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Abstract In the present paper, a rational report on Euromech 579,Generalized andMicrostructured Continua:
New ideas in modeling and/or Applications to Structures with (nearly)inextensible fibers (Arpino 3–8 April
2017), is provided. The main aim of the colloquium was to provide a forum for experts in generalized and
microstructured continua with inextensible fibers to exchange ideas and get informed about the latest research
trends in the domain. The interested reader will find more details about the colloquium at the dedicated web
page http://www.memocsevents.eu/euromech579/.
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1 Aims and main topics of the colloquium

Actual complexity of open problems in scientific research demands nowadays an orchestral effort of different
research groups working in different branches of science. Needs and questions in some research area are
often linked to (apparently) completely different investigations by the deep nature of the addressed problems.
The recent activity on generalized continua with inextensible fibers is of course a perfect example of these
interdisciplinary aspect. Research activity in this area spreads a wide set of applications, like design of special
fabrics and biological tissue engineering, and methods, like mathematical modeling, numerical analysis and
experimental investigations.

Euromech Colloquium 579 is exactly intended for providing precious help in direction of increasing the
interaction between researchers and promoting a larger and deeper coordination of their efforts. The present
work is aimed to present to the interested scientific community the most recent advances in the field of
generalized continua and their use in the design of composites and metamaterials, with particular attention to
inextensible fibers.

Communicated by Francesco dell’Isola.

M. Laudato (B)
Dipartimento di Ingegneria e Scienze dell’Informazione e Matematica, Università degli Studi dell’Aquila,
Via Vetoio (Coppito 1), 67100 L’Aquila, Coppito, Italy
E-mail: laudato.memocs@gmail.com

M. Laudato · F. Di Cosmo
International Center M&MOCSMathematics andMechanics of Complex Systems, DICEAA, Università degli Studi dell’Aquila,
Via Giovanni Gronchi 18 - Zona industriale di Pile, 67100 L’Aquila, Italy
E-mail: fabio.dicosmo.memocs@gmail.com

M. Laudato · F. Di Cosmo
Research Institute for Mechanics, National Research Lobachevsky State University of Nizhni Novgorod, Nizhny Novgorod,
Russia

http://orcid.org/0000-0003-2153-9630
http://www.memocsevents.eu/euromech579/
http://crossmark.crossref.org/dialog/?doi=10.1007/s00161-018-0654-6&domain=pdf


1012 M. Laudato , F. Di Cosmo

The underlying question behind the whole field is how to develop methods and results from generalized
continuummechanics to increase the prediction power of the theory when advanced architecturedmaterials are
concerned. In order to give an answer, both theoretical and experimental efforts are needed. One of the main
challenge of this topic is to prescribe the right constitutive characteristic microscale in order to get a certain
behavior at the macroscale. From this point of view, key tools are homogenization techniques which allow for
the propermicro–macro-identification.Of great importance is of course a deepknowledgeof functional analysis
and modeling techniques in order to develop continuous models able to allow for an accurate description of
reality but being simple enough to be concretely useful. The resulting integro-differential equations may admit
the presence of non-local operators, and the corresponding solutions can possibly have jump discontinuities.
Such difficulties require an exceptional effort in developing numerical methods. This approach is crucial
also because of the youth of this research line, and it will be helpful to fill the rather large gap between
theoretical prediction and experimental results. Experimental methods needed for the rational investigation
of the considered structure are far from trivial too. Indeed, often the system is very sensitive to the precision
reached in approximating ideal conditions about constraints and fibers andmoreover the data collecting process
requires accurate measurements of several kinematic and dynamic variables at the same time. Finally, one has
also to remark that in the recent past the development of new technical manufacturing possibilities, like 3D
printing, were crucial to push the development of this research area.

The colloquium has addressed mainly the following topics:

– to find the correct micro–macro-identification procedure which allows the characterization of suitable
macro-models for continua inextensible fibers;

– to determine the characteristics of fibers and constraints to require in order to obtain the desiredmacroscopic
behavior;

– to identify new mathematical problems and numerical methods useful for the conceived applications and
new independent research lines;

– to contribute to the establishment of suitable experimental protocols for continua with inextensible fibers;
– to find themost interesting technological end engineering applications for continuawith inextensible fibers.

We conclude this introductory section by remarking that among the objectives of the colloquium there is the
promotion of researches which are at the moment motivated by the problems set in the given context, but that
may entail a much more general scope, thus originating new independent lines of investigation. This is indeed,
in our opinion, one of the highest task of a scientific workshop.

2 Thematic sessions

The aimof the this section is to provide a brief overviewof the topics discussed in the colloquium. The following
subsections, in spite of their list-like form, could help the reader to grasp the general investigation lines in
the field. Of course, the different areas of research are not completely independent and different contributions
could be placed in several of them, as it is evident from the fact that the arguments treated in the contributions
can be often linked to each other.

