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Abstract
In this paper, a new isogeometric topology optimization (ITO) method based on the moving iso-surface threshold (MIST)

method is proposed, and the corresponding MATLAB code is provided. The same nonuniform rational B-splines (NURBS)

basis functions are used to construct a geometrical model and evaluate the objective function for minimal compliance

problems. In MIST-based ITO, the physical response function is calculated by using the same NURBS basis functions as

the geometry model. First, the physical response function values of control points are calculated by using the NURBS basis

function and the physical response function values of the Gauss points. Second, the physical response function values of the

knots (the element nodes) are obtained by fitting the control points using NURBS basis functions. Finally, the physical

response surface is formed by connecting its nodal values. The structure topology is iteratively updated by using an iso-

surface with an appropriate threshold to cut the physical response surface. Compared to traditional MIST, MIST-based ITO

can improve the computational accuracy and computational efficiency of high-order elements. Several numerical examples

demonstrate the effectiveness of the proposed method, verifying the validity of isogeometric topology optimization

MATLAB codes in implementing MIST_based_ITO, which is provided in Online Appendix 1.

Keywords Topology optimization � Isogeometric analysis � Moving iso-surface threshold method � NURBS �
MATLAB code

1 Introduction

Topology optimization has become the most commonly

used design method in structural design and material

optimization design. Since the homogenization method

(Bendsøe and Kikuchi 1988) was proposed in 1988,

topology optimization has attracted tremendous attention

from a large number of scholars and entered a stage of

rapid development. In the past few decades, a variety of

topology optimization methods, such as the solid isotropic

material with penalization (SIMP) method (Bendsøe and

Sigmund 1999; Sigmund 2001), the level set method

(LSM) (Sethian and Wiegmann 2000; Wang et al. 2003),

the evolutionary structural optimization (ESO) method

(Xie and Steven 1993; Zhang et al. 2018), the moving

morphable components/voids (MMC/Vs) method (Guo

et al. 2014; Zhang et al. 2016), and the moving iso-surface

threshold (MIST) method (Tong and Lin 2011; Vasista and

Tong 2014) have been developed successively.

In MIST, similar to SIMP, artificial densities are intro-

duced on the element as design variables. Similar to ESO,

the physical response of the objective function is

employed. Similar to LSM, a moving iso-surface threshold

is defined to evolve the structural boundaries. Similar to

LSM, but unlike SIMP and ESO, MIST can generate

optimal topologies with clear, non-zigzag structural

boundaries. Similar to ESO, but unlike SIMP and LSM,

MIST does not require explicit sensitivity analysis.

Therefore, MIST does not need to store and extract element

stiffness, simplifying the interface to in-house or com-

mercial finite element analysis programs without any

modification to the commercial software source code. In

this way, the user can fully master MIST, continuously
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develop it and utilize the powerful tools and functions of

commercial software, such as the automatic mesh and

efficient solution generators. The algorithm has already

been used to solve a variety of structural topology opti-

mization issues, e.g., pressurized cellular planar morphing

structure design (Vasista and Tong 2012), pressure-driven

morphing-aerofoil trailing-edge structure design (Vasista

and Tong 2013), three-dimensional structure design

(Vasista and Tong 2014), piezoelectric structure design

(Luo and Tong 2015a), structural buckling problem (Luo

and Tong 2015b), two-scale homogeneous structural opti-

mization (Chen et al. 2017), microstructure design with

extreme properties (Chen et al. 2018), and two-scale

inhomogeneous structural optimization (Su et al. 2021).

In the previously mentioned topology optimization

methods, the classical finite element method (FEM)

(Andrianov et al. 2008) is applied for structural response

analysis. The geometry model and numerical analysis

model are established based on spline basis functions and

Lagrangian/Hermitian polynomials, respectively. The

inconsistency of the geometrical model and the analysis

model leads to the following disadvantages in the finite

element method when calculating the structural response.

First, the finite element mesh is just an approximant of the

structural geometry, rather than the exact representation.

Therefore, discretization error will be generated, the

accuracy of structural response analysis will be greatly

affected in FEM. Second, the structural response has low-

order (C0) continuity between adjacent finite elements, and

when higher-order elements are used, the efficiency is

greatly reduced. Third, it takes a great deal of time to

obtain a high-quality finite element mesh. In addition,

topology optimization based on FEM usually requires

postprocessing to extract geometric information from the

resulting designs. This allows topology optimization results

to be imported to a computer-aided design (CAD)/com-

puter-aided engineering (CAE) system for subsequent

detailed size and shape optimization. The postprocessing is

troublesome and difficult, requiring a considerable time

cost to achieve high-quality CAD designs. This also limits

the wide application of topology optimization in industry.

To overcome the abovementioned shortcomings, the IGA

method was proposed by Hughes et al. (2005) as a

promising and powerful alternative to FEM to implement

structural analysis. In IGA, the same spline basis functions

are applied into the representation of the structural geom-

etry and solve the numerical analysis. This unification of

the mathematical model in structural geometry and

numerical analysis can effectively eliminate the above

numerical drawbacks in FEM and provide more benefits for

later topology optimization.

The role of IGA in topology optimization has received

increased attention from many researchers in recent years.

Seo et al. (2010) presented the first work about isogeo-

metric topology optimization (ITO) using trimmed spline

surfaces. Dedè et al. (2012) studied the combination of the

phase field method and IGA. The spatial approximation of

IGA encapsulates the accuracy of the design domain rep-

resentation, which is especially suitable for the analysis of

phase field problems. Hassani et al. (2012) constructed a

smooth continuous function based on NURBS over the

whole design domain to alleviate the grid dependence

problem, and pointed out that the proposed ITO does not

suffer from the checkerboard problem even on rough

control grids. Wang and Benson (2016) proposed the level-

set-base ITO, which used NURBS basis functions to

parameterize the level set function and construct the

solution space of numerical analysis. Jahangiry and

Tavakkoli (2017) proposed a level-set-based ITO by

parameterizing the level set function with high-dimen-

sional NURBS basis functions, and applied it to solve a

series of problems. Ghasemi et al. (2017) proposed a level-

set-based ITO for flexible electrical material. Numerical

examples show that the proposed topology optimization

method can improve the electromechanical coupling

coefficient. Since then, there have been many other works

combining LSM and IGA (Xia et al. 2017; Nguyen et al.

