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Abstract The mechanical response, serviceability, and load-bearing capacity of materials and structural com-
ponents can be adversely affected due to external stimuli, which include exposure to a corrosive chemical
species, high temperatures, temperature fluctuations (i.e., freezing—thawing), cyclic mechanical loading, just
to name a few. It is, therefore, of paramount importance in several branches of engineering—ranging from
aerospace engineering, civil engineering to biomedical engineering—to have a fundamental understanding of
degradation of materials, as the materials in these applications are often subjected to adverse environments.
As a result of recent advancements in material science, new materials such as fiber-reinforced polymers and
multi-functional materials that exhibit high ductility have been developed and widely used, for example, as
infrastructural materials or in medical devices (e.g., stents). The traditional small-strain approaches of model-
ing these materials will not be adequate. In this paper, we study degradation of materials due to an exposure
to chemical species and temperature under large strain and large deformations. In the first part of our research
work, we present a consistent mathematical model with firm thermodynamic underpinning. We then obtain
semi-analytical solutions of several canonical problems to illustrate the nature of the quasi-static and unsteady
behaviors of degrading hyperelastic solids.

Keywords Degradation - Aging - Continuum damage mechanics - Coupled chemo—thermo—mechano
analysis - Semi-analytical solutions - Constitutive modeling - Hyperelasticity

List of symbols

P Density of solid in deformed configuration (kg m~>)
A Specific Helmholtz potential (J kg~')

e Dissipation functional (Jkg=!s~1)

v Strain energy density functional (Jm~3)

Lamé parameters (Pa)
Bulk modulus (Pa)
Displacement (m)
Velocity (ms™!)
Temperature (K)
Concentration (1)
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Ry Specific vapor constant (J kg=! K1)

Cp Heat capacity (Jkg™' K=1)

MyE Thermal expansion tensor (J m3 K1

M. Chemical expansion tensor (J m3)

dyc Thermo—chemo coupled parameter (J kg’1 K1

x Specific chemical potential (Jkg~!)
n Specific entropy (Jkg~! K~1)
Dyy Thermal diffusion tensor (mZs~!)
D, Diffusivity tensor (m2 s_l)
Dy,, D,y  Dufour-Soret effect tensors (m% s~ 1)
T Cauchy stress (Pa)

h Diffusive flux vector (kg m2s 1)

q Heat flux vector Jm~2s~!)

h Volumetric source (kg m~3 s_l)

q Volumetric heat source Jm~—>s~!)

1 Introduction and motivation

Material and structural degradation is a major problem in infrastructure and various other real-life applications.
Most of the well-known manifestations, such as “wear out,” “fracture,” “spalling,” and “section loss,” are related
to the phenomenon of degradation [6]. Virtually, every material degrades when subjected to hostile environment
and external stimuli. Importance of these phenomena has triggered a surge in research to develop more resistible
materials. Consequently, understanding the general behavior of degrading materials has attracted the interest
of researchers. A fundamental study of degradation is crucial to several branches of engineering: aerospace,
mechanical, civil, and biomedical. Moreover, some new materials such as fiber-reinforced polymers and multi-
functional materials that exhibit high ductility have been widely used recently, for example, as infrastructural
materials or in medical devices (e.g., stents). In order to model these materials, the traditional small-strain
assumption will not be sufficient anymore.

In a nutshell, degradation means the loss in either serviceability or functionality. To be precise, a material
is said to be undergoing thermal degradation at a spatial point X € 2 if the available energy density under
isothermal condition is lower than the reference available isothermal power at that particular point. That is,

dA dA
<

— f e 1.1
O or X (1.1)

0> Dref N dr B=Vref
Similarly, the chemical/moisture degradation can be defined as follows:
dA dA
_ g _
dt dt

C>Cref C=Cref

for x € Q2 (1.2)

where A denotes the specific Helmholtz potential of the material, €2 is the degrading body under consideration,
t is the time of interest, and ¥er and crr are the specified reference temperature and reference concentration,
respectively. Note that degradation not only reduces the durability of materials but also alters material properties.
For instance, material damage can induce anisotropy in thermal conductivity and diffusivity [59,74,82].

Herein, we develop a coupled continuum mathematical model for thermal and chemical-induced degrada-
tion of solids, which are initially hyperelastic. We now outline three main reasons for such a need.

1. There is irrefutable experimental evidence that many modern infrastructural materials used in repair and
retrofitting applications exhibit large deformations. For example, the popular high-early-strength engineered
cementitious composites (ECC) are capable of delivering a compressive strength of 21 MPa within 4 h after
placement. Moreover, the long-term tensile strain capacity of ECC members is more than 2 % [45,76].

2. In order to understand degradation mechanisms due to moisture, chemical, and temperature, coupling at
various levels is needed (which is due to balance laws, material parameters, boundary conditions, and
initial conditions). With existing and popular multi-physics packages such ABAQUS [1], ANSYS [4],
and COMSOL [18], it is possible to couple certain degradation mechanisms to some extent at material
parameters, boundary conditions, and initial conditions. However, such packages do not offer flexibility to
couple important heat and mass transfer terms in balance laws. This is of utmost importance in capturing
the effects of chemo—thermo—mechano degradation.
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3. Finally, when a new model or a thermodynamic framework is developed, stability of the solutions for
the corresponding initial boundary value problem needs to be shown. However, such an analysis is rarely
performed when a new degradation model/framework is developed in the literature. Herein, for the proposed
degradation framework we shall perform stability analysis in the sense of Lyapunov. Subsequently, this
methodology shall be used to construct a robust computational framework in the part II of the paper.

Hence, due to the above reasons small-strain assumptions to model degradation and healing behavior of these
infrastructural systems are rarely valid. The proposed framework takes into account the underlying degradation
mechanisms. Correspondingly, the respective parameters have a physical meaning and can be calibrated through
experiments.

It should be emphasized that elasticity is an idealization. There is no material whose response is perfectly
elastic. But there are situations in which the response of certain materials under normal conditions can be ide-
alized to be hyperelastic, for example, large blood arteries and rock. Many of these materials function in hostile
environments and are constantly subjected to adverse external stimuli. One often is interested in the unsteady
response of the bodies made of hyperelastic materials subjected to degradation/healing. The application areas
in mind are the response of high-performance cementitious materials (which undergo large strains and large
deformations) and several important coupled deformation—thermal-transport processes in biomechanics and
biomedicine. In the next couple of subsections, we shall discuss various degradation mechanisms and the
deficiencies in the existing frameworks in modeling chemo—thermo—mechano degradation.

1.1 Degradation mechanisms

There are many mechanisms that can result in the degradation of materials and structures. In general, the
degradation mechanisms can be divided into four categories: mechanical processes, chemical reactions, bio-
logical degradation [29], and radiation [39]. For mechanical processes, the performance of materials can be
affected adversely by fatigue [37], pressure loading [63], and swelling of solid mixtures [13]. Examples of
chemical degradation include humid and alkaline effects [8], exposure to chlorides and carbon dioxide [26],
and calcium leaching [25]. Biological degradation refers to the dissolution of materials by bacteria or other
microorganisms. Degradation induced by radiation includes radiation damage as well as other mechanical and
chemical processes triggered by radiation.

The coupling effects between these mechanisms can have a significant impact on the rate of deterioration
of materials and structures. For instance, see Table 1 for some important factors that affect the degradation
modeling in infrastructural materials such as concrete. Therefore, developing an appropriate and general model
for material degradation is useful to predict the life span of a given structure. A comprehensive understanding
of chemo—thermo—mechano degradation not only plays a pivotal role in improving the quality and reliability
of existing infrastructure, but also has a tremendous impact on the economy [34]. In this paper, we shall
assume that predominant degradation mechanisms are moisture and temperature. We propose a general three-
way strongly coupled degradation model based on a thermodynamic framework. This three-way coupling is
between mechanical, thermal, and chemical transport processes.

Table 1 Various degradation mechanics and their primary manifestation

Degradation factor Primary manifestation
Physical processes

Cracking Reduced durability

Vibration Cracking

Freezing and thawing Cracking/scaling/disintegration
Abrasion/erosion/cavitation Section loss

Thermal exposure/thermal cycling Cracking/spalling/strength loss
Chemical processes

Efflorescence/leaching Increased porosity

Phosphate Surface deposits

Sulfate attack Volume change/cracking
Acids/bases Disintegration/spalling/leaching
Alkali-aggregate reactions Disintegration/cracking

Many other factors can be found in [55] for cementitious materials and concrete structures
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1.2 Thermodynamics of chemo—thermo—mechano degradation

Herein, we shall provide a brief review and current status of thermal and chemical degradation. In the literature,
thermal degradation is modeled based on variants of thermo-elasticity by incorporating damage variables.
Some popular research works in this direction are [81] for modeling thermo-mechanical damage processes in
heterogeneous cementitious materials and [3] on the behavior of reinforced concrete slabs exposed to fire. On
the other hand, some popular research works for the chemical degradation are [8] on the environmental effects
of alkalinity and humidity on concrete slabs, [16] on moisture damage mechanisms occurring within asphaltic
materials and pavements, [11] on thermal and moisture effects on structural stiffness and damping of laminated
composites, and [78,79] on fluid-induced damage and absorption in polymeric composites. However, none of
the above-mentioned papers on thermal or chemical degradation have a proper thermodynamic basis.

There are two popular approaches to constructing thermodynamically-consistent degradation models. The
first approach is based on the theory of the internal variable, wherein a scalar (or a tensor) variable is introduced
to model the degree of damage [27,63,69,77]. For instance, the damage variable may represent the measure
of the fraction of broken cross-links or micro-cracks in a representative volume element of the body [38,44,
75]. The main disadvantage of this approach is that it may not be always possible to measure the internal
variables through experiments or associate them to physical quantities/parameters. However, due to the recent
advances in experimental and characterization techniques (e.g., non-destructive experimental methods [24,28]
and digital image correlation techniques [61,71]) it is now possible to measure and assign physical meaning
to an internal variable in some scenarios. For instance, internal variable can correspond to fracture density in a
representative volume element of the body. In some very complicated problems (e.g., degradation of polymers
due to oxidation), an internal approach can have a distinctive advantage. In these complicated problems, it
may not be possible to include all the coupled physical and chemical processes, which can be either due to
lack of current understanding of various underlying processes or due to intractability of the resulting problem.
In such scenarios, the internal variable approach can offer a viable modeling approach.

The second approach is to build a thermodynamic framework by modeling all the relevant coupled
processes. This achieved by taking into account the dependence of material properties on the deformation of
the solid, temperature, and concentration of chemical species. The degradation parameters under this approach
have physical basis and can be calibrated using experiments (e.g., see Sect. 5 of this paper). Herein, we shall
employ the second approach to developing a thermodynamically-consistent degradation model. It should be
noted that certain research works exist in the literature wherein the degradation models using the second
approach, for example, see [21,40,41,53]. However, it appears that the above-cited works suffer from the main
drawback that they considered thermodynamics of chemo—thermo—mechano degradation in the context of a
closed system as opposed to an open system, which is the approach taken in this paper. For instance, div[xh]
and grad[x] e h are not taken into account in the aforementioned papers. These terms are responsible for mass
transfer in balance of energy and second law of thermodynamics [see Egs. (2.16), (2.20) in Sect. 2]. In other
words, their treatment of mass transfer is pure mechanical. In strict sense, such a treatment does not fall under
open system thermodynamics.

1.3 Scope of the paper

The main contributions and the scope of the paper can be enumerated as follows:

1. We derive a general chemo—thermo—-mechano degradation model by appealing to the maximization of rate
of dissipation. It will be shown that the proposed model can recover many popular models. For exam-
ple, Fickian model, Fourier model, Dufour—Soret model, thermo-elasticity, chemoelasticity [68], chemo—
thermo-elasticity [19,68], and the small-strain moisture degradation model proposed in [52] are all special
cases of the proposed model.