2.1 Phenomenology and dynamics of materials reinforced with nearly inextensible fibers

In the communication of Loïc Le Marrec (‘Three-dimensional vibrations of a helically wound cable modeled
as a Timoshenko model’), an analytical model for vibration of a rod containing helical fibers is proposed for
both three-dimensional bending and torsion compression. The model is supported by numerical simulations,
and the nonlinear contribution of the lay angle is provided analytically [1].

Francesco D’Annibale, in his talk (‘A mixed numerical-perturbative algorithm for static analysis of non-
linear planar fabrics’), has illustrated a numerical perturbation method for analyzing statics and buckling
problems of general geometrically nonlinear planar fabrics made of inextensible and shear-undeformable
fibers. The method is based on a local perturbation analysis in which the displacement fields are not interpo-
lated between the nodes, but rather obtained by asymptotic integration of the field equations. A third-order
relation between end-forces and end-displacements is found, and numerical examples were provided to study
the effectiveness of the model [2,3].



Euromech 579 Arpino 3–8 April 2017 Generalized and Microstructured Continua 1013

In Vladimir Sadovskii’s contribution (‘Constitutive relationships of fiber-reinforced composites having
different resistance to tension and compression’), it was developed a general approach for constructing con-
stitutive relationships of unidirectional fiber composites, resisting differently to compression and tension. In
particular, in order to justify the necessity of taking into account different resistance to tension and compression
of the composite materials reinforced with rigid fibers, the problem on bending of a hinged beam under the
action of concentrated force and concentrated moment was analyzed. Finally, using this approach the consti-
tutive relationships of fiber-reinforced composites are constructed for the case of isotropic matrix as well as
for the case of heteromodular elastic matrix [4].

Sergey Lurie, in his talk (‘Prediction of effective properties of multifunctional composites with CNTs
"fuzzy" fiber across the length scale’), has shown a method to estimate the effective storage and loss moduli
of bristled fiber composite materials, where the surface of the fibers is coated with nanostructures such as
carbon nanotubes. In particular, he discussed the effects of nanofiber length, density of nanostructure near the
surface of fibers, and changing of density of nanostructure near surface of fibers on the effective mechanical
and dynamical properties of a multifunctional fiber composites by employing a self-consistent Eshelbymethod
of a multi-phase model using a viscoelastic corresponding principle [5,6].

In the communication of Salvatore Di Stefano (‘Plasticity and remodelling in fiber-reinforced tissues’), the
description of fiber-reinforced, soft, hydrated biological tissues featuring a statistical orientation of reinforcing
fibers was addressed. The main aim is to study the mechanical behavior of a tissue of this type by highlighting
the coupling among deformation, plastic distortions, reorganization of the fiber pattern, and evolution of the
interstitial fluid. Whereas the tissue’s deformation and the flow of the interstitial fluid are described by equa-
tions characterizing the standard biphasic model of hydrated tissue, the equations determining the anaelastic
distortions and the fiber reorientation are obtained within the theory of two-layer dynamics [7].

The talk by Alfio Grillo (‘A theory of remodelling in fiber-reinforced anisotropic media based on the
Ginzburg-Landau free energy density’) is in the same spirit. In this communication, the role played by the
reorganization of the fiber pattern in the structural evolution of fiber-reinforced biological tissue is described.
The main assumption of the considered model is that the collagen fibers are oriented statistically according to
a probability density distribution compatible with experimental data. In particular, the active reorientation is
modeled by introducing a suitable remodeling energy that accounts for the interaction with the deformation
and is assumed to comprise a term of the Ginzburg-Landau type and a term depending on the gradient of the
mean angle of the probability density [8,9].

2.2 General concepts for microstructured continuum modeling

Francesco dell’Isola, in his contribution (‘Description versus design:Describingmetamaterials and fabricswith
continuum and/or discrete models’), has presented the mathematical models which have been introduced in
order to describe a family of composite fiber reinforcements used in aeronautical engineering and a novel class
of metamaterials, the so-called pantographic sheets [10–13]. Fiber reinforcements are governed, if modeled
with continuum mechanical models, with a second gradient deformation energy [14,15]. Unfortunately, large
computations are sometimes required when using continuous models for complex mechanical systems and the
order reduction made possible by higher gradient models is not always sufficient to get the desired reduction
of computation time. Therefore, together with continuous models, also intrinsically discrete ones getting more
easily computable equations were introduced [16,17]. The performance of continuous and discrete models are,
in themost significant situation, comparable [18–22].A careful correspondence between experimental evidence
and theoretical and numerical predictions is obtained [23]. The talk was concluded with some interesting
considerations about future immediate research perspectives and somemajor possible modeling improvements
are delineated [24,25].

