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Abstract
A finite element model of a thin-walled square tube is developed for evaluating its crushing performance. The axial crushing 
behavior of the square tube is experimentally evaluated, and the obtained force–displacement responses are applied to estimate 
the accuracy of the model. The validated model is subsequently used to study the crushing performances of the polygonal 
single and double tubes under different angle loadings. It is shown that the double tube has higher specific energy absorption 
and energy absorption capacity under axial and small-angle oblique loadings. However, the energy absorption characteristics 
of the double tube are more sensitive to the loading angle, and it is more prone to occur global bending deformation under 
loadings at large angles. The energy absorption characteristics of the polygonal double tubes with different cross-sectional 
forms are calculated and ranked. The results show that the B9 double tube has the best comprehensive performance. The 
B9 double tube is constructed with a gradient thickness instead of a uniform thickness to improve its crushing performance 
under large-angle loadings and raise its critical angle of occurring global bending deformation. A multiobjective optimiza-
tion procedure is proposed to find the optimal design of the FGT double tube for enhanced crashworthiness performance.

Keywords Polygonal double tubes · Functionally graded thickness (FGT) · Energy absorption characteristics · Multiple 
angle loadings · Crashworthiness optimization

1 Introduction

A single-tube thin-walled structure has excellent energy 
absorption capacity and is extensively utilized in automo-
tive, rail transportation, aerospace, and other fields. It is pos-
sible to improve the energy absorption characteristics of a 
single tube via careful consideration of its cross-sectional 
form, geometric dimensions, material property, and other 
factors (Kim and Lee 1999; Yang and Qi 2013). However, 
the space utilization rate of the single tube is relatively poor, 
and a significant portion of the available space inside it is 
wasted, except for the area taken up by the wall thickness. 
In addition, when the length of its sides grows, the space 

occupancy rate rises, but the space utilization rate drops. The 
most straightforward way to enhance the space utilization 
rate of a single tube is to put hollow tubes inside it, convert-
ing it from a single-tube to a multi-tube structure.

Compared to a single tube structure, a multi-tube struc-
ture may exploit the interaction between the tube walls dur-
ing the crushing deformation process to enhance the energy 
absorption properties. Kashani et al. (2013) investigated 
the axial crushing behaviors of the bi-tubular square tubes 
using experiments and numerical modeling, as well as the 
influence of various inner square tube arrangements on the 
quasi-static axial crushing response. Changing the loca-
tion of the inner tube improves the interaction between the 
inner and outer tubes and the energy absorption capacity of 
the double tubes. Sharifi et al. (2015) examined the axial 
crushing deformation of double circular tubes and explored 
the impacts of wall thickness, diameter, and the interaction 
between the inner and outer tubes. It may be possible to 
improve the interaction behaviors by decreasing the distance 
between the inner and outer tubes. Nia and Khodabakhsh 
(2015) found that the diameters of the inner and outer tubes 
impact the dynamic and static energy absorption properties 
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of double circular tubes. Zheng et al. (2014) employed the 
finite element approach to explore the axial crushing behav-
iors of polygonal single and double tubes with foam-filled 
and empty and evaluate the effects of different impact veloci-
ties on their axial crushing characteristics. Vinayagar and 
Kumar (2017) performed quasi-static axial compression 
experiments on bi-tubular structures with double sections. 
The double-section tubes have a greater average crushing 
load and higher specific energy absorption than the single 
tubes, and their energy absorption efficiency increases by 
132–213%. Rahi (2018) conducted research on the axial 
crushing characteristics of combined double tubes com-
prised of circular and square tubes and discovered that using 
double tubes can change the unstable deformation of a single 
tube during the crushing deformation process, allowing them 
to have better energy absorption characteristics.

In addition to double-tube structures, the energy absorp-
tion characteristics of multi-tube structures have also gar-
nered considerable attention. Goel (2015) conducted an 
investigation of the axial collapse characteristics of single-, 
double-, and multiple-tube structures using the finite ele-
ment approach. The double and multiple tubes have a higher 
value in terms of the energy absorption effectiveness factor 
than single tubes. Nia and Chahardoli (2016a, b) studied 
the axial crushing characteristics of three-tube structures 
through experiments and numerical simulation. Three-tube 
structures have better specific energy absorption and crush-
ing force efficiency at the same mass, wall thickness, and 
height as single tubes. If the mass, wall thickness, and height 
of the multi-tube structures remain unchanged, increasing 
the number of tubes inside them will result in an increase 
in the specific energy absorption and crushing force effi-
ciency. Nevertheless, this will have almost no effect on the 
maximum peak load. A novel three-tube configuration with 
circular inner and outer tubes and a star or corrugated tube in 
the center was proposed by Liu et al. (2016) and Deng et al. 
(2019). The energy-absorbing ability of the new structure is 
significantly improved because of the heightened interaction 
between its three tubes during the axial crushing deforma-
tion process. In addition, the axial energy absorption per-
formances of the embedded multi-tube structures have been 
examined by Güden and Kavi (2006), Zhang et al. (2017), 
and Gan et al. (2018), with findings indicating that the inter-
action between the inner and outer tubes may enhance the 
structure’s ability to absorb energy.

In terms of oblique loads, the axial and oblique crushing 
properties of hollow and foam-filled double circular tubes 
were investigated by Djamaluddin et al. (2015). When sub-
jected to axial loading, the double tubes deform in a pro-
gressive collapse mode to efficiently absorb impact energy. 
However, the collapse deformation mode of the double tubes 
changes under oblique loads at 30°, and the impact energy is 
mainly consumed by global bending deformation, resulting 

in a considerable reduction in energy absorption capacity. 
The energy absorption characteristics of foam-filled double 
circular tubes and double elliptical ones were examined by 
Gao et al. (2016b, a) under multiple angle loadings. The 
findings revealed that foam-filled double elliptical tubes 
have better energy absorption characteristics. When sub-
jected to oblique loading, the specific energy absorption and 
initial peak force of the double tubes experience a degree 
of reduction. This reduction is particularly pronounced fol-
lowing the occurrence of global bending deformation, at 
which point the specific energy absorption of the double 
tubes decreases substantially. Djamaluddin (2023) compared 
the axial crushing characteristics of a double tube made up 
of circular and polygonal tubes and found that the double 
tube with an octagonal inner tube has the best axial crushing 
performance. The oblique crushing behaviors of the circular-
octagonal double tube were investigated, and its total energy 
absorption, specific energy absorption, and initial peak load 
decreased as the loading angle increased.

