographic structure and b optimized pantographic structure

related to the axial strain energies of the beams. Because of the pantographic microstructure, any change of
pivot diameter will not (is a first approximation) influence the bending and axial stiffness of the beams. It is
then natural to look for an optimal spatial distribution of local shear pivot stiffnesses (varying from 0, i.e.,
perfect pivots, to infinity, i.e., clamped beams), which would lead to minimal axial deformation energy (see
Fig. 29).

A fundamental point to be taken into account is that such an optimization problem must be constrained;
otherwise, the optimal distribution of pivot stiffnesses would cancel out shear stiffness everywhere, as it would
result in a zero pantographic structural stiffness, in other words a mechanism, that would never break. A
reasonable constraint is that the final structural stiffness remains unchanged, which allows for a different total
deformation energy between initial and optimized structures. As experimental results with constant shear pivot
stiffness are available [49], the previously described optimization methodology was performed numerically
with such initial design. The optimal pantographic structures have yet to be constructed in order to validate
the effective numerical increase of the strength of such structures.

Future perspectives A first generalization of the above discussed optimization strategy is to consider axial,
bending and shear stiffnesses simultaneously as distributed optimization parameters. A second generalization
is to consider the case of small ratio pivot structures. In that case, the total energy of the pantographic structure
has to be completed with an additional term depending on the relative displacement of the fibers of the two
families in correspondence with the interconnecting pivot [48].

3.3 Millimetric pantographic structures

We refer in the sequel to specimen as shown in Fig. 4 asmillimetric pantographic structure. In Fig. 30, selected
experimental measurements on these types of specimen are compared with the theoretical predictions based
upon the enhanced Piola–Hencky model [50]. By means of this model, it is possible to obtain good agreement
with experimental data. In Fig. 31, the computed deformed shapes are compared to the measured ones.
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Fig. 30 Force–displacement diagram for a polyamide millimetric pantographic structure. Comparison between experimental data
and predictions based on the enhanced Piola–Hencky model. The displacement is expressed in terms of the dimensionless stretch
ratio λ = ΔL

L0

Fig. 31 Deformed shapes of a polyamide millimetric pantographic structure for different values of the prescribed displacement
(left) and comparison with numerical simulations (rigth)

3.4 Mechanical testing of pantographic structures in microscale

To examine the mechanical performance and compare it with the mathematical discrete model of Hencky-type
[47], mechanical tests were performed with a nanoindentation apparatus (TI 950 TriboIndenter, Hysitron)
which enables high-precision nanomechanical testing. In this study, only quasistatic indentation tests were
conducted. For the metamaterial structures, the maximum compressive distance was set at 2µm. Typical
indentation results for two specimens are shown in Fig. 32.

Comparison of the experimental and simulation results is illustrated in Fig. 33. It must be remarked that
both the experimental and numerical curves are aligned, at least until values of given displacement u less than
1500 nm proving the validity of the simple Hencky-type model.

These findings elucidate that the fabrication and modeling of pantographic can facilitate the design of non-
linear 3D architectures in microscale for engineering applications. Nevertheless, mechanical tests in different
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Fig. 32 Force F in the direction of the longer side of the pantograph, in µN, versus displacement u, in nm, for the compression
test: experimental results for a pair of identical specimens

Fig. 33 Force F in the direction of the longer side of the pantograph, in µN, versus displacement u, in nm, for the compression
test: numerical (in red) and experimental (in blue) results

deformation modes should be introduced, to advance the study of the mechanical behavior for pantographic
structures. We aim to conduct tensile experiments, utilizing the design of push to pull up mechanisms [51].
SEM micrographs of the architected design is presented in Fig. 34. Moreover, we will utilize in situ scan-
ning electron microscopy with microindentation to visualize the mechanical response of the material through
the mechanical testing. As we will integrate the experimental measurements of the deformation patterns of
micro-pantographs with the experimental results with the available numerical simulations, we will pave the
way to assemble the field of theoretical mechanics with the design and fabrication of metamaterial structures in
microscale for a plethora of applications, such as shape memory alloys actuation [52] and scaffolds for tissue
engineering [53].

3.5 Wide-knit pantographic structures

When pantographic structures are constituted by just fewfibers (see Fig. 35), they cannot be properly considered
fabrics. In this case, they are referred as wide-knit pantographic structures and the constituting fibers can be
modeled as Euler–Bernoulli beams. This model has been numerically implemented by using (i) isogeometric
analysis in [54,55] and (ii) a Ritz approach in [46].
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Fig. 34 Push to pull up mechanisms for pantographic structures fabricated with MPL. This design has been used to conduct
tensile mechanical tests to study the mechanical behavior of the micro-pantographs and juxtapose it with the theoretical modeling

Fig. 35 Example of wide-knit pantographic structure

Fig. 36 Pantographic lattice of ratio 3 : 1 and composed by 78 beams (e = 4.8 mm)

If, instead, the lattice is dense, as it has been already clarified, a homogenization procedure leads to a
two-dimensional second-order gradient continuum model.

3.5.1 Isogeometic analysis method

A rotation-free discretization is obtained with isogeometric analyses [54,55] that provide basis functions with
a higher inter-element continuity.We consider a lattice composed of two uniform orthogonal families of beams
having for main directions x and y (Fig. 36). All the aligned segments form a single continuous beam and two
consecutive parallel beams are separated by the distance e. The pivots linking the displacements between two
intersecting beams are described in Ref. [20] and are enforced by Lagrange multipliers (λ(i j) ∈ R

2).

Discrete and continuum models Using a rotation-free geometrically nonlinear Euler–Bernoulli beam formu-
lation, the deformation energy of the discrete photographic lattice is given by
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where n = { j, i} for s = {x, y}, respectively, E is Young’s modulus, A the cross section area, I the area
moment of inertia, kθ and γ are two parameters that characterize the pivots. ε{,x} and κ{,x} are the membrane
and bending strains, respectively [54].

Assuming a small distance e between the beams, the sums of Eq. (1) can be replaced by integrals, leading
to an homogenized media [20]:
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where Kε = E A/e, Kκ = E I/e and Kθ = kθ /e2.
In both expressions, the bending strain is also called the curvature, and depends on the second derivative

of the displacement field, thereby requiring at least C1-continuous shape functions.

