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Abstract
This paper presents a method for simultaneous optimization of the outer shape and internal topology of aircraft wings, with 
the objective of minimizing drag subject to lift and compliance constraints for multiple load cases. The physics are evalu-
ated by the means of a source-doublet panel method for the aerodynamic response and linear elastic finite elements for the 
structural response, which are one-way coupled. At each design iteration, a mapping procedure is applied to map the current 
wing shape and corresponding pressure loads to the unfitted finite element mesh covering the design domain. Wings of small 
fixed-wing airplanes both with and without a stiffening strut are optimized. The resulting wings show internal topologies 
with struts and wall-truss combinations, depending on the design freedom of the shape optimization. The lift distributions 
of the optimized wings show patterns like the ones obtained when performing optimization of wing shapes with constraints 
on the bending moment at the root.
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1  Introduction

When designing aircraft wings, the structural and aero-
dynamic performance of the design should be considered 
simultaneously. High aspect ratios reduce the induced drag 
on the wing. However, they are inefficient from a structural 
point of view, as the distributed pressure loads create large 
bending moments. Structural stiffness is increased by adding 
material inside the wing which increases the mass. Natu-
rally, this raises the question: “Where should the material 
be placed to get the most out of it?”

Topology optimization is a computational method to 
determine material layout in a design domain subject to 
some physics and boundary conditions. Since the seminal 
paper by Bendsøe and Kikuchi (1988), the method has been 
applied to a wide range of physics and cases. The method is 
known for its large design freedom with no specific initial 

design required. Efforts have been placed on the topology 
optimization of the internal structure of wings. Stanford and 
Dunning (2015) investigated the topology of ribs and spars 
under aeroelastic loads of a fixed outer wing shape. Dun-
ning et al. (2015) optimized the internal structure of a wing 
subject to aerodynamic loads that depends on the deflection. 
Finally, Aage et al. (2017), used over a billion elements to 
optimize the detailed internal structure of the NASA com-
mon research model (CRM) wing. This showcased the need 
for a fine resolution to capture intricate and realistic details 
in the obtained structure.

The first application of numerical optimization to aeroe-
lasticity was performed by Haftka (1977), where trade-offs 
between weight and drag were achieved in the optimized 
designs. Since then, several studies have been performed on 
the optimization of aeroelastic structures. Among others, 
Grossman et al. (1990) used lifting-line and beam theory 
to optimize sailplane wings. Maute and Allen (2004) used 
the finite volume method for Euler flow with an Arbitrary 
Lagrangian–Eulerian formulation to optimize the internal 
structure of wings. Barcelos and Maute (2008) used Finite 
Volumes for the turbulent flow and geometrically non-lin-
ear Finite Elements for the structure to optimize the wing 
back sweep and twist as well as the thickness of the internal 
stiffeners. Kennedy and Martins (2014) used panel meth-
ods to optimize wing shape and internal stiffener layouts. 
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Stanford (2021) optimized the wing shape, size, and lay-
out parameters of a wing box consisting of ribs and spars. 
Wang et al. (2020a, 2020b) optimized the outer shape and 
topology of beam cross sections of wind turbine blades and 
compared approaches optimizing the outer shape and inner 
beam simultaneously and sequentially. The coupled optimi-
zation turned out to give the best results. Conlan-Smith and 
Schousboe Andreasen (2021) optimized the aerostructural 
problem using panel methods and beams for the internal 
structure modeling, where the difference between straight 
and curved spars was investigated. James et al. (2014) used 
panel methods to optimize the wing shape by the twist and 
the internal topology of the wing box. Gomes and Palacios 
(2020) solved the RANS equations with SST to optimize the 
external shape and internal topology of airfoils. The same 
authors also applied similar methods to entire wings using 
the Spalart-Allmaras turbulence model where the internal 
topology is optimized with a soft and stiff material, while 
no void is allowed (Gomes and Palacios 2022).

Panel methods are computational tools used to evaluate 
the performance of preliminary aircraft design. The methods 
utilize potential flow theory to obtain velocity and pressure 
fields around a given geometry. The method only requires a 
surface mesh of the analyzed geometry—making the method 
attractive for optimization settings due to its fast turnaround 
time and no need for large fluid domain meshes.

Until now, no coupled shape and topology optimization 
has been performed on wings, where the internal topology 
is free to evolve into a structure of material and void. The 
present work optimizes the outer aerodynamic shape and 
full internal structural topology of aircraft wings simul-
taneously. The wing skin is parameterized by NACA air-
foil sections, and the aerodynamic response of the wing is 
evaluated using source-doublet panel methods due to their 
fast turnaround time (Conlan-Smith et al. 2020). The inte-
rior of the wing is modeled using linear elastic hexahedral 
finite elements. The pressure loads from the aerodynamic 
analysis are mapped from the surface mesh of the wing to 
the corresponding integration points in an unfitted finite 
element mesh, using a scheme similar to the one outlined 
by Lee and Martins (2012). The structural design is rep-
resented by a density variable in each element. The wing 
skin is mapped on the structural mesh and set to a fixed 
thickness. In the interior of the wing, the density vari-
ables determine if a given element should be solid or void. 
Unlike in earlier works, the entirety of the wing struc-
ture is included in the optimization process, allowing for 
features to appear inside all of the wing and not limited 
to a wing box. Furthermore, the topology optimization 
representation contains an order of magnitude more ele-
ments than the current state of the art (Gomes and Palacios 
2022). To limit the complexity and computational burden, 
the response of the wing is considered as one-way coupled, 

letting the aerodynamic performance be unaffected by the 
wing deformation, which is a reasonable approximation 
if the deflections of the wing are small (Conlan-Smith 
and Andreasen 2022). The goal of the optimization is to 
minimize the induced drag while having sufficient lift to 
carry the payload and wing structure as well as satisfying 
the compliance constraints under both cruise and take-
off conditions. Besides forcing the wing to store a low 
amount of elastic energy, the compliance constraints also 
limit the deformations of the final wing, ensuring that the 
one-way coupling is a reasonable approximation. The pre-
sented work does not consider buckling constraints, which 
are highly relevant for the structural integrity of a wing, 
especially in the skin. However, at present, buckling con-
strained topology optimization is not yet at a stage where 
it can be applied to large-scale problems, such as the ones 
considered here. The largest three-dimensional topology 
optimization problems with buckling constraints were run 
with 2 million degrees of freedom in the work by Ferrari 
and Sigmund (2020). The optimization is performed on a 
fine structural mesh, with 27 ⋅ 106 design variables, repre-
senting solid and void elements.