2020; Gao et al. 2022; Jiang et al. 2022). Hou et al. (2017)

first proposed an MMC-based explicit ITO, which using

explicit design parameters to represent the geometry of

structural components. Xie et al. (2018) employed the

differentiable R-function to substitute the max function and

presented a new MMC-based ITO. Yin et al. (2019) pro-

posed an efficient ITO based on bidirectional evolutionary

structural optimization (BESO), in which a NURBS filter

was designed to smooth the sensitivity numbers according

to the local support property of NURBS. Qiu et al. (2022)

combined IGA and eXtended finite element method (X-

FEM) to model arbitrary evolving geometries and devel-

oped an ITO combining BESO and IGA. To gain a com-

prehensive of IGA and its applications in topology

optimization, several existing studies (Wang et al 2018;

Gao et al. 2020) are recommended.

The main contribution of this paper is to extend the

MIST by combining MIST with IGA to develop a MIST-

based ITO and publish the MATLAB code to provide an

entry point for newcomers interested in the ITO field. In

MIST-based ITO, the same NURBS basis functions are

used to represent the structural geometry and compute the

physical response function, respectively. The physical

response function of the control points is obtained by using

Gauss points and the NURBS basis functions, and then the

physical response function of the knots (element nodes) is

obtained by fitting the control points using the NURBS

basis functions. The physical response surface is formed by

connecting element nodal values. The topology boundary is

43 Page 2 of 20 W. Chen et al.

123



obtained by an iso-surface to cut the physical response

surface. Numerical examples show that compared with the

traditional MIST, the proposed MIST-based ITO improves

the computational efficiency and accuracy. The remainder

of this paper is organized as follows: In Sect. 2, the

NURBS-based IGA is briefly introduced. In Sect. 3, the

MIST-based ITO is proposed. Section 4 gives several

examples to demonstrate the effectiveness of the proposed

method and the validity of the corresponding MATLAB

code. Section 5 concludes the paper.

2 A brief summary of NURBS-based IGA

In IGA, NURBS is a generalized form of the B-spline,

which is a method of generating and representing curves

and surfaces commonly used in CAD systems. In NURBS,

a knot vector N, which is a non-decreasing sequence rep-

resenting the parametric coordinates of a curve, needs to be

defined.

N ¼ n1; n2; . . .; nnþpþ1

� �
; ni � niþ1; ð1Þ

where ni is the ith knot, n denotes the number of NURBS

basis functions and control points, and p is the order of the

NURBS basis functions. The interval n1; nnþpþ1

� �
denotes

an NURBS patch, and the half-open interval ni; niþ1½ Þ
denotes the ith knot span, which can have a length of zero

since knots need not be distinct.

After the knot vector is given, the Cox–de Boor formula

(De Boor C 1972) is used to define the B-spline basis

functions recursively:

For p = 0

Ni;p nð Þ ¼
1; if ni � n� niþ1

0; otherwise

(

ð2Þ

For p� 1

Ni;p nð Þ ¼ n� ni
niþp � ni

Ni;p�1 nð Þ þ
niþpþ1 � n

niþpþ1 � niþ1

Niþ1;p�1 nð Þ:

ð3Þ

NURBS basis functions are defined by assigning a

positive weight xi to each B-spline basis function.

Ri;p nð Þ ¼ Ni;p nð ÞxiPn
j¼1 Nj;p nð Þxj

: ð4Þ

The two-dimensional NURBS basis function is defined

as follows:

Rj;q
i;p n; gð Þ ¼ Ni;p nð ÞNj;q gð Þxi;jPn

k¼1

Pm
l¼1 Nk;p nð ÞNl;q gð Þxk;l

; ð5Þ

where Ni;p and Nj;q are B-spline basis functions in two

parametric directions, constructed by knot vectors H ¼
n1; n2; . . .nnþpþ1

� �
and Z ¼ g1; g2; . . .gmþqþ1

� �
, respec-

tively. p and q are the polynomial orders in two parametric

directions. n and m are the corresponding numbers of B-

spline basis functions in each parametric direction.

Therefore, the mathematical model of the NURBS surface

is defined as follows:

S n; gð Þ ¼
Xn

i¼1

Xm

j¼1

Rp;q
i;j n; gð ÞPi;j; ð6Þ

where S represents the NURBS surface of the two-di-

mensional structural geometry and Pi;j are the control

points.

In this paper, the modeling of the NURBS geometry

model and application of the boundary conditions are

realized by calling subfunction geom_bound in Line 5 of

the main program. The subfunction geom_bound refers

to the work of Gao et al. (2021). In the geom_bound, a

NURBS toolbox is developed by Spink et al. (2010), and

the detailed numerical algorithms for NURBS are descri-

bed by Piegl and Tiller (2012). The MATLAB code of the

subfunction geom_bound is given in Online Appendix 2.

3 MIST-based isogeometric topology
optimization

3.1 A brief view of MIST

In MIST, the structural topology optimization problem can

be expressed in the following general form:

Find x

Min J xð Þ ¼
Z

Y

U xð ÞdY

S.t. gr xð Þ ¼ 0

gs xð Þ� 0

; ð7Þ
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where x is the element pseudo-density, ranging from 0 to 1.

J is the objective function in integral form. U represents the

physical response function. gr xð Þ ¼ 0 represents the gov-

erning equation of the physical system, and gs xð Þ repre-

sents the constraint condition, such as the volume

constraint. Y denotes the design domain.

The MIST algorithm solves the above problem through a

nested iterative process. In each iteration, the physical

response function of the system is calculated using the design

variables from the previous iteration (or the initial design

variables guessed at the first iteration). An iso-surface

threshold value t is determined by imposing volume fraction

constraints or other constraints. As shown in Fig. 1, the iso-

surface S intersects the physical response surface U, and the
contour formed by the intersection is the structural boundary.

In MIST, the objective function is constructed by inte-

grating the physical response function in the entire domain.