Isogeometric analysis Introduced by Hughes et al. [56], the isogeometric analysis consists in reusing the
shape functions that describe the geometry for the analysis. These shape functions are most often non-uniform
rational B-splines (NURBS) and represent exactly conic shapes. One of the main advantages of this method
is that the inter-element continuity can be augmented through the k-refinement procedure. This property
has been successfully adopted to solve rotation-free second-order weak formulations, as encountered for
instance in structural mechanics for Kirchhoff–Love shells [57] and beams [58]. Isogeometric analysis has
been successfully applied to elastic beams and Kirchhoff plates [59–66].

Numerical results The pantographic lattice investigated in Ref. [20,54] is reproduced. Four different displace-
ment conditions are applied (see Fig. 36, ξ = BC/‖BC‖, η = BA/‖BA‖)
– Test a: AB is motionless, CD is translated by the vector 0.0567ξ .
– Test b: AB is motionless, CD is translated by the vector 2Hη.
– Test c: AB is motionless, CD is translated by the vector 0.5Hξ and anticlockwise rotated by π/4 about
its center.

– Test d: AB is clockwise rotated by π/3 about A, CD is rotated anticlockwise by π/3 about the point D
and translated by the vector −3/2Hξ .

The deformation energies for the four cases are shown in Fig. 37. The homogenized models are found
to be in excellent agreement with the discrete version. In order to provide a more accurate comparison, the
discrete model of case a is refined with different beam densities. The tension applied to the edgeCD, the angle
between the two fibers intersecting at the middle of the specimen, and the elongation of the fiber indicated by
an arrow in Fig. 36 are reported in Table 1. When the lattice density is increased, the discrete results converge
to the continuum model.

3.5.2 Ritz approach

A second possibility to minimize the energy introduced in Eq. 1 consists in adopting a Ritz approach by dis-
cretizing the above-mentioned energy and by introducing some shape functions to describe the displacements.
A relevant difference between the energies considered in [46] and the one reported in Eq. 1 consists in the
description of the pivot. For describing a real pantographic sheet, one is obliged to introduce an energetic
term related to the torsion of the pivots (at the micro-level, while, at the macro-homogenized level, it has to be
related to the shear in the pantographic sheet). This torsional term is present in both descriptions. Following the
Ansatz presented in [48], in [46], it is considered an additional term in order to take into account the possibility
that fibers of different families slide one with respect to the other in correspondence of a pivot (which in a
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Fig. 37 Tests a (a, b) b (c, d) c (e, f) and d (g,h): total strain energies (J/m2) predicted by discrete (a, c, d, f) and continuum (b,
d, f, g) models

micro-description of the problem can be interpreted as the energy relative to the flexure or the shear of the
pivot). Due to the order of the derivatives appearing in the nonlinear Euler–Bernoulli beam theory, the axial
displacement u and transverse displacement v require, at least, functions with continuity C2. Therefore, in
the local reference system the generalized displacements (u, v) inside the element are interpolated from some
(nodal) local displacements written in terms of Hermite cubic polynomials.

After the minimization of the potential energy, the equilibrium shapes of the pantographic structure are
obtained. A comparison between the experimental measures and the numerical computed deformed shapes is
given in Fig. 38.
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Table 1 Test a:, applied tension, angle in the middle of the specimen, and elongation of the fiber indicated with an arrow in
Fig. 36 for discrete lattices with different beam densities, and the isogeometric continuum model

Force (N) Angle (◦) Elongation (%)

IGA lattice (e = 9.6 mm) 67.1 24.1 3.51
IGA lattice (e = 4.8 mm) 62.0 21.9 4.88
IGA lattice (e = 2.4 mm) 59.6 21.6 5.04
IGA lattice (e = 1.2 mm) 58.8 21.4 4.75
IGA continuum (e = 0) 58.6 21.2 4.66

Fig. 38 Superposition of experimental (gray) and numerical (blue) shapes for four different values of the prescribed displacements
in a BIAS extension test: a 0.014 m, b 0.037 m, c 0.048 m, d 0.054m (color figure online)

3.6 Torsion of pantographic structures

Due to their peculiar geometrical arrangement, pantographic structures show unusual responses in torsion.
The mechanism that has been measured in torsion tests of aluminum alloy-printed pantographic structures is
known as the nonlinear Poynting effect [26]. The Poynting effect is observed in elastic materials, for example,
during the torsion of a beam. It is considered as an axial effect. Also if there are no axial loads, due to torsion
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Fig. 39 Torsion tests results. Axial reaction force versus rotation angle. The usual Poynting effect would be represented by a
linear trend

Fig. 40 Torsion of an aluminum alloy pantographic structure evidencing the Poynting effect reversal

the length of the beam changes. Conversely, if the beam has motionless ends, an axial reaction force appears.
This axial force has been measured during torsion tests. Its change with the torsion angle is represented in
Fig. 39 (for the different tested specimens).

The different responses that are reported in Fig. 39 can be explained by considering two competing mech-
anisms, namely, the bending of the fibers and the shearing of the pivots. On the one hand, when the shearing
of the pivots is more important than the bending of the fibers, the angles between the fibers change while the
fibers keep their length, resulting in a reverse Poynting effect. On the other hand, if the bending of the fibers
is predominant, then the whole structure will be stretched in the direction orthogonal to the twist axis, with a
positive Poynting effect (Fig. 40).

It has to be noted that the above-considered phenomenon is a double-scale issue. This observation implies
that it cannot be treated in the framework of the standard Cauchy ContinuumMechanics, but a generalized (in
this case a second gradient) model has to be taken into account [67].

3.7 Dynamics of pantographic sheets

In this section, the experimental results on the dynamical behavior of a pantographic sheet [68] are briefly
reviewed. In particular, a qualitative description of the dynamic displacement vector fields observed on a
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Fig. 41 Polyamide pantographic sheet connected to a shaker

pantographic sheet clamped at one end and undergoing a sinusoidal (uniaxial) imposed displacement at the
other end is discussed. Moreover, the measurement process and the experimental setup will be described.

