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Optimal design of beam reinforced composite structures under
elasto-plastic loading conditions

C.A. Conceição António, J. Trigo Barbosa, and L. Simas Dinis

Abstract A design optimization process for elasto-
plastic material behaviour of laminate composite struc-
tures, made of thermoplastic resins, is described. The
approach considers two optimization levels. At the first
level the geometric linear behaviour under elasto-plastic
loading conditions is adopted in order to obtain the op-
timal solution as a function of ply angles of the plates
or shallow shells. At this stage the objective is to re-
cover the plastic zones using only the anisotropic material
properties. At the second level the ply thickness of the
plates or shallow shells and the height and width of the
reinforcement beams are changed to structure weight
minimization, under the constraints of maximum allowed
displacement or maximum strain-stress level related with
amount of plastic zone, without structural plastic col-
lapse or geometric instability in plastic loading condi-
tions. It is expected that contradictory objectives, as
minimum elasto-plastic energy and structural weight, are
satisfied.

1
Introduction

The increasing interest in thermoplastic composites op-
erating in extremely severe mechanical and thermal en-
vironments, has brought more attention to the design of
structures made of these materials. It is a well-known fact
that thermoplastic composites have ameliorated mech-
anical properties at high temperatures owing to the in-
creased ductility of the matrix system (Tenney et al. 1989;
Yoon and Sun 1991). Therefore, the characterization of
the elasto-plastic response is indispensable in the limit
analysis stage, which must be performed along the reli-
able design processes for composite structures involving
plasticity effects in the nonlinear behaviour (Min 1981;
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Dvorak and Bahei-El Din 1982). The study of the optimal
design of thermoplastic composite structures is an emerg-
ing research field and few authors (Oblak et al. 1993;
Ohsaki and Arora 1994; Selyugin 1995) have presented
results in this area. The present paper is devoted to op-
timization of beam reinforced plates and shallow shells
structures made of nonwork-hardening elasto-plastic ma-
terials. Deformation plasticity theory is used for develop-
ing optimization algorithms.

2
Structural analysis

In this work, composite materials are considered for the
construction of beam reinforced plates and shallow shell
structures, under infinitesimal strains and material non-
linear behaviour.

The finite element method is used for the spatial
discretization of the reinforced plate coupled with the
Mindlin plate and Timoshenko beam theories, which
takes into account shear deformation effects (Zienkiewicz
and Taylor 1994); in the present analysis a nine-noded
plate element and a three-noded beam element are
adopted in the discretization process. It is assumed that
the stiffeners are monolithically connected to the plate
along the borders of plate elements. Those assumptions
imply that identical displacement fields are produced at
the junction between the plate and the stiffeners.

The model is extended, using the Marguerre shallow
shell theory (Marguerre 1938), to enable the behaviour of
shallow shells to be examined using a Mindlin formula-
tion.

The structure is subdivided in layers throughout the
thickness, allowing the eventual variation of the material
properties in the beams and plate as well as a more pre-
cise modelling of the nonlinear response. An elasto-plastic
model is adopted in order to represent the material non-
linear behaviour and the Hill yield function is employed
for anisotropic materials (Hill 1950).

The mathematical treatment of the nonlinear equilib-
rium equations, based on a total Lagrangean approach of
the virtual work principle, is done resorting to a displace-
ment based finite element formulation (Bathe 1996). The
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solution of the resulting nonlinear equation system is ac-
complished by use of the Newton-Raphson method and
related modified versions (Zienkiewicz and Taylor 1994).

2.1
Reinforced laminate

The behaviour of the reinforced laminate is accessed
through the combined action of two structural compo-
nents: the plate and the reinforcement beam. All degrees
of freedom, as well as the flexural properties of the system
are defined at the reference plane which is chosen to co-
incide with the plate midsurface, thus implying that the
stiffeners are relatively shallow.

2.1.1
Plate element

The displacements u = [u, v, w]T in a typical point (x,
y, z) of the plate are expressed as functions of the mid-
plane translations û, v̂ and ŵ1, and independent normal
rotations Θx and Θy, in xz and yz planes, respectively,
Fig. 1a, as

u =

uv
w

=

û(x, y)− zΘx(x, y)
v̂(x, y)− zΘy(x, y)
ŵ1(x, y) + ŵ0(x, y)

 , (1)

where ŵ0 defines the midplane initial deflection of the
plate before deformation takes place.

Introducing the von Kármán assumptions (Fung
1965) in Green’s strain tensor (Crisfield 1991), the strain
vector εεε for a Mindlin shallow shell can be expressed as

εεε= [εx, εy, γxy, γxz, γyz]
T =

[
εp
εs

]
=[

εm+ zεb+ εI
εs

]
, (2)

εm and εb being, respectively, the membrane and bending
components of linear midplane strains, εs the shear trans-
verse strains and, finally, εI the linear contributions of the
initial deformation to the midplane strains, were defined
by Pica et al. (1980) and Pica and Wood (1980).

