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Abstract A triply convective-diffusive fluid mixture saturating a porous horizontal layer in the Darcy—
Oberbeck—Boussinesq scheme is studied. The nonlinear stability analysis of the conduction solution is per-
formed when the layer is heated from below and salted from above by one salt and below by another salt.
Denoting by P;, (i = 1, 2), the salts Prandtl numbers, it is shown that in the cases { P} = 1; P, = 1; P1 = P>}
do not exist subcritical instabilities and the thermal Rayleigh critical number of global stability in a simple
closed form is given. The methodology used and the results obtained appear to be new in the existing literature
and useful for the applications.

Keywords Multi-component fluid mixtures - Porous media - Convection - Stability

1 Introduction

Materials with very small voids (pores), distributed everywhere and interconnected, are called porous media.
Many materials (sandstones, skin, bones, metallic foams,...) are porous media. The pores are generally occu-
pied by a fluid. The convective-diffusive motions of the fluid in the interconnected pores can describe several
phenomena. In particular, there are numerous applications in geophysical situations (like salt movement under-
ground), in contaminant transport and underground water flow in ice melting {cfr. [1-3] and the references
therein}.

The research concerned with the fluid motions in the porous media—very active in the past—is still very
active in the nowadays, also because artificial porous materials (like fiber materials used in insulating purposes
or metallic foams in heat transfer devices) occur everywhere and influence all of our lives. A porous medium
is schematized via a body (generally rigid and called skeleton) having interconnected pores everywhere. In the
present paper, we are concerned with convective-diffusive phenomena in a porous horizontal layer.

Generally, the fluid invading the pores is a mixture since are dissolved in chemical species (“salts”) and
the layer is embedded in a temperature field.

Although the subject of double-diffusive convection is still a very active research area {cfr, for instance,
[1-20,28] and the references therein}, the same subject with more than two components—although more dif-
ficult—in the past as nowadays has also attracted the attention of many authors {cfr [21-25]}. This is because
the multicomponent diffusive convection presents a picture of behaviors increasing together with the number
of components.
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As concerns the nonlinear stability of the conduction solution in multicomponent (triply, quadruply,. . .)
diffusive convection in a porous layer, as far as we know, the stability has been investigated only in the (sym-
metric) cases of a layer heated from below and salted by all salt fields either from above (the most stabilizing
case) or from below (the most destabilizing case).

The present paper is devoted to the nonlinear stability of the conduction solution in the case of a triply
convection-diffusion in a porous layer heated from below and salted from above by one salt (“salt 2””) and
from below by the other (“salt 1”). This case, not considered before (in particular neither in [23] nor in [28]),
appears of notable interest since heat and “salt 2 ” are destabilizing while “salt 1" is in competition and acts
as a stabilizing agent. Our aim is precisely to show that, in this case, exists relevant salts for which

(1) do not exist subcritical instability regions;
(ii) the thermal critical Rayleigh number R. of nonlinear stability in the L*>-norm can be given in a simple
closed form;
(ili) R < R. implies global nonlinear stability in the L>-norm, that is, nonlinear stability with respect to
any initial data.

Denoting by R; and P;, (i = 1, 2), respectively, the Rayleigh and Prandtl number of “salt i,” we show that in
the cases {P; = 1; P, = 1; P| = P, = P}, donot exist subcritical instability regions and the global nonlinear
stability conditions are given by R? < RZ with

i R2 1
R? =min | R} — =2 +4n? {1+ — ), R} — R3 +4n? |, when P =1, (1.1)
P P
[ R2 1
R? = min FI—R%+4712(1+F),Rf—R§+4n2j|, when Py = 1, (1.2)
1 1
(1 1
R? = min F(R%—R%)+4n2(l+F>,R%—R%+47r2i|, when P; = P, = P. (1.3)

Section 2 is devoted to some preliminaries concerned with the problem at stake. In Sect. 3, the main bound-
ary value problem of the model equations is studied. Preliminaries to the stability of the conduction solution
are given in Sect. 4. Section 5 is concerned with the cases {P| = 1; P, = 1; P; = P»}. Viathe introduction of
auxiliary systems of P.D.Es, the absence of subcritical instabilities and the global stability condition R? < R?,
with R? given, respectively, by (1.2), (1.3), are obtained. The paper ends (Sect. 6) with some final remarks.