The remainder of this paper is structured as follows: 
Sect.  2 presents the parametrizations of the problem; 
Sect. 3 presents the physics utilized in the model of the 
study; Sect.  4 outlines the optimization formulation; 
Sect.  5 results; and Sect.  6 provides a discussion and 
conclusions.

2 � Parametrization

Due to the difference in the nature of the modeling and opti-
mization problems for the external shape of the wing and the 
internal structure, different parametrizations are used. Fig-
ure 1 shows how the wing shape is modeled using a surface 
panel mesh, in the 2D view represented by a piecewise linear 
white curve (representing cuts along panels), and the internal 
structure is represented and modeled using an unfitted mesh. 
This choice is made to avoid remeshing operations at every 
design iteration, which would also require remapping the 
current design to a new mesh. Such operations would result 
in a high computational burden and increased complexity 
of the presented method. The unfitted mesh must surround 
the wing shape at every iteration step. The geometry of the 
unfitted mesh could be the design space of the wing shape. 
Computational efforts can, however, be saved if intuition or 
experience from past optimizations is used to make tighter 
meshes. If the wing is not fully included in the finite element 
mesh after a design update, the optimization process needs 
to be aborted and potentially reinitialized with a larger or 
repositioned mesh.
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2.1 � Wing shape

The wing shape parametrization introduced in Conlan-
Smith et  al. (2020) and Conlan-Smith and Schousboe 
Andreasen (2021) is used. The wing is decomposed in 
spanwise sections where each airfoil section is parameter-
ized by NACA 4-digit airfoils (Abbott and von Doenhoff 
1959). The local chord length, c, and twist, � , are opti-
mized, as shown in Fig. 2. The airfoil sections are lin-
early distributed along the span. The design variables of 
a section ds

i
 , where i indicates the shape parameter and s 

the section, are all normalized by the gap between their 
minimum and maximum values, denoted by the subscripts 
min and max , respectively, such that they all are between 0 
and 1:

The shape design variables are regularized along the span 
using a filter of radius ra , similar to a one-dimensional den-
sity filter from topology optimization (Bourdin 2001; Bruns 
and Tortorelli 2001). This is done to circumvent designs 

(1)
�s = �min + ds

1

(
�max − �min

)

cs = cmin + ds
2

(
cmax − cmin

)

with heavy oscillations due to numerical artifacts of the 
panel method, as discussed by Conlan-Smith et al. (2020).

Only the local twist and chord lengths are optimized in 
the present study. One could easily also include the relative 
thickness, maximum camber, and the position of the maxi-
mum camber, however, due to the used inviscid theory, this 
may lead to multiple designs that can achieve the same aero-
dynamic properties (Conlan-Smith and Andreasen 2022), 
and thus, ill-posed optimization problems.

2.2 � Structural parametrization

The wing is represented such that the internal topology 
can be optimized, yet the skin should be solid, with a given 
thickness to guarantee that the aerodynamic loads are trans-
ferred to solid elements. If aerodynamic forces are trans-
ferred to void elements, the local compliance will become 
high, and the load transfer is non-physical. The elements 
outside the wing should be identified and only provide neg-
ligible stiffness to the structural model.

The parameterization of the wing structure is divided into 
three steps. First, the wing shape is mapped to the unfitted 
finite element mesh and the skin of the wing is fixed to be 
solid. The structure inside the wing is then parameterized 
using the structural design variable. These two parts are 
then agglomerated. An overview of the different steps in 
the process used to differentiate between skin and internal 
elements, as well as the combination of the design variables 
is illustrated in Fig. 3. Each of the parametrization steps is 
outlined in one of the following three subsections:

2.2.1 � Wing skin mapping

The current wing shape is superimposed on the finite ele-
ment mesh, which is not fitted to the current wing shape. An 
identification field, � , represents the element volume fraction 
inside of the wing shape. An erosion-dilation technique is 
applied on � , to obtain a fixed skin thickness on the wing, 
as was done in Høghøj et al. (2020), inspired by Luo et al. 
(2019).

Fig. 1   Illustration in 2D (left) 
and 3D (right) of the two 
parametrizations, the white line 
represents the surface mesh of 
the wing, which is superposed 
on the fixed finite element 
mesh. The colors of the ele-
ments indicate what fraction of 
the element is inside the wing

Fig. 2   Illustration of the optimized twist and chord length at each 
wing section



	 L. C. Høghøj et al.

1 3

116  Page 4 of 20

The � field is first filtered with a filter radius re , using 
the modified Helmholtz PDE filter by Lazarov and Sig-
mund (2011):

The eroded and dilated fields are obtained by projecting the 
filtered field 𝜉 using a smooth Heaviside projection Wang 
et al. (2011):

where �skin is the projection sharpness and � the threshold 
value. A high and a low threshold value is used for the 
eroded and dilated fields, respectively, � = 0.5 ± ��.

The eroded and dilated fields, � and � , respectively, of 
the field � , seen in Fig. 3a, are shown in Fig. 3c, d, respec-
tively. The wall is then identified by subtracting the eroded 
field from the dilated one, � − �.

A fixed-wing skin thickness, we , can be achieved when 
setting the filter radius, re , and the threshold value gap 
�� for the smooth Heaviside functions according to Luo 
et al. (2019):

It is noted that the wing skin should be at least two elements 
thick, such that we is twice the average element side length, 
to ensure that only solid elements are loaded by the load 
transfer scheme discussed in Sect. 3.3.