3.7.1 Experimental arrangement

The studied pantographic sheet is a 3D-printed polyamide EOS PA22000 rectangular (linear dimensions:
235 × 78 mm) specimen. The sample is prepared with a speckle pattern aimed for digital image correlation
analyses (see below). One of the short ends of the sample is clamped to the ground, while the other one is
connected to a Brüel & Kjær type 4809 shaker driven by a Brüel & Kjær type 2718 power amplifier (see
Fig. 41). Before each measurement, preparatory checks on the position of the specimen with respect to the
ground and to the shaker are performed. Measurement consists in a direct time observation by means of two
Phantom v1612 cameras of the dynamic behavior of the sheet undergoing a sinusoidal displacement prescribed
by the shaker. The acquisition rate is 2048 images/second with a definition of 1280 × 800 pixels [69]. Two
Nikon 200 mm macro-lenses are used for the cameras. For a distance of ∼ 1.5 m, the field of view of the
cameras is ∼ 240 × 150 mm [70]. The sample is illuminated by means of four halogen spotlights (250 W
each). Themaximum theoretical resolving power for the 3DDIC depends on the proprietary software LaVision
DaVis 8.3 used and in these conditions is ∼ 10 µm [71]. Stereovision calibration is performed by means of a
pinhole camera model. In particular, to minimize mapping errors associated with sample volume, five different
views of a two-level calibration plate are considered. The re-projection error is 0.13 pixel in RMS. All the
displacements observed refer to a picture of the sample at rest, being the reference configuration for the different
data sets. Finally, to avoid unwanted buckling phenomena during the measurement, the specimen is fixed in a
pre-stressed configuration (237 mm vs. 235 mm in the relaxed configuration).

Measurements are performed for 24 different frequencies, ranging from 30 Hz to 200 Hz with a step
of 10 Hz. For each frequency, three increasing excitation amplitudes and both orientations are considered.
Moreover, to try to limit any dependence of the measurement results on environmental conditions (such as
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Fig. 42 The first two plots refer to an excitation frequency of 30 Hz, while the other two refer to an excitation frequency of 50
Hz. The arrows depict the in-plane displacement, while the color represents the amplitude of the out-of-plane displacement (all
expressed in mm). The shaker is connected to the top end while the sample is clamped to the ground at the bottom end (color
figure online)

heating of the specimen due to oscillations), the frequency range is spanned both increasing and decreasing
the frequency levels. Setting one frequency, one orientation and one amplitude, the measurement is performed
in the following way

1. From a National Instrument NI-9263 analog output module a monochromatic signal is generated and sent
to the amplifier;

2. Given the elastic nature of the sample, it is assumed that after 2.5 s it reaches the steady state. A trigger
signal is then sent from the output module to the cameras;

3. Both the excitation signal on the amplifier and the 500 video frames acquired by each camera are stored
for the following data analysis.

The algorithm to obtain the displacement vector fields is a least square match with a step size of 4 pixel and a
19 × 19 pixel window size.

3.7.2 Measurement results

According to the previously explained procedure, it is possible to observe the dynamic displacement vector
field of a pantographic sheet clamped at one end and sinusoidally oscillating at the other end. In this section,
the results for a set of relevant frequencies are presented.

In Figs. 42, 43 and 44, it is possible to observe the displacement vector field at maximum displacement
(oscillation peaks) for 30 Hz, 50 Hz (Fig. 42); 100 Hz, 120 Hz (Fig. 43); 140 Hz, 200 Hz (Fig. 44) frequencies.
For each frequency, two snapshots corresponding to the maximum displacement are shown. The arrows depict
the in-plane displacements while the colors represent the amplitude of the out-of-plane displacement.
The in-plane displacement vector fields appear to be curved. The position of curvature centers and the curvature
itself appear to be dependent on the frequency. The rapid change in the displacement vector field when the
frequency approaches 200 Hz suggests that it is close to resonance. The pantographic sheet rotates around
its vertical middle axis resulting in out-of-plane displacements. The higher the frequency the lowest is the
amplitude of out-of-plane displacements. In particular for the highest frequency its peak-to-peak amplitude is
negligible, allowing for a forthcoming 2D modeling.

These results have to be considered as a starting point for both experimental and modeling efforts aimed
at understanding the dynamic behavior of pantographic metamaterials. In particular, several interesting exper-
imental variations of the methods presented in this section can be considered. As an example, one may be
interested in the dynamic behavior of a damaged specimen or in larger deformations to observe nonlinear phe-
nomena. From the modeling point of view, the possibility to have experimental benchmarks for the theoretical
models will be exploited to make a selection process of the manifold of models and approaches in this very
active framework.
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Fig. 43 The first two plots refer to an excitation frequency of 100 Hz while the other two refer to an excitation frequency of 120
Hz. The arrows represent the in-plane displacement while the color represents the amplitude of the out-of-plane displacement.
The shaker is connected to the top end while the sample is clamped to the ground from the bottom end (color figure online)

Fig. 44 The first two plots refer to an excitation frequency of 140 Hz while the other two refer to an excitation frequency of 200
Hz. The arrows represent the in-plane displacement while the color represents the amplitude of the out-of-plane displacement.
The shaker is connected to the top end while the sample is clamped to the ground from the bottom end (color figure online)

Fig. 45 Clamping device for the 36 mm specimen in the undeformed configuration

3.8 Extension tests of pantographic-like fiber-reinforced structures

For the subsequent tests on the fiber-reinforced material, standard specimens of size 125× 25 mm and 125×
36 mm have been cut from a larger plate using a hydraulic shear. Additionally, to prevent slip between the
universal testing machine and the specimen, large clamping forces are required. Therefore, additional 20-mm-
long cap strips (width is adjusted to the sample) made from the same material with fiber orientation rotated
45◦ against the orientation of the fibers of the samples have been glued both sides at the ends of the specimen.
Figure 45 displays the clamping system for a 36 mm specimen.

First, a force–displacement diagram for the 25-mm specimen is shown in Fig. 46. Different orientations
of the fibers have been investigated, namely, 0◦ (warp direction) and 90◦ (weft direction). For both directions,
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Fig. 46 Force–displacement curves for 25-mm specimens and different orientations of the fibers

Fig. 47 Series of force–displacement curves for 25-mm specimens and 75◦ fiber orientation

Fig. 48 Fracture patterns of the 25-mm specimen for 0◦ and 45◦ fiber orientations

nearly identical results are observed. The junctions between the fibers are not active, i.e., the fiber-reinforced
material acts like a first-gradient material and breakage occurs beyond 5 kN (not displayed in the diagram for
the sake of clarity on the other measurements). For 15◦ and 75◦ directions, the results are again similar, with
a slight increase of the stiffness for the 15◦ direction. The same increase in stiffness is observed between 30◦
and 60◦ directions. It is worth noting that the fluctuations within the measurements are small, as demonstrated
in Fig. 47 for a series of measurements with the 75◦ fiber orientation.