2 Preliminaries

Let Oxyzbe aCartesian frame of reference with fundamental unit vectorsi, j, k (K pointing vertically upwards).
We assume that the fluid has dissolved in two different chemical components (or “salts) S, (¢ = 1, 2),
having the concentration Cy (o = 1, 2), respectively, and assume that the equation of state is given by

p=po[1 = a(T = To) + Ai(C1 = C1) + A2(C2 = o)

where pg, 70, é’a (¢ = 1, 2) are reference values of density, temperature, and salt concentration, respectively,
and the constants o, A, denote, respectively, the thermal and solute S, expansion coefficient, respectively
(¢ =1, 2). Combining the Darcy’s Law

"
Vp=——v ,
p K + 0g



Global nonlinear stability 631

together with the equations of conservation of temperature and solute in the Boussinesq approximation {cfr
[1] and [29]}, the equations governing the isochoric motions can be written as

-

m R A
Vp=——=v—gpoll —a(T —Ty) + A1(C1 — C1) + A2(C2 — C2)],

K
V.-v=0,
T, +v-VT = kAT, 2.1

Ciy+v-VCi =k ACy,

Coy +v-VC =k ACy,

where p, pressure field; u, dynamic viscosity; K, porosity; v, velocity; g, gravity; k, thermal diffusivity;
K,, diffusivity of the solute S,.

To (2.1) we append the boundary conditions
rO)=", Td) =1,
Co(0) = Cyy, Co(d) =Co, x =1,2, (2.2)
v-k=0, at z=0,d,

with T1, T, Cy,;, Cy, (@ = 1,2), positive constants. The boundary value problem (2.1), (2.2) admits the
conduction solution (v, p, T, C‘a) given by [23]

- T —T:
V=0, T=T—-pz f=—"2,
d
~ 8C
Cy = Coq - Z(Ta)a Cot[ - Catu = Sca»
(2.3)
. | aB (8Cy) (8C2)
= — L 4A A
p po+p0gz[ 2-1— Ly + 275 +
—p0gz? [1 —a(Ty — To) + A1 (Cyy — C1) + Ax(Cy — éz)] ;
where py is a constant. Setting
v=v+u p=p+I, T=T+6, Cy=Cq+ Po, (2.4)
and introducing the scalings
d? k k
t=t*—, u=u*—, M= H*M—, x =x*d, 0 =0*T%,
k d K
1 1
wk|8T| \ 2 wk Pyl8Cy|\ 2
¢Ol - (q)()l)*(p()l’ Tn = (— ) o — #
apogKd AgpogKd
(2.5)

apogKd|ST[\? AapogKdPyl8Col\?
R= - 5 9 Raz 9
uk uk

k
8T =Ty —T,, H=sgn(dT), Hy =sgn(6Cy), Py = o

o



632 S. Rionero

the dimensionless equations governing the perturbation {u*, IT*, 6*, (®,)*}, omitting the stars, in the case
H:H] =l, H2=—1,are

[ VII = —u+ (RO — R1®| — Rydy)k,
V.u=0,
0 +u-VO =Ru-k+ Ab, (2.6)

Pi(®;+u-V@|) =Rju-k+ Ady,

| P2(D2; +u- V@) = —Ru-k+ Ady,
under the boundary conditions (free boundary conditions)
i), =@ -j);,=u-k=0=0;, =P, =00nz=0,1. 2.7
In (2.5), (2.6), R and R, are the thermal and salt Rayleigh numbers, while P, are the salt Prandtl numbers.
We assume, as normally is done in stability problems in layers [1,2,5], that

(i) the perturbations (u, v, w, 0, @1, ®,) are periodic in the x and y directions, respectively, of periods
2w /ay, 2m/ay;
(i) 2 =10,27/ay] x [0, 27 /ay] x [0, 1] is the periodicity cell;
(iii)) wu, @1, @, O belongto W22(Q) and are such that all their first derivatives and second spatial derivatives
can be expanded in a Fourier series uniformly convergent in €2.