To sum up, the space utilization rate and energy absorp-
tion capacity of the multi-tube structures are superior to 
those of the single tubes under axial loads. However, there 
are currently only a limited number of studies on the oblique 
crushing properties of multi-tube structures. It is necessary 
to conduct research to determine whether or not the oblique 
crushing properties of multi-tube structures are superior to 
those of single tubes. This paper focuses on the crushing 
behaviors of polygonal double tubes under different loading 
angles. It also provides theoretical guidance for the rational 
design of double-tube structures under uncertain loads. This 
paper aims to gain a comprehensive understanding of multi-
tube structures.

2  Geometric configuration of double tubes

The material used for the polygonal double tubes structures 
is aluminum alloy AL6060-T4. The mechanical properties 
of this material are Young’s modulus 70GPa, yield stress 
71 MPa, and Poisson’s ratio 0.3. Figure 1 shows polygonal 
double-tube structures with different cross-sectional shapes. 
The circumscribed circle diameters of the inner and outer 
tubes for double tubes are 80 mm and 100 mm, respectively, 
as illustrated in Fig. 2, and their wall thickness and length 
are 2 mm and 240 mm, respectively. To make the subsequent 
analysis more manageable, the polygonal double tubes are 
referred to as B3 to B10 from trigonal to decagonal, whereas 
the corresponding single tubes (either the inner or outer tube 
of the double tube) are denoted as P3 to P10.
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3  Finite element model and validation

3.1  Finite element modeling

Figure 3 depicts the boundary conditions of the finite 
element model for the double tubes when subjected to a 
variety of angle loads. This article focuses primarily on 
researching the energy absorption characteristics of polyg-
onal double tubes under oblique loadings at 0°, 10°, 20°, 
and 30° (Sun et al. 2018; Gao et al. 2016b, a). Figure 4 
shows a finite element model of the double tubes under 
multiple angle loadings. The 4-node Belytschko-Tsay 
reduced integration shell elements are used to simulate the 
crushing behaviors of the thin-walled structure. Under the 

condition of ensuring calculation accuracy, shell element 
sizes have been determined to be 2.0 × 2.0 mm.

Single-surface contact is employed to account for the con-
tact of the double tube itself during the crushing process, and 
node-to-surface contact is utilized to replicate the contact 
between the rigid plate and the double tube. As reported in 
Ref. (Li et al. 2020), the dynamic and static friction coef-
ficients were considered to be 0.2 and 0.3, respectively, for 
the contact parameters that are a part of the computation for 
the numerical simulation. The MAT24 material model in 
LS-DYNA is used to characterize the mechanical behavior 
of aluminum materials. Because aluminum is a material that 
is not sensitive to strain rate, the influence of strain rate can 

Fig. 1  Cross-sectional shapes of different polygonal double-tube structures

100mm80m
m

Fig. 2  Circumscribed circle diameter of inner and outer tube of 
polygonal double-tube structures

ϴ

Fixed end

Double tube

Rigid wall

v

Fig. 3  Finite element boundary conditions of double tube under mul-
tiple angle loads
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be neglected while performing numerical simulations (Fang 
et al. 2015). The velocity of the impact load is 10 m/s, and 
the additional mass of the rigid wall is 600 kg (Ying et al. 
2017).

3.2  Model validation

The quasi-static axial crushing test of thin-walled square 
tubes is performed using an MTS testing machine designed 
with a load capacity of 50 kN, as illustrated in Fig. 5. The 
specifications of the square tubes are 120 mm in length, 
30 mm in width, and 1 mm in wall thickness. The square 
tube sample is positioned on the fixed base plate via a spe-
cially designed fixture, comprising two blocks with a 1 mm 
gap. The fixture permitted clamping of the sample within 

the gap. The loading is applied to the free end of the sample 
via a rigid plate attached to the actuator and a load cell. The 
loading to each sample is applied at a rate of 10 mm/min. 
The time histories of force and deflection signals along the 
axial direction are acquired for subsequent analyses.

The validity of the finite element model is examined by 
comparing the measured deformation patterns and force 
response of the square tube with those obtained from the 
finite element model. Figure 6 presents the deformed picto-
rial views of square tubes obtained from the measurements 
and numerical simulations following the quasi-static axial 
loading. The measured and simulated deformation patterns 
exhibit reasonably good agreements in terms of the deforma-
tion modes and the number of folding lobes of the square 
tubes under axial loading.

Figure 7 shows the force–displacement response curves 
of square tubes derived from measurements and numerical 
simulations under axial loading. Table 1 provides a sum-
mary of the magnitudes of the initial force peaks and the 
corresponding mean forces that are determined from the 

Double tube

Fixed end

Rigid wall

 

Fig. 4  Finite element model of double tube under multiple angle 
loads

Fig. 5  axial crushing test of 
thin-walled square tube

Fig. 6  Deformation patterns of square tube under axial loading
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simulations and experiments for the square tubes when 
they are subjected to axial loading. The findings demon-
strate extremely high agreements between the initial peak 
force and the mean force. The relative errors in peak and 
mean forces are less than 4% and 8%, respectively, for the 
square tube structures. According to the comparisons shown 
in Figs. 6 and 7, as well as Table 1, it can be deduced that 
the finite element model is capable of providing reasonably 
accurate estimations of the crush responses of thin-walled 
square tubes subjected to axial loading. In addition, the 
above-described finite element model can be applied to the 
upcoming oblique loading analysis of double-tube structures 
(Chen et al. 2017; Tran and Baroutaji 2018).

4  Crushing performances of single 
and double tubes

4.1  Comparison of triangular single and double 
tubes

As shown in Fig. 8, the numerical simulation is initially 
performed to evaluate the crushing characteristics of the 
triangular single and double tubes under multiple loading 
angles, including force–displacement curves of single and 
double tubes as well as those of the sum of the crush-
ing loads for the inner and outer tubes. The illustration 

demonstrates that the initial peak force of the double tubes 
is more significant than that of the single tubes and is 
almost equal to the sum of the initial peak forces of the 
inner and outer tubes.