The peak forces, occurring before fracture starts, depend on the orientation of the fibers. As shown in
Fig. 48, the fracture patterns are different. Similar to printed pantographic structures, the fiber-reinforced
laminate undergoes gradual damage after the peak. The fibers break in a cascading manner leading to the same
type of load redistribution as observed before.

Perspective: modeling via mean Green operators homogenization procedure An important subclass of com-
posite materials is represented by “network-reinforced matrices”, say those materials in which one or more of
the embedded phases are co-continuouswith thematrix in one ormore directions [72–75]. The above-described
fiber-reinforced material is an example. A method to study effective properties of this kind of composites is
presented in [76]. Effective properties are shown, in the framework of linear elasticity, estimable by using
the global mean Green operator for the entire embedded fiber network which is by definition through sample
spanning. This network operator is obtained from one of infinite planar alignments of infinite fibers, which the
network can be seen as an interpenetrated set of, with the fiber interactions being fully accounted for in the
alignments. In [76] the effective properties of a planar alignment of fibers and of a 1D fiber bundle embedded
in matrix are derived, but the samemethod can be generalized to be applied to pantographic-like fiber networks
(see Fig. 49).
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Fig. 49 Planar pantographic-like fiber network (the embedding matrix is hidden in the image). The pantographic arrangement
can be obtained by considering two parallel fiber alignments; the fibers of the two alignments are oriented along two orthogonal
directions

Fig. 50 Evolution with a stretch η of the three Young’s moduli (a) and shear moduli (b) for a 1D fiber bundle embedded in a softer
matrix (four different estimates). The fiber volume fraction is 40%. Numerical 2D simulations for the in-plane shear modulus
2C55 reported for comparison are plotted as points linked by dashed straight red lines

The effective properties obtained via the homogenization procedure can be made evolve in order to obtain
the behavior under deformation of the considered composite by introducing a dependence on some suitably
chosen geometrical descriptor. In the 1D fiber bundle example, the evolution of Young’s moduli and of shear
moduli are obtained in function of the parameter η related to the interdistance of the fibers (see Fig. 50).

More details on the homogenization procedure based on themean Green operators can be found in [77–79].

3.9 Wrinkling in engineering fabrics

The forming kinematics andmechanics of a 2×2 twill-weave carbon fabric (EasyComposites, product code =
CF-22-20 0-150), treated with a speckle pattern for analysis using Digital ImageCorrelation (DIC) was char-
acterized and reported in [80]. The width of warp and weft tows in the carbon fabric is 2.00 ± 0.01 and
1.92 ± 0.05 mm, respectively (Fig. 51).

The mechanical forming properties were determined using a six-step procedure, discussed in detail in
[80,81]. Several models exist to describe this kind of materials and their mechanical behaviors. Among them,
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Fig. 51 Twill-weave carbon fabric showing warp (0◦) and weft (90◦) tows and scaled rule

Fig. 52 Uniaxial bias extension test for the sample of size 150×300 mm. a Normalized axial force versus shear angle. b Effective
shear angle versus ideal shear angle. The yellow dots indicate the experimental data, the blue continuum line the continuummodel,
the red dashed line the semi-discrete model (color figure online)

Fig. 53 Uniaxial bias extension test for the sample of size 150× 300 mm. (E experiment; SD semi-discrete; C continuum). Shear
angle approximately (a) 50◦, (b) 67◦

in [81] two different comprehensive modeling approaches are considered. These models, referred as “semi-
discrete” and “continuum” models, are able to independently control the tensile, shear, out-of-plane bending,
in-plane bending and torsional stiffnesses of the fabric, with the stiffnesses convecting with the fiber directions
during large shear deformations. The semi-discrete model [80,82] is based on the assumption that woven
engineering fabrics can be modeled as a repeated unit cell, based on a pantographic module consisting of
mutually constrained beam and membrane elements connected via zero-torque hinges. The continuum model
is a second gradient continuummodel. A comparison between the predictions obtained by using the twomodels
and the experimental measures are reported in Fig. 52 for a uniaxial BIAS extension test.

The wrinkling of the engineering fabrics has been measured. Experimental results are shown in Fig. 53. To
further emphasize this result, Fig. 54a displays the out-of-plane displacement along a mid-section, cut parallel
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Fig. 54 Wrinkling details by continuum model. a Out-of-plane displacement along a mid-section for the samples 100 × 200,
150 × 300 and 200 × 400 with shear angles 64◦, 67◦ and 68◦, respectively. b Post-buckling behavior

Fig. 55 Wrinkling details by semi-discrete model. a Out-of-plane displacement along a mid-section for the samples 100 × 200,
150 × 300 and 200 × 400 with shear angles 64◦, 67◦ and 68◦, respectively. b Post-buckling behavior

to the short edge of the sample, for different sizes of the samples. Fig. 54b shows the wrinkle amplitude versus
the shear angle at the center of the sample obtained by the continuum model; Fig. 55 shows the same plots
obtained by the semi-discrete model. These figures allow to evaluate the wrinkle onset shear angles.

4 Image analyses

4.1 Tomographic analyses

4.1.1 Low-resolution aquisition: stainless steel and aluminum samples

Preliminary tomographic analyses have been carried out on a stainless steel pantographic structure. This type
of analysis will be used in the future for the understanding of microscopic mechanisms at the basis of damage
and failure. The acquisition was conducted at low resolution inside a North Star Imaging X50+ tomograph,
using a source setting of 170 kV, 600 µA and a 1536 × 1944 pixel panel detector. The physical voxel size is
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Fig. 56 3D rendering of a 316L steel pantographic structure at macroscale and mesoscales

Fig. 57 Top left: µCT scan of the pantographic structure with a resolution of 5 µm. Top right: Cross section of pivot beams
showing random porosities. Bottom left: Cross sections of lower fiber group, showing porosity accumulation on the downside.
Bottom right: Cross sections of upper fiber group, showing porosity accumulation on the downside

69.5 µm in order to image the whole sample (Fig. 56a). Eight hundred radiographs were acquired over the
360◦ of rotation with a frame average equal to 10. The acquisition frequency was 10 fps. The total duration
of a single acquisition was approximately 30 min. A 0.5-mm-thick copper filter was used. Fig. 56a shows the
3D rendering of a steel pantograph, and Fig. 56b a close-up view of a section showing the mesostructure.