3 A boundary value problem

This section is devoted to the boundary value problem
VIl = —u+ (ay — Y1 — yy2)k, inQ2

V.u=0, in Q, 3.1)

w=9=y1=92=0, onz=0,1,

with «, B, y real constants. Equation (3.1), already present in (2.6) with {& = R, B = R, y = Ry, ¥ =
0, ¥ = ®;, i = 1,2}, will be encountered in the sequel with different values for o, g, .
Let L3(£2) be the set of the functions @ such that

(i) @:(x,1) e QxR > d(x,1) eR, & € W22(Q), Vr e RT; D is periodic in the x and y directions
T 27
of periods —, — respectively and [@],—0 = [®];=1 = 0;
ag  ay
(iii) all the first derivatives and the second spatial derivatives of @ can be expanded in a Fourier series
absolutely uniformly convergent in Q,Vz € RY.
Since the sequence {sinnmz}, (n =1, 2,...), is a complete orthogonal system for L,[(0, 1)]—by virtue
of periodicity—it turns out that, Y& € L3(f2), it exists a sequence {®,(x, y, 1)} such that

o0 o0
0P 0D,
b = D,(x,y,t)sinnrz, — = ——sinnnz,
Z n(x, y, t)sinnmz a7 Z ar nmwz
(3.2)
o0
A® = —a’d, AD = — ancpn sinnmz,
{ 1
£, =a®+n’n?, d® :af—i—a%,
82 82 82 (33)
A=A — A= — 4+ —,
1t 972 P a2 + ay2

the series appearing in (3.1) being absolutely uniformly convergent in 2.
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Lemma 1 Letr (u, ¥, Y1, Yr2)—with w, ¥, Y1, Yo € L;(Q)—be solution of the b.v.p.(3.1). Then

1) (w, ¥, Y1, ¥n) is solution of the b.v.p.

Aw = Ai(ay — BY1 —y¥n) in€Q,

w:¢=¢1=¢2:0, z=0,1,

(i1) the first two components u, v of u are given by

n=1

o0

n=1

>iii) wa verifies (3.1) with

n=1 n=1

Y = Zl/fin(x, y.t)sin(nrwz), i=1,2.

n=1

Proof In view of

k- {VxVxu} =—-Aw,

k- {(VXVx®}=-AN®, De{y, 1, ¥}

Equation (3.1); implies (3.4);. Setting

¢ =(Vxu-Kk,
in view of (3.1);, one obtains
32 d
A =— © _9%
0xdz  dy
2w ¢
W=—"—+ =
dydz 9y

92w 92w
0yoz

that is,

— dw, d
Au = —Z ™ a(smnnz)
1

[o.¢]

w, d .
Alvz—z 3y”a(smn7rz)
1

> d
U= Zun(x, v, t)d—z(sinmrz), U, =

d
V= v S (sinnT), vy =

o0 o0
w= Za),,(x, y,t)sinnwz, ¥ = Zlﬁ,,(x, y,t)sinnrz,

(3.4)

(3.5)

(3.6)

3.7)

(3.8)

3.9

(3.10)

@3.11)
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By virtue of the periodicity in the x and y directions and (3.11), one obtains that (3.4)1, (3.4)3, and (3.11)
together with

Auy = —a’uy, Ay, = —a?v, (3.12)

imply (3.4)2 and (3.4)4. Finally in view of

[o¢]
1 d .
V.u= 21: (;Alwn + a)n) &(smnﬂz) (3.13)
Equation (3.1); immediately follows.
Setting
Vin = Yin(x, y, ) sinnmz, i=1,2,
5 (3.14)
@nzwrz(x’Y7[)Sinn7TZa wn:wn(xay,Z)SinnﬂZa
the following theorem holds. O

Theorem 1 Let @,, IZ,,, Vin, 1}2,1 € L3(Q), Vn e NT. Then, a complete orthogonal system of solutions of
the b.v.p. (3.4) is given by

@n = n(@Wn — BWin — Y V), n=1,2,...),
(P e @ (3.15)
Un = a? 8x8zl E)yaz'] @nks M = [

Proof In view of (3.2), (3.3), it easily follows that (3.15) implies (3.4) Vn € NT. On the other hand, by virtue
of

1
/sinnnz-sinmnzdzzo n#m, n,meNT, (3.16)
0

the system {c@;, 1/~/n, 1}1,,, 1/72,1, (n=1,2,...), with @, given by (3.15) is a complete orthogonal system of
solutions of (3.1) since {sin nxrz} is a such system for L2(0, 1). O

Remark 1 By virtue of (3.15), the independent unknown fields are reduced only to v, V1, V.

