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Abstract We discuss a pure hyperbolic alternative to the Navier—Stokes equations, which are of parabolic type.
As a result of the substitution of the concept of the viscosity coefficient by a microphysics-based temporal
characteristic, particle settled life (PSL) time, it becomes possible to formulate a model for viscous fluids in a
form of first-order hyperbolic partial differential equations. Moreover, the concept of PSL time allows the use
of the same model for flows of viscous fluids (Newtonian or non-Newtonian) as well as irreversible deformation
of solids. In the theory presented, a continuum is interpreted as a system of material particles connected by
bonds; the internal resistance to flow is interpreted as elastic stretching of the particle bonds; and a flow is a
result of bond destructions and rearrangements of particles. Finally, we examine the model for simple shear
flows, arbitrary incompressible and compressible flows of Newtonian fluids and demonstrate that Newton’s
viscous law can be obtained in the framework of the developed hyperbolic theory as a steady-state limit. A
basic relation between the viscosity coefficient, PSL time, and the shear sound velocity is also obtained.

Keywords Hyperbolic equations - Navier—Stokes equations - Solid dynamics - Viscous fluids -
Irreversible deformation - Thermodynamics - Non-equilibrium flows
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1 Introduction
1.1 Solids versus fluids

Under normal conditions, solids and fluids behave differently; however, in this paper, we demonstrate that from
the continuum physics point of view such differences are of a quantitative character and that the dynamics
of both these states of matter can be modeled with a single system of partial differential equations (PDEs).
In particular, we demonstrate that there is a microphysics-based alternative to the conventional concept of
viscosity in its traditional and phenomenological meaning, i.e., as a coefficient of proportionality between the
strain rate and stress tensor. With such an alternative, it becomes possible to describe flows of viscous fluids,
whether Newtonian or non-Newtonian, from the same basis as irreversible deformation in solids.

Let us first describe an approximate physical model underlying the continuum theory discussed below.
We start the discussion from the central assumption of any continuum theory [1], that is, solids and fluids are
represented by a disordered system of material particles, i.e., infinitesimal control volumes, with a constant
mass. These particles must be small enough to be considered as infinitesimal volumes if compared with
the entire system. At the same time, the material particles must contain enough real molecules or atoms in
order to volume averaged state parameters as the mass density p, momentum pv, and entropy density ps are
well-defined.

In addition to these conventional state parameters, we assume that the particles possess one more degree
of freedom. Namely, we assume that the particles, in fact small volumes, are deformable and can rotate.
The deformation and rotation of a particle can be characterized by a non-symmetric 3 x 3-matrix A, called
here distortion (or more precisely elastic distortion [2,3]). We first of all think of A as a local field, i.e., the
distribution of A does not related to the global deformation' of the medium, but describes the shape and
orientation of the particles solely.

Moreover, in order to have changes in A, we should assume that the material particles are able to interact
with each other. More precisely, we assume that the particles are connected by bonds. The notion of the bond
between two neighboring material particles (small volumes) has a meaning that the particles are in contact with
each other, i.e., they have a common boundary (interface), which they have a tendency to retain. Of course,
the reasons for that lie in a more microscopic scale than the scale of material particles. It is the diffusion
mass flux through the common interface, which due to inertia plays the role of a bond resistant to shearing
of particles in the case of gases, or it can be real chemical bonds between molecules located along the both
sides of the interface in the case of solids or fluids in a condensed state (liquids). Thus, we stipulate for the
further discussion that when we talk about elastic stretching of the bond between two particles, we mean that
these particles deform while staying in contact with each other via the common interface. In turn, the bond
destruction means that the two particles have lost the direct contact.

With this physical model in mind, it is natural to question how such a system of particles can flow, i.e.,
deform irreversibly. Clearly, the system can flow only if the bonds between particles can be destroyed; if the
bonds exist forever, the material behaves elastically, which is not the case in this study. If the bonds can be
destroyed, then a second question arises: What is a characteristic time 7 of the existence of particle bonds
while the system flows, i.e., the time after which the bonds are destroyed? Clearly, t cannot be zero because
that would mean that no bonds exist. Thus, the time 7 is finite, with 0 < T < oo, which rises the third basic
question of what the particle bonds do while the system deforms during time < 7 As we assume that bonds
are stretchable, i.e., material particles are deformable, otherwise the system cannot deform, the answer is that
bonds are stretched elastically because bond destruction is forbidden at time t < t.

! The distribution of A gives the global deformation of the continuum if flow is absent, i.e., the deformation is reversible,
which is not the case in this study.
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Therefore, it becomes clear that the true source of irreversible deformation in a system of connected material
particles is the process of particle rearrangement. Hence, this can be decomposed into three basic subprocesses:
elastic bond stretching, bond destruction, and creation of new bonds in a new local particle equilibrium state.
Therefore, a physically based continuum theory for non-stationary irreversible deformation should be based
on the micromechanics of these basic subprocesses. In this paper, we assume, however, that the characteristic
times for the creation and destruction of bonds are negligibly small if compared with time 7; therefore, these
two subprocesses are eliminated from consideration.

Further to the physical model presented above, in order to characterize the degree of the deformation
irreversibility or fluidity, we use the time 7 of the “settled life” of particles (after Frenkel [4]), i.e., the time
during which all bonds of a given particle with its neighbors are conserved; they can stretch but are not
destroyed. The introduction of time 7 allows the clear classification of all types of material responses from the
same basis. In fact, a pure elastic response corresponds to T = oo because all particle bonds are conserved;
thus, the particles are not rearranged. If particle rearrangements occur, this automatically implies that T < oo,
i.e., T becomes finite regardless of whether the nature of a material is a viscous fluid or elastoplastic solid.
Finally, the idealized limiting case T = 0 corresponds to inviscid flows, i.e., ideal fluids or ideal plasticity in the
case of solids, because bonds do not exist; their lifetime equals to zero. In other words, in order to characterize
the degree of irreversibility of deformation, i.e., fluidity, we propose a temporal characteristic T with a clear
physical meaning that allows the comprehension of continuum dynamics of solids and fluids under a unified
viewpoint.

Unlike the viscosity coefficient, the particle settled life (PSL) time represents an objective material char-
acteristic that can be observed directly, at least potentially, in experiments without the introduction of any
subjective notions invented by the observer, such as stresses. In addition, because of its universality or material-
independent character, it covers continuously the full spectrum of material responses, from inviscid flows
(r = 0) to pure elastic responses (7 = o0).

The second critical material parameter in our theory is connected with the most obvious difference between
solid-like and fluid-like behavior, i.e., the ability of solids and inability of fluids to retain static shear loadings.
In what follows, we explain that such a difference has a quantitative rather than qualitative character if both
solids and fluids are considered as a system of connected particles. In fact, under static loadings, bonds between
particles of a solid are able to stretch to some degree and are not destroyed, which means that T = oo, if the
loadings are not sufficiently large. In that case, the solid is in an equilibrium static state. If bond stretching
exceeds a certain limit, then bonds are destroyed (i.e., T < 00) and particles are rearranged. Thus, we introduce
a material parameter Yy, which is the bond stretch limit under static loadings. From the previous discussion,
it is clear that Yy > 0 and t = ©(Y)) for solids.

In fluids, with a good approximation, Yy = 0, which means simply that T < oo for any applied external
loadings, and the situation when t = oo is impossible. For example, if a fluid is treated as a system of particles
with bonds, where the bonds are the diffusion mass fluxes between neighboring particles, then such bonds do
not manifest themselves, i.e., Yo = 0, in a static state because there is no change in macroscopic motion state,
and thus, inertial forces equal to zero.