A single element of the successfully built specimens was analyzed by aµCT scan (see Fig. 57). Besides the
rough surfaces, the images show an increased porosity within the material in comparison with bulkier parts.
In particular, toward downskin areas, an accumulation of porosities is observed. These results indicate that
further processing optimizations are necessary in order to create a high-quality material.

4.1.2 Polyamide and aluminum samples: microstructure visualization

The microstructure of 3D printed polyamide and aluminum is investigated in the sequel. It was motivated
by the potential to understand the microstructure of such materials to assess their applicability, effectiveness,
and strength. 3D printed materials have the potential applications from manufacturing to bio-related fields
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Fig. 58 Reconstructed 10× aluminum alloy SLS-made (part of) pantographic structure

Fig. 59 Reconstructed 10× polyamide SLS-made (part of) pantographic structure

[83,84]. Micro X-ray computed tomography (µXCT) was used to obtain micrometer scale 3D microstructure
of polyamide and aluminum samples obtained from pantographic specimen. The reconstructed µXCT images
were used with the analysis software, Avizo, to obtain the porosity, specific surface area, and other statistics
about the microstructure.

Micro X-ray CT imaging A Zeiss Micro X-ray CT machine was used to acquire the images (Zeiss Xradia 410
Versa 2018). The 10× lens objective was used to image the samples which results in a digital image with a
square field of view of side ≈ 1.5 × 103 µm and pixel size of ≈ 0.86 µm/pixels. A total of 1441 images at a
frequency of 4 images per degree of rotationwere acquired for tomographic reconstruction. The overall imaging
time varied from 8–12 h depending on the exposure time per image. Using the “Reconstructor” software, the
radiographs were utilized to reconstruct the 3D volumes shown in Figs. 58 and 59. The reconstructed 3D
structure has a voxel size of 1.72×1.72×1.72µm3. A visual inspection of the reconstructed structure reveals
a smooth internal microstructure for the aluminumwith spherical pores of varying sizes. This observation is not
unexpected since the SLM process was used for its fabrication. Conversely, the polyamide internal structure
has a granular structure formed by the sintering of the polyamide grains in the SLS process. In addition, the
pores in polyamide have irregular shapes, suggesting that the polyamide powder grains do not lose completely
their original shape during sintering as they would do in a melt. The sintered internal microstructure formed
in this way will lead to properties that are different than polyamide formed by melting and solidifying the
powder.
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Fig. 60 Selected sections in xy-, xz-, yz-planes and the 3D rendering of the analyzed volume, respectively, of the original
reconstructed µXCT image for a polyamide and b aluminum specimens, showing irregular boundaries

3D Analysis A porosity analysis was performed using the wizard and image segmentation tool of Avizo (9.5.0
software). To ensure that the segmentation tool identifies the interior pore spaces, the reconstructions were
cropped down to cubes to avoid irregular boundary effects. Figure 60a, b illustrate the boundary irregularity in
the original reconstruction for polyamide and aluminum specimens, respectively, shown as selected sections
in xy-, xz-, yz-planes and the 3D solid, respectively. Multiple cubic sub-volumes were taken from different
locations of the original reconstruction to ensure that the major topographic features (i.e., pore spaces) of the
original reconstruction were represented.

Figures 61 and 62 give 3 instances of the cubical samples for polyamide specimen of size 250 × 250 ×
250 voxels shown as selected sections in xy-, xz-, yz-planes and the 3D rendering, respectively. From Figs. 61
and 62, we can see that the pores in these specimen were characterized by a large aspect ratio. These pores are
typically aligned such that their larger dimensions are aligned in the z-direction that is orthogonal to the build
direction of the SLS process. The average porosity of the aluminum specimen was found to be 6.5%.

Figures 63 and 64 give 3 instances of cubic samples for aluminum specimen of size 400 × 400 × 400
voxels shown as selected sections in xy-, xz-, yz-planes and the 3D solid, respectively. The cubical sample sizes
were predicated on the original cross-sectional dimensions of the beam specimens and their orientation in the
xy-plane. From Figs. 63 and 64, we can see that the pores in these specimen are mostly spherical.

Avizo’s segmentation tool was used to define the labels of the material volume versus the pore volume in
the cropped sub-volumes. Once the areas were defined, Avizo’s label analysis tool was used to calculate the
volume statistics. The porosity analysis wizard was also used to obtain the pore size distribution. The average
porosity of the polyamide sample was calculated to the 18.5%. For polyamide specimen, the maximum pore
size varied from 573 to 640 µm, while the median pore size ranged from 6 to 7 µm for the 3 sub-volumes
samples. For aluminum specimen, the maximum pore size varied from 168 to 195 µm, while the median pore
size ranged from 5 to 8 µm for the 3 sub-volumes.

4.2 Principle of digital image correlation

Digital image correlation (DIC [85,86]) can be used to quantify evolution of displacement field at prescribed
resolution of a deformed specimen. Recently, this technique has been applied to extract the displacement fields
as the pantographic structure is deformed in the experimental tests [19,50]. For the pantographic structures,
displacement fields can be derived at macroscopic and mesoscopic scales. These displacement fields can then
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Fig. 61 The columns give selected sections in xy-, xz-, yz-planes and the 3D rendering of the analyzed volume, respectively
for 3 cubic samples (rows) cropped from the top, middle and lower regions of the original reconstructed µXCT image for the
polyamide specimen

Fig. 62 The pore structures with 3 cubic samples cropped from the top, middle and lower regions of the original reconstructed
µXCT image for the polyamide specimen. The irregular shapes with large aspect ratio of the pore spaces can be seen

be compared with those predicted via numerical simulations. By this comparison, it is possible to validate the
considered constitutive model.