The physical response function describes the contribution

of the design variables to the objective function. The

physical response function in the design domain is esti-

mated from the weak solution of the governing equation of

a physical system. The physical response function U is

calculated at all element nodes throughout the design

domain. It gives an indication of the relative structural

performance of all points in the domain. In this paper, the

problem of minimization compliance topology optimiza-

tion under volume constraints is considered for linear

elastic materials. Therefore, the strain energy density can

be used as the physical response function U xð Þ, which is

defined as follows:

U xð Þ ¼ Eijkl xð Þeij xð Þekl xð Þ; ð8Þ

where eij ¼ 1
2
ui;j þ uj;i
� �

and u is the displacement fields of

the elastic body. Since the displacement fields are a single

value and continuous, there is no overlap or fracture in the

linear elastic body, so the physical response function is also

a single-valued continuous function. Then, we introduce a

new variable t 2 Umin;Umaxð Þ to define the iso-line or iso-

surface level, define h t;U xð Þð Þ as the Heaviside function,

and

h t;U xð Þð Þ ¼ 1; 8x 2 U xð Þ[ tf gðsolidÞ
h t;U xð Þð Þ ¼ 0; 8x 2 U xð Þ\tf gðvoidÞ

�
ð9Þ

That is, an element whose physical response function

value for all nodes is above the iso-surface is considered to

be a solid material, and the element density tends to be 1.

An element whose physical response function value for all

nodes is below the iso-surface is considered to be a void

material, and the element density tends to be 0. For an

element whose physical response function value of nodes is

partially above and below the iso-surface, the element

density is the ratio of the projected positive area to the

element total area. Obviously, in MIST, the selection and

solution of the physical response function are critical. For

more numerical details about MIST, refer to Tong and Lin

(2011). At present, MIST method is mostly applied to the

topology optimization design of compliance problems, and

it is not widely used in the stress-based optimization

problem. It has been involved in the previous work of

Vasista and Tong (2014). However, the better handling of

stress problem requires the use of explicit topology

boundary in order to obtain more accurate solutions.

3.2 The generation of physical response function
in MIST-based ITO

In MIST-based ITO, the topology optimization problem of

minimum compliance can be expressed as follows:

Find x

Min CðxÞ ¼
Z

Y

UT
eKeUedY

S.t:KU ¼ F

1

Yj j

Z

Y

xdY � Vmax � 0

0� d� x� 1

; ð10Þ

where x is the element density, which ranges from 0 to 1. C

represents the mean compliance of the structure.U and F

denote the nodal displacement vector and the external force

vector of the structure, respectively. K denotes the stiffness

matrix of the structure, which can be assembled by the

Iso-surface S at level t

Physical response surface

Contour of the intersection

�

Fig. 1 Illustration of a physical response function surface U, an iso-

surface S at level t and the contour formed by the intersection
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element stiffness matrix Ke. Y represents the design

domains of the structure. Vmax is the upper limit of the

specified total volume fraction. d (= 10 - 3 normally) is the

minimum value of the design variables to prevent matrix

singularity.

In MIST-based ITO, the calculation of the physical

response function is by using the same NURBS basis

function with the above construction of the initial structural

geometry. First, the physical response function values of

the control points are inverted by using Gauss points and

the NURBS basis functions. Second, the physical response

function values of the NURBS knots (the element nodes)

are obtained by fitting the control points using NURBS

basis functions.

In the first step of generating physical response function,

the following mathematical model is used to reverse cal-

culate the physical response function values of the control

points:

U n; gð Þ ¼
Xn

i¼1

Xm

j¼1

Rp;q
i;j n; gð Þ/i;j: ð11Þ

In Eq. (11), it is /i;j that needs to be solved. /i;j denotes

the physical response values of the control points. And

U n; gð Þ denotes the physical response values of the Gauss

points. When the initial design is determined, the initial

values of U n; gð Þ are known. Rp;q
i;j n; gð Þ are the NURBS

basis function values of the Gauss points. The matrix form

of Eq. (11) can be written as follows:

A/ ¼ U: ð12Þ

In Eq. (12), the column vector / is need to be solved. /
is an m-dimensional column vector composed of the

physical response value of all control points. U is an n-

dimensional column vector composed of the physical

response values of Gauss points. matrix A is a column full

rank matrix of order n 9 m (n[m) composed of NURBS

basis function values corresponding to Gauss points,

Therefore, Eq. (12) is an overdetermined system of equa-

tions, which is solved by the least square method. The

normal equation of Eq. (12) is

ATA/ ¼ ATU: ð13Þ

The optimal approximate solution of the overdetermined

system of equations Eq. (12) is obtained by solving the

regular equations Eq. (13). In the physical meaning, when

solving a control point using Eq. (12), a set of physical

response values will be obtained. The values obtained by

Eq. (12) are drawn in the Cartesian coordinate system and

denoted as yi, as shown in Fig. 2. Then, the approximate

true physical response value of the control point to be

guessed is represented by a line parallel to the horizontal

axis (because it is guessed, it is represented by a dashed

line) and denoted as y. Every point is perpendicular to y,

and the length of the perpendicular is y� yij j. Then, the
error between the calculated value and the approximate

true value is denoted by y� yið Þ2. The y value that mini-

mizes the sum of squared errors is the approximate true

physical response value. That is, the control point physical

response value is the y that satisfies the minimum of

Se2 ¼
P

y� yið Þ2. Therefore, in the above process of

solving, the physical response values of the control points

are averaged to a certain extent.

In addition, it is noted that matrix A is constant during

optimization. The LU decomposition of matrix A is per-

formed only once, and each update only requires inexpensive

forward and backward substitutions. Therefore, before

entering the optimization cycle, matrix A needs to be

obtained by calling theMATLAB code in Lines 14–21 of the

main program. The MATLAB code is given as follows:

x

101

102

103

104

105

y

y1

y2

y4
y3 y5

y

Fig. 2 Schematic diagram of the least square method
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After entering the optimization cycle, the physical

response value of all Gauss points is calculated by calling

the MATLAB code in Lines 29–37 of the main program.