A typical flow model after external loading is applied to a viscous fluid as follows. Because viscous fluids
are characterized by 0 < t < oo, there is no flow, i.e., particle rearrangement, at time ¢ < t. Therefore, at
a given strain rate ¢, bonds are stretched elastically during the interval of time ¢ € [0, t]. At the time ¢ = ,
the bond stretching reaches a value Y = Y (é) > Yy = 0, called here the dynamic bond stretch limit, at which
bonds are destroyed. In turn, this results in particle rearrangements. Thus, this leads to the key point of our
theory, which is the internal resistance to flow (viscosity) of fluids is a result of elastic stretching of microscopic
bonds between fluid particles, and the macroscopic flow is a result of bond destructions and rearrangements
of particles.

In summary, with regard to the PSL time t and static bond stretch limit Yy, fluids and solids can be ranged
as follows:

— T = 00, elastic solids;

T =00, if bond stretching < Y . .

- Yy = HO - 7 ~ oo, if bond stretchin§ N Yg , elastoplastic solids;
_ | T = o0, if bond stretching < Yy . . .
- 1(Yp) = | £ =0, if bond stretching > Y’ ideally plastic solids;

- 0 <1 <00, Yy=0,viscous fluids (Newtonian and non-Newtonian);
- 1 =0,Yy =0, ideal fluids;
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In general, time 7 is a function not only of Y, but it also depends on a current flow state, or state variables,
and should be defined with the help of non-equilibrium statistical physics, or kinetic theory, etc. In the case
of Newtonian fluids, we shall demonstrate in Sect. 3 that in order to fulfill Newton’s viscous law, the particle
settled life time t should depend on the mass density p and entropy s and does not depend on the distortion
A. Plausibly, this is not true for more complex flows like turbulent flows, and 7 is a function of p, s, and A as
well as of some other, so far unknown, state parameters, e.g., see Remark 1 in Sect. 2.1. The non-Newtonian
behavior of viscous fluids is beyond the scope of this study, but it is clear that such fluids also belong in the
class characterized by 0 < 7 < 0o, Yy = 0, and the same theory that is described in the following is applicable
if the function 7 of the state variables is properly defined, e.g., see [5,6].

1.2 Navier—Stokes equations and hyperbolicity

It is difficult to overestimate the paramount role of the Navier—Stokes equations (NSEs) in fluid dynamics, and
it seems that there is a common belief that the NSEs are the single model for viscous flows in the framework
of classical continuum theory.

On the other hand, as with any continuum models, the NSEs have limited applicability, and one of the main
goals of the fluid dynamics community is to discover these limits beyond which an application of the NSEs is
questionable.

There is no doubt that turbulence is one of the challenging and still poorly understood problems in the
dynamics of viscous fluids. However, nearly a century of extensive, and mainly unsuccessful, searching for the
ultimate Navier—Stokes-based turbulence model [7] may be considered as evidence that turbulent flows might
be one of the limits of applicability of the NSEs. Clearly, such a lengthy duration may signify not only the
defects in the concept of the viscosity coefficient itself, but the intrinsic extreme difficulties of the turbulence
problem.

Regardless of the case, it is clear that the widespread and unconsidered use of the NSEs may be dangerous
because of the following drawbacks, which incidentally can be one of the reasons suppressing further progress
in the understanding and modeling of turbulent flows:

—  Stress tensor The Navier—Stokes viscous stress tensor was derived from observations of steady and struc-
tureless/homogeneous flows. Successive applications of the NSEs to numerous practically important sit-
uations also suggest that Newton’s viscous law is a good approximation to non-steady near-equilibrium
laminar flows. However, it becomes clear that the use of Navier—Stokes-like models for essentially unsteady
and non-equilibrium flows, such as strongly sheared and time-dependent turbulent flows, is problematic [8].

The root of the problem is that the derivation of the NSEs’ stress tensor is based on the strategy where the
material responses observed experimentally are straightforwardly mimicked in a model instead of simulating
the intrinsic reasons leading to the observable macroscopic response. Clearly, such a mimic strategy is applica-
ble provided the circumstances are simple, and we are able to capture the key details of the material response,
which unlikely to be the case for turbulence. See the following section for a further discussion.

—  Causality Solutions to the NSEs are of a diffusive nature and, hence, do not satisfy causalityz, i.e., the
NSEs admit infinite velocity of disturbance propagation, e.g., see [9-14], while by its very nature, a flow
of a fluid is a pure hyperbolic process; all disturbances propagate at finite velocities. Thus, to construct a
pure hyperbolic model for viscous flows is of fundamental interest. Clearly, such a model will have several
sound velocities: one for longitudinal and two for shear perturbations.

Furthermore, it is important to emphasize that in the solid dynamics, it is a conventional point of view
that a continuum model should be an obligatory hyperbolic. Not only because of the causality issue but also
because of that the hyperbolicity notion and the local well posedness of the boundary-initial value problem?
for a system of PDEs are convertible terms [15—17]. With regard to this, one questions what is so special in the
physics of viscous fluids that makes them intrinsically parabolic. As we shall demonstrate in the following,
there are no special characteristics, and it is indeed possible to develop a pure hyperbolic theory for viscous
flows.

2 Although linear parabolic diffusion theories based on Fourier, Fick, or Newton’s laws predict that disturbances can propagate
at infinite velocity, nonlinear parabolic equations, in some instances, lead to finite velocity of propagation, e.g., see the discussion
in [9] and references therein.

3 With sufficiently smooth initial data and dissipative boundary conditions.
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It is worth noting that several approaches to construct a hyperbolic alternative to the parabolic NSEs
are known, e.g., [10,11,13,18-23]. The central idea of these approaches is an introduction of the fluxes as
additional independent state variables, and the search for general transport laws taking the form of evolution
equations for these fluxes. All of these theories are essentially variations of the phenomenological idea of
Maxwell [24] to model the viscoelastic response of fluids, and sometimes referred to as Extended irreversible
thermodynamic (EIT) [10]. Thus, if we ignore the tensorial structure of the governing equations from the just
cited papers, the equations have the general form

X:—% (X—XNS) (1)

for a dissipative quantity X, where XS is the value of X obtained in the framework of Navier—-Stokes theory.

In other words, in a Maxwell-type theory, a hyperbolic relaxation model (1) is constructed as an first-order
extension of the second-order NSEs in such a way that the NSEs are obtained as the relaxation limit of (1) as
a relaxation parameter A goes to zero. Note that (1) is also referred to as Maxwell-Cattaneo law, because the
same mathematical idea was applied by Cattaneo [25] to develop a hyperbolic theory of heat conduction.

Even though there is a solid microphysics background as the kinetic theory of gases in some of the hyperbolic
approaches, e.g., [10,13], and they are in good agreement with many experimental data, see textbooks [10,11],
the resulting macroscopic models are rather phenomenological, because their derivations are based on the
series expansion of the distribution function with respect to an abstract infinite hierarchy of moments, in which
the physical meanings of the introduced state variables, moments, are mostly ignored. For example, in the
mentioned theories, the stress tensor is used as the state variable X, which, by its definition, is defined on
specifically oriented hypersurfaces. The use of such state variables is in a contradiction with the central notion
of the continuum physics, material particle (infinitesimal control volume), whose macroscopic properties,
i.e., state parameters, should be defined by only an averaging over the volume of observable microscopic
characteristics. The stress tensor neither is observed® in reality, i.e., it does not have a microscopic counterpart,
nor is defined as an volume averaged quantity (it is defined on specifically oriented hypersurfaces).