Under elastic conditions the Piola-Kirchhoff stress
vector, σσσ, associated with Green’s strains εεε of (2), is cal-
culated assuming that the material is orthotropic with
the material axes 1,2 being parallel to the midsurface of
the plate, considered as the xy plane, and the material
axis 3 being coincident with z; the stress-strain relation
(Huang 1989) has the form

σσσ = [σx, σy , τxy, τxz, τyz ]
T = Dεεε= T

′TDT′εεε , (3)

where D, the general elasticity matrix, depends on the
matrix of elastic constants D, which relates stresses and

strains referred to the material axes 1,2,3, having the
nonzero terms defined by the following expressions:

D11 = E1/∆ , D22 =E2/∆ , D12 = ν12D22 ,

D33 =G12 , D44 = k13G13 , D55 = k23G23 ,

∆= 1−ν12ν21 , (4)

in which E1 and E2 are, respectively, Young’s moduli in
the 1 and 2 directions, νij is Poisson’s ratio for transverse
strain in the i-direction when stressed in the j-direction
and G13 and G23 are the shear moduli in the 13 and
23 planes, respectively; the terms k13 and k23 are shear
correction factors in the 13 and 23 planes, respectively.
The stress transformation matrix T′, which relates the
principal material system (1,2,3) with the global system
(x, y, z), is a function of the angleΘ formed by positive di-
rection of axis 1 with the positive direction of axis x and is
defined by Huang (1989).

2.1.2
Beam element

The beam element, Fig. 1b, is assumed to be symmetric
about local x′z plane, weak in bending related with dis-
placements parallel to the plane of the plate, so that the
corresponding flexural rigidity is neglected, and that local
buckling of the stiffeners and cross-section distortions can
be ignored. A local system of axes x′y′z, where x′y′ plane
is parallel to the global xy plane, is considered to model
structural behaviour of the stiffener.

The admitted displacements in a typical point (x′, y′,
z) of the stiffener are

u= û(x′)− zΘx′(x
′) , w = ŵ1(x′) + ŵ0(x′) , (5)

where û is the axial displacement of the centroid, Θx′
is the rotation about y′ local axis and the deflections
ŵ1 and ŵ0 have an analogous meaning as that defined
above. Assuming that the local axes x′, y′ of the beam
do not coincide with the reference axes x, y but are
rotated by an angle α, the displacements of the beam
centroid, di = [û, ŵ1, Θx′ , Θy′ ]

T
i , are expressed in terms

of the global displacements of the plate i-th node, di =
[û, v̂, ŵ1, Θx, Θy]Ti , as

ûi = ûi cosα+ v̂i sinα ,[
Θx′
Θy′

]
i

=

[
cosα sinα
− sinα cosα

] [
Θx
Θy

]
i

. (6)

Similarly as in (2), the strain vector used for the
present Timoshenko shallow beam is

εεε′ =

[
εεε
εt

]
=

εx′γx′z
εt

=

εm+ zεb+ εI
γx′z
εt

=
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Fig. 1 Reinforced laminate: (a) plate element and (b) beam element

∂û/∂x′− z∂Θx′/∂x′+∂ŵ1/∂x
′∂ŵ0/∂x

′

∂ŵ1/∂x
′−Θx′

∂Θy′/∂x
′

 , (7)

in which εt is the torsional strain due to the variation of
the axial rotationΘy′ along x′ axis.

In order to derive the stress-strain relations for the
stiffener it is considered, in this case, that the material
axes are coincident with the beam local axes, 1 ≡ x′,
2≡ y′ and 3≡ z. So, assuming that only σx′ and τx′z are
the nonzero terms of the stress vector σσσ, the expressions
(3) and (4) become

σσσ =

[
σx′

τx′z

]
= D

[
εx′

γx′z

]
= Dεεε , (8)

or

σx′ =
D11− (D12)2

D22

εx′ , τx′z =D44γx′z , (9)

while the term εt induces a torsional moment My′ which
must be treated in an elastic manner. For homogeneous
material the torsion is described by the well-known ex-
pression

My′ =GJεt , (10)

where GJ is the torsional rigidity of the stiffener.

2.2
Layered model

The structure is subdivided in layers throughout the
thickness, Fig. 1, each layer contains stress points on its
midsection. The stress components and stiffness contri-
butions are computed at these stress points and are as-
sumed to be constant over the thicknesses of each layer,
so that the actual stress distribution over the structure

thickness is modelled by a piecewise constant approxima-
tion (Huang 1989) in the integral over the thickness is
used a mid-ordinate rule.

2.3
Elasto-plastic model

The elasto-plastic material behaviour is described resort-
ing to the mathematical theory of plasticity (Hill 1950),
and adopts an incremental relation between stresses and
strains, a yield criterion, the nonexistence of material
hardening and an associated flow rule to describe the
plastic flow after yielding.