2. We calibrate the proposed degradation model (specifically, we calibrated for deformation-dependent dif-
fusivity) with an existing experimental data set available. The data set pertains to glass, which is a brittle
material. For this calibration case, thermal effects are not considered as the data for temperature and
deformation-dependent thermal conductivity is not available for glassy fibers (as per our knowledge). Such
a study is straightforward, whenever deformation-dependent conductivity data set is available. This calibra-
tion study should provide confidence in employing the proposed constitutive model to model degradation
of various brittle and quasi-brittle materials such as ceramics, glass fibers, and concrete.
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3. A systematic mathematical analysis is presented for the proposed model under large/finite deformations.
In particular, we shall show that the unsteady solutions under the proposed degradation model are bounded
and are stable in the sense of Lyapunov.

4. Last but not the least, semi-analytical solutions to several canonical problems are presented, which provide
insights into the behavior of degrading structural members. This is valuable for developing better design
and safety codes.

The rest of the paper is organized as follows. Section 2 introduces the notation, mathematical preliminaries,
and the relevant balance laws. Section 3 presents a mathematical model for degradation of materials due to
moisture and temperature, which is valid even under finite deformations and large strains. The constitutive
relations are obtained by appealing to the maximization of rate of dissipation hypothesis, which ensures that
the constitutive model satisfies the second law of thermodynamics a priori. In Sect. 4, the proposed model is
calibrated with an experimental data set. The coupled initial boundary value problem arising from the proposed
degradation model is presented in Sect. 5. We also show the solutions of the proposed mathematical model are
bounded and stable. In Sect. 6, solutions to several canonical problems are presented to illustrate the predictive
capabilities of the proposed model and to highlight the effects of degradation on the structural behavior. Finally,
conclusions are drawn in Sect. 7.

A list of the main symbols used in the paper is provided in the nomenclature.

2 Notation, preliminaries, and balance laws

Let us consider a body 8. The body occupies a reference configuration Q¢(%8) C R, where “nd” denotes
the number of spatial dimensions. A point in the reference configuration is denoted by p € Q0(8). We
denote the time by ¢ € [0, 7], where 7 is the length of the time interval of interest. Due to motion, the
body occupies different spatial configurations with time. We denote the configuration occupied by the body
at time 7 by ©;(%B) C R". A corresponding spatial point will be denoted by x € €;(8). The gradient and
divergence operators with respect to p are, respectively, denoted by Grad[e] and Div[e]. Similarly, the gradient
and divergence operators with respect to x are, respectively, denoted by grad[e] and div[e].
The motion of the body is mathematically described by the following invertible mapping:

x=@(p,1) 2.1

The displacement vector field can then be written as:

u=x—p=¢(p,7)—p (2.2)
The velocity vector field is defined as:
dp(p.t
— %= de®@.1) (2.3)
ot

where a superposed dot indicates the material/total time derivative, which is the derivative with respect to time
holding the reference coordinates fixed. The gradient of motion (which is also referred to as the deformation
gradient) is defined as:

F = Grad[x] = %‘;’) — I + Grad[u] (2.4)

where I denotes the second-order identity tensor. The corresponding right Cauchy—Green tensor is denoted
by:

C=F'F (2.5)

where (e)T denotes the transpose of a second-order tensor. The velocity gradient with respect to x and the
symmetric part of the velocity gradient are, respectively, defined as follows:

L := grad[v] = FF~! (2.6)

D:%@+ﬂ) 2.7)
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The Green-St. Venant strain tensor is defined as:
1 1
E= §(C -1 = 3 (Grad[u] + Grad[u]" + Grad[u]TGrad[u]) (2.8)

In those situations in which the following assumption holds:

max ,1) — pl|? + ||Grad[u]|]? <« 1 2.9
pem(%),te[o,f]ﬂ"’(p) pII” + | Grad[u] |2 < 29)

one is justified to employ the linearized strain tensor:

E = % (Grad[u] + Grad[u]") ~ ~ (grad[u] + grad[u]") (2.10)

N =

where || o || denotes the Frobenius norm [5].

Since we will also be dealing with processes other than the mechanical deformation, we need to introduce
quantities, which are in addition to the ones associated with the kinematics. We will denote the temperature by ¢
and the specific entropy by 1. The mass fraction of the chemical species is denoted by c, and the corresponding
chemical potential is denoted by ». The temperature, mass fraction of chemical species, entropy, and chemical
potential are all scalar fields, while the displacement, velocity, and acceleration are vector fields. In some
situations, it may be needed to explicitly indicate the functional dependence of these quantities. We employ a
standard notation, which will be illustrated through the temperature field. The temperature in terms of reference
coordinates and spatial coordinates will be denoted as follows:

B =0(p, 1) = D(x,1) (2.11)

2.1 Balance laws

In our study, we take the entire degrading body to be the thermodynamic system. Moreover, we assume this
thermodynamic system to be open. That is, heat and mass transfers can occur across the boundary of the
system. We now document the balance laws that govern the evolution of the chosen system.

The balance of mass for the solid in the degrading body takes the following form:

o+ pdivlv] =0 (2.12)

where p is the density of the solid in the deformed configuration 2;(®8). The balance of a chemical species,
which is being transported in the degrading body, can be mathematically written as:

pé + div[h] = h (2.13)

where h is the mass transfer flux vector in the deformed configuration and # is the volumetric source of
the chemical species in the deformed configuration. We assume that the chemical species cannot take partial
stresses, which is a reasonable assumption in the degradation of materials due to small concentrations of
moisture. One can handle large moisture contents by introducing partial stresses and using the theory of
interacting continua (which is often referred to mixture theory) [12]. We do not address such issues, as our
focus is degradation due to small concentrations of moisture or chemicals. The balance of linear momentum
for the solid can be written as:

oV = div[T] + pb (2.14)

where b is the specific body force and T is the Cauchy stress in the solid. Assuming that there is no internal
couples, the balance of angular momentum of the solid reads:

T=T' (2.15)

Assuming that the balance of linear and angular momenta (i.e., Eqs. (2.14), (2.15)) holds, the balance of energy
of the system (i.e., the first law of thermodynamics) can be written as:

d
p (A+9n) =TeD — divixh] + xh —diviql +¢ (2.16)
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where A is the specific Helmholtz potential, q is the heat flux vector in the deformed configuration, and ¢ is
the volumetric heat source in the deformed configuration. In our study, we assume the Helmholtz potential
A to depend on F, ¢ and ¢. We also have the following relations for the chemical potential and the specific
entropy:

9A

%= 42 (2.17)
dc

o4 (2.18)

=Ty ‘

Assuming the balance of chemical species to hold, we then have the following convenient form for the balance
of energy:

0A
0 (8—FFT0D+197'7) =TeD —div[q] — grad[%] eh + ¢ (2.19)

The reduced energy dissipation equation (by assuming that all the aforementioned balance laws to hold) takes
the following form:

d0A 1

P (EFT ° D) =TeD-— Egrad[ﬁ] eq—grad[x]eh —p¢, ¢>0 (2.20)
where ¢ is the specific rate of dissipation functional, which is non-negative. The above equation is a stronger
version than the second law of thermodynamics, which is an integral inequality. The second law of thermo-
dynamics does not assert that the rate of entropy production be non-decreasing at each and every point in the
system/body.

2.2 The maximization of rate of dissipation

Among the various methodologies to derive constitutive relations (e.g., see [48]), the maximization of rate of
dissipation hypothesis put forth by Ziegler [83] is an attractive procedure. Herein, we extend this procedure
to the open thermodynamic system that is under consideration. We obtain the constitutive relations using the
maximization of rate of dissipation hypothesis, which needs the prescription of two functionals—the Helmholtz
potential and the dissipation functional. We assume the functional dependence of the Helmholtz potential and
the dissipation functional to be A(F, ¢, ) and E(D, grad[?], grad[x]; F, ¢, ¢).

The mathematical statement of the maximization of rate of dissipation can be written as follows:

imi = pZ(D, grad[®9], grad[x]; F, 9, 2.21
D’grg%)[(;ﬂlég[x] p¢ = p¢ (D, grad[P], grad[x] c) ( a)
. 0A 1 1
subject to 0 ﬁF eD)=TeD-— Egrad[l‘/‘] eq —grad[x] eh — p¢ (2.21b)

Note that p¢ is maximized with respect to arguments to the left of “;.” Using the method of Lagrange multipliers,
the above-constrained optimization problem is equivalent to the following unconstrained optimization problem:

extremize  p¢(D, grad[®], grad[x]; F, 9, ¢)
D, grad[v],grad[x], A,

0A 1
+ A; (p (8_FFT ° D) —TeD+ Egrad[ﬁ] eq+ grad[x] e h + ,0{) (2.22)

where A; is the Lagrange multiplier enforcing the constraint (2.21b). The first-order optimal conditions give
rise to the following relations:

dA 14+ A\ 0¢
T=,p—F" — 2.23
P oF +( A, )paD (2:232)

I 1+ A ac
1. __ 2.23b
94 ( A )pagradw] (2.23b)
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1+ A
Y 0 9¢ (2.23¢)
Ay dgrad[x]
0A 1
P aFF eD)—TeD+ Egrad[ﬁ] eq+grad[x]eh+ p¢ =0 (2.23d)

The above equations can be obtained by taking (Gateaux) variation of the objective function in Eq. (2.22) with
respectto D, grad[#], grad[x], and A, respectively. By straightforward manipulations on Eqs. (2.23a)—(2.23d),
the Lagrange multiplier A, can be explicitly calculated as follows:

-1
A = 3 3 —1 (2.24)
D ® D+ agrad e grad[v] + 3grad[}{] e grad[x]

If the rate of dissipation functional ¢ is a homogeneous functional of order two with respect to D, grad[v],
and grad[x], we then have

ks ¢ IS

D+ —— do]+ —— d[x] =2 2.25
oD P Garadio] * E T Ggradry © &I =2¢ (2.25)
which further implies that A, = —2. The constitutive relations under A, = —2 will simplify to:
8A 1 8;
T=p—F + -p— 2.26
PoFT T2"%D (2.202)
_ 0 6¢ (2.26b)
1= 75 Y arad(9] ‘
1 a
he—tp 28 (2.26¢)
2 dgrad[x]

It should be emphasized that the dissipation functional need not be a homogeneous functional of order two
in terms of F, ¢ and ¢'. The maximization of the rate of dissipation hypothesis certainly does not require such
an assumption. However, we will make such an assumption in Sect. 3, as it is convenient and the resulting
constitutive relations can still model the desired degradation mechanisms.

2.3 Governing equations in the reference configuration

Since we are also interested in developing a computational framework and obtaining numerical solutions, it
will be convenient to write the balance laws in the reference configuration. To this end, we introduce:

J = det[F] (2.27)
where det[e] denotes the determinant. The balance of mass in the reference configuration can be written as:
po=Jp (2.28)

where pg is the density of the undeformed solid. The balance of chemical species in the reference configuration
can be rewritten as:

po¢ + Diviho] = ho (2.29)

where hy = JF~'h is the diffusive flux vector in the reference configuration and hg = Jh is the volumetric
source in the reference configuration. The balance of linear momentum in the reference configuration takes
the following form:

po¥ = Div[P] + pob (2.30)

where P = JTF~T is the first Piola—Kirchhoff stress. The balance of angular momentum in the reference
configuration takes the following form:

PFT = FPT (2.31)
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In the reference configuration, the balance of energy can be written as:

9A .
00 (a_F I 1917) P ¢ F — Div[qo] — Grad[x] e hy + qo (2.32)

where qo = JF~!q is the heat flux vector in the reference configuration and gy = Jg is the volumetric heat
source in the reference configuration. The reduced energy dissipation equation in the reference configuration
can be rewritten as:

0A . 1
(ﬁ ° F) =PeF — EGrad[ﬂ] e o — Grad[x] e hg — pp¢o (2.33)

where ¢o = ¢ is the non-negative rate of dissipation functional in the reference configuration.