One more drawback, which is a consequence of the use of the state variables living on hypersurfaces, is that
such models lack the objectivity property, i.e., frame invariance. To treat such a discrepancy, an objective stress
rate X is usually introduced into (1), which in turn can be defined in many ways, resulting in different solutions
to the model, incompatibility with the second law of thermodynamics, and even in loss of the well-posedness
property of the initial value problem, see Sect. 2.7 for the references.

Finally, the models of type (1) have unlimited growth of the shear sound velocity as the relaxation parameter
A tends to zero (Newtonian limit). Meanwhile, there are no physical evidences supporting this point. See a
discussion in Sect. 2.7 for more details and references. In this section, we only stress that neither the NSEs nor
the concept of the Newtonian viscosity coefficient is used in any forms (e.g., like (1)) in the proposed theory,
i.e., we do not modify the classical parabolic theory or treat its defects, but instead, we propose an alternative
intrinsically hyperbolic approach, which is based on the physical model described in the previous section, is
free from the mentioned shortcomings, and involves less phenomenological constituents than the preceding
approaches.

1.3 Response modeling versus microstructure modeling

Response modeling approach As mentioned previously, the derivation of the NSEs and NSE-like models in
general is based on the imitation strategy when a mathematical model mimics the straightforwardly observed
macroscopic response of a material in experiments. Such an approach provides quick results in situations
closed to the conditions of experiments. However, extrapolation/prediction beyond the framework of these
circumstances by means of variation of the constitutive law parameters becomes questionable when flow
characteristics are changed nonlinearly, e.g., laminar-turbulent transition. In general, such a mimic strategy
should imply the analysis of all qualitatively different flows by experiments in order to develop a model that
will be flow-independent, geometry independent, etc. Therefore, there is no guarantee that the mathematical
submodels derived for different flow regimes will continuously transform from one into another. In practice,
this results in an excessively large number of models for a single material.

4 Do not be confused with the measurable quantities, e.g., we can measure stresses, but they clearly do not exist, i.e., they are
the result of an interpretation of the microscopic reality. Of course, the stress tensor arises in our theory as the momentum flux,
but not as an independent state variable.
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We shall refer to such a mimic strategy as the response modeling (RM) approach. The RM approach
is inherently an observer-dependent strategy, i.e., subjective. For example, typical state variables in a model
developed in the framework of the RM approach are either the pressure p or total stress tensor T, etc. However,
it is clear that these entities do not exist in reality; they were invented by humans according to our inherent way
of perception of the macroscopic reality by means of some interpretative procedures of microscopic processes,
not to be confused with an averaging.

The classical representatives of the response modeling approach are the Maxwell, Oldroyd-B (e.g., [26]),
Bingham, Hershel-Buckley (e.g., see [27]), Navier—Stokes, and hypoelastic Wilkins models [28-31]. See also
Sect. 2.7 for a discussion on the relation between the Maxwell-type models and the model discussed in this

paper.

Microstructure modeling approach Intuitively, we understand that nature does not operate in terms of subjec-
tive state parameters and that continuum laws of physics should be written in terms of state parameters only,
which are in principle, observable, without of engaging of any interpretative procedures. Thus, an alternative
approach to the RM is not to straightforwardly mimic the macroscopic response of a material, but instead: (1)
to comprehend what essential microscopic processes lead to such a macroscopic response; (1i) to determine
objective measures, or state parameters, for these processes; and (1ii) to discover eventually the macro-
scopic evolution laws, which are usually hidden from direct observation, for the state parameters defined in
the previous step. In order to do this, the experimental observations of macroscopic material responses are no
longer sufficient and additional information of a universal character is required, e.g., consistency with thermo-
dynamics, invariance under transformations of the physical space (Galilean or Lorentz invariance), causality,
and correctness of the initial value problem, in addition to knowledge about the physics of the microstructure.
We shall refer to such an approach as the microstructure modeling (MM) approach.

A good example where the RM approach is barely applicable is complex fluids, i.e., fluids for which
a complex internal structure, e.g., stretchable long-chain molecules, influences essentially the macroscopic
dynamics. In such media, microscopic processes, such as internal friction, rotations, and elastic stretching of
molecules, are responsible for a single quantity that is the overall stress tensor. Thus, the relation between
the stress tensor, or observable macroscopic material response, and microscopic processes is not a one-to-one
relation and therefore ill-posed. An attempt to derive a constitutive relation for the stress tensor in such a
situation for a sufficiently large range of flows might lead to enormous complexity of the model.

Finally, it is interesting to note that, in continuum thermodynamics, these two types of state variables, i.e.,
objective and subjective, are thermodynamically dual quantities in the following sense. A typical vector of
state variables in an RM-based model is p = (v, T', T'), while in a corresponding MM-based model, a typical
vector is ¢ = (v, F,wy, wa, ..., By, B2, ...,s), where s is the specific entropy, w; and B; are vectors
and tensors representing essential, for macroscopic dynamics and microscopic processes (e.g., see [32]). In
addition, in MM approaches, an additional quantity is required, i.e., a thermodynamic potential % = % (q)
usually playing the role of the total energy. Thus, the vectors p and q are related as

vz%vv TZ%F_'_%IDI+%w2+"'+%31+%5'2+"'7 TZ%S

See also discussions in Sections 3.5 and 3.6 in [29,32] and concluding remarks in [33].

Well-known examples of continuum models related to the MM approach are the Euler and ideal magne-
tohydrodynamics equations. Moreover, the model discussed in the following is also representative of the MM
approach. For more complex examples, see [32,34-36] and references therein.

1.4 Motivation

The aim of this paper is to draw the attention of the modeling community to the fact that the continuum
description of viscous Newtonian flows is not restricted solely by the NSEs, and it is possible to simulate viscous
fluids with a more physically based model still within the framework of classical continuum mechanics, and
which is compatible with the fundamental observations, such as thermodynamics, causality, and mathematical
regularity.

The basis of our approach is the elastoplastic model of hyperelastic type with relaxation terms describing
plastic deformation in solids, which was derived by Godunov and Romenski in [2,3,37] in order to simulate
irreversible deformation of metals under extreme loading.
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We note that similar theories to [2,3,37] were developed independently in [5,33,38,39] (see also [6,40] and
references therein). The common feature of these theories is the use of a local strain field like A to characterize
the interaction between material particles, and the differences concern only the choice of an internal energy
function, and a dissipation mechanism was dictated by applications under consideration, e.g., elastoplastic
solids [2,37,39] or polymeric liquids [5]. Eckart [38] appears to have been the first to formulate a theory in
terms of only an elastic deformation tensor, which can be used to characterize irreversible deformation in
isotropic solids. However, he did not recognize that the internal resistance to flow was already presented in
his theory, and the Newtonian viscosity was added. Besseling [33] then resolved this misunderstanding and
generalized this approach for anisotropic solids. He also showed that the viscous Newtonian flows can be
described in the framework of his model.