(2)−
r2
e

12
∇2𝜉 + 𝜉 = 𝜉

(3)𝜉(𝜉, 𝛽skin, 𝜂) =
tanh(𝛽skin𝜂) + tanh(𝛽skin(𝜉 − 𝜂))

tanh(𝛽skin𝜂) + tanh(𝛽skin(1 − 𝜂))

(4)re ≈ 0.75we �� = 0.45

As seen in Fig. 3, the erosion-dilation process for the 
modeling of the wing skin places half of the skin material 
outside the wing shape from the shape parametrization 
discussed in Sect. 2.1. The outside of the skin could be 
aligned with the parametrization by using � = 0.95 and 
� = 0.5 for the eroded and dilated fields, respectively. The 
relation between skin thickness and filter radius would 
then be re ≈ 1.5we . However, only using the erosion step 
could be problematic, as this could result in loads being 
transferred to degrees of freedom only belonging to void 
elements.

2.2.2 � Internal structure

In addition to the identification functions, an element-wise 
structural design variable � is used to determine the state 
of the corresponding element. A structural design variable 
exists in each element of the finite element mesh, both the 
ones inside and outside of the current wing geometry. The 
structural design variable is filtered using the PDE filter Eq. 
(2) with filter radius rs , leading to the filtered variable 𝛾̃ . 
The filtered variable is subsequently thresholded with the 
smooth Heaviside projection Eq. (3) using high-, intermedi-
ate- and low-threshold values, leading to eroded, nominal, 
and dilated fields, �e , �n, and �d , respectively. The eroded 
field is used for the computation of the structural response of 
the wing, while the dilated field is used to compute the mass 
of the structure. This approach ensures a crisp design field as 
the projection sharpness � is ramped up, with a length scale 
imposed on it (Sigmund 2009; Wang et al. 2011).

Fig. 3   The wing identification field, � (a), is filtered, 𝜉 (b), which is thresholded to the eroded � (c), and dilated � (d). Combined with the struc-
tural design variable, � (e), the physical design field, � (f) is obtained using �

skin
= 1
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2.2.3 � Field agglomeration

The final physical design variable, � is then obtained by 
combining the eroded and dilated indicator variables, � 
and � , respectively. The relative density of the wing skin 
�skin ∈ [0; 1] and any state of the internal structural variable 
(eroded, nominal, or dilated) is obtained as follows:

The stiffness E is interpolated linearly from the eroded 
physical field �e using its upper and lower bounds, Emax and 
Emin , respectively. The mass of the structure is interpolated 
linearly from the dilated physical field, �d and the material 
mass density Wstructure:

Remark that the usual SIMP penalization is not used here 
since the applied robust formulation naturally leads to black-
and-white designs. Hence, the penalization of intermediate 
design values is not necessary.

(5)

�e = �skin

(
� − �

)
+ ��e

�n = �skin

(
� − �

)
+ ��n

�d = �skin

(
� − �

)
+ ��d

(6)
E = Emin + �e

(
Emax − Emin

)

M = Wstructure�d

3 � Physical response

The one-way coupling allows for a sequential evaluation of 
the physics—first, the aerodynamic response is modeled using 
of the panel method; then the structural response is evaluated 
using linear elastic finite elements.

3.1 � Aerodynamic model

The aerodynamic response of the wing is modeled using a 
source-doublet panel method, as was done by Conlan-Smith 
et al. (2020). The wing is represented by panels discretizing 
the space between the airfoil sections from the parametrization 
discussed in Sect. 2.1, as shown in the sketch in Fig. 4. Dir-
ichlet boundary conditions are enforced such that the potential 
function inside the wing is constant and that there is no flow 
through the wing skin. The dense aerodynamic influence coef-
ficient matrices A and B are calculated as outlined in Katz 
and Plotkin (2001). The doublet strengths, � , are computed 
by solving

where the source strengths � are obtained from the free 
stream velocity U∞ and the normal of panel i, ni:

(7)ra = A� + B� = 0

(8)�i = U∞ ⋅ ni

Fig. 4   Sketch of the wing discretization with a surface mesh and the local panel coordinate system
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A fixed freestream wake as indicated in Fig. 4 is also consid-
ered in the modeling of the aerodynamic response to ensure 
that the Kutta condition, stating that the flow must separate 
from the wing at the trailing edge with a finite velocity, is 
met.

The potential function � can then be used to recover the 
local velocities, by computing its gradient, in the local coor-
dinates (l, m, n) , of the potential function:

The panel pressure coefficients are recovered from the panel 
velocities, using the Bernoulli equation:

Drag and lift are computed through far-field computations 
on the Trefftz plane, where they are obtained by line inte-
grals over the wake (Drela 2014):

which ensures a robust computation of the forces. Note that 
only the induced drag is computed, as accurate methods 
for viscous drag computation are not easily introduced for 
potential flow models.

3.2 � Structural model

The structural analysis is done using a linear elastic Finite 
Element model. Hexahedral elements are implemented in the 
unstructured topology optimization framework from Träff 
et al. (2021). The residual to the finite element model is given 
as follows:

where K is the global stiffness matrix, u the displacement 
vector, and p the load vector. The global stiffness matrix K 
is obtained after assembly of the element matrices ke(�e) 
which depend on the interpolation of the element’s Young’s 
modulus as outlined in Eq. (6), using the assembly operator 
A that adds up the corresponding degrees of freedom in the 
global matrix:

(9)Ui =

(
��

�l
,
��

�m
,
��

�n

)⊺

i

(10)CP, i = 1 −
|
|
|
|Ui

|
|
|
|
2

|
|
|
|U∞

|
|
|
|
2

(11)L = �∞V∞ ∫Sw

��dy ≈ �∞V∞

Nw∑

i=1

�isi cos(�i)

(12)D = −
1

2
�∞ ∫Sw

��
��

�n
dSw ≈ −

1

2
�∞

Nw∑

i=1

�isiui ⋅ ni

(13)rs = Ku − p = 0

(14)K = A
nel

e=1
�
�
(�e)

3.3 � Load transfer scheme

The pressure loads obtained in the panel method are trans-
ferred to the nodes belonging to the finite elements, which 
are intersected by the wing geometry. The process is visu-
alized in Fig. 5. The area of the panel j inside the finite 
element i is computed. The pressure contributions of the 
wing panel j on the finite element i can then be projected to 
the corresponding finite element nodes using the outward 
pointing normal of the wing panel j, nj , as shown in Fig. 4, 
and the area of the panel inside the element i, Ai∩j . The force 
of the panel acting on the element is then projected to the 
nodes of the element by multiplying the resulting force with 
the shape functions of the finite element, evaluated at the 
center of the intersection of the panel and the element, Ni∩j:

This results in loads being placed on all nodes connected to 
an element that is intersected by the wing geometry, as seen 
in the sketch from Fig. 5. Hence, a wing skin thickness of at 
least two elements should be chosen, to ensure that loads are 
transferred to solid elements. It should further be noted that 
gravity is not considered in the finite element model. This 
means that the design does not benefit from load alleviation.