2.3.1 Maximization of rate of dissipation in the reference configuration

The corresponding mathematical statement can be written as follows:

. maximize  polp = pOE(F, Grad[?], Grad[x]; F, ¢, ¢) (2.34a)
F,Grad[?],Grad[x]

. 0A . . 1
subject to 00 3F oF)=PeF — EGrad[ﬁ] e o — Grad[x] e hg — pp&o (2.34b)

Using the method of Lagrange multipliers, one can obtain the following equivalent unconstrained optimization
problem:

_ extremize pOZ(F, Grad[?], Grad[x]; F, 9, ¢)
F,Grad[¢],Grad[x],Ag

A . . 1
+ Ay (,00 (8_F ° F) —PeF + 5Grad[19] e (o + Grad[x] e hy + ,oo{o) (2.35)

where Ay is the Lagrange multiplier enforcing the constraint given by Eq. (2.34b). The first-order optimality
conditions give rise to the following constitutive relations:

A (1+A0) 0%
P=on— 2.36
Pt ( Ao ) O oF (2-36a)
1 1+ Ao 3%
—qo=— 2.36b
o 0 ( Ao ) 0 Grad[9] (2.36b)
14+ Ay d¢o
ho = — 236
0 ( Mo ) P03 Grad[] (2.36¢)
IA . .1
00 (8_F ° F) —PeF + EGrad[ﬁ] e qo + Grad[x] e hy + ppgp =0 (2.36d)

Similar to the derivation presented earlier in the context of current configuration, the Lagrange multiplier Ag
can be explicitly calculated as follows:

—1
Ao = m 0 — —1 (2.37)
0o F + 6Grad[79] o Grad[9] + 5524  Grad[x]

rad[x

If the rate of dissipation functional in the reference configuration ¢j is a homogeneous functional of order two,
we have

90 gir 4 9% Grad[9] + —20 o Grad[x] = 20 (2.38)
IF dGrad[¥] dGrad|[x]
which further implies that Ao = —2. The constitutive relations under Ag = —2 take the following form:
dA 1 93¢
P=poop+om0—= (2.39a)

oF oF
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Rate of dissipation
functional

[ |
v

Maximization of rate
of dissipation

Y Y

Helmholtz potential

Stress Heat flux Diffusion flux
Balance of linear Balance of Balance of Evolution
Balance of mass . . .
momentum energy chemical species equation for «

[ I | I

Solve coupled equations

Displacement, temperature,
concentration, and internal variable

Fig. 1 Overarching idea of the proposed degradation framework: This flowchart shows the overarching idea behind the proposed
framework. We appeal to the maximization of rate of dissipation hypothesis to obtain constitutive relations for the stress, heat
flux, diffusion flux, and evolution equation for an internal variable. By solving the resulting coupled equations (i.e, balance laws,
constitutive relations, and boundary and initial conditions), one can obtain the displacement, temperature, concentration, and
internal variable fields

v 9%
_ v, 9% 2.39b
90 = =5 Py Grad[9] (2.396)
19
ho = — 2 pp—030__ (2.39¢)
2" " 0Grad[x]

The overarching idea behind the proposed chemo—thermo—mechano degradation model is shown in Fig. 1.
In the next section, we will develop the proposed constitutive model by appealing to the maximization of rate
of dissipation.

3 A general constitutive model for chemo-thermo-mechano degradation

Under the maximization of rate of dissipation hypothesis, the constitutive relations can be obtained by prescrib-
ing two functionals—the Helmholtz potential and the dissipation functional. Philosophically, the Helmholtz
potential quantifies the way in which the material stores energy, whereas the dissipation functional quantifies
the way in which the material dissipates energy. For our proposed chemo-thermo—mechano degradation model,
we prescribe the following functional forms for the specific Helmholtz potential and the rate of dissipation
functional:

1c 1
__P {19 — ﬁref}z - — {?9 - ﬁref}MﬁE oE
2 Uref £0

) 1
A=AF,c,9)=—y —
P0

Ry Oret

1
+ dpe {0 — Dret) {c—cref}—% {c—cret) Mg o E 4 fc—cet)  (3.1)

- 1
¢ = ¢ (D, grad[9], grad[x]; F, 9, c) = %pgrad[ﬂ] e Dyygrad[v] + Egrad[ﬁ] e Dy, grad[x]

1
+ Egrad[x] e D, ygrad[v] + grad[x] e D, grad[x] (3.2)

Ry Vref

where R = R/M. R, and R denote the specific vapor constant and the universal vapor constant, respectively,
M is the molecular mass of chemical species. U and crer are the specified reference temperature and reference
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mass concentration, which depend on the underlying boundary value problem. We denote ¢, as the coefficient
of heat capacity, dy as the thermo-chemo coupled parameter [68], My g as the anisotropic coefficient of thermal
expansion (which is assumed to be independent of temperature, concentration, and strain), and Mg as the
anisotropic coefficient of chemical expansion due to concentration (which is also assumed to be independent
of temperature, concentration, and strain). Both Myg and M g are assumed to be symmetric. Dyy is the
anisotropic thermal conductivity tensor and D,,,, is the anisotropic diffusivity tensor. Dy, corresponds to the
anisotropic Soret effect tensor, which characterizes the transport of chemical species caused by temperature
gradient. Similarly, D,y is the Dufour effect tensor, which represents the heat flow caused by a concentration
gradient.

Remark 3.1 Inchemo—thermo-elasticity and in modeling degradation of materials due to transport and reaction
of chemical species, coefficient of chemical expansion M g and thermo-chemo coupling parameter dy. play
a vital role (see [68, Chapter-5] and references therein). Induced strains due to chemical expansivity will
be significant in harsh environmental conditions and cannot be neglected [68]. Considerable inquest has been
made in the literature to experimentally measure Mg in ceramics [2,9,51], laminated and polymer composites
[10,14,68], elastomers and biological materials [32,43,54], and concrete structures [15,72,73]. However,
adequate progress has not been made yet to develop constitutive models and computational frameworks for
such chemo-thermo-elastic materials or materials undergoing chemical-induced degradation. Herein, we shall
take a step forward to address this issue.

Remark 3.2 1t should be noted that in the absence of electrical and magnetic fields, all of the above tensors
are symmetric [12,19,36]. Moreover, from the Onsager reciprocal relations (which was put forth by Onsager
in 1930s [57,58]) we have the following relationship between the Soret effect tensor and the Dufour effect
tensor.

Dz?)f = Dm? (3-3)

Additionally, physics demands that the tensors Dy and D,,,, are positive definite.

Remark 3.3 Note that the specific Helmholtz potential and correspondingly the dissipation functional for
diffusion can also be modeled using the following expressions:

Ac = RyVerc{In[c] — 1} (3.4)
c
Lo = RoOnor grad[x] e D, grad[x] 3.5)

Both Eqgs. (3.1)—(3.2) and (3.4)—(3.5) result in similar partial differential equation structure for modeling
Fickian diffusion.

Under the proposed model, the specific entropy and chemical potential take the following form:

IA 13y ¢, 1

= = —— T - —M E —dy {c — 3.6

n 55 0 30 ﬁref{ ref} + o MoE ° 9elc — Cref) (3.6)
A 1 dy 1

= —=——++ Rsﬂref{c - Cref} - _MCE oE +d190{79 - &ref} (37)
dc po dc 00

From Eqgs. (2.26a)—(2.26¢), we have the constitutive relations in deformed configuration as:

9A 1oy 1 1

T= pﬁFT = 7ﬁFT -5 - Oref} FMypFT — Sle— cref} FMgF" (3.8a)

q= —ipL = —pc,Dyygrad[F] — BDﬁ,{grad[}c] — BDWgrad[x] (3.8b)
2" 9grad[¥] r 2 2

h=—1p i ___»p D, erad(x] — 2Dy erad[d] — 2Dy erad[d] (3.8¢)
2" dgrad[xx) Ry Oref 20 20
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The rate of dissipation functional for the degradation model in the reference configuration is taken as follows:
¢ = ¢(F, Grad[#], Grad[x]; F, 0, ¢)

— 1 =
= %’Grad[l?] o DyyGrad[?] + EGrad[l?] ® Dy, Grad[x]

1 — _
+ 5Grad[}f] oD, yGrad[v] + Grad[x] e D,,,,Grad[x] 3.9)

s Uref

where ﬁag = F_lDo,ﬂ F~7,in which o and 8 represent ¥ or x. Correspondingly, the constitutive relations in
the reference configuration take the following form:

0A Y

P= pOﬁ = ﬁ — {8 — Pref} FMyEg — {c — Cref} FM g (3.10a)
0 13 = PO PO+

qo = —E,O()m = —pocpDyyCGrad[?] — ?DMGrad[Jf] — TDmyGl‘ad[}{] (3.10b)
1 3¢ £0

hy = —— = —
0= T Gradx] T Rytwer

D, Grad[x] — éo—gﬁWGrad[l?] - %ﬁwGrad[ﬁ] (3.10¢)

3.1 Coupling terms for the degradation model

The following hyperelastic material models will be employed in this paper:

A
V= E(tr[E])z + uE o E St. Venant-Kirchhoff model (3.11a)
Y= g(ln[J D + UE o E Modified St. Venant-Kirchhoff model (3.11b)
A
Y = putr[E] + pin[J] + E(IH[J])Z Neo-Hookean model 3.11¢)

where ¥ is the stored strain energy density functional, A and p are the Lamé parameters, and « = A + %“
is the bulk modulus. Recall that J = det[F]. The Lamé parameters in the degrading model are given by the
following expressions:

A, €) = 20(%) — M) - — 2a(x)—2 (3.12a)
Cref Dref
04
%, €) = 1o (%) = 110~ — 12(X) (3.12b)
Cref Uref

where Ag and pg are the Lamé parameters of the virgin material. A; and p are the parameters that account
for the effect of concentration of chemical species on degradation of solid. A, and p» are the parameters that
account for the temperature effect on the degrading solid. It should be noted that A, w1, Az, and pu; are all
positive. Furthermore, these parameters are constrained such that the bulk modulus and shear modulus are
strictly positive.

3.1.1 Deformation-dependent diffusivity

The effect of deformation on diffusivity is modeled as follows: When tensile and shear strains are predominant,
we have the following constitutive model

(explnrfel = 1) (Ds — Do) (explnsIIg] — 1)
(exp[nr Ererr] — 1) (exp[nsErers] — 1)
(explnmsIIIg] — 1)

D - D 3.13
(D 0) (explnmsEretms] — 1) ©-13)

D,;, = Do + (D7 — Do)
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where Ig, IIg, and I1Ig are the first, second, and third invariants of the Green-St. Venant strain tensor,
respectively. These are defined as follows:

Ig = tr[E] (3.14a)
2
IIg = \/2 dev[E] e dev[E] = \/5(3tr[E2] — (tr[E])?) (3.14b)
I111g := det [Ldev[E]] (3.14¢)
IIg

where dev[E] := E — %tr[E]I is the deviatoric part of E. These invariants are used to model the effect of
dilation, magnitude of distortion, and mode of distortion on the diffusivity of the solid. 57, ns, and 1y s are
non-negative parameters. Ererr, Erefs, and Erfpys are reference measures of the tensile strain, shear strain,
and mode of shear strain, respectively. Do, D7, Dg, and D¢ are, respectively, the reference diffusivity tensors
under no strain, tensile strain, and shear strain.

When compression and shear strains are predominant, deformation-dependent diffusivity is modeled as
follows:

(explnrlgl — 1) + (Ds — Dy) (explnslIg]l — 1)
(exp[nT ErefT] — 1) (exp[nsErers] — 1)
(explnmsIIIg] — 1)

D - D 3.15
(D 0) (explnmsEretms] — 1) ©.15)

D, = DO + (DO - DC)

where 1¢ is a non-negative parameter, Er.rc is a reference measure of the compression strain, and D¢ is the
reference diffusivity tensor under compressive strain.

Remark 3.4 Note that deformation-dependent diffusivity given by Egs. (3.13) and (3.15) can be constructed
using a different set of invariants of a given strain tensor. These invariants can be either principal or Hencky
type [20,46,62] based on the nature of material and associated experimental data. The proposed framework
can accommodate such models with minor modifications.

In case of transversely isotropic materials with fibers running along the direction M;¢, the following
invariants are needed to model deformation-dependent diffusivity in addition to the invariant set given by
Egs. (3.14a)—(3.14c)

Vg := M, « EM,; (3.162)
Vi := M, « E?M,; (3.16b)

For more details on selection of invariants for transversely isotropic or orthotropic materials, see [35,46,56].

3.1.2 Deformation-dependent thermal conductivity

The effect of deformation of the solid on thermal conductivity is modeled as follows [7]:
Dyy =Koy (1 + Ig) ° (3.17)

where § is a non-negative parameter. Koy is the reference conductivity tensor under no strain. Based on
molecular dynamics simulations, Bhowmick and Shenoy [7] suggested § to be 9.59 and Koy = 4.619 14
(for certain brittle-type materials). For various other ductile or brittle-type materials, these parameters can be
determined by experiments or can be constructed using Lennard—Jones potential in molecular dynamics.