Jarkko Niiranen in his talk (‘Modelling of lattice structures by strain gradient elasticity theories’) has
discussed the first and second gradient elasticity theories in the framework of homogenization of lattice
structures. In particular, he firstly considered triangular longish planar truss structures. By means of a classical
homogenization procedure, effective material parameters are found and the truss is modeled following first
gradient elasticity beammodel. Another approach is presented, where planar spring lattice structure is modeled
by using a continuum model following the second strain gradient elasticity theory. Model comparisons and
numerical simulations show that the generalized continuum models are able to capture the essential features
of the lattice structures, including size effects [26,27].

In the contribution of Victor Eremeyev (‘On characterization of an elastic network of orthogonal inex-
tensible fibers with stiff knots using the six-parameter shell theory’), the deformations of an elastic network
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made of two orthogonal families of inextensible fibers rigidly connected to each other at contact points have
been discussed in the framework of the six-parameter nonlinear shell theory. The main idea is to replace the
analysis of deformations of such discrete system by homogeneous shell model using the six-parameter shell
theory. The comparison between this model and a discrete model of an elastic network was discussed and the
relations between material parameters in the two models were analyzed [28–30].

Another interesting point of view was given in the talk by Pierre Seppecher (‘Explicit second gradient
effect in periodic lattices’). In this contribution, it was addressed the problem of determining the least energetic
configuration at the microscopic level in a cell once the macroscopic strain is prescribed. In the case of lattices
with degenerate homogenized rigidity, it was shown that the homogenized behavior is determined by a second
local minimization problem. In particular, this resulting problem is similar to the original one but with a
different source term which is a function of the gradient of the macroscopic strain tensor, yielding in turn to a
second gradient homogenized material [31,32].

In the contribution of Alessandro Della Corte (‘Equilibria of a clamped Euler beam with distributed
load: large deformations’), some rigorous results on the absolute minimizer for a clamped Euler beam under
distributed load were discussed. In particular, the existence of local minimizer was proven for high enough
values of the load and sufficient conditions for linear stability and instability of particular classes of solutions
were provided. Finally, numerical evidence of many other stationary configurations has been shown and further
rigorous results on them have to be provided [33,34].

A nonlinear generalization of extensible Euler and Timoshenko beam model was proposed in the talk by
Antonio Battista (‘Large deformation of extensible Euler and Timoshenko beam’). This model can describe the
homogenized deformation energy of a 1D continuumwith a simple microstructure. Moreover, a generalization
of the model which includes an additional rotational spring in the microstructure was discussed and some
numerical simulations were presented [35].

Luca Placidi, in his talk (‘Modelling “pantographic beams” by means of nonlinear 1D second gradient con-
tinuum model’), has presented the so-called pantographic beam. In particular, he has introduced a mechanical
discrete spring Hencky-type micro-model which resembles the microstructure of the beam. In order to obtain
a continuum fully nonlinear beammodel, a heuristic homogenization procedure with proper rescaling laws for
the rigidities of all the springs of the micro-model and for the length of each fiber was discussed. Connection
with previous literature was traced by discussing the interesting case of microstructure made of inextensible
fibers [36–38].

In the talk of Maurizio Romeo (‘Electromagnetic microcontinua and Maxwell equations in matter’), an
alternative approach to common microcontinuum theories of electro-elastic media has been presented. This
model, based on electric multipole densities, has been extended to deal with electric conductors. In particular,
polarization and magnetization were obtained from macroscopic Maxwell’s equations in terms of multipoles.
Charge carries were considered as a continuum superimposed to the microstructured conductor and, as an
example, the case of a rigid polarized conductor was discussed [39,40].

Anne Jung, in her talk (‘Experimental characterisation and parameter identification for yield surfaces of
metal foams’), has discussed the results of a structural investigation of aluminum metal foams with different
pore sizes by computer tomography data. Metal foams are microheterogeneous materials characterized by
a tripartite hierarchical structure. These results cover the most comprehensive experimental data set in the
literature ever reported for open-cell metal foams [41,42].

The main aim of the study discussed in the talk byMikhail Kariakin (‘Second order effects in the problems
of equilibrium and stability of nonlinear elastic body with microstructure’) was to analyze classical problems
for nonlinearly elastic bodies that have solutions significantly different in the classical theory of elasticity and
in the theory of the Cosserat continuum. In particular, understanding such situations can be the basis for the
development of experimental techniques for the identification of parameters of constitutive relations of media
with microstructure and for the verification of the model used [43].

The contribution of Rainer Glüge (‘On the significance of the convexity yield limit’) dealt with the fun-
damental mathematical property of convexity of functions and sets. In particular, despite yield limits in terms
of stresses have often such a nice mathematical property, requiring positive plastic dissipation does not nec-
essarily exclude non-convex yield limits, as also experimentally observed. It was discussed an elastic-plastic,
small strain, plane stress setting in a descriptive, empirical manner. The interesting result is that, at least in this
setting, no specific material property can be attributed to the convexity of the yield limit [44].