The MATLAB code is given as follows:

The physical response function values of all control

points are calculated by using Eq. (12). The MATLAB

code is given as follows:

The MATLAB code Con.C=Gau.C/Gau.R’ is

implemented to return the least squares solution of

Eq. (12).

After obtaining the physical response function values of

the control points, the physical response function values of

the knots (the element nodes) are obtained by fitting the

14 Gau.Cor=[reshape(Gau.CorU',1,Gau.no);reshape(Gau.CorV',1,Gau.n

o)];% The coordinates of Gauss points in the parametric space

15 [Gau.N,Gau.id] = nrbbasisfun(Gau.Cor,NURBS) ;

16 Gau.R = zeros (Gau.no, Con.no) ;

17 for i = 1:Gau.no

18 Gau.R(i, Gau.id(i,:)) = Gau.N(i,:);      % The value of basis 

fuctions of  Gauss points

19 End

20 Gau.R=sparse(Gau.R) ;

21 [dRu,dRv] = nrbbasisfunder(Gau.Cor,NURBS) ;   % The derivatives 

of first order

29 for ide=1:Ele.no

30 Ele_NoCtPt = Ele.Con (ide,:) ;

31 edof =[Ele_NoCtPt,Ele_NoCtPt+Con.no];

32 Ue = U (edof,1);

33 for i = 1:Ele.Gauno 

34 GptOrder = Gau.Distr(ide, i) ; 

35 Gau.C(GptOrder)=Ue'*ke{GptOrder} *Ue;         % Physical 
response function of Gauss points

36 End

37 End

Con.C=Gau.C/Gau.R';% Physical response function of control 

points
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control points using NURBS basis functions. The mathe-

matical model is as follows:

Û n; gð Þ ¼
Xn

i¼1

Xm

j¼1

R̂p;q
i;j n; gð Þ/i;j: ð14Þ

In Eq. (14), it is Û n; gð Þ need to be solved. The Û n; gð Þ
denotes the physical response function values of the knots

(the element nodes). R̂p;q
i;j n; gð Þ denotes the NURBS basis

function values of the knots. /i;j denotes the physical

response function values of the control points. The

MATLAB code for solving the physical response function

values of the knots (the element nodes) is as follows:

The NURBS basis functions of the knots (the element

nodes) are calculated by calling the MATLAB code in

Lines 7–13 of the main program.

3.3 Update of design variables

An iterative bisection method is used to calculate the

threshold t of the iso-surface and update the element design

variables. The calculation of the iso-surface threshold t

should satisfy the volume constraint. In this method, the

initial value of t is the average value of the maximum of Û
(the physical response function values of the element

nodes) and the minimum of Û. The difference between Û
and t at all element nodes in the design domain is calcu-

lated, and the pseudo-density of all IGA elements in the

design domain is updated. If the sum of the materials is

greater than the material constraint, tmin is updated to the

current value tk, and the iso-surface moves up in the next

iteration. If the sum of materials is less than the material

constraint, tmin is updated to the current value tk, and the

iso-surface moves down in the next iteration. This process

is repeated until the sum of the materials and the material

constraints are within a small tolerance e (e.g., 1� 10�4),

and the iterative bisection method is stopped. The specific

steps are as follows:

Step 1: Calculate tmax0 ¼ maxðÛÞ and tmin0 ¼ minðÛÞ
Step 2: Calculate the iso-surface threshold tk ¼

tmaxk
þtmink

2

Step 3: Calculate U� tk at all element nodes, and update

xik for all IGA elements based on the element area ratio

Step 4: If

PNE

i¼1
xik Aið Þ

fAtot
� 1

				

				\e, the iterative bisection

method is stopped; otherwise,

Case (a)
tminkþ1

¼ tk

tmaxkþ1
¼ tmaxk

)

; if
PNE

i¼1 xikAið Þ[ fAtot

or

Case (b)
tminkþ1

¼ tmink

tmaxkþ1
¼ tk

)

; if
PNE

i¼1 xikAið Þ\fAtot

Then, go to step 2 and repeat.

Knots.C=Knots.R*Con.C'; % Physical response function of knots

7 Knots.Cor=[reshape(Knots.CorU',1,Knots.no);reshape(Knots.CorV'

,1,Knots.no)]; % The coordinates of knots in the parametric 

space

8 [Knots.N,Knots.id] = nrbbasisfun(Knots.Cor,NURBS);

9 Knots.R = zeros (Knots.no, Con.no);

10 for i = 1:Knots.no

11 Knots.R(i, Knots.id(i,:)) = Knots.N(i,:); % The value of basis 

fuctions of knots.

12 End

13 Knots.R =sparse(Knots.R) ;
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NE represents the number of IGA elements, and Ai is the

area of element i. k represents the current iteration in the

iterative bisection method. xik represents the element den-

sity of the ith element in the kth iteration step.Atot repre-

sents the total IGA element area, and f denotes the volume

constraint fraction.

In step 3, the xik of each element is calculated according

to the value of U� tk at all element nodes. The iso-surface

cuts the physical response function, and the element can be

divided into 18 types, as shown in Fig. 3. If U� tk are

negative at all element nodes (see Fig. 3a), the element is

considered to be a void material, and the element pseudo-

density moves toward 0. If U� tk are positive at all ele-

ments nodes (see Fig. 3b), the element is considered to be a

solid material, and the element pseudo-density moves

toward 1. Figure 3c–f shows the case with three negative

element nodes. Figure 3g–n shows the case with two

negative element nodes. Figure 3q–t shows the case with

only one negative element node. Especially, when two

diagonal vertices are positive and the other two diagonal

vertices are negative, we introduce a new point U5 in the

middle of the element, as shown in Fig. 3k–n. When the

(o) (p) (q) (r)