Table 2 displays the energy absorbed by the triangu-
lar single and double tubes at different loading angles, as 
well as the sum of the energy absorbed when the inner 
and outer tubes are loaded independently. When loaded 
axially as well as obliquely at 10°, the energy absorbed 
by the double tube is more than the sum of the energy 
absorbed by the inner and outer tubes loaded individu-
ally. As a result of the interaction between the inner and 
outer tubes of triangular double tubes, the energy absorp-
tion capacity of the double tubes increases by 3.34% and 
7.57%, respectively, for these loading conditions at 0 and 
10°. Under oblique loading at 10°, the energy-absorbing 
capacity is substantially increased, and the interaction 
between the inner and outer tubes is more noticeable than 
it is under axial loading. When subjected to oblique load-
ing at angles of 20° and 30°, the energy absorbed by the 
double tubes is less than the sum of the energy absorbed 
by the inner and outer tubes loaded independently, and 
this difference between them will continue to rise as the 
loading angle is increased.

When comparing the crushing capacities of the triangular 
single and double tubes, the specific energy absorption is 
used as the metric because of the significant difference in 
mass between the two types of tubes. The double tubes, in 
contrast to the single tubes, have a higher specific energy 
absorption at loading angles of 0° and 10° as well as 20°, as 
shown in Table 3. The increases in specific energy absorp-
tion for the three different angles are 6.77%, 13.62%, and 
2.97%, respectively. On the contrary, the specific energy 
absorption of the double tubes for oblique loading at 30° 
is reduced by 22.34% compared to that of the single tubes. 
While both the single and double tubes display global bend-
ing deformation, the latter is more susceptible to the effects 
of loads in excess of the critical load angle.

In conclusion, in addition to large-angle oblique load-
ings, the space utilization rate, energy absorption capac-
ity, and specific energy absorption of the triangular sin-
gle tubes may all be improved by inserting a hollow tube 
within them. The energy absorption properties under 
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Fig. 7  Fore–displacement curves of square tube under axial loading

Table 1  Comparisons of initial peak force (Fmax) and corresponding mean force (Fmean) magnitudes obtained from experiments and simulations 
of the square tubes under axial loading

Experiment/kN Simulation/kN Relative error /%

Fmax Fmean Fmax Fmean Fmax Fmean

Sample 1 17.06 6.19 17.75 5.93 3.89 4.38
Sample 2 17.25 6.35 17.75 5.93 2.82 7.08
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axial and small-angle oblique loads may be significantly 
improved by using double tubes instead of single ones.

4.2  Comparison of polygonal single and double 
tubes

The deformation patterns of polygonal single and double 
tubes with various cross-sectional forms that are sub-
jected to multiple loading angles are shown in Tables 4 
and 5, respectively. Polygonal single and double tubes 
show a progressive collapse pattern with high and steady 
energy absorption response when loads at 0° and 10° 
are applied. When the loading angle is increased to 20°, 
the progressive collapse pattern is still exhibited by the 
triangular, quadrilateral, and pentagonal single and dou-
ble tubes, while the other polygonal tubes show a global 
bending deformation, and their energy absorption capac-
ity decreases. All single and double tubes undergo vary-
ing degrees of global bending deformation at a loading 
angle of 30°.
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Fig. 8  Crushing force–displacement curves of triangular single and double tubes under multiple angle loading

Table 2  Energy absorption capacity of triangular single and double 
tubes under multiple angle loading

E/J

0° 10° 20° 30°

Outer tube 3279 2620 2265 1584
Inner tube 2821 2359 1970 855
Outer + Inner 6100 4979 4235 2439
Double tube (B3) 6304 5356 4200 2214

Table 3  Specific energy absorption of triangular single and double 
tubes under multiple angle loading

SEA/J/g

0° 10° 20° 30°

Outer tube 9.74 7.78 6.73 4.70
Inner tube 10.47 8.76 7.31 3.17
Outer + Inner 10.06 8.21 6.99 4.02
Double tube (B3) 10.40 8.84 6.93 3.65
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Table 4  Crushing deformation patterns of polygonal single tubes (outer tube) under multiple angle loadings

Model 0° 10° 20° 30°

P3

P4

P5

P6

P7

P8

P9

P10
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There are several distinctions between the single and dou-
ble tubes although the fact that their crushing patterns under 
oblique loading at large angles are identical. Compared with 

the outer tube of the double-tube structures, the folded lobes 
produced by the single tubes prior to the global bending 
deformation are more. The single tubes have a higher energy 

Table 5  Crushing deformation patterns of polygonal double tubes under multiple angle loadings

Model 0° 10° 20° 30°

B3

B4

B5

B6

B7

B8

B9

B10
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absorption efficiency since more materials are involved in 
the process.

As can be shown in Tables 4 and 5, the critical loading 
angles for the triangular, quadrilateral, and pentagonal single 
and double tubes fall within the range of 20° to 30°, whereas 
those for the other polygonal structures fall within the range 
of 10° to 20°. While both single and double tubes have simi-
lar critical loading angles, the energy absorption efficiency 
of the former is greater because more material is involved in 
absorbing impact energy prior to developing global bending 
deformation. Therefore, it is crucial for the practical applica-
tion of double-tube structures to make improvements to the 
energy absorption properties under oblique loading, particu-
larly at large angles.

Figure 9 shows the energy absorption capacity of the 
polygonal single and double tubes under different load-
ing angles. This graphic shows that the energy absorption 
capacity of the polygonal double tubes under these loading 
conditions (0 and 10°) is higher than the sum of the energy 
absorbed when the inner and outer tubes are loaded inde-
pendently. It demonstrates that the inner and outer tubes of 
the double tubes interact during the crushing deformation 

process when subjected to axial and small-angle oblique 
loadings; however, the degree of interaction between the 
inner and outer tubes varies depending on the cross-sectional 
shapes of the double tubes.