DIC is based upon the analysis of digital images of surfaces at different stages of deformation in experi-
ments, with an aim to obtain a precise estimation of the deformations. One of the limits of DIC comes from its
ill-posedness. Generally, only limited information is available from gray level images. For this reason, it is not
possible to measure displacement fluctuations beyond certain spatial resolution. Consequently, it is necessary
to find a compromise between the uncertainty level and the spatial resolution [87]. Unrefined descriptions of
displacement fields based on discretizations coarser than the scale of pixels are usually required. Additional
information is necessary to achieve finer resolutions. For example, it is possible to consider continuous dis-
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Fig. 63 The columns give selected sections in xy-, xz-, yz-planes and the 3D rendering of the analyzed volume, respectively,
for 3 cubic samples (rows) cropped from the top, middle and lower regions of the original reconstructed µXCT image for the
aluminum alloy specimen

Fig. 64 The pore structures with 3 cubical samples cropped from the top, middle and lower regions of the original reconstructed
µXCT image for the aluminum alloy specimen. The mostly spherical shapes of the pore spaces can be readily seen.

placement fields and decompose them on convenient kinematic bases (e.g., finite element shape functions).
The calculation time is increased in this global approach, but the uncertainties can be reduced [87].

4.2.1 Global DIC

The registration of two gray level images in the reference ( f ) and deformed (g) configurations is based on the
conservation of gray levels

f (x) = g (x + u (x)) (3)
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where u is the (unknown) displacement field to be measured and x the position of pixels. The sought displace-
ment field minimizes the sum of squared differences Φ2

c over the region of interest (ROI)

Φ2
c =

∑

ROI

ϕ2
c (x) (4)

where ϕc defines the gray level residuals ϕc(x) = f (x)−g(x+u(x)) that are computed at each pixel position
x of the ROI. The minimization of Φ2

c is a nonlinear and ill-posed problem. This is the reason for considering
a weak formulation in which the displacement field is expressed over a chosen kinematic basis

u(x) =
∑

n

unψn(x) (5)

where ψn are vector fields and un the associated degrees of freedom, which are gathered in the column vector
u. Thus the measurement problem consists in the minimization of Φ2

c with respect to the unknown vector u.
This problem is nonlinear and to obtain a solution Newton’s iterative scheme can be implemented.

In the following analyses, the vector fields correspond to the shape functions of 3-noded triangular elements
(i.e., T3 elements). Consequently, the unknown degrees of freedom are the nodal displacements of the T3
elements.

4.2.2 Regularized DIC

The previous approach can be penalized when the image contrast is not sufficient to achieve low spatial
resolutions. This is, for instance, the case in the analyses reported hereafter. Regularization techniques can
then be selected [88]. They consist of adding to the global correlation functional Φ2

c penalty terms. In the
following, a first penalty, which is based on the local equilibrium gap, is added for the inner nodes of the finite
element mesh and those belonging to the free edges

Φ2
m = {u}�[K]�[K]{u} (6)

where [K] is the rectangular stiffness matrix restricted to the considered nodes. For the other edges, a similar
penalization is considered

Φ2
b = {u}�[L]�[L]{u} (7)

where [L] is a second operator acting on the nodal displacements of the boundaries that are not traction-free
[88].

The global residual to minimize then consists of the weighted sum of the previous three functionals (i.e.,
Φ2

c , Φ2
m and Φ2

b ). Because the dimensions of the first functional is different from the other two, they need
to be made dimensionless. It follows that the penalization weights acting on Φ2

m and Φ2
b are proportional to

a regularization length raised to the power 4 [88]. The larger the regularization length, the more weight is
put on the penalty terms. This penalization acts as a low-pass mechanical filter, namely, all high frequency
components of the displacement field that are not mechanically admissible are filtered out. Similarly, for
low-contrast areas mechanical regularization provides the displacement interpolation. The following analyses
illustrate the benefit of using DIC to measure displacement fields at the macroscopic and mesoscopic scales.

4.2.3 DIC applied to pantographic structures

Application to a BIAS extension test In the following, a BIAS extension test performed on a steel pantographic
structure is analyzed. In total, a series of 55 pictures will be analyzed for which no damage was observed.
Figure 65 shows the picture of the initial configuration, and three loaded configurations corresponding to the
17th, 34th and 51st studied steps. In the present case, the pivots of the pantograph were marked in black,
and a random pattern was created by spraying black and white paint on the grips. The fact that the grips
were patterned helps the DIC code to converge even though very large displacement levels occur during the
experiment.

Macro- and mesoscale analyses will be reported in the sequel. For macroscale analyses, the rectangu-
lar region of interest was meshed with T3 elements independently of the underlying mesostructure. Such
discretizations may then be compared with numerical simulations performed at the macroscale [19]. Four
different mesh densities were considered (Fig. 66a–d). The characteristic mesh size, which is defined as the
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Fig. 65 Gray level images of the pantograph in the reference configuration a, 17th b, 34th c and 51st d loading steps

Fig. 66 Finite element meshes overlaid with the gray level picture of the reference configuration

square root of the average element surface, was equal to 28 pixels for the first mesh, 13 pixels for the second
one, 8 pixels for the third one, and 6 pixels for the last. These four meshes will be utilized for convergence
analyses of the DIC results at the macroscale.

Two additional meshes were tailored to the pantograph mesostructure (Fig. 66e–f). Contrary to the
polyamide pantograph for which simple morphological operations were performed in order to construct the
mesoscale mesh from a mask [19], the procedure was different herein. The starting point was the nominal
geometry of the pantograph, which would be used, say, in FE simulations. From this information, the mesh
was created with Gmsh [89] (Fig. 67a) and a picture of the corresponding mask (Fig. 67b). A DIC analysis
was run between the reference picture and the mask to deform it so that the mesh can be back-tracked onto the
actual pantograph surface. In such an analysis, an auxiliary (coarse) mesh was used (Fig. 67c). Once the DIC
analysis converged, the original mesh was consistent with the actual geometry of the pantograph (Fig. 67d).

This back-tracking procedure was applied to two meshes (Fig. 67e–f). The corresponding characteristic
mesh size is equal to 3.7 and 3.6 pixels, respectively. It is worth noting that such discretizations can only be
considered thanks to regularization techniques since the correlation length of the pantographic structure is of
the order of 10 pixels. Only so-called direct calculations will be reported in which each considered picture is
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Fig. 67 Illustration of the back-tracking procedure. Initial mesh (a) and corresponding mask (b). c Reference picture and mesh
used to register the mask. d Overlay of back-tracked mesh and reference picture

Fig. 68 RMS gray level residual as functions of the picture number for the six meshes shown in Fig. 66

registered with respect to the reference image. To speed-up convergence, a first incremental analysis is run in
which the reference configuration becomes the deformed configuration of the previous analysis step. These
first results are used as initialization to the direct registrations. The regularization length was chosen equal to
30 pixels. The convergence condition on the norm of the mean displacement correction was set to 10−3 pixel,
which is very low since the measured displacement amplitudes will be significantly higher (i.e., more than
130 pixels in the longitudinal directions, and ± 50 pixels in the transverse direction).