Note that the applied load transfer scheme ensures con-
sistency between the two employed models. This results 
from the loads transferred to the individual finite elements 
of the mesh being partial integrations of the pressure forces 
on the panels. The sum of all contributions from a given 
panel is, hence, equal to the pressure forces integrated over 
the panel area.

(15)pi = −

Npanels∑

j=1

pjnjAi∩jNi∩j.

Fig. 5   Sketch of the mapping process of pressure forces from the 
wing panel mesh to the unfitted finite element mesh. Note that forces 
are mapped to both nodes inside and outside of the wing
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4 � Optimization formulation

The goal of the coupled aerodynamic and structural response 
of the optimized wing is to minimize the drag under cruise 
conditions, Dcruise . A constraint is enforced such that the 
cruise lift, Lcruise , is greater than the weight of the wing, 
W = ∫

�
M(�d)dV  , and the payload, P. Two structural con-

straints are enforced on the compliances of the wing at cruise 
and takeoff conditions, Ccruise and Ctakeoff  , respectively, with 
the upper bounds Ccruise and Ctakeoff .

The optimization problem reads

where box constraints are placed on both the structural vari-
ables, � , and on the shape variables, d. For each airfoil sec-
tion, d contains one entry for each optimized shape param-
eter, which is retrieved using the mapping Eq. (1).

Note that the compliance constraint, apart from its direct 
physical motivation, also is a way of enforcing small defor-
mations of the wing, ensuring that the aerodynamic response 
computed on the undeformed wing is accurate. Compliance 
constraints are used instead of stress constraints, which would 
be more intuitive for aerospace applications. However, partly 
for simplicity and partly since the design domain is rela-
tively open and smooth, significant design differences are not 
expected between a stress- or compliance-based solution. An 
advantage of using compliance constraints is the reduced com-
putational cost of the sensitivity analysis due to the system 
being self-adjoint (Bendsøe and Sigmund 2003).

The method of moving asymptotes (MMA) Svanberg 
(1987) implemented in PETSc (Aage and Lazarov 2013) is 
used as optimization algorithm. Considering the different 
natures of the shape and topology optimization variables, 
move limits of 0.1 are applied to the structural design 
variables and 0.05 to the shape variables, respectively. 

(16)

min
{�; d}∈ℝ

Dcruise(d)

s.t. g1 =
P +W(� , d) − Lcruise(d)

P
≤ 0

g2 =
Ccruise(� , d) − Ccruise

Ccruise

≤ 0

g3 =
Ctakeoff (� , d) − Ctakeoff

Ctakeoff

≤ 0

0 ≤ �i ≤ 1 ∀i = 1, 2,…Nstruct

0 ≤ di ≤ 1 ∀i = 1, 2,…Nshape

Furthermore, conservative asymptote settings are used 
(increase 1.05 and decrease 0.65). Further, to ensure a 
well-conditioned problem for MMA, the drag is normal-
ized by a tenth of its value at the first design iteration.

The �skin parameter used for the erosion-dilation pro-
cess leading to the fixed-wing skin thickness is constant 
throughout the optimization. The projection sharpness 
applied on the internal design variable � , as described in 
Sect. 2.2.2 is continued from an almost linear interpola-
tion to an increasingly sharper Heaviside approximation. 
The optimization is initialized with � = 0.01 , leading to a 
quasi-linear interpolation. The optimization then runs until 
the design is close to feasibility i.e., max(gj) ≤ 0.05 , from 
where the continuation starts as seen in Table 1.

To accelerate the convergence towards a feasible 
design at each continuation step, the lift-weight-payload 
constraint, g1 , is overly constrained by starting the opti-
mization process with an increased payload and subse-
quently relaxing it by 5% at each continuation step shown 
in Table 1, such that the payload obtained after the last 
continuation step corresponds to the target.

4.1 � Sensitivity analysis

The sensitivities, with respect to both shape and topol-
ogy design variables, of the objective and three constraint 
functions seen in Eq. (16) are obtained using a coupled 
adjoint method. In the general case, the augmented 
Lagrangian function F  of the function f is considered. The 
residuals of the panel method and Finite Element Method 
from (7–13), respectively, can be added to a functional f, 
multiplied with their respective arbitrary Lagrangian mul-
tipliers, �a and �s:

By differentiating the augmented Lagrangian function and 
reordering the terms, the one-way coupled adjoint equations 
can be set up, and solved sequentially:

The sensitivities are then retrieved by

(17)F = f + �⊺

a
ra + �⊺

s
rs

(18)

(
�rs

�u

)⊺

�s =

(

−
�f

�u

)⊺

(
�ra

��

)⊺

�a = −

(
�f

��

)⊺

−

(
�rs

��

)⊺

�s

Table 1   Continuation strategy 
applied on the Heaviside 
projection sharpness � for the 
structural design

Iterations after 
initial feasibility

0 5 45 85 115 145 175 205 235 265

� 0.01 1 2 3 4 5 6 7 8 16
Payload [kN] 9.52 9.04 8.60 8.17 7.75 7.37 7.00 6.65 6.32 6.00
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It is noted that when the objective functional is the compli-
ance function, f = C , the structural adjoint is retrieved as 
the negative displacement field, �s = −u.