The yield criterion employed for anisotropic materials
is a generalised form of the Huber-Mises law (Owen and
Figueiras 1983) and can be written in the general form

F (σσσ) = f(σσσ)−Y = 0 , (11)

where Y is the yield level and f(σσσ) is a yield function that
can be defined in terms of the stresses referred to the ma-
terial axes 1,2,3 as

f2(σσσ) = σ2 = a1σ
2
1 + 2a12σ1σ2 +a2σ

2
2+

a3τ
2
12 +a4τ

2
13 +a5τ

2
23 = σσσT1,2,3Aσσσ1,2,3 , (12)

in which A is the matrix of the anisotropic parameters,
determined by six independent yield tests, and σ is the ef-
fective stress, usually taken as the uniaxial yield stress in
1-direction.

If the material axes 1,2 are rotated of an angleΘ in re-
lation to the reference axes x, y, then the transformation
of both stresses and matrix A to the global axes is ne-
cessary. So, the obtained yield criterion can be rewritten
as

f2(σσσ) = σ2 =σσσTTTATσσσ =σσσTAσσσ , (13)
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where T is the strain transformation matrix (Huang
1989) which relates the material system (1,2,3) with the
global system (x, y, z).

The total strain increment d ε is, in this case, the sum
of the elastic, d εe, and plastic, d εp, components, so that

d ε= d εe+ d εp , (14)

being the plastic strain increment given by the associated
flow rule

d εp = dλ
∂f

∂σσσ
= dλa , (15)

where dλ and a are, respectively, the plastic multiplier
and the flow vector.

The elasto-plastic incremental stress-strain relation is
obtained knowing that

dF = aTdσσσ = 0 , (16)

and

dσσσ = Dd εe = Dd ε−dλDa , (17)

and, finally, the manipulation of (16) and (17) leads to

dσσσ = Depd ε=

[
D−

DaaTD

aTDa

]
d ε . (18)

As concerns to the stiffener only the longitudinal and
transverse shear stresses are assumed to induce material
plasticity.

3
Nonlinear equilibrium equations

The discretized nonlinear equilibrium equations to be
solved are derived using a total Lagrangean formula-
tion of the finite element method, where the nodal dis-
placements d are referred to the initial structure con-
figuration and loading is assumed to be conservative, as
(Zienkiewicz and Taylor 1994)

Ψ(d) =

∫
V

BTσσσdV +

∫
L

BT
t My′dL−F =

r(d)−F 6= 000 , (19)

where Ψ(d) is the residual force vector, r(d) are the
equivalent nodal forces referred to the actual stress dis-
tribution, F is the equivalent nodal force vector due to
exterior loads and B is the strain matrix; the line inte-
gral in (19) denotes the effect of torsional strain in beam
section on the total deformation energy of the structure.
A detailed description of the construction of matrix B for
the plate element was presented by Pica et al. (1980) and
Pica and Wood (1980).

Adopting a similar procedure, the strain matrix for
the beam element, which relates the strain variation to
the virtual global nodal displacements δd, can be derived
substituting (6) in a discretized form of δε′ as

δε=

[
δεx′
δγx′z

]
= B0δd =

3∑
i=1

B0iδdi =

3∑
i=1

[
Bm+ zBf +BI

Bs

]
i

δdi , (20)

δεt = Btδd =
3∑
i=1

Btiδdi , (21)

where the corresponding submatrices associated with
node i may be written as

Bmi =
∂Ni

∂x′
[
cosα sinα 0 0 0

]
, (22)

Bfi =
∂Ni

∂x′
[
0 0 0 − cosα− sinα

]
, (23)

Bsi =

[
0 0

∂Ni
∂x′
−Ni cosα−Ni sinα

]
, (24)

BIi =
∂ŵ0i

∂x′

[
0 0

∂Ni
∂x′

0 0

]
, (25)

Bti =
∂Ni

∂x′
[
0 0 0 − sinα cosα

]
. (26)

In the present infinitesimal deformation problem the
strain matrix is a constant matrix andσσσ is a function of d.

4
Nonlinear solution algorithm

The solution of (19) is sought using the Newton-Raphson
method (Zienkiewicz and Taylor 1994), which is an incre-
mental and iterative technique where the exterior loads
are incrementally applied. For each load level the equa-
tions are approximated by a series of linear solutions and
an iterative process is performed in order to reduce the
errors to be transfered to the next load level.

Denoting by di an estimate of nodal displacements for
the i-th iteration of a load step, the corresponding re-
sidual forces are Ψ(di) 6= 000 and an improved solution di+1

for the displacements is obtained as

di+1 = di+ δdi = d0 +∆di , (27)

where d0 is the displacement solution at the end of previ-
ous increment,

δdi =−
∂Ψ(d)

∂d

∣∣∣∣
i

Ψ(di) =−K−1
Ti Ψ(di) (28)

is the iterative variation of the displacements, KTi is the
assembled tangent stiffness matrix of the structure and
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∆di are the incremental displacements. The updated dis-
placements are used to evaluate the current stresses σσσi+1

and hence the new residual forces Ψi+1 from (19). The
iteration process will be stopped and the converged so-
lution will be reached for the current load level, when
suitable predefined convergence criteria will be attained
and the residual forces are sufficiently close to zero; in the
present analysis residual forces are compared with exter-
nal applied forces at each iteration.