Remark 3.5 Due to the lack of experimental data, we assume that Dufour and Soret tensors do not depend on
the deformation of solid. However, it should be noted that the proposed thermodynamic and computational
framework can accommodate deformation-dependent Dufour and Soret tensors with minor modifications
(whenever such an experimental evidence is available).
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Proposed chemo-thermo-mechano

degradation model

Y Y

No diffusion No degradation Isothermal

! 1 !

Chemo-thermo-
elasticity

{ { { {

No diffusion,
isothermal

! Y ! !

Dufour-Soret

Model

Thermal degradation Chemical degradation

No degradation No deformation No degradation

Thermo-elasticity Hyper-elasticity Chemo-elasticity

model
No deformation Small strain No deformation
Fourier model Linear elasticity Fickian model

Fig. 2 Special cases of the proposed chemo—thermo—mechano degradation model: Many existing degrading and non-degrading
constitutive models are special cases of the proposed hierarchical model, with appropriate assumptions

3.2 Special cases of the general degradation model and their thermodynamic status

The following popular non-degradation constitutive models can be shown as special cases of the proposed
degradation model, as shown in Fig. 2, when the material parameters are assumed to be independent of
concentration, temperature, and deformation of the solid. That is, the Lamé parameters and Dyg (o and
represent either ¥ or x) are independent of c, ¢, and E.

1.

Fourier and Fickian models: The standard heat conduction constitutive model is obtained by
assuming the solid to be rigid and mass concentration of diffusing chemical species to be equal to zero.
Similarly, to recover the standard Fickian model we assume the solid to be rigid and temperature of the
homogenized body to be constant.

Dufour-Soret model: This model is obtained by assuming the solid to be rigid. Furthermore, the
thermo-chemo coupling parameter dy. is neglected.

Linearized elasticity and hyperelasticity: Toobtain hyperelastic constitutive models,
we assume isothermal conditions and mass concentration of diffusing chemical species to be equal to zero.
The linearized elasticity model can be recovered from any given hyperelastic model by assuming that the
small-strain assumption given by Eq. (2.9) holds.

Thermo-elasticity: The standard thermo-elasticity model can be recovered by assuming mass
concentration of diffusing chemical species to be equal to zero. The material parameters are assumed to
be independent of temperature and deformation.

. Chemoelasticity: Similarly, the standard chemoelasticity model can be recovered by assuming

isothermal conditions. The material parameters are assumed to be independent of concentration and defor-
mation.

Chemo-Thermo-elasticity: Herein, we assume that the material parameters are independent of
concentration, temperature, and deformation. In addition, thermo-chemo coupling parameter dy., Dufour
tensor, and Soret tensor are neglected.

One can also derive specialized (thermo-mechano and chemo-mechano) degradation models:

1.

Thermo-mechano degradation model : This modelis obtained from the thermo-elasticity model
by relaxing the assumption that material parameters are independent of temperature and deformation.



Material degradation due to moisture and temperature 1861

2. Chemo-mechano degradation model: Similar to thermo-mechano degradation model, this
degradation model is obtained from the chemoelasticity model by relaxing the assumption that mater-
ial parameters are independent of concentration and deformation.

3.2.1 Status of the degradation model in [52]

The small-strain chemo-mechano degradation model proposed in [52] is a special case of the proposed chemo—
thermo—mechano degradation and can be obtained under a plethora of assumptions. These assumptions include
steady-state response, small strains, and isothermal conditions with negative volumetric heat source in the entire
degrading body. One also needs to neglect chemo—thermo, chemo—mechano, and thermo—mechano couplings.
Moreover, the functional forms of the specific Helmholtz potential and rate of dissipation functional need to
be:

1 R,
AZZ’#"‘ s Uref

{¢ — cret)? (3.18)

e grad[x] e D, grad[x] (3.19)

" RVt
where the stored strain energy density functional is given by:
A(c)
2
Under the small-strain assumption given by Eq. (2.9), the Cauchy stress, chemical potential, and mass transfer
flux vector can be written as:

v =9 (E,c)= (r[ED)? + p(c)E; o Ef (3.20)

0A
T= paT = A)tr[E/ L+ 2u(c)E; (3.21)
I
0A
% = — = RyVref{c — Cref} (3.22)
ac
1 At
= 3 p D, grad[x] (3.23)

= T2 hgradlx] T T Ryt

The balance of chemical species and the balance of linear momentum for the solid are given by Egs. (2.13)
and (2.14). Under the isothermal condition, the balance of energy simplifies to the following expression:

I

s Uref

q=- grad[x] e D, grad[x] (3.24)
which means that g needs to be non-positive in order to maintain the isothermal condition. The deformation-
dependent diffusivity D, is based on the small-strain assumption, which is obtained by linearizing the
Egs. (3.13) and (3.15). Note that this model is developed based on the experimental evidence that the rel-
ative diffusion rate varies exponentially with respect to the trace of strain [49,50]. In this paper, we have taken
a step further to calibrate these materials parameters according to the experimental data for finite strains based
on the model given by Egs. (3.13) and (3.15).

4 Calibration with experimental data

In this section, we will calibrate the proposed model for the diffusivity using the experimental data set reported
in [49,50]. These experiments were conducted on spherical shells made of glass, which is a brittle material.
These papers report the variation of diffusivity under various deformation modes: tension, compression, and
shear. The calibration study presented below, which also includes a statistical analysis of the fit, will be valuable
in two ways. First, it demonstrates the predictive capabilities of the proposed constitutive model and provides
confidence in the model to be able to apply to other brittle materials like ceramics and even to quasi-brittle
materials like concrete with appropriate modifications. Second, it provides order-of-magnitude estimates for
various parameters in the diffusivity model for realistic materials. This will guide in the selection of values for
these parameters in the subsequent numerical studies.
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0.01

Fig. 3 Calibration with experimental data: A pictorial description of the degrading shell used for calibrating the proposed model
with the experimental data. The inner pressure varies in the range of 0 to 100 psi. Experiments measure the change in diffusivity
as well as the strain of the thin spherical shell. The obtained data can be used to calibrate the proposed model

3 T T

o—o Experimental data for tension
»--¢ Proposed model for tension
=—=a Experimental data for compression

- %--x Proposed model for compression
a 2r Experimental data for shear
a & --A Proposed model for shear

Il Il
0 0.001 0.002 0.003
Trace of strain

Fig. 4 Calibration with experimental data: This figure compares the experimental data reported in [49,50] with the proposed
constitutive model. The sample size is taken to be three. The strain invariants are given by Eqgs. (3.14a)—(3.14b). A good agreement
has been observed between the experimental data and the proposed constitutive model for the diffusivity under tensile, compressive,
and shear strains

Figure 3 provides the geometry and the loading on a spherical shell. The inner and outer radii are, respec-
tively, r; = 0.99 and r, = 1.0. The boundary conditions for the deformation subproblem are that the pressure
within the sphere is varied from p; = 0 to p; = 0.68947 MPa (100 psi) and the external surface is traction free.
The diffusion can be assumed to be isotropic; therefore, the diffusivity tensor is simplified to a scalar. In this
scenario, it can be assumed that the tensile strain is predominant. Hence, the shear-related terms in Eq. (3.13)
can be ignored and then it can be simplified as follows:

(explnrIe]l — 1)
(exp[nTErefT] - 1)

D = Do+ (D1t — Dy) 4.1)

The sample size to estimate the parameters in the proposed deformation-diffusivity model has been taken to be
three. It has been reported that Dy = 7.26 x 10~13 m? /s for glass fibers by [49]. Based on the chosen sample
size and value of Dy, the estimated diffusivity parameters are given as follows:

nr = 1.43 x 10*, Dy =23.39 x 10713 m?/s, Epf, = 1.833 x 1073 4.2)

Using the experimental data reported in [50] under compressive and shear strains, and following a similar
procedure as before, the following diffusivity parameters are obtained:

nc =401.19, Dc =8.66 x 1073 m?/s, Eper. = 1.0 x 1073 (4.32)
ns = —239.61, Ds =8.65x 10713 m?/s, Erepy =3.0x 1072 (4.3b)

We then compared the proposed model (which is obtained based on sample size of 3 points) with the
experimental data set of 10 points. Figure 4 shows the relation between the relative diffusion coefficient D/ Dg
and various strain invariants. From this figure, it is evident that the proposed model is in a good agreement
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Table 2 A statistical analysis of the fit

Sample size ~ Mean data Standard deviation data Coefficient of determination
Tension  Compression  Shear  Tension  Compression  Shear  Tension Compression  Shear
10 1.507 1.093 1.114  0.526 0.073 0.068  0.988 0.999 0.997
25 1.505 1.094 1.108  0.511 0.062 0.065  0.986 0.999 0.997
50 1.521 1.095 1.107  0.515 0.062 0.062  0.987 0.999 0.997
75 1.391 1.097 1.115  0.468 0.062 0.059  0.984 0.999 0.997

This table provides the goodness of fit of the proposed model with the experimental data set reported in [49,50]. Analysis is
performed for various extracted sample sizes and under tension, compression, and shear strains. It is observed that the coefficient
of determination is close to unity

with the experimental data. Table 2 provides a statistical analysis on the fit of the experimental data with the
proposed model. The coefficient of determination is close to unity. This means that the proposed model based
on parameter set given by Eqs. (4.2)—(4.3b) is a good fit to the set of experimental data of various sample sizes.
To calibrate Dyss, nyrs, and Ererprs, we need additional experimental data related to mode of shear. However,
such a data set to calibrate the effect of distortion due to shear on the diffusivity of glass is currently not
available in the literature. Therefore, we did not calibrate D5, nas, and Erefprs. However, one can calibrate
these parameters in a similar fashion as discussed earlier once the required experimental data are available.

5 Initial boundary value problem and mathematical analysis

From the above statements, the governing equations for the proposed chemo-thermo—mechano degrading
model are stated as follows. Let the boundary of ©2¢(28) be denoted as 9€2p and the corresponding unit
outward normal to this boundary be denoted by Mg (p). Similarly, 32, denotes the boundary of €2;(28) and the
corresponding unit outward normal to this boundary is denoted by i(x, #). For the deformation subproblem, the
boundary is divided into two complementary parts: T? and ') such that TP UTN = Qg and TP N TN = ¢.
F,? is the part of the boundary on which displacement is prescribed and F,I;I is the part of the boundary on
which traction is prescribed.

Similarly, for the transport and thermal subproblem, the boundary is divided into complementary parts:
TP and I'Y and I'Y and T'§ such that TP UTY = 9Qo, TR UTY = 0@, TP NN =@, and TR NI = 0.
F? is the part of the boundary on which concentration is prescribed. FL\I is the part of the boundary on which
total/diffusive flux is prescribed. Fg is the part of the boundary on which temperature is prescribed. I’y is the
part of the boundary on which thermal flux is prescribed. In case of steady-state analysis, it should be noted
that the meas (1"?) > 0, meas (F?) > 0, and meas (FL?) > 0. However, such a condition is not required for
studying transient problems.

5.1 Governing equations of the proposed model

The governing equations for the deformation subproblem take the following form:

pov(p, t) = Div[P] + pob(p, t) in 20x]0, Z[ (5.1a)
u(p, 1) = uP(p, 1) on ' 10, 71 (5.1b)
Piiy(p) = tP(p, 1) on 'Nx10, Z[ (5.1¢)
u(p, 1 = 0) = u'(p) in Qo (5.1d)
v(p,t =0) =V (p) in Qo (5.1e)

where uP(p, 1) denotes the prescribed displacement on the boundary and tP(p, ¢) is the prescribed traction on
the boundary. u'(p) and v'(p) are the initial conditions for the displacement and velocity, respectively.
The governing equations for the transport subproblem take the following form:

poc(p, 1) + Divlhg] = ho(p, 1) in Q¢x]0, Z[ (5.2a)
c(p, 1) = cP(p, 1) on 210, Z[ (5.2b)
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ho e Tip(p) = AP (p, 1) on 'Nx10, 7| (5.2¢)
c(p,t=0)=c(p) in Qo (5.2d)
where cP(p, t) denotes the prescribed concentration on the boundary, 4P (p, 7) is the prescribed total/diffusive

flux on the boundary, and ¢!(p) is the initial condition for the concentration field.
The governing equations for the thermal subproblem take the following form:

00 (p, 1)) = —Div[qo] — Grad[x] e hg + go(p, t) in 20x]0, Z[ (5.3a)
S (p, 1) = 9P(p, 1) on I'Yx10, Z[ (5.3b)
qo e Tip(p) = ¢"(p, 1) on I'Nx10, Z[ (5.3¢)
B (p,t = 0) = (p) in Qo (5.3d)

where 9P (p, t) denotes the prescribed temperature on the boundary, gP(p, ¢) is the prescribed heat flux on the
boundary, and #'(p) is the initial condition for the temperature field.