Another interesting mathematical talk was the one by Boris Desmorat (‘Harmonic factorization and recon-
struction of the elasticity tensor’). In his contribution, he has presented a factorization of a fourth-order harmonic
tensor into second-order tensors. In particular, explicit equivariant reconstruction formulas are obtained for
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transverse isotropic and orthotropic harmonic fourth-order tensors, and for trigonal and tetragonal harmonic
fourth-order tensors up to a cubic fourth-order covariant remainder [45,46].

Dmytro Orlov, in his talk (‘Harmonic-structured materials: concept, fabrication, and first attempts of elu-
cidating their structure-performance relationship’), has presented the concept of harmonic structure materials
along with possible fabrication routes. Experimental attempts aimed to understand the structure–performance
relationship in harmonic structures using tensile and nano-indentation tests were reported, along with finite
element simulations [47].

Results of experimental studies were discussed in the contribution by Nicolas Auffray andMartin Poncelet
(‘Experimental strain gradient evidence in non-central symmetric lattice’). This kind of analysis is crucial
because the behaviors of strain gradient materials are up to now nearly exclusively studied from a theoretical
and numerical point of view. In particular, a non-center symmetric sample, obtained by 3D printing, has been
investigated and the geometrical anisotropy of the elementary cell has been chosen in order to detect strain-
gradient effect. The main results discussed in this talk reveal that the architectured material behave as an
effective genuine strain-gradient material [48,49].

In the presentation of Marek Pawlikowski (‘Viscoelastic approach in modelling of the pantographic struc-
tures’), a formulation of a constitutive model for the polyamide PA 2200 was shown. The polyamide is the
material used in 3D printing realized by means of selective laser sintering (SLS) technology. The main aim
of the study was to numerically simulate printed pantographic structures using the new constitutive model. It
was assumed that the material is isotropic, incompressible, nonlinearly viscoelastic. In addition, it is charac-
terized by deformation rate dependency. The constitutive model was based on experimental tests, i.e., stress
relaxation and monotonic compression. In the second part of the talk, some results of other experimental tests
were presented. The tests were conducted on the printed pantographic samples. The results were shown in the
form of force–displacement curves. The graphs revealed very interesting characteristics of the pantographic
structures [50,51].

Finally, a talk about 3Dprinting techniques devoted to the production of second gradientmaterial specimens
was presented by Aron Pfaff (‘Manufacturing strategy and heat treatment of a slender, second gradient material
structure in AlSi10Mg by selective laser melting’). In particular, the consequences and impact on the printing
of the digital preparation, exposure strategy, exposure parameters, and heat treatment were discussed [52].

2.3 Micro–macro-homogenization techniques and constitutive law identification

In his contribution (‘Imbricated scales in granularmaterials: fromgrains to homogeneous continuum’), Antoine
Wautier has discussed the mechanical behavior of granular materials. They are governed at microscale by
cohesive-frictional forces acting at contact points between elementary particles. Due to the fact that only a
small fraction of elementary particles participates in the stress transmission, in order to use the micro–macro-
homogenization technique there is a need to define an intermediate scale [53,54].

In the same topic of granular materials, Anil Misra, in his talk (‘Granular (meta)materials with high
microscale rigidity-extensibility ratio’) has efficaciously recalled the main models of granular materials. In
particular, he has discussed the differences between discrete methods, requiring models and description of
microstructure and grain-scale interactions, and continuum methods, which is related to the macro-scale
containing a large number of grains and which is profoundly affected by the grain-scale interactions [55–59].

The contribution by Xia Li (‘Quantifying the micro-structure of granular materials and its impact on
constitutive behavior’) is again about granular materials. In this talk, it was presented a tessellation system,
which serves as the mathematical description of the microstructure of granular materials. The homogenization
techniques, in this framework, are able to establish the analytical connection between continuum scale stress
and strain tensors with their particle-scale counterpart, contact forces and relative particle displacements [60].

In the contribution by Ranganathan Parthasarathy (‘Separated temporal and spatial framework for stress
calculations in atomicmodels’) has discussed a formalism called separated temporal and spatial which obviates
the necessity for canonical transforms while retaining locality at atomic scale and is applicable for continuum
material points of all possible sizes. This method is a robust approach for studying mechanical behavior at
high temperatures in a continuum framework and is an important add-on to granular micromechanics for
applications to atomic scale [61].

Different applications of homogenization procedures, in particular biological ones, are considered in the
talk by Daniel George (‘3D micro-mechanical homogenization of brain tissue considering random neuronal
distributionwithin the extracellular matrix’). In this talk, a micro-mechanical model on a representative volume
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element of the brain is presented. It is able to integrate anisotropic neuron distribution to simulate brain’s
mechanical behavior under different loading conditions [62].

Andrey Nasedkin, in his talk (‘Some approaches to homogenization of porous piezoceramic materials:
microscale, nanoscale and local heterogeneities near pores’), has discussed the homogenization of porous
piezoceramic materials. In particular, the homogenization of porous piezoelectric material is discussed in
terms of the effective moduli method and the finite element technologies by means of explicit examples [63].