Only the energy absorption capacity of the pentagonal 
double tubes is higher than the sum of the energy absorbed 
by the inner and outer loaded independently when the load-
ing angle is increased up to 20°. The reason for this is that 
the progressive crushing deformation produced by the pen-
tagonal double tubes cannot be achieved by the inner and 
outer tubes loaded independently. The energy absorption 
capacity of the triangular and quadrilateral double tubes 
is somewhat smaller than the total energy absorbed when 
their inner and outer tubes are loaded independently. At 
this loading angle, both single and double tubes experience 
progressive collapse deformation, and the loading angle is 
to blame for the decreased energy absorption capacity. The 
global bending deformation takes place from the hexago-
nal to decagonal double tubes, which results in a significant 
decrease in the energy absorption capacity. This reduc-
tion is even more significant than the total energy absorp-
tion reduction when the inner and outer tubes are loaded 
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Fig. 9  Energy absorption capacity of polygonal single and double tubes under different loading angles
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independently, reaching a maximum of 17.63%. All the 
double tubes experience global bending deformation when 
loaded at 30°. Their energy absorption capacity is lower than 
the sum of the energy absorbed by their inner and outer tubes 
loaded independently, and the maximum difference between 
these two capacities is 11.71%.

When a global bending deformation occurs, relative to an 
axial load, the energy absorption capacity of the polygonal 
single (outer tube) and double tubes reduces by 19.86%-
51.69% and 42.51%-64.88%, respectively, as demonstrated 
in Fig. 9. The double tubes are more impacted by the load-
ing angles, and their energy absorption capacity decreases 
more significantly. Therefore, it is of great significance to 
raise the critical loading angle of the double tubes in order 
to optimize their oblique energy absorption properties.

The specific energy absorption of the single (outer tube) 
and double tubes under varying loading angles is shown in 
Fig. 10. The figure demonstrates that, except for the decag-
onal double tube, all the other double tubes have larger 
specific energy absorption than the single ones under axial 
and 10° oblique loading. When the loading angle is raised 

to 20°, the triangular, quadrilateral, and pentagonal dou-
ble tubes have a better specific energy absorption than 
the single tubes. However, the specific energy absorption 
of the other polygonal double tubes is between 18.19% 
and 25.31% lower than that of the single tubes. Increasing 
the loading angle to 30°, the polygonal double tubes have 
a lower specific energy absorption than the single tubes, 
with a maximum difference of 22.34% between the single- 
and double-tube configurations.

To summarize, adopting the double tubes may enhance 
the space utilization rate and energy absorption character-
istics under axial and small-angle oblique loads owing to 
the interaction between the inner and outer tubes during 
crushing deformation. However, when the oblique load-
ing angle is increased beyond the critical loading angle 
that causes the global bending deformation, the double 
tubes are more affected by the loading angle, and their 
energy absorption capacity and specific energy absorption 
decrease significantly. Furthermore, their energy absorp-
tion characteristics are even worse than those of the single 
tubes.
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Fig. 10  Specific energy absorption of single and double tubes under different loading angles
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4.3  Energy absorption characteristics of double 
tubes

The energy absorption characteristics of polygonal double 
tubes with various cross-sectional forms under different 
loading angles are shown in Fig. 11. The graphic demon-
strates how the loading angle impacts the double tubes’ 
capacity to absorb energy. As the loading angle increases, 
the double tubes experience a decrease in their initial peak 
force, mean load, and specific energy absorption to varying 
degrees. For axial and 10° oblique loads, the mean load and 
specific energy absorption of the polygonal double tubes 
rise as the number of sides increases. The reason is that 
the number of plastic hinge lines and folded lobes created 
rises as the number of sides grows. When the loading angle 
is raised to 20° and 30°, the double tubes with more edges 
are more susceptible to occurring global bending deforma-
tion. At the same time, the number of folded lobes and the 
amount of material used to absorb energy in the double tubes 
reduce. The reason is that as the number of sides increases, 
the cross-sectional perimeter and the number of corner ele-
ments for the polygonal tubes rise. It means more force is 
needed to make the plastic hinge lines and the folded lobes. 

The force easily surpasses the load necessary to produce a 
global bending deformation, resulting in the global bending 
deformation of the double tubes.

The number of sides of polygonal double tubes also has 
an effect on the initial peak force and crushing force effi-
ciency. When subjected to axial loading, the initial peak 
force and crushing force efficiency of the polygonal double 
tubes rise with an increase in the number of sides. When 
subjected to oblique loading, their initial peak force and 
crushing force efficiency decrease as the loading angle 
increases.

5  Evaluation of comprehensive 
performances of double tubes

5.1  Grey relational analysis (GRA)

The basic idea of grey relational analysis (GRA) is to deter-
mine the optimal design scheme by calculating the correla-
tion degree between different design cases and the ideal one. 
This technique may also comprehensively take into account 
multiple performance indices and reasonably evaluate the 
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comprehensive energy absorption characteristics of thin-
walled structures subjected to different angle loadings 
(Xiong et al. 2018).

The following is the calculation processes for selecting 
the optimal design strategy using grey relational analysis:

Step 1: Define the initial decision-making matrix X:

where xi(k) is the performance value of the ith design case 
with respect to the kth performance criterion. The subscripts 
m and n refer to the number of design cases and performance 
criteria, respectively.

Step 2: Normalize the initial decision-making matrix to 
yield a non-dimensional matrix:

Distinct units and values of performance criteria in the 
first decision-making matrix make it challenging to com-
pare different criteria concerning the various design cases. 
Normalizing the initial decision-making matrix is necessary 
before beginning grey relational analysis (GRA).

Dimensionless treatment of positive criteria:

Dimensionless treatment of negative criteria:

Step 3: Determine the reference sequence, which is an 
ideal design scheme that is produced by the optimal value of 
each performance criterion in the non-dimensional matrix:

Step 4: Calculate the grey relational coefficient between 
various design cases and the ideal case:

where ρ is the resolution coefficient with a range of [0,1] and 
a typical value of 0.5.