The chain rule term for the inside fraction of an element, 
with respect to panel coordinates (which subsequently are 
transformed into the shape design variables), is obtained 
using a central difference scheme. For each intersected ele-
ment, the coordinates of the nodes connected to panels inter-
secting the element are perturbed in both directions and the 
sensitivity is computed based on the corresponding inside 
fractions, as can be done for XFEM methods (Sharma et al. 
2017).

Further details on the derivation of the sensitivities and 
chain rule terms are provided in Appendix A.

As the drag objective functional and the lift-weight con-
straint do not depend on the structural state, only the aero-
dynamic adjoint analysis needs to be carried out for these 
two functions.

For the compliance constraints, the full one-way coupled 
adjoint system needs to be considered. The structural adjoint 
is first projected back to the panel basis using the load trans-
fer scheme, which was used for the mapping of the pressures 
to the finite element mesh, as described in Sect. 3.3. The 
structural term going into the shape sensitivity in Eq. 19 can 
be decomposed into two terms;

where the pressure mapping derivative with respect to the 
wing shape is neglected— �p

�ds
i

≈ 0 , as it is small but seems 
extremely sensitive to the current cut location. These insta-
bilities might be linked to the load transfer scheme only 
being piecewise continuous, with potential discontinuities 
appearing when the set of intersected elements is changed. 
Including the contribution leads to jumps in compliance and 
convergence issues. A similar approach was taken by Picelli 
et al. (2017) for density-based fluid–structure interaction 
topology optimization. A solution for alleviating these dis-
continuities could be to smooth the load transfer scheme by 
filtering the transferred loads, e.g., by using the PDE filter 
(Lazarov and Sigmund 2011). Filtering the loads would, 
however, result in less accurate modeling of the wing 
response. Furthermore, if the loads are filtered onto degrees 
of freedom belonging to a wider band of elements, a thicker 
wing skin would also be required to ensure that the loads are 
not projected onto degrees of freedom belonging only to 
void elements.

(19)
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5 � Results

The wing of a lightweight single-engine airplane inspired by a 
Cessna 172 is considered. The wing consists of a NACA 2412 
airfoil with a half-span of 4.95 m . Clamped boundary condi-
tions are enforced at two locations at the root of the wing—
one near the leading edge and one near the trailing edge—as 
marked in red on Fig. 6. As the wing at the root can be rotated 
by the optimization, the boundary conditions are enforced on 
the entire strips along the z axis at the marked positions.

A strut supporting the wing, as shown on the sketch in 
Fig. 6, is also considered in some cases. The strut is mod-
eled by adding springs to the corresponding degrees of free-
dom in a volume, where the strut would be fixed to the wing. 
The fixation volume is a cube of side length 0.05 m centered 
behind the quarter-chord position y = 2 m . This volume is also 
depicted in Fig. 6.

The total stiffness of the springs representing the strut, k, 
is computed from the length of the strut, l, its cross-sectional 
area, A and the its Young’s modulus, E:

The wing is discretized using 40 evenly spaced airfoil sec-
tions, which are each discretized into 100 linear segments in 
the chordwise direction, where they follow a cosine distribu-
tion. The unfitted finite element mesh is a box of dimensions 

(21)k =
AE

l

Fig. 6   Sketch of the wing. The red bars in the planform view indicate 
the areas where the wing is clamped. The dashed line indicates the 
wing quarter-chord. Note that the strut is included for visualization 
purposes only. Instead, springs are added to the degrees of freedom in 
the blue box, as illustrated in the inset
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1.68 × 4.96 × 0.41 m , discretized into 27 ⋅ 106 hexahedral 
elements, with an edge length of 5 mm.

For numerical reasons, all optimizations are run with nor-
malized Young’s modulus, i.e., E = 1 Pa , and a Poisson’s 
ratio of � = 0.3 . The contrast for the void material is set to 
Emin∕Emax = 10−6.

The optimization is initialized with a uniform wing with 
a twist of 3◦ and a 1.64 m chord length. The angle of attack 
may be varied from −7◦ to 10◦ and the chord length from 
0.1 m to 1.64 m , in cases where it is allowed to vary. The 
camber is kept constant throughout the optimization. The 
shape variables are filtered with a radius of 1

3
 of the wing 

half-span, as suggested by Conlan-Smith et al. (2020), to 
avoid the optimization exploiting numerical artifacts of the 
panel method.

The structural design variable is initialized to � = 0.5 
throughout the structural mesh, both inside and outside the 
wing. This means that elements that enter the wing will have 
intermediate values. The sensitivity of objective and con-
straints with respect to � outside the vicinity of the wing 
is zero, so the � = 0.5 is maintained until the element gets 
within a filter radius of the wing. The filter radius for the 
skin erosion-dilation process is set to re = 7.5 mm leading 
to a fixed-wing skin thickness of 10 mm , corresponding to 
2 elements—thus, ensuring that the aerodynamic forces are 
mapped to solid elements. Furthermore, the filter radius 
for the internal design of the wing is set to rs = 12.5 mm . 
The threshold value gap for the internal variables is set to 
�� = 0.2 , leading to a minimum length scale of 11.25 mm.

The relative wing skin stiffness is set to �skin = 0.05 . This 
low stiffness for skin elements is chosen to reflect that the 
enforced wing skin thickness, is of 10 mm (which cannot be 
lower due to the discretization level), which is much higher, 
than what would normally be used on an airplane wing. A 
high projection sharpness is chosen for the skin identifica-
tion, �skin = 64 , this ensures that the skin is sharply defined 
and of the chosen thickness.

The angles of attack for the takeoff and cruise condi-
tions are set to 8.5◦ and 4.5◦ , respectively. Considering 
the cross-section area of the strut to be A = 5 ⋅ 10−3 m2 
and its length l = 2.83 m , the strut stiffness is set to to 
k = 123 ⋅ 106 N∕m , if considering aluminum as the strut 
material. As the computational Young’s modulus is set 
to E = 1 Pa , the computational spring stiffness is set to 
k = kE∕EAlu = 1.76 ⋅ 10−3 N∕m . The density of the mate-
rial is set to 2.71 ⋅ 103 kg∕m3 — corresponding to a density 
of Wstructure = 26.59 ⋅ 103 N∕m3.