Second gradient effects were considered in the talk by Abdoul Anziz Houssam (‘Homogenization of
periodic elastic structures leading to second gradient effects’). In particular, by means of the tool of gamma-
convergence and two-scale convergence, a structure with a geometry based on a periodic planar graph is shown
to yield a second gradient model.

Homogenization techniques for pantographic structures were discussed in the talk by Claude Boutin
(‘Homogenisation of linear pantographic sheets’). In particular, by means of a micro–macro-identification
and under the hypothesis of small deformations, a continuum model associated to a linear pantographic sheet
is deduced. The obtained high-order continuum model shows interesting and exotic features, related to its
extreme anisotropy but also to the sub-coercivity of its deformation energy [64].

The main aim of the contribution of Ali Javili (‘Micro-to-macro accounting for general imperfects inter-
faces’) was to show how to establish a micro-to-macro transition framework to study the behavior of hetero-
geneous materials whereby the influence of the interface at the microscale is taken into account. In particular,
general imperfect interface model was considered [65–67].

In the contribution of Lidiia Nazarenko (‘A new analysis of overall thermo-elastic properties of random
particulate nano-composites with various interphase models’), a new hierarchical approach to analysis of
thermo-elastic properties of random composites with interphases was outlined and illustrated. The main tool
is the statistical homogenization method combined with recently introduced notion of energy-equivalent inho-
mogeneity which can be extended to include thermal effects [68].

Finally, Frej Chaouachi, in his talk (‘Microstretch beam model with enriched kinematics accounting for
variable section’), has addressed the problem of construct generalized beam models accounting for Poisson’s
effect and the occurrence of large deformations. In particular, a beam element with eight degrees of freedom
to construct a 3D isotropic microstretch continuum model of the reinforcement in composite structures was
developed [69].

2.4 Numerical analysis for generalized and microstructured continua

Simon Eugster, in his talk (‘A planar nonlinear Euler–Bernoulli beam element using B-Spline interpolation
functions for the analysis of pantographic sheets’), has presented a planar Euler–Bernoulli beam element,
based on B-Spline interpolation functions, which allows for large displacements and rotations as well as for
large axial deformations [70,71].

In the contribution of Christian Liebold (‘C1-continuous approximations using hermite finite elements for
second gradient elastic problems’), hermite finite elements are used to obtain C1-continuous approximations
for second gradient theories. The element stiffness matrix and the global stiffness matrix for one- and two-
dimensional problems were developed and solved numerically. In particular, Euler–Bernoulli beam bending
and Kirchhoff-Love plate bending were analyzed, and the results were compared to experiments [72].

Developments in the theory of finite elements calculations for micropolar solids were discussed in the talk
by Andrzej Skrzat (‘On FEM evaluation in linear micropolar elasticity’). In particular, the problem of capture
the stress behavior in the vicinity of geometric singularities such as notches or contact areas was analyzed. An
interesting analysis of the interaction between a biodegradable implant and a trabecular bone was presented
[73].

The contribution of Maria Varygina (‘Numerical modeling of micropolar plates and shells’) was about
mathematical models of micropolar plates and shells taking into account independent small rotations of par-
ticles. During the talk, numerical algorithms, based on two-cyclic splitting method with respect to the spatial
variables in combination with the explicit monotone finite-difference essentially non-oscillatory scheme, were
presented [74].

Philippe Boisse, in his talk (‘Simulations of 3D textile composite reinforcements forming. Specificities and
possible modeling of the mechanical behavior’), has discussed the mechanical behavior of 3D textile performs
during the forming process. It was shown that a 3D modeling based on Cauchy hypothesis is not sufficient to
describe certain aspects of the deformation of thick fibrous reinforcements. Two solutions were proposed: a
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second gradient, 3D orthotropic model and a finite element formulation which is able to take into account the
local bending stiffness [75].

In the contribution of Aleksandr Yaroslavovich Grigorenko (‘Numerical studying of the stationary dynami-
cal process in anisotropic inhomogeneous cylindrical bodies’), the problem of natural vibrations of anisotropic
inhomogeneous bodies both with circular and noncircular cross section was addressed. In particular, a numer-
ical analytical approach based on spline approximation of model partial differential equations was employed.
Finally, the influence of character of structural inhomogeneity of cylindrical bodies, of variation in geometrical
and mechanical parameters, and of boundary conditions were discussed and analyzed [76].

The pantographic beam model for slender structures resembling pantographs with quasi-inextensible and
inextensible fibers was discussed in the talk by Emilio Barchiesi (‘Numerically tackling the solution of the
(quasi-)inextensible ‘pantographic beam’ model by means of variational techniques’). Numerical solution of
some benchmark problems was analyzed by means of finite elements minimization techniques and Hellinger–
Reissner variational principle. Finally, some equilibrium shapes exhibiting highly non-standard features were
shown [77–79].