Step 5: Calculate the grey relational degree:

(1)X =
�
xi(k)

�
mn

=

⎡⎢⎢⎢⎣

x1(1) x1(2) ⋯ x1(n)

x2(1) x2(2) ⋯ x2(n)

⋮ ⋮ ⋮ ⋮

xm(1) xm(2) ⋯ xm(n)

⎤⎥⎥⎥⎦

(2)

xi(k)∗ =
xi(k) −min(xi(k), i = 1, 2,⋯ ,m)

max
(

xi(k), i = 1, 2,⋯ ,m
)

−min(xi(k), i = 1, 2,⋯ ,m)

(k = 1, 2,⋯ , n

(3)

xi(k)
∗ =

xi(k) − max(xi(k), i = 1, 2,⋯ ,m)
min

(

xi(k), i = 1, 2,⋯ ,m
)

− max(xi(k), i = 1, 2,⋯ ,m)

(k = 1, 2,⋯ , n)

(4)

X∗ =
(

x0(1)∗, x0(2)∗,⋯ , x0(n)∗
)

= (Optimum
(

xi(k)∗, i = 1, 2,⋯ ,m
)

,

k = 1, 2,⋯ , n)

(5)

�i(k) =

min
∀i

min
∀k

||x0(k)∗ − xi(k)
∗|| + � ∙max

∀i
max
∀k

||x0(k)∗ − xi(k)
∗||

||x0(k)∗ − xi(k)
∗|| + � ∙max

∀i
max
∀k

||x0(k)∗ − xi(k)
∗||

After determining the relational coefficient between 
specific design cases and the ideal case, the grey relational 
degree can be calculated as follows:

It is required to apply distinct weight factors due to the 
different importance of each performance criterion in prac-
tical application. The following is the calculation equation 
for the grey relational degree:

where wk represents the weight factor of the kth performance 
criterion.

The combination weighting method is adopted to calcu-
late the weight coefficient for each performance criterion 
(Du et al. 2011), which comprehensively considers the 
influence of subjective and objective factors on the weight 
coefficient. The calculation expression is as follows:

where �k is the subjective weight of each performance crite-
rion derived by comparing two distinct criteria, as reported 
in Ref. (Li et al. 2019); �k is the objective weight of each 
performance criterion computed using the entropy weight 
technique. Table 6 presents the values of wk.

5.2  Determination of the optimal double tubes

Table 6 summarizes the energy-absorbing properties of 
eight polygonal double tubes subjected to varying load-
ing angles. The grey relational analysis (GRA) is used to 
evaluate the comprehensive energy absorption character-
istics of the double tubes. The optimal polygonal double 
tubes are determined based on the relational degree val-
ues between the various design cases and the ideal case 
(reference sequence). It is clear from Table 7 that the B9 
double tubes exhibit the best comprehensive crushing per-
formance when subjected to various loading angles.

6  Crushing behaviors and optimization 
of FGT double tubes

In comparison to single tubes, polygonal double tubes have 
a bigger energy absorption capacity as well as a higher 
specific energy absorption when subjected to axial and 
small-angle oblique loadings. It is shown by the findings of 

(6)�i =
1

n

n∑
k=1

�i(k)

(7)�i =

n∑
k=1

wk ∙ �i(k)

n∑
k=1

wk = 1

(8)wk =
�k�k∑n

k=1
�k�k
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the study presented above. Due to the interaction between 
the inner and outer tubes during the crushing deforma-
tion process, the energy absorption capacity of the double 
tubes is greater than the sum of the energy absorbed by 
the inner and outer tubes when loaded separately. How-
ever, the double tubes are more likely to experience global 
bending deformation when subjected to oblique loadings 
at large angles. This leads to a significant reduction in the 
energy absorption characteristics of the structures, which 
is even worse than those of the single tubes. For this rea-
son, this subsection aims to enhance the energy absorp-
tion characteristics of the double tubes under large-angle 
oblique loadings by increasing their critical loading angle.

6.1  Crushing performances of FGT double tubes

Figure 12 is a schematic diagram of a thin-wall structure 
with a functionally graded thickness (FGT). The tube’s 
thickness is varying along its axial direction. The follow-
ing Equation (Fang et al. 2016) may be used to calculate 
the wall thickness at various locations:

where tmin and tmax are the minimum and maximum thick-
nesses, respectively. x is the distance shown in Fig. 12. L is 
the length of the FGT tube. m denotes the gradient parameter 
that governs the thickness variation, as shown in Fig. 13.

According to the investigation findings presented in 
Sect. 4.2, the B9 double tube has the most comprehensive 
crushing performance for four kinds of loading angles. As 
a result, the FGT structural study is mostly centered on the 

(9)t(x) = tmin + (tmax − tmin) × (
x

L
)
10

m

Table 6  Energy absorption 
characteristics and weight 
coefficients of double tubes 
under different loading angles

Indices Angle B3 B4 B5 B6 B7 B8 B9 B10 wk

Fmax/kN 0° 113.19 117.93 125.38 124.88 128.64 127.59 130.39 128.86 0.0699
10° 61.83 77.51 71.25 89.55 80.26 92.15 90.69 95.42 0.0707
20° 56.03 60.37 64.87 67.15 64.66 63.68 62.23 68.57 0.0670
30° 49.33 48.95 53.63 43.10 53.89 57.64 52.77 56.81 0.0702

Fmean/kN 0° 37.52 38.81 48.98 54.06 61.28 69.68 68.40 72.39 0.0725
10° 31.88 37.87 43.50 51.66 53.27 55.82 56.58 57.95 0.0716
20° 25.00 28.67 37.34 31.08 30.39 32.20 30.99 32.14 0.0703
30° 13.18 18.56 22.81 21.95 21.85 25.05 25.47 23.94 0.0715

SAE/J/g 0° 10.40 9.88 12.00 12.98 14.53 16.39 16.00 16.87 0.0716
10° 8.84 9.64 10.66 12.40 12.63 13.13 13.24 13.50 0.0709
20° 6.93 7.30 9.15 7.46 7.21 7.57 7.25 7.49 0.0701
30° 3.65 4.73 5.59 5.27 5.18 5.89 5.96 5.58 0.0708

CFE/% 0° 33.15 32.91 39.06 43.29 47.64 54.61 52.46 56.18 0.0380
10° 51.56 48.88 61.05 57.69 66.37 60.58 62.38 60.73 0.0372
20° 44.62 47.48 57.57 46.29 47.00 50.56 49.80 46.87 0.0371
30° 26.71 37.93 42.54 50.92 40.55 43.45 48.27 42.14 0.0377

Table 7  Comprehensive 
performance rank of polygonal 
double tubes under different 
multiple angle loading

The bold is used to indicate that this value is maximum. The greater the value, the better the crushing 
performance of the double-tubes structure. So, B9 tube has the best comprehensive crushing performance 
under various loading angles

` B3 B4 B5 B6 B7 B8 B9 B10

Relational degree 0.4908 0.4465 0.6005 0.5576 0.5471 0.6526 0.6641 0.6557
Rank 7 8 4 5 6 3 1 2

Fig. 12  a FGT thin-wall 
structure

x

tmin

tmax
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B9 double tube. For the FGT double tube, the gradient indi-
ces of the inner and outer tubes are 0, their minimum and 
maximum thicknesses are 1 mm and 3 mm, respectively, and 
their length is 240 mm. It allows for a direct comparison of 
the crushing performances of the FGT and uniform thick-
ness (UT) B9 double tubes. There is currently no discernible 
mass difference between the FGT and UT B9 double tubes.

