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Abstract The constitutive relations of gases in a thermal nonequilibrium (rarefied and microscale) can be
derived by applying the moment method to the Boltzmann equation. In this work, a model constitutive rela-
tion determined on the basis of the moment method is developed and applied to some challenging problems
in which classical hydrodynamic theories including the Navier—Stokes—Fourier theory are shown to predict
qualitatively wrong results. Analysis of coupled nonlinear constitutive models enables the fundamentals of
gas flows in thermal nonequilibrium to be identified: namely, nonlinear, asymmetric, and coupled relations
between stresses and the shear rate; and effect of the bulk viscosity. In addition, the new theory explains
the central minimum of the temperature profile in a force-driven Poiseuille gas flow, which is a well-known
problem that renders the classical hydrodynamic theory a global failure.

Keywords Continuum mechanics - Constitutive relation - Microscale and nanoscale gases -
Force-driven Poiseuille flow

PACS 47.10.ab Conservation laws and constitutive relations - 47.45.Ab Kinetic theory of gases - 47.61.Cb
Non-continuum effects

1 Introduction

A constitutive equation represents the relation between the microscopic and macroscopic physics of a specific
substance of interest. As the only ingredient that appears in the continuum mechanics intended to bridge two
distinctive worlds (macroscopic and microscopic), it plays a critical role in describing the structure of sub-
stance. Depending on the type of materials, the constitutive equation can generally take various forms: for
example, Hooke’s law for pure solid materials which has been studied in previous works [1]. On the other hand,
less attention has been directed to the development of the corresponding equations for gases; until recently,
virtually all the practical flow and heat transfer problems were dealt in terms of the classical model known
as the Navier—Stokes—Fourier model. However, research interests have shifted from the classical problem to
the more challenging problem that arises from the micromechanics and nanomechanics of materials related to
recent developments in nanotechnology and nanoscience: accordingly, there is a growing need to develop new
constitutive equations for rarefied and microscale gas flows [2].

That goal is pursued here by applying the so-called moment method [3,4] to the Boltzmann equation,
which is derived from the kinetic viewpoint of gas motion. With the Boltzmann equation as the starting point,
a new model of the constitutive relation can be developed and applied to challenging problems, particularly
those where the classical hydrodynamic theories including the Navier—Stokes—Fourier theory are shown to
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predict qualitatively wrong results. First, the structure of the constitutive relations in a one-dimensional sit-
uation (compression, expansion, and velocity shear flows) of monatomic and diatomic gases is investigated.
A special treatment of the dissipative term in the constitutive equation highlights the nonlinearity, asymmetry,
and effects of the bulk viscosity associated with the rotational motion of diatomic gases. Attention is then
directed to a force-driven Poiseuille gas flow where the classical hydrodynamic theory proves to be a global
failure because of its inability to predict the correct flow physics (the so-called central minimum of the temper-
ature profile) even for very small Knudsen numbers. The new theory elegantly explains the central minimum
of the temperature profile [5], which was identified as one of three surprising hydrodynamic results discovered
by the DSMC method. The approach taken in this study is unique in the sense that the main focus is placed
on the subtle interplay of various terms (material derivative, high-order flux, kinematics, and dissipations) in
the constitutive equations and on the relation between the constitutive model of gases and equations found in
other fields such as rheology [6].

2 The moment method and algebraic model constitutive relations
2.1 Derivation of constitutive relations by the moment method

The Boltzmann kinetic equation of the distribution of gas particles f(v; r, ) may be written as

)
[EJrV'V}f(V;I‘J):C[f] ey

where the term C [ f] represents the collision integral of the interaction among the particles. A constitutive
relation for shear stress IT can be obtained by differentiating the statistical definition of tensor IT with time
and combining it with the Boltzmann equation [3,4,7-9]:

D (11

Material Derivative of Shear Stress + High-Order Flux = Kinematic Term + Dissipative Term
where

= <m [cc](z) f>,\II(H) = <m [cc](z) cf>,
z™ = <f (g +e- v) m [cc]<2>> AT = (nfec® CL£1).