Massimo Cuomo, in his talk (‘Mixed variational methods with numerical applications’), has presented
a homogenized model for the analysis of a 2D continuum with two straight families of inextensible fibers
embedded in it. The kinematics of the continuum is analyzed and,motivated by phenomenological observations,
it is assumed that the strain energy depends on the shear deformation of the fibers and on their bending
curvature [80]. Several first and second gradient deformation energy models are considered, depending on
the shear angle between the fibers and on its gradient, and the results obtained are compared. The proposed
numerical simulations will be helpful in designing a systematic experimental campaign aimed at characterizing
the internal energy for physical realizations of the ideal pantographic structure presented in this paper [81,82].

2.5 Strain and stress localization phenomena

In the talk of Selda Oterkus (‘Peridynamic modeling of stress corrosion cracking’), the derivation of peri-
dynamic formulation for the thermo-oxidative behavior of polymer matrix composites was presented. In
particular, isothermal aging of a unidirectional composite lamina was considered, and it was shown that the
model captures the effect of oxidation on damage growth and its propagation [83].

Denis Sheydakov, in his talk (‘Influence of surface stresses on stability of nonlinearly elastic rod under
combined loading’), has discussed the buckling analysis of nonlinearly elastic rods with surface stresses. In
particular in this talk, a study on the stability of a circular rod under axial compression–tension and external
pressure in the framework of Gurtin-Murdoch model has been presented. Finally, applications of the results
of this study to size effect and to the influence of surface stresses on the loss of stability for circular rods was
discussed [84].

2.6 Effects on acoustic properties of nearly inextensible reinforcement

Arkadi Berezovski, in his talk (‘Internal variables associated with microstructure’), has compared different
descriptions of microstructured solids on the simple example of wave propagation in the one-dimensional
setting. Since in the classical continuum mechanics the existence of a microstructure is neglected, wave
equations has to be modified to take into account the microstructure [85].

In the contribution of StephanRudykh (‘Instabilities and elastic waves in fiber composites undergoing finite
deformations’), the mechanical behavior of fiber composites undergoing finite deformations is discussed. To
estimate the critical strains corresponding to the onset of themacroscopic or longwave instability, homogenized
response for transversely isotropic fiber composites was obtained. The effect of finite deformations on small
amplitude elastic waves propagating in the fiber composites was discussed [86].

Long-wavelength approximation to describe propagation of longitudinal, transverse and rotational waves
in a granular medium with internal stress is considered in the talk of Vladimir Erofeev and Alexey Malkhanov
(‘Interaction of strain solitons in granular medium with internal stresses’). In particular, effects of splitting of
supersonic solitary waves were demonstrated [87].

Jean-François Ganghoffer, in his talk (‘Symmetry analysis and conservation laws of fully nonlinear wave
models in fiber-reinforced anisotropic incompressible hyperelastic solids’), has considered the full sets of
dynamic equations for finite deformations of incompressible hyperelastic solids containing a single fiber family.
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In particular, finite-amplitudewave propagation ansatz was employed for a generic fiber family orientation, and
the corresponding nonlinear and linear wave equations were derived. Applications to viscoelastic deformations
were considered [88,89].

In the contribution of Giuseppe Rosi (‘Anisotropic wave propagation within strain gradient framework:
a focus on a mixed static dynamic numerical procedure for parameter identification’), recent results in the
domain of anisotropic and dispersivewave propagationwithin the framework of linear strain-gradient elasticity
were presented. In particular, a mixed numerical static–dynamic approach that uses static measures with rich
boundary conditions and dynamics measures of phase velocity based on Bloch analysis was discussed [90,91].

Oxana Sadovskaya, in her talk (‘Mathematical modeling of thermomechanical and electrodynamic effects
in liquid crystals’), has presented a mathematical model of a nematic liquid crystal, considered as a micropolar
acoustic medium with rotating particles, under the influence of weak thermomechanical and electrodynamic
perturbations. Numerical analysis of a simplified system of second-order equations for tangential stress and
angular velocity in 2D case was discussed, and it was shown the agreement between numerical and exact
solutions for 1D problem [92].

A Bloch wave analysis was performed to obtain the dispersion curves of a periodic structure made of piezo-
electric patches shunted on optimal impedance able to generate extended phononic band gaps was discussed
in the talk by Manuel Collet (‘Weighted relaxed micromorphic model for modeling adaptive piezocomposite
materials’). The interesting results of such an analysis suggest the possibility to design morphologically com-
plex adaptive meta-structures which make use of the chosen piezoelectric coupling as the basic building block
for controlling its ability of ‘stopping’ elastic wave propagation at the scale of the structure [93].

2.7 Applications to mechanics of living tissue, engineering fabrics and composite reinforcements

In the first part of the talk of Tomasz Lekszycki (‘Some experimental and theoretical results about pantographic
sheets: possible applications to metamaterials to be used in biological applications’) some interesting consid-
erations about the actual approach of the scientific community to the whole investigation line on metamaterials
were discussed. In the second part of the talk, he has discussed how metamaterials and variational approach
can be used in biological applications [94–97].