This paper differs from the previously cited works in the following manner. In general, our goal is a three-
dimensional finite-volume numerical implementation of the discussed hyperbolic model for viscous Newtonian
flows and its application to the problems where the use of the NSEs might be questionable. Here, only the
preliminary work with an emphasis on clear physical interpretation of the model constituents, hyperbolic
nature of the model, its fully thermodynamic consistency, and some numerical aspects is reported. In addi-
tion, our study is based on the theory of thermodynamically compatible systems of hyperbolic conservation
laws [3,32,41-43]. In this theory, the non-dissipative part of the time evolution is generated with the help of
only one thermodynamic potential, which is assumed to be a convex function of the state variables. Here, we
also show that the dissipative part of the time evolution obeys the second law of thermodynamics and can be
generated by the same potential. Therefore, in this study, only one thermodynamic potential is used, i.e., no
an additional dissipative potential is required.

2 The model
2.1 State variables

Let x = (x1, x2, x3)" denotes the laboratory Cartesian coordinate system. In order to characterize the macro-
scopic properties of a material particle located at a point x at a time ¢, we use the following vector of state
variables

(v, A, p, ps), @)
where p is the mass density of the medium, pv is the momentum, v = (vy, va, v3)T is the velocity vector
relative to the coordinate system x, ps is the entropy density, s is the specific entropy, and a newly adopted
variable A = [A;;], non-symmetric 3 x 3-matrix, is the so-called elastic distortion [3]. The field A has a local
meaning, i.e., it describes the deformation and rotation of the material particles and, in general, is not related
to the overall (global) deformation of the continuum. The locality of A also means that the fields v and A are
incompatible, i.e., knowing only field v, it is impossible to recover field A from its initial conditions if particle
rearrangements occur. Note that if there are no particle rearrangements, and therefore, there is no flow, then
fields v and A are compatible. In this case, A gives the global deformation of the continuum.

From the physical view point, the particle rearrangements imply the presence of microscopic slips of one
material particle, in fact small volume (or a cluster of particles), relative to another particle (cluster of particles).
Intuitively, it is clear that the shear mechanical fluctuations cannot propagate across the slip planes, and thus,
the distortions of the particles located along the both sides of a slip plane become incompatible. That is to say,
a part of strains dissipates in such slips. A possible mechanism of strain dissipation is described in Sect. 2.5.

Remark 1 Ttmay happen that a more microscopic description than (2) is required, e.g., for modeling of turbulent
flows. Such a theory should be able to predict the material particle trajectories more accurately. This can be
done if only more microscopic details regarding the mechanism of particle rearrangements are taken into
account. Thus, the particle rearrangements causing the macroscopic flows in a system of connected particles
are known to occur in collectively organized manner [44], i.e., the bonds of a given particle with its neighbors
are destroyed not simultaneously, and hence, the particles are organized into clusters while they rearrange.
In other words, the dynamics and interaction of the slips (called flow defects) of clusters of particles relative
to other clusters of particles should be taken into account in a more microscopic continuum model, e.g., see
system (59) in [32] for a possible set of governing equations for such a theory.

Finally, since the material particles, by its definition, have a constant mass, then it is also assumed that the
distortion A obeys the constraint
p =podet A, 3)
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where pg is the reference (at the initial moment of time) mass density.

2.2 Time evolution

Let & be the specific total energy of the system, which is a function of state variables (2), i.e., & =
&(pv, A, p, ps). In addition, let &4 = [(fAl./.] denotes the matrix for which entries are the partial deriva-
tives, 08 /9 Ajx, dix denotes the Kronecker symbol, and © = t(A, p, s, Yp) represents the characteristic time
of strain dissipation, which is a continuum interpretation of the particle settled life time introduced in Sect. 1,
Yy is the static stretch limit (also, see Sect. 1). Therefore, in the Eulerian framework, the model is (e.g., see [2,3])

dpvi  d(pvive + P2EpSik + PAmiEa)

0, da
9t 0Xy e
Wik Dimvm __ (O _ Ay _ Vi (4b)
at 9 dxj  Oxg T

dp | dpuk

20 =0, 4
Jat + Bxk ( C)
dps | dpsue _ Eay Wiy (4d)

8t+8xk pé”sr

The first equation represents the momentum conservation. The sum of the second and third terms in the
momentum flux,

T = [Tyl = [—p*Epdik — pAmin ) = —p*E,] — pATEA =TT (5)

is referred to as the symmetric total Cauchy stress tensor, ngp = p is the pressure, and I is the identity tensor.
Equation (4b) is the time evolution equation for the elastic distortion A; the last term on the right-hand side of
(4b) represents the strain dissipation mechanism due to the particle rearrangements. Equations (4c) and (4d)
are the continuity equation and the time evolution for the entropy density, respectively.
On the solution of system (4), an additional conservation law is satisfied, which is the conservation of the

total energy density p& or the first law of thermodynamics:

00& 0

-+ — (Uk,OO@ + pvn(pgp(snk + AmngAmk)) =0, (6)

dt 0X

It can be derived from system (4) by summing all Eqs. (4) multiplied by the respective multiplicative factors [3,
32,42,43,45]:

(pg)pviv (pg)A,'ks (g} - vl'éavi - ng - Sg?v (pg)ps,

where V = p~!is the specific volume. This also explains the origins of the source term in the entropy equation,

i.e., if this source term is chosen in a different way, then we cannot guarantee the absence of a source term in
the energy conservation law, which clearly would violate the first law of thermodynamics. In addition, we shall
show in the following that the source term in the entropy equation is nonnegative for an appropriate choice of
the strain dissipation function ¥ = [¥;;], which makes the model fully thermodynamically consistent.

Remark 2 The mass density p has been defined previously by p = po det A. If we multiply Eq. (4b) by pa,,
(note that pg = [p4; ] = pA_T = ,oET) and sum them, we arrive at the mass conservation equation:
0 a
o, dpve _

ot X

This fact means that the mass conservation law is a consequence of (4b) and plays the role of the involution
constraint for the system (4). However, it simplifies the situation, e.g., numerical implementation of the model,
if we include the density p in the set of state variables (2) for the reasons discussed in [46,47].

)

Applications of the model to the modeling of the elastoplastic deformation of solids can be found in [47—
51]. A more sophisticated mechanism of irreversible deformation by means of the stress driven solid—fluid
transition is described in [32]. For the remainder of this paper, we discuss applications of the system (4) to
viscous Newtonian fluids.
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2.3 Equation of state for viscous fluids

To complete the model, we specify the thermodynamic potential &, which plays a role of the equation of
state or a closure relation in our continuum theory and postulates the interaction rules for fields (2). In a
proper continuum model, such a potential should be derived with the help of microscopic theories as the
non-equilibrium statistical physics, kinetic theory, etc. So far, we can use only our intuitions and experience
of construction of such potentials in the solid dynamics theory.

Letus first note that, as it is seen from the momentum equation, the total stress tensor T' = — p2(§’p I— pAT(fA
is generated by the total energy potential. Moreover, we shall show in the following that in order to guarantee the
fulfillment of the second law of thermodynamics, the strain dissipation function ¥ should be also generated
with the help of &. Thus, the specification of the total energy is a critical step in the model formulation.
This is not surprising, because the equation of state should “absorb” the information about those essential
microscopic processes, which occur below the resolution of the continuum scale and, in fact, govern the
macroscopic dynamics.