Here an abbreviation is used for the integration over v space with angular brackets (---) = [dv---. The
symbol [1? stands for a traceless symmetric part of the tensor; hence, the term [IT - Vu]@, for example,
represents the traceless symmetric part of the coupling between the shear stress and the velocity gradient
tensor. With the application of the relation

D
zM — <f (E te- V) m [cc](2>> = —=2[(pI+1I) - Vu]?@,
the constitutive equation can be expressed in the following instructive form
D (1l 2 () ) (In)
P = +2[M-Vu]® + v = 25 [vu]® 4+ A, 3)

The first two terms on the left-hand side describe elastic effects of gases measured by the Weissenberg
number We, which is well-known in non-Newtonian shear-thinning viscoelastic fluids such as the generalized
Oldroyd-B fluids and the quasi-linear upper convective Maxwell model. At this stage, no approximations are
made in deriving constitutive Eq. (3). However, Eq. (3) is an open system of partial differential equations; thus,
a proper closure must be introduced so that it can be used as a practical constitutive equation. Of the various
methods of achieving this goal, the following method is used in this work, primarily due to its simplicity:

D /11
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This simple method completely circumvents the difficulty associated with additional boundary conditions that
are required in other theories retaining non-conserved variables (shear stress and heat flux) in the constitutive
equations at the same level of conserved variables (density, velocity and temperature). The model will be
applied later to various benchmark flow problems to determine its effectiveness. The constitutive equation is
then reduced to

2(I - Vu]? 4+ 2p [Vu]® = AT, 5)

The only term that requires further refinement is the dissipation term A™ on the right-hand side; this term is
directly related to the details of the collision integral in the kinetic equation. In many cases, for mathematical
simplicity, a relaxation approximation for the collision integral is often used and the dissipation term is then
reduced to

am__ T
n/p
On the other hand, in the moment method [3,4] the dissipation term may be expressed as
IT
A(H) = __q(K>9
n/p

where

«© sinh k& (mkgT)1/* |:H I Q'Q:|1/2
K) = , K= .

In this expression, « is the first-order cumulant of the cumulant approximation for dissipation terms; d, m, and
kp denote the diameter of the molecule, the molecular mass, and the Boltzmann constant, respectively; and
Q, n, and A represent the heat flux, the viscosity and the thermal conductivity, respectively. Finally, constitutive
Eq. (5) for shear stress IT becomes the following system of nonlinear algebraic equations:

@
9 [; . nVu} —2n[Vu]® = Mg (k). (6)

In physical terms, the system represents the constitutive relation for multiaxial states of stress. The first term,
which is derived from kinematics, describes the elastic effects of gases, and its magnitude may be measured
by the ratio IT/p. In mathematical terms, the system becomes a set of coupled nonlinear algebraic equations
whose origin can be traced to the presence of the dissipation term ¢ (k) and the kinematic term [IT - Vu]®.

2.2 Model constitutive relations with a diatomic case

The Boltzmann—Curtiss kinetic equation for a diatomic molecule with a moment of inertia / and an angular
momentum j can be expressed, under the assumption of no external field, as

9 j 9 ) _
[E+V~V+7@]f(V,IUJ,¢J)—R[f]- @)

In this equation ¥, j and R [ f] represent the azimuth angle associated with the orientation of the molecule,
the magnitude of the angular momentum vector j, and the collision integral, respectively. When the modified
moment method described in the previous section is applied, a model constitutive relation of the conserved
and nonconserved variables in diatomic gases can be derived as follows (see [9] also):

~ ~ AN\ A ~ 2)

fig(cR) = (1 4 fbA) fi, + [1‘1 : vﬁ] ,

A a3 g . A

Aq(eR) = Bo+ 3 fo (n n fbAI) Vi, ®)

Qq(ch) = (1+ f»A) Qp + - Q.
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Here the variable A denotes the excess normal stress and the caret ~ over a symbol represents a quantity with
the dimension of the ratio of the stress to the pressure. The values ro, Ao, and QO are determined as follows
by the Newtonian law of shear (shear stress) and bulk viscosity (excess normal stress) and the Fourier law of
heat conduction (heat flux), respectively:

My =—-2n[Vu]?,Ag=—nV-u,Qy=—AVInT. 9)

Here 1, and fj, denote the bulk viscosity and the ratio of the bulk viscosity to the shear viscosity, respectively.
Note also that the second coefficient of viscosity in Stokes’ hypothesis is equivalent to 1, — %n. All the vari-
ables in the aforementioned Eqs. (8) and (9) are made dimensionless by introducing the proper dimensionless
variables and parameters. The other variables are defined as

~ N;s ~ Ns A Ns Q N 1 1
I=—II A=—A,Q=— u=-2n—Vu, ¢ = (10)
p D p «/T/(Zs p EcPr T,/AT
and q(cl%) is a nonlinear coupling factor defined by
. sinh(cR) &, 842 2
steiy =R i 220400 = 2w [s- 2 (11
cR 5/p Sw -1

where M, Re, Ec, and Pr are the dimensionless fluid dynamic numbers for the Mach, Reynolds, Eckert, and
Prandt]l numbers, respectively. The value of f;, is 0.8 for nitrogen according to the experimental data. The
subscript r stands for the reference state, which is the state of the inflow condition. The parameter v is the
exponent of the inverse power law for the gas particle interaction potential, and the tabulated values of A, (v)
are available in the literature. A composite number defined by

n nu/L _ M?

Ny=—=—"—=—~KnM (12)
p Pr Re

measures the magnitude of the viscous stress relative to the hydrostatic pressure; hence, it indicates the degree
of departure from equilibrium in bulk flow region. As N5 becomes small, the Newtonian law and the Fourier
law are recovered from the constitutive relations of (8) as follows:

I =My, A = Apg, Q = Qp. (13)

3 Analysis of constitutive equation in a one-dimensional problem
3.1 Compression and expansion flow
In the case of a one-dimensional problem that describes the compression and expansion of gas, the stress and
heat flux components (I, A, Q) induced by the thermodynamic forces u, = du/dx and T, = a7 /dx can
be given by
ﬁxe(Ck) = (1 + th ﬁ ) flxxo,
Ag(cR) = [1 +3(fbA+ ]Ao, (14)

Oxq(cR) = (14 frA+11

Nl
tQ>

where
34 4 . PO 3 .
M 4+ AT+ 02, Ag = 7/l

R? =
2 XX Sfb

The following relation between the xx-component of the shear stress and the excess normal stress can be found
from the first two equations

L - -
A= [(9f,,—) wx 4+\/81fb+72fh+16)1‘I§x+(32—24f172)1'[xx+16].

8fy
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3.2 Velocity shear flow

In the case of the shear flow, the stresses (I, ITyy, A) induced by the thermodynamic forces of vy = dv/dx
can be given by

. A 2.0 A
[xxq(cR) = _gnxynxyoy

flog@R) = (14 fod + ) . (15)
AqeR) =3 £ Ly Ty,

and yield the following equation of one variable, I, and an additional equation for A:

. R 2 9 L\ - s n 9 .
Meq*(cR) = -3 [(1 - Esz) Iy + 1] ;. A= =5 fillr, (16)

where
~ ~ 45 ~
R? = 3M,, [(1 + Zf,}) M, — 1] ,

which follows from the stress constraint

. R 3 9 5 . . 1/2
M., = sign (nxyo) [_E [(1 —_ Efb) fi,, + 1] nxx} . (17)

The constitutive equations for diatomic gases can be solved numerically by the method of iteration [7-9].

3.3 General properties of algebraic model constitutive equations
3.3.1 Degree of thermal nonequilibrium

The general properties of the model constitutive equation are shown in Figs. 1 and 2. The relations in one-dimen-
sional u,-only and v,-only problems relative to the Navier—Stokes—Fourier and other theories are depicted
in Figs. 1 and 2, respectively. The heat flux is assumed to be zero for the sake of simplicity, but inclusion of
the heat flux does not change the essence of the results. In these figures, note that the relations are expressed
in terms of the composite number Nj, which is defined in (12). The reason this parameter, not the Knudsen
number alone, can best represent the degree of thermal nonequilibrium in bulk flow region in macroscopic
thermodynamic space is because the viscous force is a direct consequence of the nonequilibrium effect.