Ewa Bednarczyk, in her talk (‘Biomechanical effects in the osteoarthritis changes’), has discussed an
expanded model of bone remodeling and development of cell culture to describe the growth of osteophytes
during osteoarthritis. The main features of such a model are a strong nonlinearity and a non-local structure. It
was shown that it is able to describe angiogenesis process, mechanical loading and tissue microstructure [98].

In the same spirit is collocated the talk by Yanfei Lu (‘Modelling of bone regeneration in bioresorbable
scaffold’). The main aim of the talk was to present a new mathematical model describing bone fracture
healing. Bone tissue is an intelligent material which change its mass distribution and microstructure according
to current mechanical and biological conditions. Interesting results about the interaction between bone tissue
and bioresorbable graft material and on the influence ofmicrostructure, gap size and nutrients supply on healing
process were presented [99,100].

In the contribution of Eleonora Crevacore (‘Preliminary results on the use of the Darcy-Brinkman equation
in fiber-reinforced porous media of biological interest’), a model of articular cartilage based on the Darcy–
Brinkman equation aimed to give a more detailed description of material response of articular cartilage is
presented. In particular, a viscous stress tensor depending on the fluid velocity gradient was introduced through
an effective viscosity and the possibility to determine the fluid velocity by solving PDE was discussed [101].

A model of cartilage as a continuous two-phase medium with microstructure composed by inextensible
or nearly inextensible fibers was presented in the talk by Roberto Serpieri (‘Multiphase modelling of articular
cartilage as continua with quasi-inextensible fibers by a purely variational macroscopic theory of poroelastic-
ity’). In particular, general momentum balance equations and boundary conditions have been derived in the
context of a general variational macroscopic continuum theory of two-phase saturated porous media [102].

2.8 Damage and fractures in generalized continua with inextensible fibers

UweMühlich, in his talk (‘Strain gradient approach for quasi-brittle failure’), has discussed a methodology for
deriving a model for describing quasi-brittle failure, taking into account deterministic size effects and damage
evolution. These requirements can be accomplished only by models derived from a generalized continuum
theory. In particular, the methodology illustrated in the talk was for porous elastic solids [103,104].
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In the contribution of ErkanOterkus (‘Peridynamicmodeling of stress corrosion cracking’), stress corrosion
cracking, a particular kind of corrosion mechanism which occurs only for specific materials subjected to
specific loading and operating under specific environmental conditions, has been discussed. In particular, the
applicability of peridynamics to the simulation of stress corrosion cracking were discussed and demonstrated
[105,106].

A mathematical model for an arbitrary number of interacting hyperelastic solids undergoing large elastic–
plastic deformations was derived in the talk by Sergey Gavriliuk (‘Dynamic fracture and spallation via hyper-
bolic models of hyperelastic solids’). A numerical method, called diffuse interface method, which considers
the interface cells as an artificial mixture zone through which the interface conditions must be satisfied was
discussed. Finally, the model of the spallation process in metals was presented [107–109].

Mario Spagnuolo, in his talk (‘Qualitative pivot damage analysis in aluminum printed pantographic sheets:
numerics and experiments’), has presented a model in which the motions of two families of beams constituting
a pantographic sheet, when described with two independent placement fields, allows to correctly simulate the
points of fracture onset in axial torsion test. Results of experiments and numerical simulations was discussed
and good agreement was found [110].

An effective implementation of boundary elementmultiscalemethod in analyzing of piezoelectric ceramics
was presented in the talk by Tomasz Trzepieciński (‘Modeling of fracture in piezoelectric ceramics by using
boundary elementmethod’). Themain aim is to get a better understanding of damagemechanism in the ceramic
in order to improve the constitutive models and to support the future design of those materials [111].

3 Some conclusions and perspectives

Euromech 579 was an occasion to exchange knowledge and ideas. Interesting discussions were born after the
talks and several consequent informal meetings took place between people from different research areas. All
participants have got the occasion to have active interaction with their research community during the forecast
activities andmeals. Thanks to an effective selection of the invited participants which share a common language
and knowledge allowing for an effective communication, several animate discussions started. In particular, the
discussions among the participants were focused on hot topic in the field, mainly related to the formulation
of continuum models for complex mechanical system and multiphysics system. We would like to add that
the relevant representation of promising young researchers involved in the colloquium allows us, even in the
current difficult moment for scientific research, to be reasonably optimistic about future prospects in the field.

To conclude this report, we will discuss the main topics debated during the various discussions which
started after the talks. Since the chairpersons during the sessions did not applied rigidly the time limits during
(also if polite interruptions were allowed) and after the talks, several interesting scientific discussions started
and/or were solicited. Actually we believe that the most interesting part of the meeting was represented exactly
by the exchange of ideas and research perspectives which were started and imagined because of the formal
presentations.