Traditionally, we assume the additive decomposition of the specific total energy into kinetic v>/2 and

internal energy E(A, p, s):
2

v

(g)(pvaypsps):?—i_E(A’pvs)' (8)

In turn, the following decomposition of the internal energy E into the hydrodynamic part E” and the viscous
part EV is assumed:

E=E"(p,5)+ E'(A,p,s). ©)

For the hydrodynamic part E”, any classical equations of state can be used, e.g., ideal gas and stiffened gas,
and the viscous part EV is considered in the following form:

v I12 c% T
EY = I — 3 = Z tr((dev G) 'dev G), (10)

where

Ii=tuG, Hh=trG* G=A'A,
trG
devG =G — —1,
3
I is the identity tensor, and ¢; = c4(p, §) is the shear sound velocity at rest, which is the material parameter
characterizing the resistance of the particle bonds to shearing.
It is useful to note that if A has a singular value decomposition A = UAVT with UTU = V'V =1
and A = diag(ay, az, a3) the diagonal matrix with the singular values, or principal stretches, a¢; > 0 on the
diagonal, then EV can be written as

2

2 2 2
Ev:é((a%—ag) —}—(a%—a%) —i—(a%—alz) ) (11)

The viscous energy EV makes a contribution to the overall internal energy E only if shear deformations
are present. In turn, shear deformations are absent if and only if

G:?l or a; =ap = as. (12)
In the incompressible case, det A = ajaraz = 1, condition (12) is equivalent to a; = ap = a3z = 1; thus,
G = ATA = I, which essentially means that A is an orthogonal matrix.

We remark that ¢, is the velocity of propagation of pure elastic perturbations, i.e., perturbations that do
not destroy bonds between fluid particles, see Sect. 4, in the fluid at rest but not the velocity of propagation of
observable diffusive shear perturbations. The elastic processes of microscopic bond stretching are weak, and
besides are hidden, or masked, by the strong dissipative process of particle rearrangements, which makes the
experimental measurements of the sound velocity ¢, a problematic procedure. However, it can be estimated
theoretically using methods of non-equilibrium statistical physics. In addition, we shall discuss in Sect. 3 a
way that ¢ can be calculated for a given value of the particle settled time t.
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Remark 3 Finally, note that if a fluid flows, then there are two local shear sound velocities that become
different from ¢ due to the factor Z; — Z;/3 in (10). Their values depend on the intensity of the shear flow
(flow anisotropy) and can be computed as the characteristic velocities, or eigenvalues, of a quasilinear form of
the system (4); a standard procedure in the theory of hyperbolic PDEs [52].

2.4 Stress tensor

The Cauchy stress tensor T for the system (4) is given by formula (5). The details of its derivation can be
found in [2,3,32,45]. Here, we only emphasize that the form of the Cauchy stress tensor is dictated by the
requirement of compatibility with the first law of thermodynamics, i.e., energy conservation law (6) (e.g., see

[32]).

Taking into account (8) and (9), stress tensor (5) can be rewritten as
T=-pl—pATEY :=T"+ T, (13)

where Th(,o, s)=—pland T"(A, p,s) = — ,oATEZ are the hydrostatic and viscous parts of the total stress
tensor, respectively. For a particular choice of EV given by (10), the viscous stress tensor 7'V is

T
T' = —p2G (G - ?11) = —pc2G(dev G). (14)

As is seen from the definition of 7", the viscous stresses are absent if £y = 0 or if (12) holds.

Remark 4 In general, the pressure p = ngp = p°’E Z + sz[”) does not coincide with the classically defined
isotropic pressure po®sic = p2F Z. For example, these two pressures will be different for strongly sheared
flows due to the term szg = p — poassic Clearly, the longitudinal sound velocity defined in the framework

classic gpclassic

of the classical theory of viscous fluids c} = BT and the longitudinal sound velocity ¢; = +/dp/dp
for model (4), (9), in general, are also different.

Remark 5 In contrast to the NSEs, the hydrostatic 7" and the viscous T stresses are generated in a unified
manner, i.e., as the partial derivatives of the total energy & with respect to the state variables, the so-called
thermodynamic forces. This is a standard feature of models developed in the framework of the MM ideology,
in particular in the framework of the thermodynamically consistent theory of conservation laws (see [3,32,33,
42,43] and references therein) or in the GENERIC approach [34-36,53].

2.5 Strain dissipation

Consider the pure dissipative part of the overall time evolution (4), i.e.,

0A W

“e__Z 15
at T (152)
8,05‘ éaA,-j lI/,'j

— = —. 15b
or e ¢ (15b)

We impose the following three conditions on the strain dissipation function ¥ = [¥;;] [3]:

(D1) Viscous stresses TV should relax during the strain dissipation process (15a) This condition originates
from the well-known Maxwell conjecture [3,24].

We note that the conventional material models, such as the Oldroyd-B model in rheology or the hypoelastic
Wilkins model in elastoplasticity, are based directly on this property, because they use the stress tensor as a
state variable. According to the philosophy of the MM approach (see the Sect. 1), we avoid the use of such a
subjective quantity as the stress tensor as a state parameter in our theory. Instead, we simulate the cause, i.e.,
particle rearrangement, which then leads to the observable macroscopic phenomenon as stress relaxation.
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(D2) The mass density p is not affected by strain dissipation This condition is a reflection of the natural
assumption that microscopic particle rearrangement cannot generate macroscopic motion. Because of
the equality p = pg det A, this condition can be reformulated as

ddet A
ot

during the strain dissipation process (15a).
(D3) Entropy should not decrease during the dissipative time evolution (15), i.e., the right-hand side of (15b)

should be non-negative:

% = p_gAij & > 0.
ot & T
In what follows, we show that if the strain dissipation function ¥ is chosen to be proportionalto &4 = E4 =

£ with a nonnegative proportionality coefficient, then the three conditions are satisfied, which emphasizes
the important role of the thermodynamic potential &. We construct

4 3, 3
—=—5—7E4=—A(devG), A=detA>0. (16)
T GTA TA

Itis clear that condition (D3) is automatically satisfied if ¥ is given by formula (16) because the right-hand
side of (15b) becomes a quadratic form with positive coefficients. By comparing (14) and (16), it is obvious
that condition (D1) is also satisfied. A proof of condition (D2) can be found in [32].

It still remains to specify the strain dissipationtime T = t(A, p, 5, Yp). Asitis mentioned in the introduction
section, a proper derivation of the functional dependence 7 (A, p, s, Yp) should be based on the microscopic
theories as the non-equilibrium statistical physics. Sometimes, it is, however, possible to obtain interpolation
formulas for T from experimental data. For example, interpolation formulas for t in metals can be found
in [39,47,50,51,54-56]. As we have already discussed in Sect. 1, the static stretching limit Yy = 0 in case
of fluids, which means that the strain dissipation mechanism (15) is turned on immediately as flow starts.
Moreover, in Sect. 3, we demonstrate that in order to fulfill Newton’s viscous law, T should be taken in the
form r = t(p, 5), i.€., T is constant for given values of p and s and does not depend on A.

Finally, note that the Eq. (16) provides that the distortion A and dissipation function ¥ are coaxial. This
means that the nine ordinary differential equations (15a) equivalent to the following three differential equations:

da; 2a? —al —a?
ﬂ:_w’ i#Em#En#i, (17)
ot Tay,dy

written in the terms of singular values a; of the elastic distortion A.