The Newton-Raphson method demands repeated cal-
culation and inversion of KT . Therefore, some modified
forms can be considered, as the KT1, where the tangent
stiffness matrix is actualised only on the first iteration of
each load increment, and the KT2 whereby KT is calcu-
lated once only on the second iteration.

5
Tangent stiffness matrix

The definition of the tangential stiffness matrix KT for
the plate element is quite well described by Pica et al.
(1980) and Pica and Wood (1980).

As concerns the beam element the variation of Ψ with
respect to a displacement variation δd leads to

KT = K0 +Kt , (29)

being

K0 =

∫
V

BT
0 DepB0dV =

∫
V

[
Bm+ zBf +BI

Bs

]T
Dep

[
Bm+ zBf +BI

Bs

]
dV , (30)

the infinitesimal (deformation) elasto-plastic stiffness
matrix and

Kt =

∫
L

BT
t GJBtdL , (31)

the elastic torsional stiffness matrix, whereGJ represents
the equivalent torsional rigidity of the beam.

6
Stress computation in elasto-plasticity

At the end of the i-th iteration of the current load step
and assuming that the material has an elastic behaviour,
a trial stress state is obtained from the value σσσ0 at the
final of the previous load level, that is

σσσE =σσσ0 +∆σσσE = σσσ0 +DB∆d , (32)

where ∆σσσE is the elastic estimate for the incremental
stresses.

If f(σσσE) < Y the stress point is elastic and the esti-
mate (32) is correct. Otherwise the yield surface has been
trespassed during the trial stress incrementation and the
contact stress state σσσC , with f(σσσC) = Y , must be com-
puted as

σσσC =σσσE−∆σσσexc = σσσE−R∆σσσE , (33)

where R is the reduction factor

R=

{[
∂f(σσσ)

∂σσσ

]T
∆σσσ

}−1

[f(σσσ)−Y ] , (34)

referred to the trial stress state σσσ = σσσE . An improved
estimate for R is suggested by Marques (1984), to be con-
sidered when the yield function is nonlinear on σσσ.

The stress point is then brought back to the yield
surface by the reduction of the excess stress ∆σσσexc,
which is achieved adopting a subincrementation proced-
ure whereby ∆σσσexc is subdivided in m parts. So, the
reduced incremental stresses ∆σσσr are given by

∆σσσr =
m∑
k=1

∆σσσrk =
m∑
k=1

(∆σσσexck −dλkDak) , (35)

and the final reduced stress state σσσ =σσσr is obtained as

σσσr =σσσC +∆σσσr , (36)

and must be located on the yield surface, that is f(σσσr)=Y .
A detailed description of the numerical process ap-

plied in the computation of the stress state in an elasto-
plastic regime is presented by Marques (1984).

7
Sensitivity analysis

To obtain the optimal design of composite structures
under elasto-plastic loading conditions, it is necessary to
perform the sensitivity analysis of the objective and the
constraint functions. In this work the sensitivity analysis
is performed using the Adjoint Variable Method. In the
adjoint method, an augmented Lagrangian is defined in
terms of adjoint variable fields. The adjoint variable fields
are then defined so as to eliminate the implicit deriva-
tives.

Following the method proposed by Arora and Car-
doso (1992), considering a given constraint functional
G[d(x),x] and rewriting the discretized nonlinear equa-
tion (19) of the path-dependent problem in following
form:

Ψ
[
σσσ(n)(x); d(n)(x); x

]
=

r
[
σσσ(n)(x); d(n)(x); x

]
−F(n)(x) , (37)
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the augmented constraint functional can be written as

L
[
d(n)(x) +∆d(x);ΦΦΦ; x

]
=G

[
d(n)(x) +∆d(x); x

]
−

ΦΦΦT
{

r
[
σσσ(n+1)(x); d(n)(x) +∆d(x); x

]
−

F(n+1)(x)
}
, (38)

where r is the internal nodal force vector of the inelastic
system and the argument d(n)(x)+∆d(x) have the same
meaning as d(n+1)(x). The vector of adjoint variables ΦΦΦ
is assumed as the Lagrange multiplier and is selected in
order to make stationary the functional L with respect to
the displacement vector d. This condition can be formu-
lated as

∂L

∂d
=
∂G(n+1)

∂d
−ΦΦΦT

∂rn+1

∂d
= 0 . (39)

Remembering from (28) that

∂Ψ (n+1)

∂d
= K

(n+1)
T , (40)

where K
(n+1)
T is the tangent stiffness matrix and consid-

ering the independence of Fn+1 in order to the displace-
ments d, the adjoint set of equations is obtained

K
(n+1)
T ΦΦΦ=

∂G(n+1)

∂d
. (41)

On other hand, taking into account that in an equi-
librium situation the functional (37) is stationary, it is
proven (Arora and Cardoso 1992) that

dG

d x
=
∂L

∂x
. (42)

Differentiating (38) in order to the design variables x,
we obtain

∂L

∂x
=
∂G(n+1)

∂x
+
∂G(n+1)

∂d

∂d(n+1)

∂x
+

ΦΦΦT

[
∂F(n+1)

∂x
−
∂r(n+1)

∂σσσ

∂σσσ(n+1)