Figure 14 depicts the crushing deformation patterns of 
the FGT B9 double tube under various loading angles. The 
double tube exhibits a gradual collapse deformation for four 
loading angles without undergoing a global bending, as 
observed in the graphic. Table 5 shows that the critical load-
ing angle for a UT B9 double tube falls between 10° and 20°, 
whereas that for a FGT B9 tube is larger than 30°. There-
fore, adopting varying thickness instead of uniform one can 
enhance the critical loading angle and energy absorption 
characteristic of B9 double-tube multiple angle loads.

Table 8 shows that under oblique loading at large angles, 
the FGT double tube has a better energy absorption capacity 
and a much lower initial peak force than the UT double one. 
Under axial and 10° oblique loading, however, the energy 
absorption capacity of the FGT double tube is decreased 
by 22.96% and 6.88%, respectively, compared with the UT 
double one. Although the UT and FGT double tubes exhibit 
a progressive collapse deformation under axial and small-
angle oblique loading, the FGT double ones have fewer 
materials participating in energy absorption.

In conclusion, the critical loading angle and oblique 
energy absorption characteristics of the B9 double tube can 
be improved by adapting the FGT structure to replace the 
uniform thickness one. However, the structural parameters 
(m, tmin and tmax) need to be reasonably selected; otherwise, 
the energy absorption capacity of the double tubes under 
axial and small-angle oblique loadings may be greatly 
reduced.

6.2  Parameter analysis

For the FGT B9 double tube, the parameters that affect its 
energy absorption characteristics include the gradient index 
m that controls the change in the thickness of the inner and 
outer tubes and the minimum thicknesses of the inner and 
outer tubes. When used for parameter analysis, the B9 dou-
ble tube has the following specifications: the gradient indi-
ces m for the inner and outer tubes are equal to 0, and the 
minimum and maximum thicknesses for the inner and outer 
tubes, respectively, are 1 mm and 3 mm, as well as the tubes’ 
length is 240 mm.
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Fig. 13  Effects of the gradient parameters on wall thickness

Fig. 14  Crushing deformation patterns of the FGT B9 double tube under different loading angles

Table 8  Crushing performances 
of uniform thickness and FGT 
B9 double tubes under different 
loading angles

Fmax/kN E/J

0° 10° 20° 30° 0° 10° 20° 30°

Uniform thickness 130.39 90.69 62.23 52.77 11,492 9505 5206 4279
FGT 71.70 32.54 45.49 45.41 8853 8852 7329 5939
Relative variation /% − 45.01 − 64.12 − 26.90 − 13.95 − 22.96 − 6.87 40.78 38.79
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6.2.1  Gradient index m of inner tube

The only structural parameter that is altered is the gradient 
index m governing the inner tube thickness. The effect of 
the gradient index m on the energy absorption properties 
of the FGT double tube is investigated. Crushing perfor-
mance curves of the FGT double tube with various gradi-
ent indices under varying loading angles are generated by 
selecting m at a fixed interval (m = − 1.0, − 0.5, 0.0, 0.5, 
and 1.0), as shown in Fig. 15. It is evident that decreasing 
the gradient index results in both the energy absorption 
capacity of the double tube as well as its specific energy 
absorption. However, the gradient index cannot be con-
stantly lowered because this could cause the double tube to 
undergo global bending deformation under oblique loading 
at large angles, leading to a significant reduction in both its 
energy absorption capacity and specific energy absorption.

6.2.2  Minimum thickness of inner tube

The impact of the minimum thickness for the inner tube on 
the energy absorption properties of the FGT double tube is 
explored by changing the minimum thickness of the inner 
tube while maintaining the other structural parameters in 
their original states. The inner tube has minimum thick-
nesses of 1.0 mm, 1.5 mm, 2.0 mm, and 2.5 mm, respec-
tively. The influence of various minimum thicknesses on 
the energy absorption capacity and specific energy absorp-
tion of the double tube is shown in Fig. 16. As the picture 
demonstrates, the energy absorption properties of the double 
tube under multiple loading angles may be optimized by 
adjusting the minimum thickness of its inner tube. However, 
the minimum thickness for the inner tube should not be too 
great. Under oblique loading at large angles, an excessive 
value for the minimum thickness will result in a consider-
able decrease in the energy absorption capacity and specific 
energy absorption of the double tube.
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Fig. 15  Effects of gradient index of inner tube on energy absorption characteristics
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Fig. 16  Effects of minimum thickness of inner tube on energy absorption characteristics
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6.2.3  Gradient index m of outer tube

The effect of the gradient index m for the outer tube thick-
ness on the energy absorption properties of the FGT double 
tube is investigated by varying the gradient value control-
ling the thickness variation law while maintaining all other 
structural parameters at their default states. The gradient 
values are specified as − 1.0, − 0.5, 0, 0.5, and 1.0, in that 
sequence, for the outer tube thickness. It is clear from exam-
ining Fig. 17 that lowering the gradient value results in an 
increase in the energy absorption capacity of the double tube 
under different angle loadings. However, a decrease in gradi-
ent value is not necessarily accompanied by an increase in 
its specific energy absorption.