2.6 Hyperbolicity and stability of the equilibrium state

Because of the Galilean invariance of the model [57], the condition of hyperbolicity for system (4) in the
three-dimensional case is equivalent to hyperbolicity in a one-dimensional case. In one-dimension, say xp,
system (4) can be transformed into an equivalent quasilinear symmetric hyperbolic form if the total energy &
is a convex function with respect to the state variables pv, p, ps, and only the first column A;; of the elastic
distortion A [45,48]; or the second or third if x»- or x3-direction is chosen. In particular, viscous energy (10)
is a convex function of A;j if the following inequalities are satisfied [48]; here, we use Eq. (11)

1
Ega = gcf (6a} —a3 —a3) > 0,
EV _ RV EY + EV 2
T R
EU _ El) EU + EU 2
ZZ — al‘” + a; " al“‘ =3¢ a] +2a3 —a3) > 0,

or if
al > (a3 +a3)/6 and ai <2(a} +a3) and ai < 2(a} +a?), (19)
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which is sufficient for fluid dynamics applications because the singular values are close to one (see Sect. 3, for
a typical order of @; — 1). Characteristic analysis of the model can be found in [47,49].

It is important to emphasize that convexity conditions (19) also guarantee that the shear stress free equi-
librium state characterized by the equality ¥ = 0, or E}} = 0, or a; = a» = a3 is a stable steady point for
differential equation (15a), i.e., the steady point is attractor.

2.7 Relation to Maxwell fluid

Despite the fact that the development of the discussed hyperbolic theory in [2,3,37,54-56] was inspired by
the Maxwell material model for viscoelastic fluids, these two theories have little in common.

For the discussion that follows, it is useful to recall that in the Maxwell-type models the stress tensor plays
the role of a state variable. This fact is automatically attributed such models to the RM approach (see Sect. 1.3).
A typical time evolution for the shear stress tensor is

Y= —%(2 —2nD), (20)

where X is the shear stress tensor, ¥ is a frame invariant time derivative of X , A 1s the so-called stress relaxation
time, 7 is the Newtonian viscosity coefficient, and D is the symmetric part of the velocity gradient.

Stress relaxation versus strain dissipation As it is seen in (20), Maxwell-type models are primarily based on
the concept of the viscosity coefficient, i.e., the NSEs, or viscous Newtonian flows, are the relaxation limit of
a Maxwell-like model as A — 0. In contrast, as we have already discussed in Sect. 1 and shall demonstrate
numerically in the following section, the strain dissipation time, or PSL time, t # 0 always for viscous flows
in general and Newtonian flows in particular, and T = 0 only in the case of inviscid fluids. Therefore, there
cannot be a one-to-one relation between the times A and 7.

The second discrepancy is the consequence of the first. The fact that the Maxwell-like models are based
on the NSEs results in the unlimited growth of the velocity of shear perturbations as the stress relaxation
time A tends to zero, which in turn makes such models inconsistent with experimental observations on wave
propagation. Thus, for example, the shear sound velocity ¢ for the upper-convected Maxwell fluid is [58]:
¢ = c(A) = 4/n/(p A). In particular, according to this formula, for some small value of A, the shear sound
velocity may become greater than the velocity of propagation of longitudinal sound waves, which is also
physically meaningless. It should be noted that if, however, (20) is not postulated phenomenologically but
derived from the kinetic theory of gases [10,59], this paradox is eliminated. Nevertheless, this approach
suffers from that the derived macroscopic theory does not satisfy the principle of material frame-indifference
(objectivity), i.e., the time derivative X is not a frame invariant time derivative.

In contrast, in the discussed hyperbolic theory, because the dissipative source term ¥ /T does not involve
any spatial derivatives d/dx, it is clear then that the shear sound velocities (see Remark 3 in Sect. 2.3) do
not depend on 7, and therefore, they are always finite even though the limit of ¢ — 0 is considered, e.g.,
see [31,47,48] for a characteristic analyses of (4) for some typical examples of internal energy (9). See also
formulas (25) and (26) in the following section for the relation between parameter ¢ (shear sound velocity at
rest, see (10)), Newtonian viscosity coefficient 1, and the strain dissipation time 7.

Mathematical regularity and thermodynamics Although equivalence between the second law of thermody-
namics and criteria for well posedness of the Cauchy problem has been demonstrated in [60] for the upper-
convected Maxwell fluids, it is proved in [61] that this equivalence does not hold, in general, for other objective
Maxwell-type models. Moreover, it is known that some frame invariant time derivatives X are not compatible
with the second law of thermodynamics [62].

The situation is different in the discussed hyperbolic theory. As mentioned in Sects. 2.2, 2.5, and 2.6,
although, without rigorous proof (the proof can be found in the cited papers, e.g., [32,43,45]), a proper
choice of the thermodynamic potential & provides both properties simultaneously: complete compatibility
with thermodynamics and mathematical regularity (hyperbolicity) of the model.
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Near-equilibrium and far-from-equilibrium flows Model (4) belongs in the class of non-equilibrium models
due to the dissipative source terms (15), (16) of relaxation type. If the fluid particles are distorted, but the
macroscopic flow is absent, then the fluid governed by only dissipative time evolution (15), (16) falls into an
equilibrium state characterized by the equality dev G = 0, which means that the fluid particles are not distorted
in any direction.

Such an equilibrium state does not exist if macroscopic flow is present and t > 0. Instead, the system now
tends to reach a new equilibrium state characterized by dev G # 0, which is the result of coupling of non-
dissipative (i.e., (4) with ¥ = 0) and dissipative time evolutions (15), (16). In contrast to (20), this equilibrium
state is not explicitly prescribed to the model. We shall demonstrate in Sect. 3 that Newton’s viscous law is
nevertheless fulfilled for such implicitly defined equilibrium states.

If macroscopic flow is present, but T = 0, then the flow is equilibrium with dev G = 0, i.e., the fluid
particles rearrange, but they are not distorted. Recall that the equality T = 0 means that the particle bonds
do not exist, and therefore, the particles do not interact®. In other words, the relaxation limit, i.e., as T — 0,
of the discussed hyperbolic model is the Euler equations (inviscid fluid), which are also hyperbolic. Recall
that the formal relaxation limit of (20), i.e., as A — 0, is the Navier-Stokes e:quations.6 Due to this fact,
mathematical problem (20) is predominantly parabolic for near-equilibrium flows (i.e., Newtonian flows),
while the developed theory is hyperbolic’ regardless of whether the flow is near equilibrium or not.

Finally, recall that system (4) was originally derived for modeling of nonlinear elastoplastic deformations
in solids [2,3]. This means that there are no theoretical restrictions on the values of the distortion A. Hence, the
model can be potentially applied for simulation of far-from-equilibrium flows provided the viscous internal
energy EV and the strain dissipation time 7 are properly defined. Thus, note that formula (10) is just a particular
realization for E” found to be sufficient to demonstrate the fulfillment of Newton’s viscous law (see Sect. 3), but
it may happen that a more general (more nonlinear) form of EV is required for strongly sheared non-equilibrium
flows.

Physical interpretation All elements of our continuum hyperbolic theory, such as elastic distortion of fluid
particles and particle settled life time, are observable in principle. In contrast, the Maxwell-type models are
representatives of the RM approach (see Sect. 1) and hence phenomenological.

3 Numerical examples

The main goal of this section is to demonstrate that Newton’s viscous law can be recovered with our hyperbolic
theory. The second goal is to discover the functional dependence T = 7(A, p, s) for which this can be done.
Consider a simple shear flow of a layer of a Newtonian fluid

)
&= —,
8x1
where & = dg/0¢ is the rate of strain. Then, we rewrite Eq. (4b) for elastic distortion A in the form
0A;j 0A;j
—_— — 4 Ajp— = ——. 21
ar  Yam Ty, T T @b

Given that vy = v3 =0 and 9/dx; = 9/dxp = 0, the equations for the first column of A have the form

d0A; 'Z
T iA=L, (22)
ot T
and equations for the second and third columns are
0Aij Yij . .
—=——, =123, j=2,3. (23)
ot T

5 The volume interactions between particles are still present, but the tangential interactions are missing because the particles
bonds do not exist.