4 Preliminaries to nonlinear stability

Lemma 2 The eigenvalues of the matrix

a;; 0 O
L=|oy axn a3 |, 4.1
3] a3 o33

with real entries a;j, have negative real part if and only if
a11 <0, IT=axp+a33 <0, A=apa3z—aopya >0. “4.2)

Proof Since the invariants Iy, I, I3 of (4.1) and I1I, — I3 are given by

2
ap +A
Ii=an+I, In=aI+A, Iy=apA, I1Ip—Iz=apI{I+ , (4.3)
ar

it immediately follows that (4.2) implies the Routh—Hurwitz stability condition [26]

I1 <0, I3<0, I;Ip—1I3<0. “4.4)
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Vice versa, let (4.4) hold. Since one easily verifies that «; is a real root of (4.1), by virtue of (4.4), it
follows that «j; < 0. Then (4.3)3 and (4.4); imply A > 0. It remains to obtain T < 0. But (4.4) implies

2
as, + A
(—an)x(x + —1; )= (—a1)T? — (@}, + A)T > 0,
11

and the roots of

(—a11)I? = (@, + AT =0,

2 2 2
ap + A aptA | . o +A P
are 0 and —1 > (0,hence I ¢ |0, — 1l . Since — -1 > —aj1, (4.4)1 does not allow, in view
-l arl ol
of (4.3)1, T > —aq1,hence I < 0. O

Lemma 3 The temporal derivative of

L2 2 2 2 2
W= 3 [XT + A(X5 4+ X3) + (@22 X3 — a32X2)” + (023X3 — a33X3)°], 4.5)
along the solutions of
X X +F (4.6)
dr ' '

with L given by (4.1), A by (4.2)3 and X = (X1, X2, X3)T, F = (F\, F», F3)T, is given by

dw

1
P E[anX%—I—IA(X%—i—X%)]—l-(D*, 4.7)

with T given by (4.2)2 and
O* = F1 X1 + (A1 X2 — A3X3) P2 + (A2 X3 — A3 X)) F3,
4.8)
A=A+ Ol%z + oe§3, Ay =A+ a%z + 06%3, Az = axa3y + ar3ass.

Proof A detailed proof can be found in [27-30]. O

Lemma 4 Let F = F(X) be a nonlinear function of X such that F(0) = 0 and let ®* < 0 and (4.2) hold.
Then the zero solution of (4.6) is nonlinearly globally stable, and subcritical instabilities do not occur.

Proof By virtue of @* < 0, (4.2) gives
W < —8(X7+ X3+ X3) <0, (4.9)
with
8 = min(lay|, |TA]). (4.10)

Therefore, W is negative definite for any initial data when ®* < 0 and W is positive definite when (4.2)
holds. Since—by virtue of Lemma 2—(4.2) is equivalent to the Routh—Hurwitz conditions of linear stability,
subcritical instabilities cannot occur. O
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5 Absence of subcritical instabilities and global nonlinear L?-stability in the case P; = 1
In the case P; = 1 (2.6) reduces to
VIl = —u+ (RO — R1D| — Rydy)Kk,
V-u=0,
60y = Rw+ A6 —u -V, .1
P =Rio+Ad; —u-VPy,
@ Bt Lae Vo
= —— e —u- .
2t ) P 2 2
Setting
¢=R19—R@1, (52)
it turns out that
1
P = E(R19 —9), (5.3)
and (5.1) becomes
Vit = —ut (BB L B pa, )k
=-u R R % 2®2 K,
V-u=0,
¢ =Ap —u- Vo, >4
0 = Rw+ AO —u -V,
@ Bt Lao Vo
= ——w —_— —_ u . .
2t P P 2 2
. R>— R} Ry
By virtue of Lemma 1 and Theorem 1 for (o = —r B = R y =Ry, =0, Y1 = ¢, Yo = D),
it follows that
B RP—R}. Ry. -
Op =M\ —5—0 + 5@ — R2P2 |, neN, (5.5
R R
with 6,, @, given by (3.14) and—analogously—@, € L3(£2) given by
@n = @n(x, y,t)sinnmz. (5.6)
Setting
ap = _En, aoy = azp = 0,
l;ln = Riny, I;Zn = (R2 - R12)77n — &, E?m = —RRanp, (5.7)