The air density is �air = 1.225 kg∕m3, and the air speed 
is set to V∞ = 70 m∕s under both the cruise and takeoff 
conditions.

The optimization is carried out on the DTU Sophia clus-
ter (Technical University of Denmark 2019), using 10 nodes 

with 2 AMD EPYC 7351 16-core processors each, giving 
a total of 320 cores. One node is dedicated to the aerody-
namic problem, while the remaining 9 are dedicated to the 
structural problem. Typically, the cost of a design iteration is 
between 350 and 650 s, averaging at 490 s. Most of the time 
is spent on the solution of the linear elasticity equations.

In total, four cases are considered. Two of the cases 
include the wing strut, as previously discussed and in the 
other two cases, the strut is omitted. For both cases with 
and without the strut, two optimizations are run, with differ-
ent freedom in the shape part of the optimization; one case 
where only the twist is considered, and the other case with 
both twist and chord length.

5.1 � Optimization with strut

The support of the strut is placed on the wing to optimize 
the wing of a small single-engine airplane, with struts under 
the wings. This strut provides some support away from the 
root of the wing, hence providing some resistance toward 
bending moments. It is expected that this strut plays a key 
role in the structural response and hence also in the obtained 
optimized structures, as well as in the optimized shapes 
and lift and drag distributions. However, for simplicity, the 
drag of the strut itself is not included in the optimization in 
this study. In reality, the strut would also interact with the 
wing aerodynamics. As the strut is relatively small, it is not 
deemed necessary to include it in the optimization.

The compliance constraints are set to Ctakeoff = 6 ⋅ 1011 J 
and Ccruise = 1.7 ⋅ 1011 J , respectively. The compli-
ance constraints can be converted to Ctakeoff = 8.6 J and 
Ccruise = 2.42 J , respectively, when substituting the com-
putational Young’s modulus to the one of aluminum, 
E = 70 GPa . The compliance constraint values correspond 
to ∼ 16% of the compliance of the initial wing in the cruise 
conditions and ∼ 30% in the takeoff conditions.

5.1.1 � Optimization of twist and structure

To showcase the presented methodology, the wing is first 
optimized by only varying the wing shape through the local 
twist. The optimization is run for a total of 450 iterations. 
The feasibility criteria for the start of the optimization, i.e., 
gi ≤ 0.05 are achieved after 107 iterations. The optimization 
history is seen in Fig. 7.

The initial part of the optimization process mostly focuses 
on achieving feasibility on the design. Here, it is especially 
noted that the objective and constraint functions are con-
flicting: For the compliance constraints, extensive internal 
structure and low aerodynamic forces are desired. For the 
weight-lift constraint, a low mass of internal structure and 
high lift (i.e., high aerodynamic forces) are desired. Finally, 
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the objective deals with minimizing the drag, which also 
means reducing the lift.

The bumps in objective and constraint functions in the 
optimization history coincide with the design iterations 
where the � parameter for the internal design is continued 
using the scheme shown in Table 1.

The local angle of attack distribution at cruise condi-
tions is shown in Fig. 8. Here, it is observed that the highest 
twist is present at the root of the wing and decreases to the 
minimum around the half-span. Keeping in mind that the 
strut spring locations are placed at a spanwise position of 
� = 0.4 , it is noted that the twist is reduced to the mini-
mum beyond that position. As the airfoil in the wing is non-
symmetric, the negative angle of attack does not necessarily 
contribute negatively to the lift, as shown later. It is noted 

that the Reynolds number at the investigated flow regime 
is approximately Re ≈ 8 ⋅ 106 . For such Reynolds numbers 
( Re = 9 ⋅ 106 ), Abbott et al. (1945) observed that flow sepa-
rations on NACA 2412 airfoil sections occur at angles of 
attack � ≥ 16◦ . It is, hence, seen that flow separation should 
not be an issue for the angles of attack shown in Fig. 8, the 
panel method should, therefore, be able to provide accurate 
solutions in the investigated configuration.

The lift and drag distributions along the spanwise posi-
tion are shown in Fig. 9. Here, it is seen that the lift dis-
tribution is close to the one observed by Drela (2014) for 
wings with a large span when a constraint is placed on the 
root-bending moment of the wing. A difference is that the 
distribution obtained here has a kink around the normalized 
span position � = 0.45 , which is close to the strut. Similarly, 
it is observed that most of the drag is produced between the 
root of the wing and the strut mount. This is likely linked 
to the increased load-bearing capacity between the root of 
the wing and the strut. Hence, the main part of the load is 
placed on the wing between the root and the strut, as this 
area is subjected to some double-supported conditions: the 
two clamped conditions at the root and the strut.

The obtained internal structure of the optimized wing 
is shown in Fig.  10. Qualitatively, the design can be 
divided into two sub-areas: the locations between the root 
and the strut connection and the one between the strut 
connection and the tip of the wing. In both areas, the 
fixed thickness wing skin is reinforced with additional 
material around the quarter-chord location, this is most 
likely due to these locations being the furthest locations 
from the bending axis—hence, providing high bending 
resistance. At locations between the root and the strut 
connection, multiple vertical stiffeners are placed and 

Fig. 7   Optimization history of normalized objective and constraints 
for the wing optimized with the strut and only varying twist and inter-
nal structure. Dashed vertical lines indicate � continuation steps

Fig. 8   Cruise angle of attack, � distribution as a function of the rela-
tive spanwise position � , of wing optimized with the strut and only 
optimizing the twist and internal structure

Fig. 9   Lift, l, and drag, d, distributions along the spanwise position 
� evaluated on the Trefftz plane of the wing optimized with the strut 
and only varying the twist and internal structure
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connect the skin to the internal structure. At locations fur-
ther towards the tip, the joined spar branches out towards 
the tip again. A disconnection in the structure between 
the strut connection and supports is also observed. It 
should be noted that there is a line between the strut and 
the root of the wing, where there is no bending moment. 
This explains the lack of material inside the wing at the 
locations, which are in the vicinity of this line, as the 
skin provides enough stiffness in these locations. A full 
connection could be achieved by adding more load cases, 
as the point with no bending moment would be shifted 
across load cases, hence requiring an even distribution 
of material.