5.2 On the stability of unsteady solutions

We now show that the unsteady solutions under the proposed mathematical model for degradation are stable
in the sense of a dynamical system. There are different notions of stability, and herein we shall establish the
stability in the sense of Lyapunov [22]. For the entire analysis presented in this section, we assume homogeneous
Dirichlet boundary conditions on the entire boundary for the diffusion and thermal subproblems. Let

14
]
X =1y 54
c
Consider the following functional, which is defined on the reference configuration:
1
V(x) = / £0 (A +vn+ EV L V) d2p + Hmech,ext((o) (5.5)

Q0(B)

where ITmech,ext (@) is the potential energy due to external mechanical loading, which is assumed to be con-
servative. This implies the following

d
anmech,ext((o) == / pob e v d2p — / tP e v dl'y (5.6)
Qo (B) N
In the literature, the above functional has been shown to be a Lyapunov functional for linearized thermo-
elasticity and for thermo-hyperelasticity. For example, see [17,23,30] and references therein. Herein, we shall
show that the above functional is a legitimate Lyapunov functional for the proposed degradation model, and
specifically use the Lyapunov’s second method for stability (which is a classical result in the theory of dynamical

systems; e.g., see [31,70,80]) to establish the stability of the solutions under the proposed degradation model.
To this end, we shall take the reference or equilibrium state as:

Peq
0
Xeq = 0 (5.7
0

where @ is the static equilibrium deformation. The above functional is a candidate for Lyapunov functional,
as it satisfies:

V(X = Xeq) =0 and V(X 7é Xeq) >0 (5.8)
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We now show that % < 0. Let us start by writing:

dv 0A . 0A. 0A ., . . . d
= £0 —0F+—l9+§C+1977+l777+V'V dQO+_Hmech,ext(¢)

dr F F) dr
Qo(*B)
. ) dA . . . d
= po (x¢+91) dS20+ £0 5 +n ) 9 dQo+ (pOV oev+Pe F) dQO‘f‘aHmech,ext((o)
Qo (B) Qo (B) Qo(B)
= / po (¢ +9n) dQ
Qo(°B)
. U — ﬁref . U — ﬁref
= — xDiv[hg] d2¢g — TDIV[QO] dQo — TGrad[J{] e hy d2p
Q0(B) Qo(°B) Qo(B)
D 0
— / Grad[x] e hy d2p — / (1 - :;f) Div[qo] d2 — / (1 - ;;f) Grad[x]  hy d2
Qo (B) Qo (B) Qo (B)
Drer [ 1 Uref
= 3 5Grad[1§‘] e o + Grad[x] ehy ) dQy = — 5 Lo Ao (5.9)
Qo(B) Q0(B)
Since {g > 0if x # Xeq ¥, Yrer > 0, one can conclude that
dv
<0 (5.10)
dr

From the Lyapunov stability of continuous systems [22,31], one can conclude that x = x4 is asymptotically
stable.

6 Semi-analytical solutions to canonical problems

In this section, we shall appeal to semi-inverse methods to obtain solutions to some popular canonical boundary
value problems [56]. Incompressible neo-Hookean chemo—thermo—mechano degradation model is considered
here. Similar analysis can be performed for other compressible and incompressible chemo-mechano, thermo-
mechano, and chemo-thermo—mechano degradation models. Coordinate system under consideration is either
spherical or cylindrical. In all the problems discussed below, we assume concentration and temperature to
be functions of time ¢ and radius r (which is a current configuration variable). This assumption is often
made because the underlying problem has either cylindrical or spherical symmetry. We also assume that the
volumetric sources corresponding to temperature and concentration are equal to zero. In this paper, as we are
mainly interested in degradation of solid due to temperature and transport of chemical species, we shall neglect
Dufour effect, Soret effect, thermo-chemo coupling parameter dy., and anisotropic coefficient of thermal and
chemical expansions. In order to reduce the complexity of finding solutions based on semi-inverse method for
deformation subproblem, we shall neglect the inertial effects and body forces.

Based on the assumptions provided here, the governing equations for the transport subproblem in cylindrical
coordinates reduce to:

dc n 10rh,
pat r or

=0, cr=ri,t) =ci, c(r =ry,t) =co, c(r;t =0) =cp (6.1)

where &, is the mass transfer flux in the radial direction. Similarly, the governing equations for the thermal
subproblem in cylindrical coordinates can be written as:

0 10 0
p0_77+_ "4qr :__th’ Yr=ri,t)=0, 0@ =r,t) =10, 0@, t=0)="1 (6.2)
Jt r or or
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where ¢, is the heat flux in the radial direction. In spherical coordinates, the governing equations for the
transport subproblem are:

dc N 1 9r2h,
'081‘ r2 or

201 c(r=ri9t)=ci’ c(r=r07t)=C0’ C(r,[ZO)ZCO (63)

The governing equations for the thermal subproblem in spherical coordinates are:

9 1 9r2 9
O O 0 =rt) =01 D =10 ) =0, 9t =0) =0y  (6.4)
ot r2 or or

Another quantity of interest in material degradation is the extent of damage at a particular location or along
the cross section of the degrading body. In case of incompressible neo-Hookean chemo—thermo—mechano
degradation model, this quantity can be defined as follows:

Dy(x, 1) :=ﬁ=1—( rie )—(“zﬁ ) (6.5)
1o

MOCref o Vref

For virgin material, D,, = 1. If D,, approaches zero, then the material has degraded the most. In addition,
Eq. (6.5) also provides the following information:

» Amount of degradation at a given location and time,

» The parts of the body that suffered extensive damage, and

» The effect of temperature and moisture (or concentration of chemical species) on the mechanical properties
of materials.

6.1 Inflation of a degrading spherical shell

We now study the behavior of a degrading (thick) spherical shell subjected to pressure loading. Figure 5 provides
a pictorial description of the boundary value problem. In addition to the obvious theoretical significance, this
problem has relevance to safety, reliability, and defect monitoring of degrading spherical structures (such as a
tank shell and a bearing structure) due to pressure loading.

Due to the spherical symmetry of the problem, spherical coordinates are used to analyze the inflation of
degrading spherical shell. Consider a spherical body of inner radius R; and outer radius R, defined in the
reference configuration as follows:

Ri<R<R, 0<O<m 0<d<27 (6.6)

where (R, ®, ®) are the spherical polar coordinates in the reference configuration. The inner and outer surfaces
R = R; and R = R, are, respectively, subjected to pressures p; and p, with p; > p,. That is, the thick cylinder
is inflated with pressure. The deformation in the current configuration can be described as follows:

ri<r=m(R)<r,, 6=0, ¢p=070 6.7)

Fig. 5 Inflation of a degrading spherical shell: A pictorial description of degrading shell in the reference configuration. The shell
is subjected to an inner pressure p; and an outer pressure p,,
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where (r, 6, ¢) are the spherical polar coordinates in the current configuration and r; and r, are, respectively,
the inner and outer radii of the shell in the current (deformed) configuration. The deformation gradient, the
left Cauchy—Green tensor, and the right Cauchy—Green tensor have the following matrix representations:

dm)?
dn 9 o (ﬁ) 0 0
Fl={ 0 =2 o], {C={B}= 0 ’};—Z 0 (6.8)
0 0 % 0 O I’I‘l2
&

Incompressibility implies that

r=mR) = \R+r?—R} ri<r<r, (6.9)

where r, = JR3 + ri3 - Ri3. The nonzero components of the Cauchy stress are:

dm\? R4 2
Trr =—p+ul, ) a®) =°° + ulc, ﬁ)r—4, Too = Tpp = —p + u(c, ﬂ)ﬁ (6.10)

The governing equations for the balance of linear momentum in the spherical polar coordinates (e.g., see [65])
reduce to:

aT,,+2T,r—T99—T¢¢_0 a_p_() op

=0, =0, — =0 (6.11)
or r a0 ¢

)

The above equations imply that p is independent of 6 and ¢. That is,

p = p(rt) (6.12)

From Eqgs. (3.6) and (3.7), the specific chemical potential and specific entropy for the degrading spherical shell
are given as follows:

1y w1 R* r2
# = —— + RsVet{c — cref} = _4+2_2_3 + RyUref{c — cCref} (6.13a)
po dc 2,OOCref R
1 ay wi R* r?
n=-———-+ {l? Dref} = ———— ( +2— -3 {l? Dref (6.13b)
po 0V ﬁref ¢ 2000 et R? ﬁref re

Before deriving the governing equations for the degrading shell problem, we shall do the non-dimensionalization
by choosing primary variables and associated reference quantities that are convenient for studying this problem.
To distinguish, we shall denote all the non-dimensional quantities using a superposed bar. We shall take 1,
Ry, Dref, cref, and Dy as the reference quantities, which give rise to the following non-dimensional quantities:

_ R — Dy — D
Fo=o R= ) Doy = =%, Dyy = 2 (6.14)
R, R, Dy Dy
(o— v _ Dot
M=t m= = = 1= ) (6.15)
/LO MO Cref Vet Ro

With the stress field in Eq. (6.10), we shall integrate Eq. (6.11) and then have the following nonlinear equation
in deformation subproblem after non-dimensionalization:

wiw

o2 ﬁzﬁ( ~ (R +ri—Ri3))
Tor(R=TRi.7) = Top(R = Ro.T) = P — / dR  (6.16)
7

R +‘*—R)



1868 C.Xuetal.

In order to reduce the complexity in finding semi-analytical solutions, we shall assume g—; < %—ZZ. Substituting
Egs. (6.13a) and (6.13b) into the constitutive relations of the proposed model, the governing equations of these
two subproblems (6.3), (6.4) can be written as follows after non-dimensionalization:

— — — —4 —4
ac 2D, 3Dy, \0¢ — 9*¢ 9D, (R 7 o 1 R
%* _ = _ D, —=2 ———\)-6oDu | = +— 6.17
o1 ( T )87 TR T il B b ©17)

_ — _ _ _ —4 2

_99 Dys 0Dgs 00 — 3*0 _— f[oc [ F R

— —2 )= —Dyy— = S Y7 [— 6.18
o1 ( F T or ) o e T ”"(37 w(# 7 )) (6.18)

where @ and T are two non-dimensional parameters, which have the following expressions:

W

Ryc?
o= —1L o el (6.19)
00 Rs Vet Crog Cp

These two non-dimensional parameters can show the strength of coupling effect in chemical potential and
specific entropy. The nonlinear equation (6.16) enables us to find 7; at various 7 for given ¢(R,7) and (R, 7).
However, it should be noted that ¢(R, 7) and 9 (R, 7) are also a function of 7; in case of strong coupling. This is
because diffusivity and thermal conductivity depend on the invariants of strain E. Hence, the integral equation
(6.16) and partial differential equations (6.17) and (6.18) are strongly coupled. By strong coupling, we mean
that diffusivity and thermal conductivity depend on the mechanical deformation, and by weak coupling, we
mean that the diffusivity and thermal conductivity do not depend on strain or stress. The selection of strong
versus weak coupling depends on material properties. In general, a systematic sensitivity analysis is required to
offer a concrete guidance criterion (e.g., variance-based or distance-based global sensitivity analysis [66,67]),
which is beyond the scope of this paper.