6 If, however, (20) is derived from the kinetic theory of gases, then  — 0 as A — 0, and the relaxation limit of (20) is also
the Euler equations, e.g., see [10].

7 See the preceding section for a criteria of hyperbolicity.
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Fig. 1 Results of the numerical solution of system (22), (23) for the rate of strain & = 0, 2, 4, 6, 8, 10 s~! for air with the viscosity
coefficient n = 18.21 x 10~¢ Pa-s: a time evolutions of the first and third singular values of matrix A (the second singular value
equals identically to one in this test), b profiles of the shear stress T, ¢ comparison of Newton’s viscous law for air (green solid
line) with results obtained with the hyperbolic model [blue circles, the steady-state values for T, extracted from (b)] (color figure
online)

Finally, we solve the system (22) and (23) of nine ordinary differential equations with the rate of strain &
as a parameter. In what follows, formulas (16) and (14) for the strain dissipation function ¥ and the viscous
stress tensor T, respectively, are used. For our study, heat effects can be neglected, and because the flow is
incompressible, the shear sound velocity ¢, is assumed to be constant.

Since strain dissipation occurs in the direction of minimization of ||dev G|, we can define the norm of
dev G as the measure of the dynamical stretch limit Y for a given fluid particle, i.e.,

Y =|devG| = \/tr((dev G)Tdev G).

For the numerical resolution of (22), (23), the open source ODE solver LSODE [63] and the solver ODE15S
of the commercial software MATLAB [64] for stiff ODEs were used. Both solvers provided identical results.

3.1 Simple shear flow

As a representative of Newtonian fluids, we consider air with the viscosity 7 = 18.21-107° Pa-s and reference
density pp = 1.2 kg/m3. Thus, we solve system (22), (23) with the initial condition A = I and for different
values of the rate of strain: ¢ = 0, 2,4, 6,8, 10s™1.

Our goal is to fit the viscous stress T,; = T,;(A) = T}, obtained as a solution to the hyperbolic model,
i.e., as a solution to system (22), (23), to Newton’s viscous law
NS = ne. 24)

The result of the fitting is presented in Fig. 1c. It appears that, in order to fit the law (24), the strain dissipation
time can be assumed to be constant for a given density and temperature, at least for moderate values of rates
of strains. In particular, for air T = 1.45 x 10~ s, provided the shear sound velocity® is ¢; = 250 m/s. Results
for other typical Newtonian fluids, such as water and a liquid with the viscosity coefficient close to a value
typical for honey, are given in Table 1.

In the following, we present the first observation in our numerical experiments.

8 In general, the directions of minimization of ||devA|| and ||dev G| do not coincide.
9 Recall that the longitudinal sound velocity of air is about 343 m/sat 20 °C.
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Table 1 Values of the settled time t for a given shear sound velocity (at rest) ¢, for three typical Newtonian fluids

n (Pa-s) po (kg/m?) cs (m/s) 7 (s)
Air 18.21 x 107 1.2 250 1.457 x 1079
Water 1.002 x 1073 1,000 150 2.672 x 10710
“Honey” 5 1,420 150 9.390 x 1077

Observation 1 Different values of the shear sound velocity provide different values of t, but our calculations
show that the quantity ‘cc% remains constant,

tc? = vy, (25)

for a given Newtonian fluid. Clearly, this is because we are fitting one parametric law (24) with the two
parameter model. The physical dimension of vy is m*/s.

It may seem that any values of the shear sound velocity are appropriate, provided that equality (25) is
fulfilled. However, it is important to recall that T cannot be arbitrary, since it is an objective quantity with a
definite physical meaning and thus can be estimated theoretically or in experiments. For example, water is a
hardly compressible fluid; hence, one may expect that the shear characteristics, e.g., shear sound velocity c;,
should be sufficiently smaller than the longitudinal characteristics, e.g., the longitudinal sound velocity ¢;, say
¢s = ¢;/10 =~ 1,500/10 = 150 m/s. In contrary, air is an easily compressible fluid, and hence, one may expect
that the air shear sound velocity is of order of longitudinal air sound velocity. For example, we have chosen
¢s = 0.73 - ¢; = 250 m/s for our numerical experiments in the case of air, see Table 1.

The key feature of the model is that the microscopic elastic deformation, characterized by A, of a fluid
particle reaches rapidly (during the stage of elastic stretching ¢+ < t, see the vertical solid line in Fig. 1b)
toward a certain value corresponding to the dynamical stretch limit ¥ and then remains constant while the
observable macroscopic deformation of the fluid layer continues to increase proportionally with respect to the
time of observation. Figure 1a, b shows the time evolution of the first and third singular values a; (a; = 1 for
this test case) of elastic distortion A (for the sake of convenient scaling, we plot a; — 1 instead of @;) and the
shear stress Tz"l, respectively, for different values of ¢.

This steady-state behavior of the singular values ¢; is in agreement with our interpretation of elastic dis-
tortion A as a parameter describing elastic stretching of microscopic bonds between fluid particles. Therefore,
parts of bonds break because they have reached the dynamic stretch limit Y (¢), while newly created bonds, for
which the stretch is still below Y, continue to stretch. This process of bond stretching and destruction occurs
permanently, but on average, it provides the current macroscopic steady-state value of the stress 7,,. We also
note that the steady-state values for the singular values a; remain quite close to 1, i.e., a; — 1 is of order 10~°
(see Fig. 1a).

Figure 1b depicts the time evolutions of the shear stress T, for different values of é. The steady-state
values of T3} are then plotted in Fig. 1c with blue circles and compared with Tzl}’ 5 (green line).

Our second observation is:

Observation 2 For any Newtonian flows, the relation between the settled time T and the viscosity coefficient
nis
2
1= 0Q0TCs = Q00 (26)

where the coefficient of proportionality oo has the physical dimension of density, g/m>.

For particular choices (10) and (16) of the viscous internal energy EV and the strain dissipation function
.p5 QO = 00/6-

3.2 Arbitrary incompressible and compressible flows

We first examine the model in the case of incompressible flows. In this example, the rate of strain tensor

. —0.47 153 —4.50
é= [_’] =| 634 —-137 013 |s! we=0, (27)
dx; 318 462 184
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Fig. 2 Results of numerical solution of Eq. (21) for an incompressible flow of air given by arbitrary chosen rate of strain tensor
(27). Solution profiles on a, ¢, and d demonstrate a steady-state behavior at times ¢ > 7 while the off-diagonal entries A;;, i # j
of the elastic distortion A continue to grow, (b), which essentially means that the fluid particles rotate during they rearrange with
neighbors. The black dashed lines in (c¢) are the components of the classical viscous stresses T NS (color figure online)

was determined randomly. Instead of system (22) and (23), we solve Eq. (21):

dA ) 4

— + A =——,

dr T

where d/dt is the material time derivative. The numerical solution is depicted in Fig. 2, where the typical time
evolution profiles of A;;, A;;, G;;, and Tlg for air with 7 = 1.45 x 107 s are given.