The rib, which can be seen at the root of the wing, stiff-
ens the skin between the two fixtures at the root, which 
also is the location where the forces acting on the wing 
are the greatest. The rib could also have the role of trans-
ferring the forces in the skin to the two supports.

The strain energy density distribution in the internal 
structure of the wing, which is shown in Fig. 10, is evenly 
distributed throughout the structure, except for the region 
near the supports, where the energy density is higher.

The final displacements of the wing are computed, to 
ensure that they are indeed small in the final optimized 
wing. When corrected for the aluminum Young’s modu-
lus, the maximum displacement magnitudes in the skin 
a r e  f o u n d  a s  max

(||ucruise
||
)
= 1.51 mm  a n d 

max

(
|
||
utakeoff

|
||

)
= 3.35 mm , under cruise and takeoff con-

ditions, respectively, which is below 0.1% of the wing 
span and, thus, satisfying the assumption of small 
displacements.

5.1.2 � Optimization of chord length, twist, and structure

A second optimization case is run, where both the local 
twist and the chord length of the wing shape can be varied. 
The optimization is started with the same initial design as 

Fig. 10   Structure of the wing optimized with the strut and only vary-
ing twist and internal structure. The figures show the fixed thickness 
skin in a transparent representation and (a)  the sliced internal struc-
ture (i.e., only the lower part) and (b)  the internal structure colored 

by strain energy density (adjusted for aluminum material properties) 
in J ⋅m−3 . The regions with the clamped boundary conditions are 
depicted in red in (a). (Colour figure online)

Fig. 11   Optimization history of normalized objective and constraints 
for wing optimized with the strut and varying both local twist and 
chord length, as well as the internal structure. Dashed vertical lines 
indicate � continuation steps
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previously, and the continuation strategy is activated once 
gi ≤ 0.05.

From the optimization history, seen in Fig. 11, it is seen 
that a feasible design is reached much quicker than previ-
ously. This is attributed to the increased design freedom. 
Furthermore, it is noted that the final cruise drag (objective 
function) is 31% lower than for the case where the wing 
shape is optimized using only the twist. This is both due to 
the higher freedom in the aerodynamic optimization, and 
due to the increased ability to reduce the weight of the fixed-
wing skin by reducing the chord length—hence necessitating 
less lift, which allows for wings, which induce less drag.

The cruise angle of attack and chord length distributions 
seen in Fig. 12 confirm the previous results, when only opti-
mizing the shape by means of the local twist. The ampli-
tude of the variations is less than when only optimizing the 
twist. Furthermore, a connection between the twist and the 
chord length seems to exist; first, the twist is decreased to 
an almost constant low value outwards of the relative span 
position � = 0.6 . As the slope of the decrease in local twist 
decreases, the local chord length begins to drop from the 
maximum value near � = 0.5 and reaches its minimum value 
at the tip of the wing. A higher chord length and lower twist 
might have been used closer toward the root if the bounds 
for the chord length were different.

The lift and drag distributions along the span of the wing 
are shown in Fig. 13. The distributions seem similar com-
pared to the ones from the wing optimized with only the 
local twist and structure. However, the amplitude of the kink 
in the lift near the half-span location is decreased, which 
could indicate that the kink was present mainly for structural 
reasons. Similarities to the optimization with root-bending 

moment constraint from Drela (2014) are greater than when 
only optimizing the local twist, due to higher freedom in 
the aerodynamic part of optimization. The increased design 
freedom also leads to a better performance of the optimized 
design, which is also expected.

The obtained internal structure is shown in Fig. 14. Less 
material is used in this case, than when a fixed chord length 
is used, which is due to the higher design freedom of the 
outer shape on the wing. As in the previous result, the struc-
ture is connected to the strut, indicating that a large portion 
of the internal forces is transferred to that part of the wing. 
However, less material seems to be connecting the strut-sup-
ported area to the root of the wing, which indicates that the 
skin is enough to carry loads of the low bending moments 
between the root and the strut. This could be due to the 
forces being transferred through the wing skin and the strut 
taking a higher part of the load. Structures looking like ribs 
are also observed on the internal structure adjacent to the top 
part of the wing skin. These ribs contribute to alleviating the 
pressure loads on the skin of the wing.

As in the previous example, the displacements of the 
wing are monitored in the final design. When corrected for 
the aluminum Young’s modulus, the maximum displacement 
magnitudes in the skin are found as max

(||ucruise
||
)
= 1.19 mm 

and max

(
|
||
utakeoff

|
||

)
= 5.26 mm , under cruise and takeoff 

conditions, respectively, which is below 0.11% of the wing 
span.

5.2 � Optimization without strut

Two wings, with different amounts of design freedom for 
the external shape, are also optimized without considering 
the strut. Hence, the only considered structural supports are 

Fig. 12   Local cruise angle of attack, � , and chord length, c, distribu-
tions as a function of the relative spanwise position � , of wing opti-
mized considering the strut and optimizing the local twist, chord 
length, and the internal structure

Fig. 13   Lift and drag distributions of the wing optimized with the 
strut considering the local twist and chord, as well as the internal 
structure
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the two clamped conditions at the root of the wing, shown in 
Fig. 6. To ensure that a feasible point is reachable, the max-
imum compliances are increased to Ctakeoff = 120 ⋅ 1011 J 
and Ccruise = 34 ⋅ 1011 J , which can be converted to 
Ctakeoff = 172 J and Ccruise = 48.4 J , if the considered wing 
material is aluminum. These compliance constraints corre-
spond to ∼ 20% of the initial wing in cruise conditions and 
∼ 36% for takeoff conditions. When setting more restrictive 
upper bounds on the compliances, the optimization fails to 
reach a feasible point and gets stuck in a situation, where the 
two compliance constraints are feasible, but the lift is too 
low to overcome the weight-lift constraint and increasing 
it would lead to violations of the compliance constraints.