∂x
−

∂r(n+1)

∂d

∂d(n+1)

∂x
−
∂r(n+1)

∂x

]
. (43)

Considering the equality (39) it is obtained after sim-
plification

dG

d x
=
∂L

∂x
=
∂G(n+1)

∂x
+

ΦΦΦT
[
∂F(n+1)

∂x
−
∂r(n+1)

∂σσσ

∂σσσ(n+1)

∂x
−
∂r(n+1)

∂x

]
. (44)

A most important consequence of sensitivity analy-
sis for history-dependent problems is that the response
sensitivity at given time depends on the structural re-
sponse and sensitivities taken at previous time instants.
The partial derivatives in (44) and the solution of the ad-
joint equation set in (41) can be obtained in an incremen-
tal manner at the same time as the equilibrim equations
(37) but this process is expensive. Based on the assump-
tion that the equilibrium system can be represented in
a simplified manner, a more reliable process to apply the
adjoint variable method is proposed. If we consider the
discrete equilibrium equations of the structure through
the relation

Kep
S

(
d(n+1),σσσ(n+1),x

)
d(n+1) = r(n+1) , (45)

where Kep
S (d,σσσ,x) is the elasto-plastic secant stiffness

matrix of the structural system under elasto-plastic load-
ing conditions and considering (39) it can be written the
adjoint system (41) in similar form as[
∂Kep

S

(
d(n+1),σσσ(n+1),x

)
∂d

d(n+1)+

Kep
S

(
d(n+1),σσσ(n+1),x

)]
ΦΦΦ=

∂G(n+1)

∂d
, (46)

where[
∂Kep

S

(
d(n+1),σσσ(n+1),x

)
∂d

d(n+1)+

Kep
S

(
d(n+1),σσσ(n+1),x

)]
= Kep(n+1)

T , (47)

that is the tangent stiffness matrix, similar to that ob-
tained at the converged equilibrium solution, available
after Newton-Raphson iterations.

On other hand, differentiating (45) in order of the
design variables x and considering the independence be-
tween x and d as a consequence of the adjoint variable
method, the following expression is obtained:

∂Kep
S

(
d(n+1),σσσ(n+1),x

)
∂x

d(n+1) =

∂r(n+1)

∂x
+
∂r(n+1)

∂σσσ

∂σσσ(n+1)

∂x
. (48)

The relation (44) can be rewritten in the following
manner:

dG

d x
=
∂G(n+1)

∂x
+

ΦΦΦT

[
∂F(n+1)

∂x
−
∂Kep

S

(
d(n+1),σσσ(n+1),x

)
∂x

d(n+1)

]
, (49)
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where the adjoint vector ΦΦΦ is obtained from the adjoint
set of equations (41).

Considering that the elasto-plastic secant stiffness
matrix of each element can be calculated as

Kep
S,e

(
d(n+1),σσσ(n+1),x

)
=

∫
V

Be

(
d(n+1)

)T
Dep
e

(
σσσ(n+1),x

)
Be

(
d(n+1)

)
dV ,

(50)

where the second subscript e denotes the element, (50)
can be written after integration through the thickness of
the element as

Kep
S,e

(
d(n+1),σσσ(n+1),x

)
=

∫
A

Be

(
d(n+1)

)T
D
ep

e

(
σσσ(n+1),x

)
Be

(
d(n+1)

)
dA , (51)

assuming that the B matrix is referred to the middle sur-
face, A, of the element; under linear geometric assump-
tions B is a constant matrix. On the other hand it is

D
ep

e

(
σσσ(n+1),x

)
=

m∑
i=1

[
Qi(t,h,w, z)Dep

ei

(
σσσ(n+1),x

)]
, (52)

where the elasto-plastic matrix Dep
ei

(
σσσ(n+1),x

)
is ob-

tained from the equality (18), m is the number of layers
of the laminate of e-element and Qi(t,h,w, z) represents
the dependence of the stiffness relatively to ply thick-
ness t, to the height h and the width w of the beams
and to the excentricity z of the ply referred to the middle
surface of the plate element. In general it can be written
Qi(t,h,w, z) =Qi(x).

The elasto-plastic stiffness derivative in (49) can be
obtained in the following form:

∂Kep
S,e

(
d(n+1),σσσ(n+1),x

)
∂x

=

∫
A

Be

(
d(n+1)

)T ∂D
ep

e

(
σσσ(n+1),x

)
∂x

Be

(
d(n+1)

)
dA ,

(53)

with

∂D
ep

e

(
σσσ(n+1),x

)
∂x

=
m∑
i=1

[
∂Qi(x)

∂x
Dep
ei

(
σσσ(n+1),x

)
+

Qi(x)
∂Dep

ei

(
σσσ(n+1),x

)
∂x

]
, (54)

where m is the number of layers of the laminate of e-
element and

∂Dep
ei

∂x
=
∂De`

ei

∂x
−

1

[(uD)Ta]ei
×

2uD

(
∂uD

∂x

)T
−

∂

∂x

[
(uD)Ta

]
(uD)Ta

uD(uD)T


ei

, (55)

with uD = Da, a being the flow vector. The finite elem-
ent formulation is considered in order to obtain the par-
tial derivatives, by direct differentiation, in the previous
equations.