Fig. 3 Different IGA element types: a void element with 4 negative vertices, b solid element with 4 positive vertices, c–f IGA element with 3

negative vertices, g–n IGA element with 2 negative vertices; o–r IGA element with 1 negative vertices
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value of U5 � tk\0, two solid triangles will appear at the

positive element nodes, as shown in Fig. 3l and n. when the

value of U5 � tk [ 0, two empty triangles will appear at the

negative element nodes, as shown in Fig. 3k and m. Since

the 3 9 3 Gauss quadrature rule is used in this paper, the

new point at the center of element takes the fifth Gauss

integral point of the element, as shown in Fig. 4. Then, the

element density is the ratio of the projected positive area to

the total element area, as shown in Eq. (15). The projected

positive area denotes the projected areas of the response

function that lie above the current iso-surface threshold, as

shown by the blue area in Fig. 3b. One problem with this

approach is that the boundary element stiffness is calcu-

lated approximately, especially the case of there are two

solid triangles in IGA element (Fig. 3l, n). However, this

type of element only exists in the first few iteration steps,

and only a few elements have two solid triangles, so they

have a small impact on the overall structure. At present,

there are a number of methods to solve this problem, but

this paper focuses on the combination of IGA and MIST. In

future work, we will focus on the stiffness of boundary

elements.

xik ¼
Aþ
ik

Aþ
ik
þ A�

ik

¼
Aþ
ik

Ai
: ð15Þ

In this paper, the value of the projected positive area Aþ
ik

is determined by calculating the coordinates of the vertices

of the projected positive area via an edge-based process

and using the element connectivity table data. Figure 5 is

taken as an example to describe this process. Figure 5a is a

schematic diagram of the physical response surface and

iso-surface of an element. The blue surface represents the

physical response surface, and the white surface represents

the iso-surface. Starting at edge 1 of the element, the values

of U� tk at the end of this edge are all negative; therefore,

Aþ
ik
has no vertex on edge 1. Then, looking at edge 2, the

value of U� tk at interpolation point 1 is negative, and the

value of U� tk at interpolation point 2 is positive; there-

fore, vertex 1 is located on edge 2. The X and Y coordi-

nates of vertex 1 are calculated by interpolating the X and

Y coordinates of interpolation point 1 and interpolation

point 2 of edge 2 according to the ratio of the values of

U� tk at interpolation point 1 and interpolation point 2.

The vertex coordinates are calculated using Eq. (15), where

subscripts 1 and 2 represent the interpolation points of an

edge and subscript v represents the coordinates of the

vertex. The value of U� tk at interpolation point 2 of edge

2 is positive; therefore, vertex 2 is interpolation point 2 of

edge 2. On edge 3, the value of U� tk at interpolation point

2 is positive; therefore, vertex 3 is interpolation point 2 of

edge 3. On edge 4, the value of U� tk at interpolation point

1 is positive, and the value of U� tk at interpolation point

2 is negative; therefore, vertex 4 is located on edge 4. The

coordinates of vertex 4 are also calculated by Eq. (16).

Figure 5b shows the projected positive area Aþ
ik

and the

vertices of Aþ
ik
.

Xv ¼ X1 þ g X2 � X1ð Þ
Yv ¼ Y1 þ g Y2 � Y1ð Þ

g ¼ U� tkj j1
U� tkj j1þ U� tkj j2

: ð16Þ

When all vertex coordinates of Aþ
ik
are determined, the

area of Aþ
ik
is obtained by using the standard method for

determining nonself-intersecting (simple) arbitrary polygon

areas using vertex coordinate data (Masters and Evans

1996), and the vertex coordinates are mapped to the

physical space to form structural boundaries.

Aþ
ik
¼ 1

2

XNv

v¼1

XvYvþ1 � Xvþ1Yvð Þ; ð17Þ

where Nv denotes the number of vertices of Aþ
ik
, and XNv

þ
1 and YNv

þ 1 are equal to X1 and Y1, respectively, to

‘close’ the polygon. The vertex coordinates and element

density are obtained by calling the MATLAB subfunction

IGA_surface. The MATLAB code of the subfunction

IGA_surface is given in Online Appendix 2.

The move limit m of the element density can be used to

prevent large changes between optimization iterations to

stabilize the MIST solution. Equation (15) is replaced with

the following formula to implement this process.

Element nodes Gauss points

Fig. 4 Elements nodes and Gauss points in a unit cell
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xik ¼

Aþ
ik

Ai
if

Aþ
ik

Ai
� xi0

				

				�m

xi0 þ sign
Aþ
ik

Ai
� xi0


 �
m if

Aþ
ik

Ai
� xi0

				

				[m

8
>>><

>>>:

ð18Þ

where xi0 is the value of the element density before any

bisection is completed. In this way, the variation in element

density between optimization iterations is limited.

When the total amount of material converges to a value

within the specified tolerance range given in step 4, the

resulting element density will be used for the next iteration

of the main optimization cycle, as shown in Eq. (19).

newxi ¼ xik : ð19Þ

The convergence criteria of the main program may be

chosen in terms of the change in the design variables,

objective function, or response surface in the element or

overall design domain. Setting the convergent parameters

is normally problem dependent, and the maximum iterative

number (e.g., 150) can also be set to avoid nonending

iterations.

In this paper, we choose the change in the objective

function as the convergence criterion, i.e., DC ¼
Ckþ1�Ckj j

Ckj j � e e ¼ 10�5
� �

as one of the convergence crite-

ria. At the same time, to avoid nonending iterations, the

maximum number of iteration steps is set to 150 as a

convergence condition.

The update of element density (design variable) is

realized in subfunction IGA_maket. The MATLAB code

of the subfunction IGA_maket is given as follows:

Fig. 5 The illustration of

vertices of Aþ
ik
: a 3D view of an

iso-surface S intersecting the

physical response surface for

IGA element i, b the top view of

a
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3.4 Isogeometric analysis

In IGA, the same NURBS basis function as those in the

above construction of the initial structural geometry and

the solution for the physical response function are used to

solve the structural displacement. The corresponding

mathematical model is shown as follows:

U n; gð Þ ¼
Xn

i¼1

Xm

j¼1

Rp;q
i;j n; gð ÞUi;j: ð20Þ

It can be observed that Eq. (20) has the same mathe-

matical form as Eqs. (6) and (11), but the physical meaning

of the control coefficient in Eq. (20) becomes the structural

displacement.