3.3.2 Nonlinearity and asymmetry

From the Figs. 1 and 2, it also becomes obvious that the relations away from the origin—that is, thermal equilib-
rium—are generally nonlinear and asymmetric in the case of the compression and expansion flow, though these
relations are in sharp contrast with those of the Navier—Stokes—Fourier theory. For comparison, the relation

. ~ - . -1
=3+ 2y, + 3\/ 1 —4IT,x,/3 + 4112 ) (41'[”0) , which was derived independently by Karlin [10] on

XX0

the basis of a resummation technique, is also plotted. The ultimate origin of nonlinearity and asymmetry can be
traced to the dissipation term ¢ («) and the kinematic term [II - Vu] @) in the constitutive equations. Moreover,
even though the details are slightly different, the general trend of the stresses for monatomic and diatomic
gases remains unchanged.
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Fig. 1 Nonlinear asymmetric constitutive relations relative to the Navier—Stokes relations in the u,-only problem (¢=1.0179,
f» = +/2/3). NS and GH represent the Navier—Stokes theory and the generalized hydrodynamic theory developed in the pres-
ent work, respectively. The horizontal and vertical axes represent the Navier—Stokes relation IT,, and the normal stress IT,,

respectively. The gas is expanding in the range f xxog < 0, whereas the gas is compressed in the range of f x>0
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Fig. 2 Nonlinear coupled constitutive relations relative to the Navier—Stokes relations in the v, -only problem (¢=1.0179, f; =

0.0, +/2/3, 0.8). NS and GH represent the Navier—Stokes theory and the generalized hydrodynamic theory developed in the pres-
ent work, respectively. The horizontal axis represents the Navier—Stokes relation ITy,,. The vertical axis represents the normal
(1:[”) and shear (lclxy) stresses
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3.3.3 Coupling between stresses

The one-dimensional velocity shear flow, which is shown in Fig.2, reveals that the gases far from thermal
equilibrium experience shear thinning behavior [6]; that is, the actual value of the shear stress is smaller than
the value predicted by the classical Navier law. This behavior coincides with the finding reported in [11] where
the rheological properties of a gas of Maxwell molecules are investigated by moment equations. Note also
that the normal stresses, Iy, are induced by the shear velocity gradient, Iy, as the flow regime deviates
from thermal equilibrium, resulting in the coupling of the stress components. Furthermore, as observed in
the behavior of normal stresses near the origin, the coupling is not limited to a large deviation from thermal
equilibrium. Another interesting finding is that the role of the dissipation term ¢ (k) becomes less important
in the shear flow situation because the constitutive relations of Eu and Grad are almost the same. Moreover, as
demonstrated below in the section of the force-driven Poiseuille gas flow, this property can drastically decrease
the mathematical complexity of solving rarefied and microscale gas flows. The Grad’s relation can be obtained

by assuming ¢ (x) = 1 in Eq. (15); that is, ﬁxx = —% (ﬁxx + 1) lﬁliy0 or ﬁxx = 2112 /(3 + 2121)2%) for

xY0
monatomic gas [12].

3.3.4 Bulk viscosity

Bulk viscosity has been studied by Emanuel [13] for a better understanding of its role in hypersonic rarefied
gas flows. In the present work, the derivation of its exact form is determined by starting with the Boltzmann—
Curtiss kinetic equation for a diatomic molecule. Figure2 clearly shows that it plays a non-negligible role
in constitutive relations. For example, the asymptotic behaviors of shear and normal stresses differ from a
monatomic case with a zero bulk viscosity. Interestingly, the stress constraint of (16) and (17) is an elliptic
type for a small bulk viscosity but it changes into a hyperbolic type beyond a threshold value of +/2/3.