6.2.4  Minimum thickness of outer tube

The influence of the minimum thickness for the outer tube 
on the energy absorption characteristics of the FGT double 

tube is studied, with the exception that the minimum thick-
ness is the only parameter that is altered in this study. Other 
structural parameters are left unaltered. The minimum thick-
nesses are set to -1.0, -0.5, 0, 0.5, and 1.0, respectively, for 
the outer tube. Figure 18 shows that when the minimum 
thickness of the outer tube is less than or equal to 2.0 mm, 
the energy absorption capacity and specific energy absorp-
tion of the double tube increase as the minimum thickness 
increases. However, as the minimum thickness increases to 
2.5 mm, the excessive thickness will result in a significant 
decrease in the energy absorption capacity and specific 
energy absorption of the double tube under 30° oblique 
loading.

To summarize, the energy absorption characteristics of 
the FGT double tube are significantly influenced by the gra-
dient index and the minimum thickness of the inner and 
outer tubes. Energy absorption characteristics of the dou-
ble tube are dramatically diminished under oblique loading 
at large angles if the essential parameters are not selected 
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Fig. 17  Effects of gradient index of outer tube on energy absorption characteristics
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sensibly. Because of this, for the double tube to demon-
strate superior crushing performance under various loading 
angles, it is crucial to set values for each parameter sensibly 
in accordance with the optimization design approach.

6.3  Crashworthiness optimization of FGT double 
tube

6.3.1  Design of experiment

For the FGT B9 double tube, the structural parameters 
affecting the crushing performance are the gradient index 
and minimum thickness of the inner and outer tubes. The 
gradient index and minimum thickness are within the ranges 
of [− 1, 1] and [1.0 mm, 2.5 mm], respectively. As indicated 
in Table 9, the four parameters are employed as design vari-
ables, and 25 sample points are determined by the optimal 
Latin hypercube sampling technique, and the response val-
ues of the related models are then calculated. The overall 
mass of the double tube is denoted by M, while its com-
prehensive energy absorption capacity and maximum initial 
peak force, respectively, are denoted by Eθ and F�

max
 . The 

following are the calculation expressions for Eθ and F�
max

:

where θi is the angle of the applied load (0°, 10°, 20°, and 
30°); w�i is the weighting factors for different loading angles, 
which range from 0 to 1. The weighting factors for the four 
loading angles are given the identical value of 0.25.

6.3.2  Response surface model

The sample points describing the computed crashworthiness 
performance of the FGT double tube, as indicated in Table 9, 
are used to establish response surface models in the overall 
mass (M), the maximum initial peak force ( F�

max
 ), and the 

comprehensive energy absorption capacity (Eθ). These are 
illustrated in Figs. 19 and 20 for the FGT B9 double tube, 
respectively, concerning the design variables (mout, tout, min, 
and tin).

Figures 19 and 20 demonstrate that the maximum initial 
peak force and comprehensive energy absorption capacity 

(10)E� =

n∑
i=1

w�iE�i

(11)F�
max

= max

{
F
�i
max

}

Table 9  Sampled points and 
corresponding crashworthiness 
performance of double tubes 
under different loading angles

No mout tout/mm min tin/mm M/g Eθ/J Fθ
max/kN

1 0.083 2.062 0.500 2.500 914.29 11,498.25 160.95
2 − 1.000 1.938 − 0.250 1.438 966.65 12,310.00 131.61
3 − 0.833 1.125 − 0.167 1.688 942.49 11,465.50 103.92
4 0.667 1.812 − 0.917 1.500 855.70 9580.75 118.58
5 0.250 1.000 0.667 1.562 634.05 6463.75 83.69
6 − 0.333 1.500 − 0.833 1.125 941.98 11,400.50 102.58
7 − 0.667 1.438 0.750 1.250 784.50 8846.00 100.08
8 0.333 1.875 1.000 1.625 725.53 8258.50 116.83
9 0.833 2.312 − 0.083 1.188 826.97 10,094.25 122.83
10 − 0.417 1.375 0.917 2.125 862.59 10,193.50 121.79
11 0 1.688 0 1.750 846.54 10,294.75 119.07
12 0.917 1.250 − 0.583 2.062 735.43 7868.75 114.64
13 0.750 1.312 0.583 2.25 697.65 7817.75 114.38
14 − 0.917 1.750 0.083 2.375 994.33 12,038.25 147.51
15 − 0.750 2.188 0.833 1.875 896.02 10,848.25 147.67
16 − 0.500 1.625 − 1.000 2.000 995.09 11,343.50 138.2
17 0.583 1.562 0.333 1.000 632.97 6369.75 87.02
18 − 0.583 2.438 − 0.500 2.188 1022.07 12,411.75 171.77
19 − 0.250 2.250 0.417 1.062 800.02 9148.50 119.64
20 0.167 2.500 0.250 1.812 896.74 11,624.00 151.54
21 − 0.083 1.188 − 0.333 2.438 884.87 10,679.50 123.88
22 0.500 1.062 − 0.417 1.312 709.11 7745.25 83.94
23 0.417 2.125 − 0.667 2.312 931.38 10,801.00 160.49
24 − 0.167 2.375 − 0.750 1.375 986.28 12,300.25 138.86
25 1.000 2.000 0.167 1.938 795.79 9715.25 139.55
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Fig. 19  Spatial response surface of comprehensive energy absorption capacity for FGT double tube
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Fig. 20  Spatial response surface of maximum initial peak force for FGT double tube
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of the FGT double tube can be enhanced by reducing the 
gradient values (min and mout) of the inner and outer tubes 
and increasing their minimum thicknesses (tin and tout). The 
optimal structural parameters cannot be immediately identi-
fied by these response graphics because the initial peak force 
and energy absorption capacity are a pair of contradicting 
indices of each other. The FGT double tube, as an energy-
absorbing device, should, nevertheless, have a higher energy 
absorption capacity and a lower initial peak force. Therefore, 
the multiobjective optimization technique is applied to get 
these ideal structural parameters.

6.3.3  Model error analysis

The validity of the response surface model is evaluated in 
terms of the correlation coefficients (R2), the root mean 
square error (PRMSE), and the maximum relative error 
(QMARE) (Shen et al. 2017):

where L represents the number of newly generated valida-
tion points, yi and ⌢yi represent response values determined 
via the simulation calculation and the approximate models, 
respectively, on the validation points, and yi represents the 
mean value of yi. A higher value of R2 together with a low 
value of PRMSE suggests a good fit of the model with higher 
overall prediction accuracy, while a lower value of QMARE is 
desirable for higher local accuracy in the vicinity of a newly 
generated point.