The discrete governing equation (Belytschko 2008) can

be written as follows:

KU ¼ F; ð21Þ

where K denotes the stiffness matrix, U denotes the dis-

placement vector, and F denotes the force vector associated

with the control points. The stiffness matrix K is composed

of the element stiffness matrix Ke. The formula for cal-

culating the IGA element stiffness matrix Ke is as follows:

Ke ¼
Z

Xe

BTDBdXe

¼
Z

bXe

BTDB J1j jdbXe

¼
Z

eXe

BTDB J1j j J2j jdeXe

; ð22Þ

where B represents the strain–displacement matrix, D

represents the stress–strain matrix, X represents the phys-

ical space, bX represents the NURBS parametric space

n; gf g, and eX represents the Gauss integration space

en; eg
n o

. Jacobian J1 represents the mapping from the

NURBS parametric space to the physical space, and J2
represents the mapping from the integration parametric

space to the NURBS parametric space. In this paper, the

Gauss quadrature method is employed to calculate

Eq. (22).

1 function[Xnew,VertP,tk]=IGA_maket(c,Xold,volfracMA,move,Ele,NU

RBS,Knots,Gau)

2 tmax=max(max(c));tmin=min(min(c));

3 while (tmax-tmin > 1e-4)

4 tk=(tmax+tmin)/2;

5 e=c-tk;

6 [X,VertP]=IGA_surfacee(e,Ele,NURBS,Knots,Gau);

7 X=reshape(X',Ele.no,1);

8 Xnew = max(0.0001,min(1.,Xold+ move*sign(X-Xold ))); 

9 if  sum(sum(Xnew))-volfracMA*Ele.noX*Ele.noY >0

10 tmin= tk;

11 else

12 tmax = tk;

13 end

14 end

15 end
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The strain–displacement matrix B of the two-dimen-

sional plane stress problem is shown in Eq. (23):

B ¼

oR1

ox
0 . . .

oRNE

ox
0

0
oR1

oy
. . . 0

oRNE

oy
oR1

oy

oR1

ox
. . .

oRNE

oy

oRNE

ox

2

666664

3

777775
ð23Þ

and

oRi

ox

oRi

oy

� 

¼ oRi

on
oRi

og

� 

J�1
1 ð24Þ

where Ri represents a NURBS basis function and the

Jacobian J1 can be expressed as follows:

J1 ¼

ox

on
oy

on
ox

og
oy

og

2

664

3

775: ð25Þ

A linear mapping is used from the integration parametric

space to the NURBS parametric space, as shown in

Eq. (26).

n ¼ niþ1 � ni
2

en � 1
� �

þ ni

g ¼ giþ1 � gi
2

eg � 1ð Þ þ gi

: ð26Þ

Therefore, the Jacobian J2 is expressed as follows:

J2 ¼

on

oen

og

oen
on
oeg

og
oeg

2

664

3

775 ¼
niþ1 � ni

2
0

0
giþ1 � gi

2

2

64

3

75; ð27Þ

and the stress–strain matrix D can be expressed as follows:

D ¼ E

1� t2

1 t 0

t 1 0

0 0
1� t
2

2

64

3

75; ð28Þ

where E denotes the elastic modulus and t denotes Pois-

son’s ratio.

In this paper, the IGA analysis is realized by calling the

subfunction IGA_analy in Line 28 of the main program.

The subfunction IGA_analy refers to the work of Gao

et al. (2021). The MATLAB code of the subfunction

IGA_analy is given in Online Appendix 3.

3.5 Visualization of the optimization results

In the final representation of the numerical results, three

numerical designs are given: (1) the element density of the

design domain in the parameter space, as shown in Fig. 6a,

(2) the iso-surface and physical response function surface in

the parameter space, as shown in Fig. 6b, and (3) themapping

in the physical space of the contour formed by the intersec-

tion of the iso-surface and physical response function sur-

face, which denotes the topology of the structure, as shown in

Fig. 6c. The visualization of the optimization results involves

the subfunction IGA_OptimalFig. The corresponding

MATLAB code is given as follows:

Fig. 6 The representation of the optimized results: a the element density of the design domain in the parameter space; b the iso-surface and

physical response function surface in the parameter space; c the topology of the structure
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The flow chart of the overall algorithm MIS-

T_based_ITO is shown in Fig. 7.

4 Numerical examples

In this section, several numerical examples are presented to

verify the effectiveness of the proposed method and the

MATLAB code. For all examples, the Poisson’s ratio and

the Young’s moduli are defined as t ¼ 0:3 and E ¼ 1,

respectively.

4.1 Cantilever beam

As a benchmark problem, the cantilever beam is often used

to evaluate the topology optimization method. The design

domain of the cantilever beam is shown in Fig. 8. The left

edge is fixed, and a vertical force F ¼ 1 is applied on the

center of the right edge. The structural sizes are set to L =

10 and W = 5. The orders of the NURBS basis functions in

the parametrization are set to 3. The input parameter

Order is set to [1, 1]. A total of 81 9 41 unique knots are

adopted, and the input parameter Num is set to [81, 41].

Therefore, there are 80 9 40 IGA elements to discretize

the design domain, and the total number of control points is

82 9 42. The material volume fraction is set to 0.4.

The optimized structure is shown in Fig. 9. As shown in

Fig. 9e, the topology has clear interfaces between the solids

and voids. As seen from Fig. 9a–d, the structural topology

always keeps the interface clear, not only in the final design

but also in the iterative process. The reason is that the

topology is formed by intersecting the physical response

surface with an iso-surface. In addition, this method can

effectively eliminate well-known numerical instabilities

such as checkerboard and zigzag boundaries. The conver-

gence iteration curves of structural compliance and volume

1 function IGA_OptimalFig(C,tk,X,VertP,Knots,Ele,Gau)

2 XCG=reshape(Gau.C,9,Ele.no)';  % Physical response function 

of Gauss points 

3 % ----------Phi_function-------------

4 h1 = figure(1);clf

5 Dc= flipud(C); p=mesh(C);

6 set(p,'FaceColor','blue','EdgeColor','white');

7 hold on;

8 t=mesh(tk*ones(Knots.noV,Knots.noU));

9 set(t,'FaceColor','white','EdgeColor','red');

10 set(gca,'DataAspectRatio',[1 1 0.1])

11 hold off;

12 % --------dnesity---------------

13 h2=figure(2);clf

14 x=reshape(X,Ele.noX,Ele.noY)';

15 colormap(gray); imagesc([-x]); axis equal; axis tight; axis 

off;pause(1e-6);

16 % ----------optimal topol------------

17 h3 = figure(3);clf

18 for elx = 1:Ele.noX
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fraction in the optimization process are shown in Fig. 10,

where the red curve represents the iteration curve of the

objective function and the blue curve represents the itera-

tion curve of the volume fraction. Figure 10 shows that the

final optimization value of the structural compliance is

78.85, the objective function curve converges stably, and

the material volume fraction also satisfies the prescribed

volume constraint, namely, 0.4.