It is remarkable that the present analysis involves
a history-dependent problem, and so the adjoint system
defined through (41) and the expression (49) are estab-
lished after the entire history of structural response has
been generated and the constraints have been checked for
violations.

Other crucial aspects of elasto-plastic sensitivity an-
alysis, such as the possibly discontinuous nature of design
gradients at transition points is discussed by Kleiber et
al. (1997). In the realistic cases of structures with a great
number of of integration points that do not enter the
elasto-plastic range of material behaviour simultaneously
but “one by one”, the jumps become relatively small, gen-
erating errors that should also remain small.

8
Optimization process

8.1
Problem formulation

The structural system is divided into macroelements
(substructures) as that used in the optimization method
proposed by Conceição António et al. (1996) where there
is one laminate for each macroelement. The optimal de-
sign problem of a statically loaded composite plate or
shallow shell structures with reinforcement beams can be
formulated as

minimize W (t,h,w) , (56)

subject to

gj =
dk

d0
−1≤ 0 , j = 1, . . . , Nd ,

gj =
f(σσσ)k
Y
−1≤ 0 , j =Nd+ 1, . . . , Nd+Ns ,

x`j ≤ xj ≤ x
u
j , j =Ns+ 1, . . . , N , (57)
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and the state equation

Ψ(Θ, t,h,w,d) =

∫
V

BTσσσdV +

∫
L

BT
t My′dL−F =

r(Θ, t,h,w,d)−F = 000 , (58)

where Nd is the number of displacement constraints, Ns
is the number of stress constraints in elastic loading con-
ditions and N the total number of constraints. The ob-
jective function W (t,h,w) is the weight of the struc-
ture that represents a cost function, the design variables
Θ and t are, respectively, the ply angle vector and the
ply thickness vector of the composite plate or shallow
shell and the design variable vectors h and w are, re-
spectively, the height and the width of the reinforcement
beams. The parameters d0 and Y in (57) represent the
allowable displacement and the yield stress. The last in-
equalities in (57) represent the size constraints and the
symbols xuj and x`j denote the upper and lower bounds,
respectively.

It should be noted that the state equation simply rep-
resents the relationship between the design and state vari-
ables. This relationship is necessary since the constraints
(57) cannot be expressed as explicit functions of the de-
sign variables only.

8.2
Decomposition of the problem

The optimization problem formulated at (56) to (58) is
decomposed into two subproblems corresponding to the
following levels.

8.2.1
First level

Solve in sequential form, for each load level p(n), the fol-
lowing subproblem:

maximize E(Θ) , overΘ ,

subject to

Ψ (n)(Θ, t,h,w,d) = r(n)(Θ, t,h,w,d)−

p(n)F = 000 , (59)

where E(Θ) is a structural efficiency estimator defined by

E(Θ) =−g(Θ, t0,h0,w0) , (60)

with g depending on the elastic or plastic behaviour of the
structure:

(i) in elastic loading conditions,

g = max(gj , j = 1, . . . , Nd+Ns) ; (61)

(ii) in plastic loading conditions the efficiency estimator
is related with the plastic extension of the structure.
In this approach the following relation is used:

g = fk(σσσ) , (62)

where the k index is associated with the flow vector a
as∥∥∥∥∂fk(σσσ)

∂σσσ

∥∥∥∥2

= max

(∥∥∥∥∂fi(σσσ)

∂σσσ

∥∥∥∥2

, i= 1, . . . , Ns

)
,

(63)

and Ns is the total number of points where the stress
vector is evaluated.

This optimization subproblem is solved for the Np
load increments, being defined by the convergence condi-
tions of the optimization process.

8.2.2
Second level

Minimize W (t,h,w) , over t,h, and w , (64)

subject to

gj(Θ0, t,h,w) =
dk

d0
−1≤ 0 , j = 1, . . . , Nd ,

gj(Θ0, t,h,w) =
f(σσσ)i
Y
−1≤ 0 ,

j =Nd+ 1, . . . , Nd+Ns ,

xlj ≤ xj ≤ x
u
j , j =Nd+Ns+ 1, . . . , N , (65)

and the state equation

Ψ(Θ0, t,h,w) = 000 . (66)

8.3
Optimization algorithm

The optimization algorithm for the solution of the two
subproblems, resulting from the decomposition, can be
carried out according to the following steps.
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8.3.1
First level

(1) Choose an initial solution, feasible or not.
(2) Considering the ply thicknesses of the plates or shal-

low shells, the height and the width of the rein-
forcement beams as constants, the objective func-
tion E(Θ) is maximized modifying the ply angles for
the load level p(n), beginning with the optimal solu-
tion found for the previous load level p(n−1).

(3) If the local convergence criteria at this optimization
level, based on the relative change of the design vari-
able vector, is not satisfied return to step (2), else the
process is halted after Np load increments and go to
the second level.

8.3.2
Second level

(4) Consider the initial solution as the final solution of
the first optimization level.