Results obtained from the simulation computation are 
used to evaluate the validity and prediction accuracy of 
the approximation models by generating ten extra sample 
points in the design space. Table 10 summarizes the meas-
ures of the models for the total mass (M), the maximum 

(12)R2 = 1 −

∑L

i=1
(yi − ŷi)

2

∑L

i=1
(yi − yi)

2

(13)PRMSE =

����
∑L

i=1

�
yi−yi

�2
∑L

i=1
yi

(14)QMARE = max
i=1,2,...,L

(||ŷi − yi
||

||yi||

)
,

initial peak force ( F�
max

 ), and the comprehensive energy 
absorption capacity (Eθ) for the FGT double tube. It can be 
seen from the table that the correlation coefficients (R2) of 
all approximate models are very close to 1, as well as the 
root mean square error (PRMSE) and the maximum relative 
error (QMARE) are both very small, which indicates that the 
response surface models can provide accurate predictions 
of the responses in the considered design space and can be 
applied to the subsequent crashworthiness optimization.

6.3.4  Multiobjective optimization

Using the gradient index and minimum thickness of the 
inner and outer tubes as design variables, the total mass and 
comprehensive energy absorption capacity as the optimiza-
tion objective, and the maximum initial peak force as the 
constraint, the crashworthiness optimization problem for the 
FGT double tube is defined as follows:

where M
(
mout, tout, min, tin

)
 ,  E

(
mout, tout, min, tin

)
 , and  

F�
max

(
mout, tout, min, tin

)
 are the response surface models 

of the overall mass, the comprehensive energy absorp-
tion capacity, and the maximum initial peak force of the 
double tube, respectively; mmin and mmax are the minimum 
and maximum values of the gradient index for the inner 
and outer tubes, respectively, and its range falls between 
[- 1,1]; tmin and tmax are the minimum and maximum val-
ues of the minimum thickness for the inner and outer tubes, 
respectively, and its range falls between [1 mm, 2.5 mm]. 
When carrying out the crashworthiness optimization, 
F�
max

(
mout, tout, min, tin

)
  is specified as a constraint, and its 

value is constrained to be less than 130 kN.
The optimization problem in Eq. (15) is solved using 

the non-dominated sorting genetic algorithm (NSGA-II). 
NSGA-II is an improved version of the genetic algorithm, 
and it offers enhanced computational efficiency and conver-
gence. The relevant NSGA-II parameters are summarized 
in Table 11.

(15)

⎧⎪⎨⎪⎩

min
�
−E�

�
mout, tout,min, tin

�
, M

�
mout, tout,min, tin

��
F�
max

�
mout, tout,min, tin

�
≤ F

mmin ≤ mout,min ≤ mmax, tmin ≤ tout, tin ≤ tmax

Table 10  Assessment of the response surface models for the FGT 
double tube

Model R2 PRMSE QMARE

M 0.9973 0.0169 0.0285
Eθ 0.9723 0.0575 0.1029
F
�
max

0.9849 0.0342 0.0649

Table 11  Parameters for NSGA-II

Parameters Value

Population size 20.0
Number of generations 100.0
Crossover probability 0.9
Crossover distribution index 10.0
Mutation distribution index 20.0
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Figure 21 depicts the optimal Pareto fronts of the FGT 
double tube under multiple impact angles. The overall mass 
(M) of the FGT double tube is restricted to 718 g, which is 
the overall mass of the B9 double tube with uniform thick-
ness. Table 12 displays the comprehensive energy absorption 
capacity, the maximum initial peak force, and the structural 
parameters of the optimal FGT double tube for a specified 
overall mass.

After determining the optimal FGT double tube, the com-
prehensive crushing performances of the uniform thickness 
and FGT double tubes are compared and analyzed. As shown 
in Table 13, the comprehensive energy absorption capacity 
of the double tube may be increased by 12.19%, and the 
maximum initial peak force may be decreased by 12.24% 
by adopting a gradient thickness instead of a uniform thick-
ness for a given overall mass, so as to improve the energy 
absorption characteristics.

7  Conclusions

(1) The energy absorption characteristics of polygonal sin-
gle and double tubes under different loading angles are 
studied. Under axial and small-angle oblique loadings, 
the double tube has a higher specific energy absorption 
and energy absorption capacity than the single tube. 
The energy absorbed by the double tube is more than 
the sum of the energy absorbed by the inner and outer 
tubes when loaded individually due to the interaction 
between them during the crushing deformation process. 
The energy absorption properties of the double tube 
are more sensitive to the loading angle, and it is more 
likely to undergo global bending deformation under 
oblique loading at large angles, which causes a signifi-
cant reduction in its specific energy absorption that is 
even smaller than that of the single tube.

(2) The B9 double tube is determined to have the best com-
prehensive energy absorption characteristics after being 
subjected to the comprehensive performance evaluation 
procedure, considering four loading angles and four 
performance indices.

(3) The double tube is constructed with a gradient thick-
ness along its axial direction instead of a uniform 
thickness to optimize its energy absorption capabilities 
under large-angle oblique loading and raise its criti-
cal angle at which global bending deformation occurs. 
The gradient index and the minimum thickness of the 
inner and outer tubes have a significant influence on the 
energy absorption characteristics of the FGT double 
tube. The energy absorption characteristics of the FGT 
double tube are enhanced further by the optimization 
design technique. The comprehensive energy absorp-
tion capacity of the optimal FGT double tube is 12.19% 
higher, and the maximum initial peak force is 12.24% 
lower than those of the uniform thickness double tube 
for a given overall mass when the maximum initial peak 
force is constrained to 130 kN.
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Fig. 21  Pareto fronts of FGT double tube under multiple impact 
angles

Table 12  Comprehensive energy absorption capacity, maximum initial peak force, and structural parameters of the optimal FGT double tube

mout tout/mm min Tin/mm M/g Eθ/J F
�
max

/
kN

0.509 2.317 0.579 1 718.28 8549 114.43

Table 13  Comparison of comprehensive crush performance between 
uniform thickness and FGT double tube

Index Uniform thickness Optimal FGT Improvement/%

M/g 718.08 718.28 –
Eθ/J 7620 8549 12.19
F
�
max

/
kN 130.39 114.43 – 12.24
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