Figure 11 gives the optimal topologies (102 9 52 con-

trol points) in the present study with and without filtering,

as well as the optimal topology obtained by the MATLAB

code of Gao et al. (2021). The same number of control

points and volume fractions are used.

As we can see from Figs. 11b and 13c, when using

filtering, the optimal topology obtained in this paper is

similar to that in the literature. According to Fig. 11a, when

filtering is not used, more small holes will appear in the

optimal structure. This illustrates the correctness of the

proposed method.

4.1.1 Influence of the number of control points

Figure 12 shows the topology designs obtained for different

numbers of control points. The optimal structure obtained

is shown in Fig. 12a–d for 42� 22 control points,62� 32

control points, 82� 42 control points, and 102� 52 con-

trol points, respectively.

As seen from Fig. 12a–d, when the number of control

points is small, wave boundaries will appear in the optimized

structure. In addition, the solution with a finermesh is not the

same as the solution with a sparser mesh because the length

scale is related to the element size. Therefore, a finer mesh

allows smaller holes to be represented. In addition, it can be

found that the compliance decreases when the control point

number increases (82.56 ? 81.20 ? 78.85 ? 78.04). It

should be noted that the final objective function will be

almost the same when the element size is sufficiently small,

as the computational accuracy of IGA is sufficiently high

with such a small element size.

Input initial

parameters

Modeling:Construct geometrical model

buy NURBS

Preproccess:Preprocessing to obtain

NURBS information

Boundary:Apply boundary conditions

Initialization design variables, namely

element densities

Compute physical response function (the

Gauss points, control points and knots ) and

objective function

IGA_surfacee: Iso-surface S intersects

the physical response surface of the knots

IGA_maket:Update the design variables

Convergence

End and output the optimized results

IGA to solve structural response

EleStiff2D:Calculate element matrices

Solving:Solve the displacement field

AssStiff:Assemble element matrices

Yes

No

Fig. 7 Flowchart of the

MIST_based_ITO algorithm

F

L

W

Fig. 8 The design domain of the cantilever beam
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4.1.2 Comparisons between MIST-based ITO
and traditional MIST

Compared to the conventional MIST, one of the biggest

advantages of MIST-based ITO is its high computational

efficiency when higher-order elements are used for opti-

mization. As shown in Fig. 13, MIST-based ITO has much

fewer degrees of freedom (DOFs) than traditional MIST.

The green dots represent element nodes in Fig. 13a and

control points in Fig. 13b.

When quadratic elements are used and the number of

elements (nx 9 ny) is equal, the number of DOFs of MIST-

based ITO is

nIGA ¼ 2 nxþ 2ð Þ nyþ 2ð Þ: ð29Þ

The number of DOFs of traditional MIST is

nFEM ¼ 2 2nxþ 1ð Þ 2nyþ 1ð Þ: ð30Þ

When nx and ny are sufficiently large, the ratio

nIGA=nFEM is approximately 1/4.

(a) 1th iteration (b) 14th iteration (c) 22th iteration

(c) 47th iteration (d) 70th iteration (e) Final design

Fig. 9 Topology structure of the

cantilever beam
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Fig. 10 The iteration curve of

the cantilever beam

Fig. 11 Comparison of optimum topologies. a optimum topology without filtering in this paper; b optimum topology with filtering in this paper;

c optimal topology obtained by using the MATLAB code of Gao et al. (2021)
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To compare the MIST-based ITO and traditional MIST

(Lagrange elements), the optimization results for MIST-

based ITO and traditional MIST with different numbers of

quadratic elements (40� 20,60� 30,80� 40, and

100� 50) are given in Fig. 14. The objective function

values with varying elements for MIST-based ITO and

traditional MIST are plotted in Fig. 15.

When fewer quadratic elements are used, the optimized

results obtained by MIST-based ITO have a smoother

boundary than those of traditional MIST. In addition,

Fig. 15 shows that the objective function value for tradi-

tional MIST is larger than that of MIST-based ITO. All of

the above is due to the spatial discretization error caused by

the FEM. With the increase in elements, the objective

function values with traditional MIST and with MIST-

based ITO become closer. This is because the discretization

error decreases in the FEM scheme when the elements

increase. All these results prove that the proposed MIST-

based ITO can effectively avoid the discretization error and

obtain higher computational accuracy compared with tra-

ditional MIST.

To compare the computational efficiency of MIST-

based ITO and traditional MIST in detail, Table 1 gives the

computational time of one iteration and the number of

DOFs with MIST-based ITO and traditional MIST,

respectively. tIGA represents the time to iterate once with

MIST-based ITO. tFEM represents the time to iterate once

with traditional MIST. tFEM=tIGA is the ratio of tFEM to tIGA.

According to Table 1, it can be seen that the rate of

nIGA=nFEM is approximately 1/4, which confirms the esti-

mates from Eqs. (30) and 31. In addition, it can be seen that

the computation time of IGA is less than that of FEM. The

computational efficiency of MIST-based ITO becomes

higher with the increase in the number of elements. The

value of tFEM=tIGA ranges from 1.22 to 4.85, which

demonstrates the high computational efficiency of the

proposed MIST-based ITO.

4.2 Quarter annulus

In this example, consider the quarter annulus with the

boundary conditions and load conditions shown in Fig. 16.