4 Force-driven Poiseuille gas flow: subtle interplay of kinematic and dissipative terms

The treatment of the kinematic and dissipative terms that appear in the moment equations is an essential element
of the theoretical investigation of gas flows that are far from thermal equilibrium. The treatment may seem
straightforward at first glance but it turns out to be extremely difficult even in a simple problem such as a pure
one-dimensional situation because of the complexity involved with the coupled and nonlinear mathematical
structure of those terms. Such difficulty may be best demonstrated in a simple but very tricky problem known
in the literature as the force-driven Poiseuille gas flow. This type of flow is defined as a stationary flow in a slab
under the action of a constant external force parallel to the walls [5,14]. The classical Navier—Stokes—Fourier
theory has been shown to be inadequate for predicting the correct flow physics even for a flow with very small
Knudsen numbers. For example, the classical theory is unable to predict the nonuniform pressure distribution
and the nonmonotonic temperature distribution across a channel. Efforts to solve this dilemma have led to
the development of various high-order methods including the Burnett equations [15] and the regularized 13
moment equations [16]. In this work, the problem is revisited and abnormal properties in qualitative aspect are
explained by focusing on the subtle interplay of kinematic and dissipative terms in the constitutive equations.

4.1 Derivation of governing equations

When the acceleration force, a, is added to the Boltzmann equation, the kinetic equation may be written as
0
[E+V-V+a-vv}f(v,r,t):C[f]. (18)

Furthermore, when the same procedure of deriving the moment equations from the kinetic equation described
in Sect.2 is followed, the conservation laws and the constitutive equations can be derived as follows:
[1, pu, pET /p [w, pI+ 1L, (pI+ 1) -u+ Q" [0. pa, pa - u]”
D
pp | TP +v.|w®™ [ ZM™ 4+ AT 1 (19
Q/p v ZQ L A©Q
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The inclusion of the acceleration force does not change the dissipation terms; however, it does affect the
momentum equation in the conservation laws and the kinematic terms in the constitutive equation of the heat
flux. In the case of gravitational force, the effect of the acceleration force can be represented by the Rayleigh
dimensionless number. When the closure relation of (4) and ¢ (k) = 1 are applied, the governing equation is
reduced to

T
[u, pI+ I, (pI + 1) - u+ Q" [0, pa, pa - u]
Voo =1 Z% =55 . (20)
Q
0 2@ - 9

where the kinematic terms are defined as

|
ZW = 2pvu]® -2 - vu]®,2Q = (I - —) L NI
pJ) A/pCpT

Furthermore, through the one-dimensional assumption of d/dx = 0, the governing equation is reduced to
the following system of ordinary differential equations comprised of the conservation laws and constitutive
equations of the shear and normal stresses and the heat flux

B 3[71_[):}'0/77 o ny 7
. pa 0 342(May/p)° P

xy
d 0 d 2013, /n My,
_ + I1,, — Slo| o | ———0
dy 1]; - pau |’ dy 0 342(My/p)° P @D

ot + Qy 1+ Oy Oy +all,, — 9y

p A/ pCpT Xy A/ pCpT

4.2 Analytical solution by new algebraic constitutive relations

The system of ordinary differential equations with dependent variables, u, p, T, Iy, I1yy, and Qy is solved
by first considering the y-momentum equation in the conservation laws. When it is integrated once with respect
to y, the solution can be written as

P + Hyy = P(y = 0)

Furthermore, when the constitutive equations of I1,, and I, are combined, the following equations can be
derived (0 <y < h/2);

ny _ p(y=20)
My, p ’

L_/E(L_l)
py=0 \2\p(ry=0) ’

The x-momentum equation together with the equation of state, p = pRT, is then reduced as follows to an
ordinary differential equation of the pressure, p:

Po=0) /E (s 1)) =
p 2\p(y=0) RT

The integration of the differential equation with the introduction of the assumption [ 1/7Tdy ~ y/T (y = 0)
defined at the centerline temperature in the system yields the following analytical solution for the pressure and
shear stress distribution in the y-direction