(5) If the solution is feasible, the weight is minimized
using the ply thicknesses of the plates or shallow
shells, the height and width of the reinforcement
beams while the constraints are not violated.

(6) If the solution is unfeasible, the search for an opti-
mal solution is sought increasing the ply thicknesses
of the plates or shallow shells, the height and width
of the reinforcement beams until the constraints are
checked.

(7) If the local convergence criteria at this level is not
satisfied return to step (5) or (6).

(8) Check global convergence and return to step (2) if
it is not satisfied. The global convergence criteria is
based on relative change of weight function at the
second level of the optimization process.

At the first optimization level the conjugate gradient
method (Polack 1971) is used to obtain the solution of the
efficiency maximization.

An optimality criteria presented by Soeiro et al.
(1994) and Conceição António et al. (1996), is used at
second level to perform the weight minimization. The
method was developed based on the optimality condition
that the most critical constraint gj in (65) becomes active
when the optimum is reached,

g(t,h,w)− g∗ = 0 , (67)

with g = max(. . . ) and g = max(gj , j = 1, . . . , Nd+Ns)
and g∗ is the prescribed value.

The proposed approach is based on an heuristic
decomposition of the space design together with a mixed
incremental structural analysis/optimization procedure.
The convergence conditions of the proposed double-level
algorithm was shown by Conceição António et al. (1996).

9
Numerical examples

9.1
Example 1. Spherical shell

A spherical shallow shell was chosen as an example and
Fig. 2 shows the geometric definition of the problem. The
shell is hinged at its perimeter and subjected to a central
point load Fmax/4 = 55 kN; only a quarter of the struc-
ture was considered for the numerical analysis. The ver-
tical allowable displacement is dmax = 0.08 m and it was
not imposed any constraint related with the plastic zone
on the structure. Lower and upper bounds of 0.001 m and
0.1 m, respectively, are imposed to the design variables t,
h and w.

The structure was divided into eight macroelements,
four macroelements (1 to 4) grouping the shell elements
and the others (5 to 8) grouping the beam elements, as
shown in the Fig. 2. A symmetric laminate with six layers
is considered for each shell/beam macroelement.

The mechanical properties of the material are pre-
sented in Table 1 where X and Y are the longitudi-
nal and transversal strength, respectively, and S is the
shear strength. The specific weight of the ply material
is 1800 Kg/m3. In this example it is not considered the
work-hardening of the composite material.

Table 1 Mechanical properties of the layers of the laminates

E1 E2 G12 ν

38.6 GPa 8.27 GPa 4.14 GPa 0.26

X Y S

1062 MPa 31 MPa 72 MPa

The sensitivity analysis plays an important role in the
optimization process when it is performed using gradient
based methods. Furthermore, in structural optimization
regarding plasticity effects is very important the develop-
ment of efficient sensitivity analysis with reliable compu-
tational costs.

For the validation of the sensitivity analysis model,
based in the Adjoint Variable Method (AVM) proposed in
Section 7, numerical tests were performed comparing the
results of the present formulation with the ones obtained
using the backward Finite Difference Method (FDM).
A remarkable agreement is observed between the results
as is shown in Figs. 3 and 4. Particular reference must be
made to the evolution of the results with the increment
of displacement and the extension of plastic zone on the
structure.

The two optimization levels were performed in one
stage of the design process because no further significant
changes are observed in both optimization levels.
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Fig. 2 Geometry and substructuring of spherical shallow shell

Fig. 3 Comparison of sensitivities for initial design at load
level f = 35 KN and 33 plastic points

Figure 5 shows the recovered plastic zones at the
first level of optimization process. The plastic points
are associated with the Gaussian points localized in the
midsection of each layer of the laminate. The load is
applied in an incremental manner and the optimiza-
tion process is restarted at each load level beginning
with the optimal solution obtained at previous load
level. It is remarkable that the optimization process is
load path-dependent but reliable in the recovered plastic
zones.

Fig. 4 Evolution of the sensitivities with the displacement
and (p) plastic points for initial design

Figure 6 plots the curve force versus displacement re-
ported to the loading point (at point C) for the first
optimization level. Although the objective was not the
displacement minimization, a displacement reduction for
the same load level is observed.

Figures 7 and 8 are concern the second optimization
level and represent the iterative histories of the weight
and the most critical displacement (at point C). The con-
vergence of the weight minimization process can be ob-
served, with a reduction of 27% on the initial value of the
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Fig. 5 Recovered plastic zones at the first level of the design
process

Fig. 6 Maximum displacement versus load at the first level
of the design process

objective function, while the most critical constraint of
displacement is satisfied. Table 2 presents the correspond-
ing results for both optimization levels.

9.2
Example 2. Cylindrical shell

The second example considered in the analysis of the pro-
posed approach is a cylindrical shallow shell, geometri-
cally defined in Fig. 9. The shell is hinged at its straight
borders and free on the curved ones. As in the previ-

Fig. 7 Iterative history of the objective function at the sec-
ond optimization level

Fig. 8 Maximum displacement variation along the second
optimization level

ous example, only a quarter of the structure was consid-
ered for the numerical analysis and a central point load
Fmax/4 = 27.5 kN is applied. The vertical allowable dis-
placement is limited to dmax = 0.028 m and no constraint
related with the plastic zone extension on the structure
was imposed. Lower and upper bounds of 5×10−4 m and
0.05 m, respectively, are imposed to the design variables
t, h and w.