The bottom edge is fixed, and a horizontal force F ¼ 1 is

b(a) Obj=85.26 ( ) Obj=81.20

(c) Obj=78.85 (d) Obj=78.04

Fig. 12 The topology optimization results for different numbers of

control points: a 42 9 22 control points, b 62 9 32 control points,

c 82 9 42 control points, d 102 9 52 control points

(a) quadratic Lagrange elements (b) quadratic NURBS elements

Fig. 13 Spatial discretization of FEM and IGA: a quadratic Lagrange

elements, b quadratic NURBS elements

(a) elements 40 × 20 (b) elements 40 × 20

(e) elements 80 × 40

(g) elements 100 × 50

(c) elements 60 × 30 (d) elements 60 × 30

(h) elements 100 × 50

(f) elements 80 × 40

Fig. 14 The topology optimization results of traditional MIST and

MIST-based ITO with different numbers of elements: a FEM with

elements 40 9 20; b IGA with elements 40 9 20; c FEM with

elements 60 9 30; d IGA with elements 609 30; e FEM with

elements 809 40; f IGA with elements 809 40; g FEM with elements

100 9 50; h IGA with elements 100 9 50
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applied on the left-top corner. The structural sizes are set to

L = 10 and R = 5. The orders of the NURBS basis functions

in the parametrization are set to 3. The input parameter

Order is set to [0, 1]. A total of 81 9 41 unique knots are

adopted, and the input parameter Num is set to [81,41].

Therefore, there are 80 9 40 IGA elements to discretize

the design domain, and the total number of control points is

82 9 42. The material volume fraction is set to 0.4.

The optimized structure is depicted in Fig. 17. As shown

in Fig. 17e, the final design topology has distinct interfaces.

From Fig. 17a–d, it can be observed that the interface is

also clear in the process of optimization iteration. The

convergence iteration curves of structural compliance and

volume fraction in the optimization process are shown in

Fig. 18, in which the red curve represents the iteration

curve of the objective function and the blue curve repre-

sents the iteration curve of the volume fraction. Figure 18

shows that the final optimization value of structural com-

pliance is 93.23, the objective function curve converges

stably, and the material volume fraction also satisfies the

prescribed volume constraint, namely, 0.4.

4.3 MBB beam

In this example, consider an MBB beam with the boundary

conditions and load conditions shown in Fig. 19. The

bottom edge is fixed, and a horizontal force F ¼ 1 is

applied on the left-top corner. The structural sizes are set to

L = 10 and W = 3. The orders of the NURBS basis func-

tions in the parametrization are set to 3. The input

parameter Order is set to [1 1]. A total of 81 9 41 unique
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Fig. 15 Compliance plot for the

cantilever beam with varying

elements for MIST-based ITO

and traditional MIST

Table 1 Computational efficiency comparison between MIST-based

ITO and traditional MIST by the time of one iteration

nx 9 ny nIGA nFEM tIGA (s) tFEM (s) tFEM/tIGA

40 9 20 1848 800 0.65 0.79 1.22

60 9 30 14,762 3968 1.31 3.06 2.34

80 9 40 6888 26,082 1.98 8.72 4.40

100 9 50 10,608 40,602 3.66 17.75 4.85

L

R

x

y

F

Fig. 16 The design domain of the quarter annulus

(a) 1th iteration (c) 58th iteration

(d) 98th iteration (e) 116th iteration (f) Final design

(b) 27th iteration

Fig. 17 Topology structure of the quarter annulus
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knots are adopted, and the input parameter Num is set to

[81,41]. Therefore, there are 80 9 40 IGA elements to

discretize the design domain, and the total number of

control points is 82 9 42. The material volume fraction is

set to 0.4.

The optimized structure is depicted in Fig. 20. The

convergence iteration curves of structural compliance and

volume fraction in the optimization process are shown in

Fig. 21, in which the red curve represents the iteration

curve of the objective function and the blue curve repre-

sents the iteration curve of the volume fraction. Figure 21

shows that the final optimization value of structural

compliance is 106.15, the objective function curve con-

verges stably, and the material volume fraction also satis-

fies the prescribed volume constraint, namely, 0.4. The

results of the MBB beam further demonstrate the effec-

tiveness of the MATLAB code Iga_MIST2D for the iso-

geometric topology optimization method based on MIST.

5 Conclusions

In this paper, IGA is first introduced into MIST-based

topology optimization, and the proposed MIST-based ITO

has the advantages of both MIST and IGA. This novel

method is used to construct the physical response function

in an accurate and simple way by using the same NURBS

basis functions as the geometrical model. The IGA and

Gauss quadrature method are used to solve the unknown

response of the structure. Considering the problem of

minimization compliance topology optimization, the cor-

responding physical response function is constructed by the

same NURBS basis function as the construction of the
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Fig. 18 The iteration curve of

the quarter annulus

W

F

L

Fig. 19 The design domain of an MBB beam

(a) 1th iteration (c) 28th iteration

(d) 38th iteration (e) 52th iteration (f) Final design

(b) 18th iteration

Fig. 20 Optimized topology of the MBB beam
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geometrical model. First, the physical response values of

the control points are calculated by using the NURBS basis

function and the physical response values of the Gauss

points. Second, the physical response function values of the

NURBS knots (the element nodes) are obtained by fitting

the control points using NURBS basis functions. The

structure topology with a smooth and clear boundary is

iteratively updated by cutting the physical response surface

with an iso-surface with an appropriate threshold, and the

movement of the iso-surface is driven by the volume

fraction constraint. Compared to the traditional MIST,

MIST-based ITO improves the computational accuracy and

computational efficiency for high-order elements. Several

numerical examples are given to demonstrate the effec-

tiveness and efficiency of the proposed method and verify

the validity of the MATLAB code for the numerical

implementation of this method. While the current work

focuses on the minimum compliance problems only, fur-

ther work will expand the proposed method to other fields,

as well as the extension to more complex engineering

problems.
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Replication of results The descriptions of the formulation, the

numerical implementation, and the numerical results contain all the

necessary information for reproducing the results of this article.

A MATLAB code for the isogeomtric topology optimization method

based on the moving iso-surface threshold method is presented in

Online Appendix 1–5. Hence, we are confident that the results can be

reproduced.
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