RiRy  _ Ry(R*—RY)

RP> NMn Con = _R—Pznn C3pn

Cln = —
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one obtains

o0

¢r = Zaln¢il —u- Ve,
1

00
16 = Z(I;ln% + Z;Znen + B3n¢2n) —u- Vo, (5.3
1

X
Dy = Z(Eln§0n + C206n + €3, P2p) — - VP2,
1

under the boundary conditions (2.7), and u = Z;’lozl u, with u, given by (3.15).

Since
o
g=lim S 6= lim 5P &= lim S, Up =2 u, (5.9)
n=1
with
m m m
SO =>gn S0 =6, S = @, (5.10)
n=1 n=1 n=1

the nonexistence of subcritical instabilities and the global stability is guaranteed by showing that the asymptotic
stability of the null solution of

C "
asr(nw) = Zaln§0n —Up - VSn(;p)»
n=1
d U _ _
350 = 2_(1ngn + b2ty + b3u®2) = Uy - VST, (5.11)
n=1
d

m
ESIE;%) = Z(Eln(Pn + ¢2,0n + €3, P2y) — Uy, - VSr(n(pz)’

n=1

under the initial boundary conditions

0 0 0
@i =0, Oico =0, (@)1= =,
(5.12)
¢n=9n:¢2n:0» z=0,1,
is guaranteed for any initial data ((p,(,o), 9,50) , @é
conditions

0)

n

) and for any m € N if and only if the Routh—-Hurwitz

iln < 0, i3n < 0, ilni2n — i3n < 0, (5.13)
with I;,, I2,, I3, invariants of the matrix

i, 0 0
L, = ZZIn IZZn IZSn ’ (514)
Cln C2n C3p

are verified for any n € N.
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We call auxiliary system of order n of (5.11) and denote it by (AS),, the system

EZne
atn =ain@n — Up - Vo,
a0 — - _
‘ 8),‘" = blnq)n + b2,0p + b3, D2y — Uy - VO, (5]5)
a4§2n - _ -
a9 = Cln@n + C2nn + €3, P2y — Uy - VDo,

under the initial boundary conditions (5.12), (5.13) with

1(82wn_ 92w,

m
U, = ’éun, Ll e +a),,k) , (5.16)

and remark that (5.11) is immediately obtained by adding with respect to n, from n = 1 to n = m, each
equation of the (AS), (5.15). Therefore, the conditions guaranteeing the nonlinear stability of the null solution
of (AS),, Yn € N and for any initial data, guarantee the stability of the null solution of (5.11), Ym € N and
for any initial data. Further, the nonexistence of subcritical instabilities is guaranteed if the stability conditions
are equivalent to (5.13) for any n. Setting

Xy = (@n, 00, ®20)" . Fu=— Uy - Vu, Uy - VO, Uy, - Vo,)T (5.17)
Equation (5.15) can be written

9
X0 = LiX, +F, (5.18)

and is of the type (4.6). Therefore, introducing the functional (analogous to (4.5))

1 _ _ _ _
Wy =3 / (07 + A0y + @3,) + (b2nPon — C2000)> + (b3uP2n — E346,)7] A2, (5.19)
Q
with
2
An = bauCan — Conbzy = % (R% - R% + i_nZ — Rz) s (5.20)

its temporal derivative along the solutions of (5.15) is given by

|
W =5 / [&107 + T, A (0] + @3,)] dQ2 + @, (5.21)
Q
with
. R32 1 &2
= 2 2 2
In:b2n+C3n:]7n|:R —R1+?2—(1+72)a—’12 , (522)
and