We note that, in general case, the off-diagonal entries A;;, i # j of the elastic distortion A do not exhibit
steady-state behavior as shown in Fig. 1a, b for singular values a; and the shear stress 7. This is because
distortion A (non-symmetric matrix) contains not only the information about deformation of the fluid particle,
but A also comprises the information about rotations of the particle after it rearranges with its neighbors (see
also (12) and a comment immediately after that). In contrast, the deformation tensor G = [G;;] = AT A does
not contain such rotations; it describes solely the deformation of the particle, and hence, all entries G;; of the
matrix G exhibit a steady-state behavior!? similarly to the singular values a; and the stress T).

Figure 2 shows that the deformation of fluid particles is preserved, see Fig. 2a, d, and the shear stresses
remain constant, Fig. 2c, after time ¢t = 7, but particles continue to rotate at a constant angular velocity; slopes
of A;j,i # j are constant, Fig. 2b.

Remark 8 Aslong as a fluid under consideration is simple and a flow is laminar, the information about rotations
of fluid particles stored in the distortion A (see Fig. 2b) can be ignored and, for example, the deformation
tensor G = AT A can be used as the state variable instead of A. The situation becomes quite different if we
consider complex fluids, e.g., liquid crystals [65], where the orientation of particles plays an important role,
and therefore, particle rotations cannot be ignored. One may expect that the same is true for turbulent flows of
simple Newtonian fluids [66,67].

10 This is true only for the incompressible flows. See the example for a compressible flow below.
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Fig. 3 Results of numerical solution of Eq. (21) for a compressible flow of air given by arbitrary chosen rate of strain tensor (28).
The black dashed lines in (c¢) are the components of the classical viscous stress tensor TNS (color figure online)

Figure 2c demonstrates that the viscous stresses (black dashed lines)
NS S N
T =n (e+€)—§trel

obtained in the framework of the classical theory of viscous Newtonian fluids are the steady-state values for
the stresses TV = —pA' E computed within the framework of the hyperbolic theory. It should be stressed
that we do not explicitly prescribe to T to relax toward TV in a manner of (1), but instead the steady-state
values of TV give automatically the correct answer if the viscous internal energy EV, the strain dissipation
function ¥, and time t are properly defined.

Finally, we examine the model in the case of compressible flows. As previously, the rate of strain tensor

. 0.62 040 1.14
'E[_‘}= —0.28 —1.41 059 | s, tré=—-2.07, (28)
9x; —0.19 —0.72 —1.28

was determined randomly. Results are given in Fig. 3. In particular, Fig. 3c shows that, for an arbitrary given
compressible flow, the classical viscous stresses TVS (black dashed lines) are also obtained as the steady-state
solution to the hyperbolic model.

4 Discussion

Relation to the NSEs As was shown previously, Newton’s viscous law, and subsequently the NSEs per se, is
obtained in our hyperbolic theory as a steady-state limiting case if the time of observation and a characteristic
time of mechanical fluctuations are sufficiently larger than the settled time 7. However, it is also clear that,
in general, solutions to the hyperbolic model and NSEs may not coincide. For example, one may expect that
solutions to these models may diverge for strongly sheared and essentially time-dependent flows.
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In addition, the hyperbolic model and the NSEs, which are of parabolic type, are two quite different
mathematical objects. For example, it is well known that the type of PDEs influences strongly the choice of a
numerical method, the way of solution of the initial, and boundary value problems.

Elastic response of Newtonian fluids According to the definition of the PSL time t, Newtonian fluids can
exhibit a pure elastic response if a characteristic time ¢’ of shear fluctuations is less than . In fact, if the
loading reverses its direction of action for time ¢’ < t, then no bond destructions and subsequent particle
rearrangements occur; thus, the fluid cannot flow but exhibits a pure elastic response. This time is, however,
extremely small for such fluids as water and air; of order 10~ s, which corresponds to a perturbation frequency
of order 1 GHz, and this is far below the time scale of the typical day life.

Numerical implementation: time step It may seem that such a small time scale for the strain dissipation
characteristic time (r & 10~ s) prevents practical use of the model for such fluids as air or water because
the integration time step At for models of relaxation type should be of the order of t or less. However,
the situation is not so unfavorable. Because the solutions to (21) exhibit a steady-state behavior in the time
interval T < ¢ < t/, where ¢’ is the moment of time before which the assumption & = const gives a
satisfactory approximation, At can be taken of the order of ¢'. Therefore, the task is to invent a procedure
that determines the values of A corresponding to this steady-state regime. After that, it remains to compute
the viscous stress tensor using (13, 14). Such a strategy is used, for example, in multiphase flow problems
[68].

Lack of divergence form One of the drawbacks of the model is that Eq. (4b) for elastic distortion is not in
a divergence form. A conservative extension of the model based on a continuum notion of flow defects, i.e.,
microscopic slips of one cluster of particles relative to another, is discussed in [32].

5 Summary

The conventional continuum interpretation of fluids and solids as a system of material particles has enlarged
with the assumption of deformability of the particles. In this settings, we have discussed an alternative to the
phenomenological concept of the viscosity coefficient: the particle settled life (PSL) time t [4], also called
here the strain dissipation characteristic time. Unlike the viscosity coefficient, the PSL time represents an
observable in principle material characteristic with a clear microscopic physical meaning, see Sect. 1.1.

The proposed characteristic allows us to develop an intrinsically hyperbolic mathematical model for flows
of viscous fluids. The base of our theory was the non-stationary equations of nonlinear elastoplasticity derived
in [2,3,37,45]. The internal resistance to flow was interpreted as elastic stretching of particle bonds; a flow is
a result of particle rearrangements, or strain dissipation, after bonds are destroyed.

The important properties of the discussed model can be summarized as follows. Most of these properties
distinguish our approach from the classical theory of viscous Newtonian fluids and its hyperbolic extensions
as, for example, Extended Irreversible Thermodynamics [10].

— the model is causal. The shear sound velocities are always finite and less then the longitudinal sound
velocity. Moreover, the model is hyperbolic if the total energy density p&’ is a convex function with respect
to the state variables, see Sect. 2.6 for a more precise formulation. In other words, it has been demonstrated
that there are no physical reasons saying that the viscous Newtonian flows should be exclusively modeled
with the parabolic type PDEs and that it is now possible to consider the whole range of viscous flows
(equilibrium or non-equilibrium) from the standpoint of wave propagation physics.

— the model is non-equilibrium and potentially can be applied to far-from-equilibrium strongly sheared flows,
see Sect. 2.7.

— the model is fully thermodynamically consistent. The fulfillment of the first and second law of thermody-
namics is guaranteed by the structure of the governing equations, see Sects. 2.2 and 2.5.

— the model is suitable for the use of advanced high-accuracy Godunov-type numerical methods, e.g.,
see [47,52].

— the model is applicable to modeling of non-Newtonian flows, provided that the strain dissipation time t
and viscous internal energy EV are properly defined functions of the state variables A, p, s.
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— the developed theory provides a unified framework for simulation of flows of viscous fluids as well as
of irreversible deformation in solids. The ideal cases as inviscid fluids, elasticity, or ideal plasticity are
obtained in this theory as the limiting cases, see Sect. 1.1.

Finally, we examined the theory for the simple shear flows and arbitrary incompressible as well as com-
pressible flows of Newtonian fluids, such as air, water, and honey, and demonstrated that Newton’s viscous
law can be recovered in the framework of the hyperbolic theory as the steady-state limit. Basic relations (25)
and (26) for the viscosity coefficient, strain dissipation time t, and shear sound velocity were obtained.
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