In global DIC, the registration quality is assessed with gray level residual fields, which correspond to
the pixel-wise gray level difference between the picture in the reference configuration and the picture in the
deformed configuration corrected by the measured displacement. The quantity to be minimized is the L2-norm
of the gray level residuals over the region of interest [86]. The root mean square (RMS) level is reported in
Fig. 68 for all six meshes considered herein. The first general tendency is that the registration quality degrades
as more steps are analyzed, thereby signaling that the measured fields become very complex at the end of
the experiment (Fig. 65). Such type of observation was already made for the polyamide pantograph [19,50].
Second, there is a significant difference between the first four meshes and the last two. This proves that
meshes tailored to the actual pantograph surface better capture the kinematics of the test, even with the same
regularization length as for coarser meshes. Third, in both cases, a converged solution is obtained in terms of
mesh densitywith respect to the chosen regularization length.More precisely,meshes 3 and 4 at themacroscale,
meshes 5 and 6 at the mesoscale have the same residual levels. Consequently, there is no need to further refine
the discretization with the chosen regularization length.

In the following discussion, only two sets of results are reported, namely, those of meshes 4 (at the
macroscale) and 6 (and the mesoscale). Figure 69 shows the longitudinal and transverse displacements mea-
sured for the 17th picture. The transverse displacement field ux shows a very important contraction, which is
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Fig. 69 Longitudinal (a–c) and transverse (b–d) displacement fields measured with meshes 4 (a, b) and 6 (c, d) for the 14th
picture. The fields are shown on the deformed configuration

Fig. 70 Longitudinal (a–c) and transverse (b–d) displacement fields measured with meshes 3 (a, b) and 4 (c, d) for the 34th
picture. The fields are shown on the deformed configuration

of the same order of magnitude as the longitudinal motions uy . Since the width of the sample is one third of
its length, the transverse deformations are much more important than the longitudinal component. This obser-
vation applies to both scales. In the present case, both measurements have approximately the same quality in
terms of overall registration residuals (Fig. 68).

In Fig. 70, the samefields are shown for the 34th picture. Themain features of the transverse and longitudinal
displacement fields are identical to the previous step, yet with higher overall levels. The displacement ranges
still are of the same order of magnitude for the longitudinal and transverse displacements. Consequently, the
central part of the sample is thinner. The deformed shapes are very close for both meshes, which translates
into the same levels of registration residuals (Fig. 68).

One of the last steps is reported in Fig. 71. In that case, the gray level residuals (Fig. 68) are significantly
higher for mesh 4 (at the macroscopic scale) in comparison with mesh 6 (at the mesoscopic scale). There is a
clear difference in the deformed shape whose width is lower for the mesoscopic analysis in comparison with
the macroscopic result. The highly deformed region has grown toward both ends of the pantographic sheet,
which can be understood by the fact that when struts touch each other, the deformation mechanism moves
away from these zones.

The results reported herein confirm that DIC analyses can be run on pantographic structures at macroscopic
scales [19,50] and mesoscopic levels [19] with regularized DIC on very fine meshes (i.e., down to 3.6 pixel
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Fig. 71 Longitudinal (a–c) and transverse (b, d) displacement fields measured with meshes 3 (a, b) and 4 (c, d) for the 51th
picture. The fields are shown on the deformed configuration

elements). Important gains were observed in terms of registration quality by moving from the macroscopic
to the mesoscopic scale (i.e., more than a factor of one and a half at the end of the picture series). The final
gray level residuals indicate that even more advanced approaches should be followed. What is missing in the
mesoscopic analysis is the special kinematics provided by the pivots.

Application to a shear test Shear tests have also been reported for pantographic structures [44]. This second
example deals with 1,000 pictures with an 8-bit digitization and a definition of 1388×1038 pixels. The physical
size of one pixel is equal to 110 µm. The first part of the experiment was monitored very finely, and then the
acquisition rate was decreased (Fig. 72a).

In the following DIC analyses, the two scales of measurements are discussed. The mesh at the macroscopic
level encompasses the whole pantograph and a small part of the grips (Fig. 72c). The mean characteristic mesh
size was equal to 10 pixels. Conversely, the mesh at the mesoscale only covers the external surface of the
pantograph (Fig. 72d). Its characteristic size was equal to 5 pixels on average. It was back-tracked by following
the same procedure as in the BIAS test. In the present case, the regularization length was equal to 75 pixels (i.e.,
higher than in the previous case) since the regularization strategywas now applied to incremental displacements
(i.e. Hencky-type elasticity) and not to total displacements. When studying the gray level residuals, there is
a gradual degradation as the applied displacement increases. This trend shows that the selected kinematic
bases and regularization strategy are not able to fully describe the experiment. Contrary to the previous, there
are clearer differences between macroscopic and mesoscopic kinematic bases, namely, the former leading to
higher residuals than the latter.

Figure 73 shows the displacement fields measured for the 545-th picture (Fig. 72a), which are overlaid on
top of the picture in the deformed configuration. Even though the gray level residuals were higher than those at
the very early stages of the experiment (Fig. 72b), the results are still reasonably consistent with the underlying
mesostructure. In terms of overall pattern, the mesoscopic and macroscopic fields are close.

The gray level residual fields are reported in Fig. 74 for the two types of discretizations. Significant dif-
ferences are observed between the two fields. The mesostructure appears in the residuals of the macroscopic
calculations (Fig. 74a). This observation proves that the macroscopic kinematics does not fully capture the
actual sample deformation. Conversely, the mesoscopic kinematics better describes the underlying deforma-
tion process. As a consequence, the gray level residuals are lower than those observed with the macroscopic
mesh (Fig. 74b).