6.1.1 Steady-state analysis for shell degradation

For steady state, we have hyr? = Cy and qrr2 + xh,r? = C,, where C; and C, are integration constants. This
implies that ¢ and ¢ are the solutions of the following ODE:s:

_ ,de — (P R\ =
Dm{r — — 2D;{;{a) - T =3 + Cl =0 (6203)
dr R r
— /4 iy
— do w [ R r - =
2 — _ _

where the integration constants C; and C» are determined from the boundary conditions for the transport
and thermal subproblems. Under weak coupling (i.e., Dyy and D, are constants), a simplified form of the
analytical solutions for ¢ and ¥ can be obtained as follows:

(7?2 '\ B _ TBD.. 7

where Ay, By, Y1, and Z; are constants, which are given in terms of the boundary conditions ¢;, ¢,, ¥;, and
¥, as follows:

e B 7,-2+8E4 (6.222)
=¢—— —o| %5+ — o
U R 7
_ ) —4 ) —4
riro _ _ _fr 8R r; 8R
Bi=——\Co—ci—o| 5+—F—-=FH—— 6.22b
1 i — T, ( 0 14 (ﬁ2 Ff}» ﬁ2 7;‘ )) ( )
— TB’D V4
Y, =0; + _l—f” _ __' (6.22¢)
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7i—7of—~ — TB?D 11
z=" - - (5 - 5 (6.22d)
riro 2Dy Ty r,

6.1.2 Unsteady analysis for shell degradation

Herein, we shall integrate Eq. (6.16) using trapezoidal rule (trapz function in MATLAB [47]). The method
of horizontal lines [60,64] and shooting method [33] are used to obtain numerical solutions to Eqgs. (6.17) and
(6.18). In the method of horizontal lines, the time is discretized first followed by spatial discretization. The

time interval of interest [0, Z] is divided into N non-overlapping subintervals such that A7 = % and 7, = nAf.
1, is called the integral time level, where n = 0, ..., N. A7 is the time step, which is assumed to be uniform.

Employing the method of horizontal lines with backward Euler time-stepping scheme, we obtain the following
ODE:s at each time level for Egs. (6.17) and (6.18):

. 4
) deth g+ iy 1 (R(n))

dZE(n-I-l) +( 2 +( 1 )dﬁ){x n
—= NNz "\= ) &+ = @
dr? F o \p" ) dr dr D(n> AT (E(’”)z (Fm)°
_ —m\*
¢ 20 \ [ dD,, (R ) 7
™A \p® dr F)S ()2 (23
DJ{J{AI DJ{J{ (r ) (R )

_ _ =)\ 2
250D N ) N 1\ dDyy dgry ﬁ(n)ﬁ(n-&-l) B (19 )
dr? o \pW ) dr i, D

dr DUAT  DWar
—m) R
o[ ) —( ) (6.24)

= &) )

t=t,

—=m | dF
Dﬁﬁ dr

where ™ =¢(F,7=1,) and 7= 9 (F,T = 1,). Algorithm 1 describes a procedure to determine ¢(7, 7),
9 (7, 1), and r; at various times using an iterative nonlinear numerical solution strategy. The following values
are assumed for the non-dimensional parameters in the strong coupling simulations:

Algorithm 1 Inflation of a degrading spherical shell (numerical methodology to find 7;, ¢, and %)

1: INPUT: Non-dimensional material parameters, non-dimensional boundary conditions, and non-dimensional initial conditions,

MaxIters (which is taken to be equal to 100), tolerances e(r) e(c) and ‘5[(;91)-

tol > “tol *
2: Evaluate 7; at 7 = 0 based on Eq. (6.16).
3:forn=1,2,...,Ndo

4: for j=1,2,...do

5: if j > MaxIters then

6: Solution did not converge in speciﬁed maximum number of iterations. EXIT.

7 end if

8: Diffusion subproblem: Givenr r solve Eq. (6.23) to obtain ¢U*D Herein, we use shooting method to solve the
ODE:s. )

9:  Heat conduction subproblem:Given 751) and U+ solve Eq. (6.24) to obtain FAARS Similarly, we use shooting
method to solve the nonlinear ODEs.

10: Deformation subproblem: Given c(f“) and AR , solve for r(J+ ) given by Eq. (6.16) using bisection method.

1 At Fd ) —F D) < e it — ) < €9, and ||19"+” TN <€) then

122 OUTPUT: r§f+‘) eUtD and 7V BXIT.

13: else . e

14: Update the guess: Ff]) <« FEH' ),

15: end if

16:  end for

17: end for
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Fig. 6 Inflation of a degrading spherical shell: This figure shows the hoop stress T'g4 as a function of R at various instants of time
due to an inner pressure of p; = 0.5. Analysis is performed under strongly coupled chemo—thermo—mechano degradation. Note
that the stress is increasing with time under degradation
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Fig. 7 Inflation of a degrading spherical shell: This figure shows the hoop stress Tgg as a function of R at 7 = 0.1 for various

inner pressures ;. Analysis is performed for strongly coupled chemo—thermo—mechano degradation. T y¢ increases in a nonlinear
fashion as the pressure loading increases, which is different from the case as time progresses

R,=1, Ri =05, AT=001,7=2, ®=0.05, T=02,¢ =0,090=0.5
Co=1,0;=05 0,=1,my=1, 1, =0.3, i, =04, Dy=1, Dy = 1.5,
Ds=12, nr=ns=1, Erefr = Ere;s =1, Ko =1, § =10 (6.25)

The physical meaning for boundary conditions and initial conditions for this problem is as follows: The body
is initially assumed to be in its virgin state and there is no moisture/diffusant/inert chemical species in the
body. Also, the body’s temperature is constant initially. After time # = 0, the inner and outer boundaries of the
spherical shell are held at zero and constant concentration. Such a boundary condition can be maintained through
a suction/sink mechanism, wherein the moisture/inert species are removed continuously and temperature is
held fixed.

In weakly coupling problem, we use Dy, K as Ein,{) and ng, respectively. It should be noted that these
values are constructed based on the (brittle-type) material parameters such as glass, ceramics, and concrete.

The numerical results are shown in Figs. 7, 8,9, 10 and 11, which reveal the following conclusions on the
overall behavior of degrading spherical shells under inflation:

1. Degradation versus non-degradation: After degradation, a spherical shell which is initially homogeneous
is not homogeneous anymore, see Fig. 10.
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Fig. 8 Inflation of a degrading spherical shell: This figure shows the chemical potential as a function of the reference location R
at? = 0.2 due to various inner pressures p; under different cases. One can see that for non-degrading shell, the chemical potential
is unchanged with respect to pressure loading. However, for strong coupling, it increases with p; in a nonlinear fashion when
non-dimensional parameter  is small enough. This is because for small o, diffusion takes the dominance in the coupling effect.
When pressure loading increases, the diffusivity is increasing due to the growing tr[E]. For large w, the deformation is dominant

in the coupling, which is —1  term in chemical potential. Since the first invariant I ¢ is always positive in this problem, chemical
potential is decreasing when the pressure loading increases

2. Due to degradation, creep-like behavior is observed in Fig. 9. Therefore, as time progresses, hoop stresses
increase in Fig. 6. We need to note that the shell ceases to creep after a certain period of time, which is the
moment when the transport of chemical species and heat conduction are close to steady states.

3. As the pressure loading increases, the hoop stress is increasing in a nonlinear fashion in Fig. 7, which is
significantly different from the non-degradation shell.

4. In Fig. 8, for non-degrading shell, the chemical potential is unchanged with respect to pressure loading.
However, for strong coupling, it increases with p; in a nonlinear fashion when @ is small enough. This is
because for small o, diffusion takes the dominance in the coupling effect. When pressure loading increases,
the diffusivity is increasing due to the growing strain. For large @, the deformation is dominant in the
coupling, which is —1 ¢ term in chemical potential. Since the first invariant I g is always positive in this
problem, chemical potential is decreasing when the pressure loading increases.

5. Thermo-dominated versus chemo-dominated degradation: As Fig. 10 shows, weak coupling over-
predicts the amount of degradation compared to the full (or strong) coupling when thermal degradation
dominates. This is because when the thermal degradation dominants, the thermal conductivity decreases due
to the increase in strain (note that the first invariant of strain is always positive in this problem). However,
in chemo-dominated degradation, weak coupling underpredicts the amount of degradation compared to the
strong coupling case.

6. In case of strong coupling, healing-like behavior is observed at early time steps in thermo-dominated degra-
dation (but still remains below that of the virgin material), see Fig. 11. This is because of the deformation-
dependent thermal diffusivity in the entire body (due to which temperature gets lower than the initial
condition). Hence, the material damage is less than that of at 7 = 0. However, this heal-like behavior
becomes less distinct (or even doesn’t exist) when the chemo-degradation achieves the dominance.

7. Strong versus weak coupling: Quantitatively and qualitatively, extent of damage for both strong and
weak coupling is considerably different, see Figs. 9, 11.

6.2 Bending of a degrading beam

Herein, we shall consider pure bending of a degrading beam. Attime ¢t = 0, a finite degrading beam is suddenly
bent by an action of pure end moments. For ¢ > 0, the centerline of the beam becomes a sector of a circle of
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Fig. 9 Inflation of a degrading spherical shell: This figure shows the plot of inner radius 7; in current configuration as a function of
the inner pressure p; for strongly and weakly coupled chemo-thermo—mechano degradation problem. Note that in weak coupling
the heat conductivity and diffusivity are both constants, while the Lamé parameters still depend on concentration and temperature.
We take 7¢; = 0.3 and ¢, = 0.4 for thermo-dominated degradation. For chemo-dominated degradation, we have ir; = 0.7 and
T, = 0.1.Fora given p;, one can see that 7; for weak coupling is larger than strong coupling when thermal degradation dominates.
This is because /g is always positive in this problem, the thermal conductivity decreases due to the increase in /. However,
when moisture-induced degradation dominates, 7; for weak coupling is smaller than strong coupling problem. From this figure,
we can observe creep-like behavior for all the case studies. a Thermo-dominated degradation, b chemo-dominated degradation
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Fig. 10 Inflation of a degrading spherical shell: This figure shows the extent of damage as a function of the reference location at
various instants of time due to inner pressure p; = 0.5. Different values are chosen for z¢; and 7z, for thermo-dominant and chemo-
dominant degradation. Analysis is performed for strongly coupled case. For thermo-dominated problem, healing-like behavior is
observed at early time steps. This is because of the deformation-dependent thermal diffusivity. As ¥ < ¢, the material damage
is less than that of at time 7 = O (but still remains below that of the virgin material). However, this heal-like behavior becomes
less distinct (or even does not exist) when the chemo-degradation achieves the dominance. a Thermo-dominated degradation, b
chemo-dominated degradation

radius r.. This centerline is held fixed for all the time. Subsequently, the stresses in the degrading beam are
allowed to relax. In addition, it is assumed that the material remains isotropic with respect to the reference
configuration throughout the degradation process. These assumptions enable us to employ the counterpart of
universal deformations (also known as semi-inverse method) [56] to study such degrading beams.