_Py» 2 \ﬁ y M_ﬁ ﬁ y
p(y:O)_l—i—tan( 38hh)’p(y=0)_ 2tan( 38hh . (22)
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Fig. 3 Nonuniform pressure distribution across the channel in a force-driven Poiseuille gas flows (¢, = 0.6, T(y = h/2) =
0.9T(y = 0)). The symbols represent the value by the new theory, while the solid line represents the result by the Navier—
Stokes—Fourier theory

When the constitutive equations of the stresses I1,, and I1,, and the stick boundary condition and the assump-
tion of Maxwell molecules are applied, the velocity profile can then be determined as follows:

& = 008602 (\/gehﬁ) — COt2 (\/zehﬁ) Sf:C2 (\/28}12) . (23)
u(y = 0) 377y 37y 37y

Note that the stick boundary condition is used for mathematical simplicity instead of the slip boundary con-
dition. It is well known that the slip boundary condition does not affect the qualitative aspect of pressure and
temperature distributions in the central region of the force-driven Poiseuille gas flow [17]. Finally, when the
constitutive equation of the heat flux Q, with the coupling term of viscous shear stress and acceleration force
allyy is applied, a compact form of the analytical solution for the temperature distribution across the channel
in the force-driven Poiseuille gas flow is obtained as follows:

2,7
T(y) of 2. Th=hr?2  —of |2 05 F(\/;hh)
— —sec’| (/o= )1 - |1 - ——LT sec 27 =~
T(y =0) 37k T(y=0) 37 h F(\ﬁgh%)
3 h

sin? (y) 2 1 3(y—1) ah
+ l=— €=, 6 = o
cos=¢ (y) 2y RT(y =0)

Here the parameter y denotes the specific heat ratio. Note that the dimensionless number ¢y, is the primary
parameter in solutions (22) to (24). Thus the exact solutions are highly dependent on the exact value of ¢j,. The
validity of the new solutions is assessed from the pressure distribution and the temperature profile across the
channel. In Fig. 3, the nonuniform pressure distribution in the y-direction is convincingly demonstrated by the
new theory. Furthermore, as illustrated in Fig. 4, the existence of the central minimum of the temperature dis-
tribution near the centerline is predicted by the new theory. In summary, the origin of the nonuniform pressure
distribution may be traced to the nonzero normal stress effect in the coupled nonlinear constitutive relation of
stresses. In the case of the central minimum of the temperature distribution, the extra coupling term of viscous
shear stress and acceleration force ally, appearing in the constitutive relation of the heat flux (21) is the main
source of such abnormal behavior.

24)

F(y) =

Ccoste(y) 2—e
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Fig. 4 Nonmonotonic temperature distribution across the channel in a force-driven Poiseuille gas flow (¢, = 0.6, T(y =

h/2) = 0.9T(y = 0)). Notice the existence of the central minimum of the temperature distribution near the centerline. The
symbols represent the value by the new theory, while the solid line represents the result by the Navier—Stokes—Fourier theory

5 Concluding remarks

A model constitutive relation derived from the moment method is studied for the purpose of understanding
the fundamentals of gas flows in thermal nonequilibrium. For a one-dimensional problem, Egs. (8) and (14) to
(17) represent a complete set of constitutive equations for nonequilibrium gas flows. The constitutive relation
of shear stress in the domain divided by the hydrodynamic pressure is generally nonlinear, asymmetric, and
coupled between stresses and the shear rate. Interestingly, the nonlinearity is very similar to the generalized
Newtonian fluids (cross-fluid) in which the shear stress depends on the normal and shear strain rates but not
on the history of deformation. The difference is that the shear stress of gases depends on the pressure applied
to it as well. This similarity may imply that the same numerical scheme developed for generalized Newtonian
fluids, which is the finite element method in most cases, is suitable for microscale gas flows. In addition, the
same method of deriving the nonuniform pressure distribution across the channel of a force-driven Poiseuille
gas flow may be applicable for the analysis of a pressure-driven Poiseuille gas flow in a microchannel. These
lines of investigation will be reported in a future work.
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