45:: = (Fln» Xn> + <A1nX2n - A3nX3na FZn) + <A2nx3n - A3nX2ns F3}’l>a

o o o 5.23
A=A+ C%n + C%,,v Agy = An + b%n + bgn’ A3p = bnCon + b3uCin, ( )

(-, -) scalar product of L?(2).
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Since U, - V f,,, with f;, € {¢,, 6., P2,}, is given by

c 2 pr (00,0, 9@, 0],
n n .
Um . an = ;u[) . an = pgl |:a—2 (a—xpg + a—ypg)cos(pnz) Sln(l’l?TZ)

+nrd, fu sin(prz) cos(mrz)j| , (5.24)

and (f,7, Uy, - V fy) with f,* € {@g, 6,, P2,} is given by (f,;“ sin(nmz), Uy - V f,;), by virtue of

1
/sin(qnz) cos(prz)sin(nwz)dz =0 for p+ g #n, (5.25)
0
one easily obtains that < f*, U, - V f;, >= 0. Since any scalar product appearing in (5.23); is given by a

finite numbers of scalar products of the type < f,*, U,, - V f, >, it follows that {® = 0, Vn € N} and (5.21)
reduces to

|
Wa < 5 / [—£u02 + ZoAu (67 + ®3,)] dS2. (5.26)
Q

Theorem 2 Let (1.1) hold. Then the zero solution of the auxiliary system of order n (5.15) is globally asymp-
totically stable Vn € N and do not exist subcritical instabilities.

Proof 1In fact, since

ay, = _sn = _(’127[2 +a2) < _7[27
£2 (5.27)
inf 2% =4x> 57§ >0, V@’.n)eR"xN,
(a2,n)eR+*xN a
it follows that (1.1) guarantees
A, >0, Z, <0, VneN. (5.28)

Hence W, is positive definite and—in view of (5.26), (5.27), (5.28)—W, is negative definite Vn € N, for
any initial data. Finally subcritical instabilities, since (5.28) together with —&, < 0 are equivalent to the
Routh—Hurwitz conditions for the matrix L,,, cannot exist. O

Remark 2 Setting
W = Z W,, (5.29)

Equation (1.1) guarantee that W is positive definite and its temporal derivative along the solutions of (5.11) is
negative definite.

Remark 3 In the case P> = 1, setting

© = R0 + R P2, (5.30)
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Equation (2.6) reduces to

i RR,+R2 R
VI = —u+(L9 - R—2<p - R1<D1)k,
1

Ry
V-u=0,
5.31)
¢t =A¢p —u-Vo,
0, = Rw+ A6 —u- Vo,
P (@, +u-VP)) = Riw+ AD;.
Analogously, in the case P| = P, = P, setting
¢ =Ry D1+ R 1Dy, (5.32)
Equation (2.6) reduces to
' R R}—R2
VIl = — RO — — —=P; )k,
u+ ( Rzgo + R 2
V-u=0,
(5.33)
¢r=Ap —u-Vo,
6, = Rw+ A6 —u- Vo,
P(®y +u-V&) = —Row + ADs.
Either (5.31) or (5.33) is of the type (5.1). In fact both contain the equation
¢r=Ap —u- Vo, (5.34)
which guarantees that
(@.9) = (9(0), 9(0))e™", = const. > 0. (5.35)

Then, following step by step, the previous methodology, the absence of subcritical instabilities and the condi-
tions of global asymptotic stability R? < Rf, with RLZ, given by (1.2), (1.3), can be obtained.

6 Final remarks

(1)  The paper is concerned with the stability of the conduction solution in a triply convective fluid mixture
saturating a porous horizontal layer when the layer is heated from below and salted from above by one
salt and from below by another;

(i) denoting by Py and P; the salts Prandtl numbers, either the case Py = 1 or P, = 1 or Py = P», are
studied,

(iii) the absence of subcritical instability is shown, and the critical Rayleigh number of nonlinear global
stability—in closed form—is obtained,

(iv) a new methodology aimed to reduce the triply diffusive convection to the double-diffusive convection
has been applied;

(v) as far as we know, the results obtained appear to be new in the existing literature and useful for the
applications.
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