A pictorial description of the initial boundary value problem is shown in Fig. 12. The degrading beam is
defined as follows:

—-L<X<L, -W<Y<W, —-H<Z<H (6.26)

where (X, Y, Z) are the Cartesian coordinates in the reference configuration. We assume that the deformation
to be as follows:
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Fig. 11 Inflation of a degrading spherical shell: This figure shows the extent of damage as a function of the reference location
at = 1 for various inner pressures “p;’. Analysis is performed for thermo-dominated degradation. As the pressure increases,
for the weakly coupled problem, the extent of damage decreases. This means that when the inflation pressure p; increases,
the body degrades more significantly. However, this is not the case for the strongly coupled problem. In this particular case,
thermo-mechano coupling dominates and plays a vital role. As /g > 0, the strain-dependent thermal conductivity decreases as
the pressure loading increases. Hence, there is less damage in the material due to the decrease in temperature values as compared
to weakly coupled chemo—thermo—-mechano degradation problem. a Weak coupling degradation, b strong coupling degradation
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Fig. 12 Bending of a degrading beam: A pictorial description of degrading beam in both reference and current configurations.
Bending moment is applied at the two ends of the beam just after time 7 = 0. Oy and Ocyyr correspond to the origin in the

reference and current configurations
2X Y
r= 248 6=, ;=2 6.27)
o 14

where (7, 0, 7) are the cylindrical polar coordinates in the current configuration. When X = 0, we have § = rcz.
It should be noted that @ and y are all unknown time-dependent parameters. These unknowns are evaluated
from the incompressibility constraint, traction boundary conditions, and pure end moments. To reduce the
complexity in finding semi-analytical solutions, we shall assume r. is given. The faces X = —L and X = L
are subjected to ambient atmospheric pressure “pyum.” Upon deformation, the corresponding deformed faces
r; and r, are maintained at p,y,, where r; = \/rcz —2yLandr, = \/rcz + 2y L are the inner and outer radius
of the degrading beam. This gives the following traction boundary conditions:

Ty X=—-L,t)=T(X=L,1) = pam (6.28)
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The deformation gradient F, right Cauchy—Green tensor C, and left Cauchy—Green tensor B for the degrading
beam are given as follows:

Looo 27 00
Fy=(0 Z 0 C=Bl= 0o = o (6.29)
Y
0 0 1 0 0 1

For incompressible degrading neo-Hookean material, we have «y = 1 and the nonzero components of the
Cauchy stress tensor are given as follows:

ic, 9)y? wic,®) 2y X +r2
Ir==rt5 xypo Two=-rt (yz a T.. = —p +plc. ) (6.30)
C

The balance of linear momentum in the cylindrical polar coordinates reduces to the following:

aTrr+Trr_T09_0 3_P_O a_P:

’ - ’ 0 (6.31)
ar r a0 0z

The bending moment in the deformation subproblem can be evaluated based on the following formula:

Myeam (1) = / Too(r — rpeu)dA

ACI‘OSS

14

VrZ+2yX

where dA = 2Hdr, rpeq = ,/rcz + 2y Xqeu 18 the neutral axis location, and Xy is the value at which Ty = 0.
The chemical potential, specific entropy for the degrading beam are given as follows:

L
—2H / Too(—[r2 + 2y Xneu +/r2 + 27 X) dx (6.32)

—L

1 oy ) yr | r?
# = —— + RyVer{c — Cref} = — ) + 5 2 ) + RyVret{c — cref} (6.33a)
po 0cC 2pocrer \ 7 14
13y ¢, w (v: ¢y
N=———+4+——{0 — Dt} = — 4+ —=-2)+ {9 — Drer} (6.33b)
po 0V Vref re 2000t \ 7 2 V2 Vref re

Most of the non-dimensional quantities are same as that of the degrading shell problem except for the following:

— X _ Dot
F=l X=2y=2L =% (6.34)
re re Te ré
Using Egs. (6.27)—(6.31), we have the following nonlinear equation in
Lirec —— < = T,/ v = 4 _—— 2
AEX, 0, 9X.0) (7 - 7X +1)°) _
dX =0 (6.35)

P 2
iy y (ZVX + 1)

From (6.35), ¥ |;—¢ is given as follows:

1 /
c

which is the case for homogeneous neo-Hookean material. As r. is given, the parameter y is bounded above
and below as follows:

ey e (6.37)
2L 2L
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which can be used in finding the solution for the nonlinear equation given by (6.35). It should be noted that
¥ |t=0 satisfies the inequality given by (6.37).

From Egs. (6.1) and (6.2), the final form for the governing equations for transport and thermal subproblems
for degrading beam is given as follows:

¢ [ Dyx 0Dy, \0¢ — 03%¢ _0D,, (V> T - 1 72

— - — —Dy— = - =) —20D, | = + = 6.38

ot ( T ) o R T YT B 2 @\ 32 T3 (6.38)
— — — — — _ _ 2

_9v9 Dys 0Dyyp \00 — 08%90 _— [(dc _ (V> T

— — — —Dyy—s = — LA—— 6.39
o1 ( T ) a7 e A VR 72 (639

6.2.1 Steady-state and unsteady analysis for beam degradation

In case of steady state, we have h,r = Cy and g,r + xh,r = C, where Cy and C; are integration constants.
Equations (6.38) and (6.39) imply that ¢ and ¢ are the solutions of the following ODE:s:

o de  _ =2 =2 o

Dm{F_f - Dmfa(]:_z - :_2) + Cl =0 (6403)
dr r Y

— Ay _(w 7> 7 N

Dl?l?r_— + Tl — _—+_——2 _C+1 C]+C2=O (640b)
dr 2\ y?

In case of weak coupling (where Dyy and D, are constants), the solutions for ¢ and ¥ take the following
simplified form:

_ w7 7 _ _ TBIDyy B
c=——\ =+ = |+ BnlFl+ Ay, ¥ = ———"In[r]> + Zoln[F] + Y» (6.41)
2\r Y 2Dyy

where the constants Aj, Ba, Y>, and Z, (which depend on the boundary conditions) are as follows:

— [/ =2
Ay =7 — B[]+ 2 L+ (6.42)
ACRE=
1 _ _ wofvr T v P
B — (e, —e -2 LY o 6.42b
7 Inl7o] — In[77] (C” 973 (7% TRTRE TR (6.420)
_ TB!D
Yy = B 4+ 2 05 ]E — ZoIn[F] (6.42¢)
2Dyy
1 —  —  TBD,,
Zr=— |7, =0 — 227 ([P — n[F, ] 6.42d
2 In[7,] —ln[Fi]( 4 i 2Dyy ( [ri] [7o] )) ( )

For unsteady analysis, we employ method of horizontal lines with backward Euler time-stepping scheme. This
gives the following ODEs at each time level for Egs. (6.38) and (6.39):

— . 2

d2gn+h N L N 1 dD,, den+D B cn+1) . 1 N ()/(”))
a2 o T\ ) Ta | )T e T g e T ey
r D, =i, D, At ™) (F")

Hx
— _ — . 2 _
_ c _( w )(dDM ((V(n)) _ F (6.43)
poar \De )\ & s J\ ™) »)

—(n+1) ¥2)

d*y 1 1 \dD
- T (% + (—(n) ) diw
dr 7 Dy U P

—(n+1) =)=+ —(n) 2 (g™ :
v 7" D (de ( )
=1, drz_z, 559"1; AT

F Dha o
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—=m /—m))? . _ = /[ (—n)\2 — 2

_ 27,'6()D;(n}f ((y(”)) _ r(l’l) )% _ TDsz{wz ((y(n)) _ (r(n)) ) (6 44)
=@ —n)\3 —on2 J drl- - —(n) — N3 — N2 :
oy \e)' ) T Df e o)

Algorithm 2 describes a procedure to determine ¢ (7, 7), ¥ (7, f), and ¥ at various times using an iterative

nonlinear numerical solution strategy. The boundary conditions for diffusion and thermal subproblems are the

same as the degrading shell problem. The other parameters are assumed in the strongly coupling simulations
as follows:

L=1,7.=1, At=0.1,7=2, ©=0.057=05, ip=1, t; =, =04, Dy =1,
Dr =20, Ds=15,nr =ns=1, Erefr = Erefs =1, Ko=1, § =10 (6.45)

In case of weak coupling, we have Dy as BEZ{) and K as 51(9"1;, respectively.

Algorithm 2 Pure bending of degrading beam (numerical methodology to find ¥, ¢, and )

1: INPUT: Non-dimensional material parameters, non-dimensional boundary conditions, and non-dimensional initial conditions,
MaxIters (which is taken to be equal to 100), tolerances 68/1) s et(:)"l), and €

2: Evaluate i at 7 = 0 based on Eq. (6.36). Use this as an initial guess for solving nonlinear equation given by (6.35) or guess 3
based on Eq. (6.37).

3:forn=1,2,...,Ndo

4: fori=1,2,...do

5 if i > MaxIters then

6: Solution did not converge in specified maximum number of iterations. EXIT.

7: end if

8 Diffusion subproblem: Given 7, solve Eq. (6.43) to obtain /T . Herein, we use shooting method to solve the
ODEs.

9: Heat conduction subproblem:Giveny® ande(t! solve Eq. (6.44) to obtain AR Similarly, we use shooting

method to solve the ODE:s. A i1
10: Deformation subproblem: Givencl*D and gt ), solve for 7+ given by Eq. (6.35) using bisection method.

1 D — 7O < ) 7D — 29 <€), and T —FV) < ¢ then
12: OUTPUT: 7¢+D ¢l+D angd FUTD EXIT the inner loop.

13: else

14: Update the guess: 7 « 70+,

15: end if

16: end for

17: end for

The numerical results are shown in Figs. 13, 14, 15 and 16, which reveal the following conclusions on the
overall behavior of bending of degrading beams:

1. Degradation versus non-degradation: The main observation is that the neutral axis shifts further to
the left in Fig. 13, similar to the phenomenon observed in viscoelastic solids [42]. Moreover, in case of
weak coupling for some instants of time the maximum stress does not occur at either tensile or compressive
sides of the beam after the onset of degradation. This is of primal importance in regard to the calculation
of failure loads/moments due to material damage. Hence, a simple approach based on strength of materials
or a more complex finite elasticity theory to calculate stresses without accounting for degradation will lead
to erroneous results.

2. Initially at 7 = 0 and when there is no degradation, the response is that of a homogeneous neo-Hookean
material, see Fig. 16. On the onset of degradation, the material ceases to be homogeneous.

3. In Fig. 14, moment relaxation is observed for weak and strong coupling degradation. Note that the moment
is a constant without degradation. Moreover, although diffusion is dominant in the coupling effect for
chemical potential, one can still observe the deformation effect on » as compared to no degradation case
in Fig. 15.

4. Strong versus weak coupling: One can see that Tgg for strong coupling is considerably different from
the weak coupling in Fig. 13. This is because the degradation progress is dependent on the deformation,
concentration of the diffusing chemical species, and temperature of the body.

5. In Fig. 16, the extent of damage is monotonic for weak coupling, which is not the case for strong coupling
(which helps in identifying regions that need retrofitting).
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Fig. 13 Bending of a degrading beam: This figure shows the plot of hoop stress Tgg as a function of the reference location of the
cross section at various instants of time. The stress distribution is not linear, which is the case for finite deformation beam bending
problem. Herein, we observe that the neutral axis shifts further to the left. Moreover, in case of weak coupling for some instants
of time the maximum stress does not occur at either tensile or compressive sides of the beam after the onset of degradation. a
Weak coupling degradation, b strong coupling degradation
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Fig. 14 Bending of a degrading beam: This figure shows the plot of bending moment at various instants of time for both strong and
weak coupling chemo—thermo—-mechano degradation. Moment relaxation is observed for both cases; however, in weak coupling
the moment declines at a much faster rate than that in strong coupling case. Note that the bending moment is a constant without
degradation

Remark 6.1 1t should be mentioned that [63] have shown that the neutral axis shifts under pure bending of a
polymer beam under mechanical degradation. However, their approach is based on internal variables and by
employing a semi-inverse method. Herein, we have illustrated a similar behavior of a degrading beam using
the proposed chemo—thermo—mechanical framework, which considers various coupled processes, as opposed
to a lumped internal variable approach.

6.3 Torsional shear of a degrading cylinder

A pictorial description of the degrading cylindrical annulus of finite length is shown in Fig. 17. The bottom
of the cylinder is fixed and just after time ¢ = 0, a twisting moment is applied. We analyze the material
degradation and corresponding structural response due to the torsional shear for a prescribed angle of twist.
Initially, the body is a homogeneous neo-Hookean material and there is no transport of chemical species in
the body. For time ¢ > 0, the outer boundary of the cylinder is always exposed to moisture (or a diffusing
chemical species). The inner surface of the degrading annular cylinder is held at zero concentration. This can
be achieved by constructing a mechanism which continuously removes the moisture (or diffusing chemical
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Fig. 15 Bending of a degrading beam: This figure shows the plot of chemical potential as a function of the reference location of
the cross section at various instants of time when there is no degradation and for strong coupling cases. In the strong coupling
scenario, although diffusion process is dominant, one can still observe that the deformation has a significant effect on chemical
potential as compared with non-degradation case
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Fig. 16 Bending of a degrading beam: This figure shows the extent of damage as a function of the reference location of the
cross section at various instants of time (due to the application of bending moment). Note that analysis is performed for both
strongly coupled and weakly coupled chemo—thermo—mechano degradation. One can see that a virgin beam, which is initially
homogeneous, is no longer homogeneous after degradation. In addition, the extent of damage is monotonic for weak coupling,
which is not the case for strong coupling. Such a phenomena has implications in damage control and retrofitting of the degrading
beams. a Strong coupling degradation, b weak coupling degradation

species) from the inner boundary of the degrading cylinder. Hence, one can control the concentration of the
moisture at both inner and outer surfaces. Similar type of initial and boundary conditions is enforced for the
thermal counterpart.