Green Lagrange strain fields are reported in Fig. 75 for both discretizations. It is interesting to note that
even though elastic regularization was considered, some details of the mesostructure appear in the macroscopic
fields associated with the normal strain components (Fig. 75a, c. The shear strain levels (Fig. 75e remain rather
small in comparison with the normal strain amplitudes (Fig. 75a, c). The mesoscopic mesh, which is more
closely related to the underlyingmesostructure, enables higher strainmagnitudes to bemeasured in comparison
with the macroscopic discretization.
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Fig. 72 a Mean transverse displacement of the crosshead. The black symbols depict the two states that are analyzed hereafter. b
RMS gray level residuals for the whole image sequence. Meshes at the macroscale (c) and mesoscale (d) overlaid on top of the
image of the reference configuration

One of the last step of the experiment (ie 965-th picture, see Fig. 72a) is now analyzed. This configuration is
significantly deformed and leads to a crosshead displacement level greater than 60% of the sample height. The
displacement field pattern is again similar for macroscopic (Fig. 76a, c) and mesoscopic analyses (Fig. 76b, d).

The gray level residual field corresponding to the macroscopic discretization (Fig. 77a) indicates that the
kinematic description is too crude to properly capture local details. This phenomenon leads to overall levels that
are about two times higher than the mesoscopic analysis (Fig. 72b). At the end of the analysis, the mesoscopic
mesh and corresponding discretization of the displacement field is more trustworthy than the macroscopic
mesh. Even though the mesoscopic mesh is better suited, it still does not fully capture the actual deformation
(Fig. 77b). An even more detailed description is need (eg describing the local kinematics around pivots) (Fig.
78).

GreenLagrange strain fields are shown inFig. 75 for the twodifferent discretizations. Significant differences
are observed in any of the reported fields, except in the areas close to the grips where the pantograph does not
deform too much. It is worth noting that the strain levels are higher with the mesoscopic mesh in comparison
with the macroscopic discretization.

4.3 Digital image correlation for fiber-reinforced pantographic-like materials

For the digital image correlation measurements of the fiber reinforced material, the optical system Q400 from
Limess & Software GmbH has been used. The subsequent evaluation of the images has been done in Instra4D,
version 4.1. For the analysis, Instra4D generates a cloud of points within the region of interest (ROI) with
a spacing of 5 pixels. At each point, a facet of 29 pixels has been applied, i.e., each facet is slightly larger
compared to a single segment of the correlation cloud. To control the calculated strains, the position of each
identified object in the current configuration has been calculated back into the reference configuration and
compared with the original picture with a maximum tolerance of 0.3 pixel.
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Fig. 73 Transverse (a, b) and longitudinal (c, d) displacement fields measured with macromeshe (a–c) and mesomeshe (b–d)
meshes for the 545th picture. The fields are overlaid on top of picture in the deformed configuration

Fig. 74 Gray level residual fields with the macromesh (a) and mesomesh (b) for the 545th picture. The fields are overlaid on top
of picture in the deformed configuration

The results for the 36-mm specimen are given in Fig. 79. They are displayed here to highlight the effects
of the fiber reinforcement, whereas the 25 mm specimens are more suitable for investigations on boundary
effects. In Fig. 79, the results for 90◦, 75◦, 60◦ and 45◦ fiber orientations are shown. For the 90◦ direction,
the patterns of the woven fabric can be recognized, where the 90◦ denotes the weft and 0◦ the warp direction.
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Fig. 75 Normal transverse (a–c), longitudinal (b–d) and shear (e, f) strain fields measured with macromesh (a–c) and mesomesh
(b–d) for the 545th picture. The fields are overlaid on top of picture in the deformed configuration

The resulting stiffness due to the periodically arising junctions, connecting the warp and weft directions of the
fibers, is responsible for this kind of pattern.

For the 75◦ direction, the fibers in the warp direction are aligned in the 15◦ direction. For this set up, the
fibers connecting diagonally the clamping devices carry a major portion of the external load. As can be seen
in Fig. 79, upper right picture, the laminate already starts to fracture near the clamps, leading to a heavily
reduced strength as reported in Fig. 46. Using the 60◦ direction as shown in the lower left picture of Fig. 79,
the fibers cannot connect the clamping devices directly, leading to a stress redistribution to a couple of fibers.
To redistribute the stress between the active, i.e., the external load carrying fibers, the connecting junctions
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Fig. 76 Longitudinal (a–c) and transverse (b–d) displacement fields measured with meshes 3 (a, b) and 4 (c, d) for the 965th
picture. The fields are shown on the deformed configuration

Fig. 77 Gray level residual fields with the macromesh (a) and mesomesh (b) for the 965th picture. The fields are overlaid on top
of picture in the deformed configuration

play a major role. Lastly, the lower right picture demonstrates the effects of the pantographic-like structure.
Compared to the results presented in Fig. 16, shows that nearly identical strain patterns arise.
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Fig. 78 Normal transverse (a–c), longitudinal (b–d) and shear (e, f) strain fieldsmeasuredwithmacromesh (a–c–e) andmesomesh
(b–d–f) for the 965th picture. The fields are overlaid on top of picture in the deformed configuration

5 Conclusion

The spirit of this paper, to be intended as a sequel of the previous one about pantographic metamaterials [19],
was to present an overview on all new advances in the different fields linked to the study of pantographic
structures. In particular, we have shown (i) how the recently developed 3D printing techniques have made
possible the production of many of the objects which were only theoretically but not factually designed. We
have highlighted (ii) the variety of experiments which is nowadays available to test developed theoretical
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Fig. 79 Strain measurements in horizontal direction via DIC, all data in [mm/m]. Fiber directions are presented from left to right,
top to down: [90◦, 75◦, 60◦, 45◦]

models. Indeed, beyond standard tests like Bias extension and shear, newly conceived tests like torsion, fiber
extraction and dynamical measurements have been addressed for pantograhic fabrics. We have shown that (iii)
an important tool in the study of pantographic structures is represented by image analysis techniques.

Regarding improvements in manufacturing of pantographic structures, the importance of technological
developments has been emphatically remarked mainly in the case of metallic pantographic structures with
(quasi-)perfect pivots and for micro-pantographic structures. Furthermore, a fundamental advantage of rapid
prototyping techniques consists in that the same CAD file used for the fabrication of the sample can be also
used to perform full-scale 3D numerical simulations using Cauchy continua: this allows for an optimized
experiment design.
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