The main debates were focused on the following crucial points:

(1) The mathematical problems arising in the homogenization of systems showing a complex microstructure
and in particular exhibiting high contrast in micro-physical and mechanical properties

(2) The need of the mathematical rigorous characterization of the micro-properties required to get a macro-
homogenized continuous model which is not included in Cauchy postulation scheme

(3) The role of the Principle of Virtual Work and in general of Variational Principles in the mathematical
modeling of complex systems and in the design of metamaterials

(4) The importance of suitably designed metamaterials and their experimentally observed behavior in the
advancement of theoretical and numerical modeling of complex mechanical systems

(5) The importance of rescaling rules of physical and mechanical properties in the micro–macro-
homogenization procedure

(6) m The role of modeling approaches in the choice of the most suitable numerical codes and methods to
be used in order to get theoretical predictions about the behavior of considered complex systems

Concerning the point (1), it has been agreed that in the literature the available homogenization techniques,
while being for suremathematically rigorous, do not allow to get out, in the homogenized continuummodels, of
the postulation formulated by Cauchy [112–115]. An emerging issue in homogenization theory is therefore the
onewhich concerns the developments of techniques allowing for the infringement of such conceptual blockage.
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Indeed, there is a unanimous agreement about the fact that there is a definite evidence (theoretical, conceptual
and experimental, see [116–118]) that when the considered complex systems exhibit a strong contrast at micro-
level then the macro-models cannot be those which the followers of Cauchy consider the most general ones
(i.e., first gradient continua see [119,120]). Of course, the questions to be solved to compare the most general
homogenization procedures to be envisaged are relevant. All discussions converged to the acceptance of the
need of developing more general mathematical results allowing for the precise characterization of the micro-
properties leading to non-Cauchy, Piola-type continua (debates concerning the previous point 2). Of course,
as already Piola, and later many authors among which Toupin, Germain, Mindlin and many others, a crucial
role has to be assigned to Lagrangian ‘metaphysics’ (as Piola call the Postulation point of view championed
by Lagrange). Therefore there was a general agreement, in the discussions concerning the previous point 3),
about the fact that no true advancement in the theory of metamaterials and complex systems (and in general of
generalized continua) can be attained without the acceptation of Lagrangian vision of mechanics. Of course
nobody in the audience could be sure that the mechanical systems which were object of the discussions (among
which pantographic metamaterials) can play a role in future technological applications. However their role,
as academic exercises, has been generally recognized. Although the same word ‘academic’ is being more
and more despised in many scientific milieux, all the audience agreed about the fact that Archimedean spirit
has to be continued: academic examples, representing the simplest situations in which some scientific models
and paradigms cannot be applied play a relevant role in the advancement of science. These methodological
discussions were very long and interesting when debating the questions concerning the previous point 4).
Very interesting has been the debate concerning the point 5). It is indeed clear that the rescaling rules in the
homogenization limit are crucial in deterring the obtained microscopic models. Of course the applicability of
the continuum models is always limited by the true finite value of the homogenization length scale, which in
general, but not always, can be identifiedwith the size of themicro-periodicity cell. The discussion arrived at the
following conclusions: there are relevant physical situations in which the high contrast of micro-mechanical
properties may introduce relevant length scales whose value can be much bigger than the cell size. These
situations are thosewhere generalized continuummodelsmay be of importance and use. The debate concerning
this point 5) was the longest one in the whole workshop and also during any social event. Finally the problem
concerning the true need of using continuum models was debated (concerning the last point 6). The summary
of the discussion was the following question, which was not solved and which waits deeper investigations:

Do we really need continuum models for describing micro-complexity?
Actually all continuum models at the end are to be discretized. The debate involved the correct choice of

finite elements of NURBS or Isogeometric methods to be used when considering generalized continua. Some
participants [121] proposed to start with directly discrete (Hencky–Piola-type) models. They seem to have
proven that in many cases this can be the correct choice.

All participants belong to M&MOCS International Centre: they agreed to pursue a cooperative effort in
trying to solve the scientific questions and problems discussed in the debate. Particular attention has been
promised to attack, in a close future, the following investigation programs:

– Further investigations and generalization on modeling of fiber-based microstructured continua, like pan-
tographic structure.

– Nonlinear generalization of the standard beam models to include large deformation regime via homoge-
nization techniques.

– Further investigations on modeling of viscoelastic materials, by using higher gradient theories, with appli-
cations to biomechanics.

– Analyze the existing micro-mechanical models of granular materials from a thermodynamical perspective.

These investigation lines, which have been programmed during the conference, have given arise to several
interesting and original papers [122–128].

In research work, clear identification of crucial problems and critical points of disagreement is as valuable
as the discovery of new solutions to particular problems. This colloquium was organized duly taking into
account this concept, and therefore, we can say that the main purposes which inspired the organization of
Euromech 579 have been successfully accomplished.
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