This structure was divided in ten macroelements, four
macroelements (1 to 4) grouping the shell elements and
the other six macroelements (5 to 10) grouping the beam
elements, as is shown in the Fig. 9. Each macroelement is
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Table 2 Initial and optimal values for spherical shell (ti, hi, wi [mm] and Θi [degrees])

Macro Design Initial Optimal Macro Design Initial Optimal
element variables design design element variables design design

1 t1/Θ1 2.63 / 0.0 2.43 / 84.8 3 t7/Θ7 2.63 / 0.0 2.04 / 22.9
1 t2/Θ2 2.63 / 30.0 2.44 / 22.5 3 t8/Θ8 2.63 / 30.0 2.05 / 34.6
1 t3/Θ3 2.63 / 45.0 2.47 /−42.4 3 t9/Θ9 2.63 / 45.0 2.07 / 42.7
2 t4/Θ4 2.63 / 0.0 2.14 /−25.6 4 t10/Θ10 2.63 / 0.0 1.60 / 2.1
2 t5/Θ5 2.63 / 30.0 2.24 / 44.5 4 t11/Θ11 2.63 / 30.0 1.68 / 27.0
2 t6/Θ6 2.63 / 45.0 2.21 / 67.0 4 t12/Θ12 2.63 / 45.0 1.76 / 45.6
5 h1/w1 24.0 / 7.5 22.9 / 6.5 7 h3/w3 24.0 / 7.5 20.4 / 5.1
6 h2/w2 24.0 / 7.5 21.3 / 5.7 8 h4/w4 24.0 / 7.5 13.0 / 1.9

Table 3 Initial and optimal values for cylindrical shell (ti, hi, wi [mm] and Θi [degrees])

Macro Design Initial Optimal Macro Design Initial Optimal
element variables design design element variables design design

1 t1/Θ1 2.63 / 0.0 2.58 /−45.2 3 t7/Θ7 2.63 / 0.0 1.73 /−28.2
1 t2/Θ2 2.63 / 30.0 2.57 / 73.5 3 t8/Θ8 2.63 / 30.0 1.43 / 64.4
1 t3/Θ3 2.63 / 45.0 2.56 / 25.5 3 t9/Θ9 2.63 / 45.0 1.44 / 65.9
2 t4/Θ4 2.63 / 0.0 1.87 /−28.3 4 t10/Θ10 2.63 / 0.0 0.77 /−34.6
2 t5/Θ5 2.63 / 30.0 1.89 / 22.0 4 t11/Θ11 2.63 / 30.0 0.83 / 61.8
2 t6/Θ6 2.63 / 45.0 1.62 / 45.2 4 t12/Θ12 2.63 / 45.0 0.94 / 65.4
5 h1/w1 24.0 / 7.5 20.4 / 5.2 8 h4/w4 24.0 / 7.5 34.7 / 34.4
6 h2/w2 24.0 / 7.5 22.3 / 5.9 9 h5/w5 24.0 / 7.5 27.5 / 19.7
7 h3/w3 24.0 / 7.5 18.7 / 2.5 10 h6/w6 24.0 / 7.5 8.2 / 0.6

Fig. 9 Geometry and substructuring of cylindrical shallow shell
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made of a symmetric shell/beam laminate with six layers,
whose mechanical properties are defined in Table 1.

The two optimization levels were performed along two
stages during the design process. The performance of the
proposed approach can be evaluated through the Fig. 10
and Fig. 11. The first one shows the reduction observed in
the extension of plastic zone at the first optimization level
when the anisotropic characteristics of the laminates are
manipulated.

Fig. 10 Plastic points at the first level of the first stage of the
design process

In Fig. 11 we can see the iterative history of the weight
minimization, performed at second optimization level for
each stage of the design process. It is noticed that each
stage is started with the first level where the anisotropic
characteristics are updated for better design.

At the final of second stage the structure have the
optimal design present in Table 3. This configuration sat-
isfies the prescribed displacement constraint while the
plastic zone includes a total of 64 plastic points.

10
Conclusions

At elasto-plastic analysis of laminated composite struc-
tures made of thermoplastic resins gives a more realis-
tic ultimate load carrying capacity than elastic analy-
sis. Moreover it leads to more reasonable and economic
structures.

The proposed approach for structural optimization of
composite materials under elasto-plastic loading condi-
tions seems to be an efficient way to obtain more reliable
designs of composite structures. Indeed, the criterious
manipulation of anisotropic characteristics and steacking
sequence of the laminates and the geometric properties

of reinforced beams, can lead to a reduction of the ex-
tension of plastic zones or the maximum displacement
of the structure. These features have important conse-
quences and benefits in what concerns the minimization
costs, satisfaction of service conditions and structural
integrity.
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