Consider a closed cylindrical body of inner radius R;, outer radius R,, and height L defined as follows:
Ri<R<R,, 0<O®<2m, 0<Z<L (6.46)

where (R, ©, Z) are the cylindrical polar coordinates in the reference configuration. Under torsional shear,
the deformation can be described as follows:

r=R, 6=0+¢g(Z,t), z=AZ (6.47)
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Fig. 17 Torsional shear of a degrading cylinder: A pictorial description of the degrading cylinder under torsion in the reference
configuration. R; and R, are, respectively, the inner and outer radii of the cylinder. X, Y, and Z are the Cartesian coordinates in
the reference configuration. The bottom of the cylinder is fixed and a twisting moment is applied at the top of the cylinder for
t>0

The components of the deformation gradient F can be written as:

ag(Z, 1)

o (6.48)

where g’ 1=

O = O
~
>0 ©

1
Fy={0
0

Incompressibility implied that A = 1. The components of the right Cauchy—Green tensor C and the left
Cauchy—Green tensor B can be written as:

1 0 0 1
@=(0 1 rd ) Bi={0 1+(¢) r¢ (6.49)
0 rg 1+(rg/) 0 rg 1

The nonzero components of the Cauchy stress T are given as follows:

T = —p+ule.9). Top=—p+uicd) (1+(g)’)
T = —p+pe,9), To: = Top = plc, Drg (6.50)

The balance of linear momentum in the cylindrical polar coordinates reduces to the following:

op n2 1op 1" op
- , 0 =0, ——— , 0 =0, —=0 6.51
5, THE D (¢) ~og e Drg " (6.51)

Symmetry in the problem implies that g—g = 0, which further implies that g” = 0. Hence, g(Z, 1) takes the

following form:
8(Z, 1) =W()Z + W (1) (6.52)

where W) and W, are evaluated based on the input data. As the bottom of the cylinder is fixed, we have
g(Z =0,1) =0, which implies W, (¢) = 0.
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The chemical potential and specific entropy are given as follows:

1y wiriw?

n = —— 4 ROper{c — cret} = ——1Ly Ry Urer{c — crer} (6.53a)
po dc¢ 2p0Cref
1oy ¢, rtVi ey
oo 09 Dref e 200Vret Dref .

Most of the non-dimensional quantities remain the same as that of the previous initial boundary value problems
except for the following:

=2 G=yR, i=2Y (6.54)
- RO ’ - 0> - R(Z) .
The non-dimensional twisting moment M (7) satisfies:
M@ =27 | @R, 1), 9R, )V, R dR (6.55)

The Poynting effect for hyperelastic materials shall be also studied. It implies the axial length change for a
cylinder under shear. The non-dimensional normal force required to keep the length unchanged can be written
as follows:

R,

N@) =n | w@R,1),9(R, ?))Efﬁdﬁ (6.56)

Bl

From Egs. (6.1) and (6.2), the final form of the governing equations for transport and thermal subproblems
can be written as:

3¢ Dy, 8Dy \oc — 3% _of —  _9D,,

- — —Dyy— = —o¥,| 2D 6.57
o1 (7 T )87 S T 1( S 37) 657
_39 ([ Dys 0Dpy \0O — 00 _— (0T . — 20T _— 5,4

ﬁﬁ — ( = + 97 )E — Dﬂﬂa? = Ty, ﬁ — ZTCL)D;(;(V\Ijlg + TDX%C!) r \1‘1 (658)

One needs to solve Egs. (6.56)—(6.58) to obtain ¢(7, 1), ¥ (7, T), and M (7). Algorithm 3 describes a numerical
solution procedure to solve these equations at various times for a given angle of twist per unit length.

Algorithm 3 Torsional shear of a degrading cylinder (numerical methodology to find M, ¢, and )

1: INPUT: Non-dimensional material parameters, non-dimensional boundary conditions, and non-dimensional initial conditions.
2:forn=1,2,..., Ndo .
3: Diffusion subproblem: Given W, solve Eq. (6.62) to obtain ¢ Herein, we use shooting method to solve the ODEs.

4: Heat conduction subproblem: Given V| and E(”), solve Eq. (6.63) to obtain 5('” . Similar to diffusion subproblem,
we use shooting method to solve the nonlinear ODEs.

5. Deformation subproblem: Given ¢ and 5("), solve for 77" given by Eq. (6.56).

6: end for
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6.3.1 Steady-state and unsteady response of degrading cylinder under torsional shear

In the case of steady state, ¢ and ¥ are the solutions of the following ODEs:

— pdc — __—

D, 1 T Dyxor¥] +C; =0 (6.59a)
r

— A _ (@, _ = =

DMr—d_—i—t 57 Vi—c+1)Ci+C2=0 (6.59b)
r

where C| and C, are integration constants. Under weak coupling (where Dyy and Dy, are constants), a
simplified form of the analytical solutions for ¢ and ¥ is given as follows:

Dy _ TB?D
c= 2P0 4 Byln[F] + A3, D = — 307 + ZaIn[F] + Y3 (6.60)
2 2Dy

where A3, B3, Y3, and Z3 are constants, which are obtained by the corresponding boundary conditions for
thermal and diffusion subproblem. These are given as follows:

Az =G — B3ln[Fi] — %7?@? (6.61a)
1 _ _ 6 _2—2 _2—2
By = In[r,] — In[r;] (CO ST 2 (ra\pl o \Ijl)) (o1
_  TB2D
Ys =9 + 72%—“1n[7i]2 — Z3In[Fi] (6.61¢)
v
1 _  _ TBD
Zi=—- P, -0 — ——"E (In[F;]* — In[F,]? 6.61d
> In[r,] — In[F;] ( 7N 2Dy (71"~ InlF] )) (©o1d

For unsteady analysis, method of horizontal lines with backward Euler time-stepping scheme is employed.
This gives the following ODEs at each time level:

d2cn+D N L N 1 dD,,, de+D c+D - (W(H))z
dr? Fm S\ p™ ) dr !
2 t=ty

dr DA
=) (4D —(n)
_[—m\2 T dD,,,, c
to (\I'l ) ( aF |, )_ —~m (6.62)

55:2 D, At
_ _ _ —)— . 2 (5m)?
agth AR SR dgo"th Wyt F " M ae (’9 )
= ) ) — — D =T 0= I —
dr o \pw ) dr L) dr DY) At DY) \d4rl,_, DY) At
—_=(n) — =)
2TwD —m)\2 dc ™D, w 2 4
kit 2200 (wﬁ”)) = I (7<”>) (\pﬁ)) (6.63)
= 0 o)
AT 1=ty Dyy

The boundary conditions for diffusion and thermal subproblems are the same as that of the previous boundary
value problems.
The following non-dimensional parameters are assumed in the numerical simulations:

R,=1, R, =05, AT=01,7=2, ®=0.05, T=0.8, ip=1, &, =0.5, 11, = 0.2,

Do=1, Dr =15 Ds=12, ny =ns =0.1, Eretr = Erefs =1, Ko =1, § =10 (6.64)
The numerical results are shown in Figs. 18 and 19, which reveals the following important conclusions on the
overall behavior of degrading structural members under torsional shear:

1. The numerical results in Fig. 18 reveal that there is relaxation of moment for fixed deformation. In addition,
the twisting moment required to maintain a fixed angle of twist decreases with increase in 7¢;. Similar type
of behavior is observed when 1z is kept constant and 1, is varied.
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Fig. 18 Torsional shear of a degrading cylinder: This figure shows the twisting moment at various instants of time due to a given

angle of twist per unit length of the cylinder, ¥; = 0.75. One can see that as jz; increases the twisting moment required to keep

W unchanged, decreases. Similar type of behavior is observed when 7z, is kept constant and i, is varied. Herein, the main
observation is that moment relaxation not only depends on material degradation but also on the geometry of the degrading body.

a Moment under different 7¢;, b moment under different R;
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Fig. 19 Torsional shear of a degrading cylinder: This figure shows the non-dimensionalized normal force N due to Poynting

effect at various instants of time. Analysis is performed for a given angle of twist per unit length of the cylinder, ¥; = 0.75.
When there is no degradation, the normal force is constant. However, due to degradation one can see that the normal force relaxes
over time. The decrease in this normal force for weak coupling is higher than that for the strong coupling

2. In Fig. 18, we also observe moment relaxation due to material degradation when both the transport and
thermal subproblems are close to steady states. Moreover, one can see that moment relaxation depends on
the geometry of the specimen. These aspects differentiate the stress relaxation due to degradation from the
stress relaxation due to viscoelasticity.

3. We observe that the normal force due to Poynting effect is decreasing over time as a result of degradation, see
Fig. 19. Without degradation, the normal force is a constant (which is the case for hyperelastic materials).
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7 Concluding remarks

This paper has made several contributions to the modeling of degradation of materials due to the presence of an
adverse chemical species and temperature. First, a consistent mathematical model has been derived that has firm
continuum thermodynamics underpinning. The constitutive relations, which give rise to coupled deformation—
thermal transport equations, have been derived by appealing to the maximization of the rate of dissipation,
which is a stronger version of the second law of thermodynamics. The proposed model is hierarchical in
the sense that it recovers many existing models as special cases. Second, the materials parameters have been
calibrated with an experimental data set available in the literature. Third, it has been shown that the unsteady
solutions to the proposed degradation model are bounded and stable in the sense of Lyapunov even under
large deformations and large strains. Last but not the least, using several canonical problems in degradation
mechanics, we illustrated the effects of chemical degradation and thermal degradation on the response of a
body that is initially hyperelastic. Some of the main features of degradation and of the proposed model can be
summarized as follows:

(C1) Degradation introduces spatial inhomogeneity. That is, a material which is originally homogeneous may
cease to be homogeneous due to degradation.

(C2) The proposed mathematical model can provide the variation of important quantities like chemical poten-
tial within the body, which is essential in incorporating chemical reactions into the modeling. Of course,
one needs to provide other essential information (e.g., stoichiometry, law of mass action, dissipation
due to chemical reactions, reaction rates, exothermic vs. endothermic energy changes) to incorporate
chemical reactions.

(C3) In a coupled chemo—-thermo-mechano degradation problem, for instance degrading shell problem,
thermo-mechanical coupling plays a vital role in evaluating extent of damage and pressure loading.
For thermo-dominated problem, healing-like behavior is observed at early time steps. This is because of
the deformation-dependent thermal diffusivity. However, this healing-like behavior becomes less distinct
(or does not even exist) when the chemo-degradation achieves the dominance (see Fig. 10).

(C4) The extent of damage in a structural member can be both qualitatively and quantitatively different under
strong and weak couplings between mechanical, thermal, and transport processes. More importantly,
weak coupling may overpredict the material degradation in some cases, while in other cases it may
underpredict the degradation. It is, therefore, of paramount importance to select the extent of coupling
between the mechanical, thermal, and chemical processes.

(C5) The usual assumptions on either kinematics or stresses, which may be justified for non-degrading mem-
bers, may no longer hold under degradation. For example, assumptions on the location of neutral axis or
the location of the maximum stress on the outer fibers in beam bending will not hold under degradation.

(C6) Degrading structural members may exhibit some responses that are typically associated with viscoelas-
ticity. In particular, we have shown that degradation can induce stress relaxation and creep in the response
of the materials even in the case of finite-sized bodies. In contrast to a viscoelastic body (which creeps
continuously upon the application of a load), the body undergoing chemical degradation ceases to creep
for practical purposes after a certain period of time. This the moment when the transport of chemi-
cal species is close to a steady state, if there is no volumetric source and the boundary conditions are
unchanged over time. A similar trend holds even in the case of thermal degradation. This characteristic
behavior of degrading solids can be used to differentiate the creep associated with viscoelasticity and
degradation. Moreover, stress relaxation due to degradation depends on the geometry of the specimen,
which is also different from the case due to viscoelasticity.

A possible future research work can be toward incorporating fatigue and fracture into the degradation
modeling. A related scientific question can be toward addressing the effect of material degradation on the
crack initiation and its propagation.
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