Objective values for the two upcoming optimizations 
are not directly comparable to the optimizations carried 
out considering the strut, as the maximum compliances are 
different.

5.2.1 � Optimization of twist and structure

The optimization history of the wing optimized without the 
strut, considering only the local twist and internal structure 
is shown in Fig. 15. As in the designs optimized with the 
strut, the first part of the optimization is spent retrieving a 
feasible design from the initial one. A rise in g1 simultaneous 
to decreasing values of the compliance constraints, g2 and 
g3 , supports the hypothesis that decreasing the compliance 
constraints is partly achieved by reducing the aerodynamic 
forces on the wing – which results in decreased lift and drag.

The local twist distribution of the optimized wing is 
shown in Fig. 16, where it is noted that the local twist takes 
much more intermediate values than was seen for the wings 

optimized using the strut. This may be due to the compli-
ance constraints being different (hence requiring less mate-
rial leading to less lift required), and the lack of motivation 
to place the main part of the load between the wing root and 
the strut. The local twist flattens out toward the tip of the 
wing, which indicates that the load should be placed closer 

Fig. 14   Structure of the wing optimized with the strut and vary-
ing twist, chord length, and internal structure. The figures show the 
fixed thickness skin in a transparent representation and (a) the sliced 
internal structure (i.e., only the lower part) and (b) the internal struc-

ture colored by strain energy density (adjusted for aluminum material 
properties) in J ⋅m−3 . The regions with the clamped boundary condi-
tions are depicted in red in (a). (Colour figure online)

Fig. 15   Optimization history of normalized objective and constraints 
for wing optimized without the strut and only varying local twist, as 
well as the internal structure. Dashed vertical lines indicate � continu-
ation steps
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toward the root of the wing, which results in lower root-
bending moments.

The lift and drag distributions along the span of the wing 
are seen in Fig. 17. Here, it is seen that the lift distribution is 
much closer to an elliptic profile than in the examples with 
the strut. However, the distribution has a higher part of the 
total load placed towards the root than the elliptic profile. 
This is also observed when enforcing a bending moment 
constraint at the root of the wing (Conlan-Smith et al. 2020). 
It is among others observed that the drag seems to be at rela-
tively high levels in the region near the tip of the wing than 
when considering the strut. This might be due to a larger 
portion of the lift being generated further away from the 
root. This is in turn caused by the absence of the strut and 
hence not being advantageous to produce large parts of the 
lift between the root and the strut location anymore.

The structure of the wing optimized without the strut, 
considering the local twist and internal structure, is seen in 
Fig. 18. The obtained structure is much different from the 
wing optimized with the strut from Fig. 10. The internal 
structure of the wing consists of an I-beam-like structure 
near the quarter-chord line. The quarter-chord line is also 
approximately the aerodynamic center of the wing, hence, 
the derivative of the moment coefficient along that line is 
independent of the angle of attack, dcm

d�
= 0 . The single strut 

is, hence, placed along the line where there are only low 
torsional contributions to the compliance and the primary 
load results from bending moments. The main structure is 
connected to both the upper and lower skin and the clamped 
support area near the leading edge. A much smaller sec-
ondary structure connects the upper and lower skin in a 
small area near the clamped support at the trailing edge 
of the wing. This secondary structure has the function of 

Fig. 16   Cruise angle of attack, � distribution as a function of the rela-
tive spanwise position � , of wing optimized without the strut and only 
optimizing the twist and internal structure

Fig. 17   Lift, l, and drag, d, distributions of the wing optimized with-
out the strut, considering the local twist and internal structure

Fig. 18   Structure of the wing optimized without the strut and only 
varying twist and internal structure. The figures show the fixed thick-
ness skin in a transparent representation and (a)  the sliced inter-
nal structure (i.e., only the lower part) and (b)  the internal structure 

colored by strain energy density (adjusted for aluminum material 
properties) in J ⋅m−3 . The regions with the clamped boundary condi-
tions are depicted in red in (a). (Colour figure online)
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transferring torsional moments from the wing skin to the 
clamped support in the part of the wing, where the main 
beam is offset from the quarter-chord, as it needs to connect 
to the clamped surface. The lack of other structure is due to 
the placement of the beam along the aerodynamic center, 
and there is no need to transfer forces from the positions 
close to the edges towards the aerodynamic center, as the 
skin seems to take that role in vast parts of the wing.

The displacements of the wing are corrected for the alu-
minum Young’s modulus and again reported in the final 
design. The maximum displacement magnitudes in the skin 
a r e  f o u n d  a s  max

(
|
|ucruise

|
|
)
= 18.9 mm  a n d 

max

(
|
|
|
utakeoff

|
|
|

)
= 41.3 mm , under cruise and takeoff condi-

tions, respectively, which is below 0.9% of the wing span.

5.2.2 � Optimization of chord length, twist, and structure

The optimization history for the wing optimized without the 
strut, considering the local twist and chord length as well as 
the internal structure is shown in Fig. 19. The optimization 
history shows that a feasible design is obtained much faster 
than in the previous case, which can be attributed to the 
increased design freedom. The required trade-offs between 
the structure and the aerodynamics to have all constraints 
feasible are again highlighted by the initial part of the opti-
mization history as the lift-weight constraint, g1 , seems to 

counteract the compliance constraints, g2 and g3 . The cruise 
drag of the final optimized design is 32% lower than the one 
of the wing without the strut optimizing the twist and the 
structure. Contrary to what was observed in Fig. 15, with 
the history of the case with no strut and only optimization of 
the shape through the twist, both compliance constraints end 
up being active for most of the optimization, as well as in 
the final design. This can be attributed to the higher design 
freedom on the shape, which allows for greater control of 
the aerodynamic forces.

The local cruise angle of attack and chord length dis-
tributions along the span are shown in Fig. 20. The distri-
butions show very moderate twist angles compared to the 
ones seen in the previous cases, which might be linked to 
this case resulting in the lightest wing, hence necessitating 
less lift. From the root to approximately the half-span posi-
tion, the chord length is at its maximum admissible value, 
and the twist is decreasing, similarly to what was observed 
in Fig. 11, when considering the strut. Beyond that posi-
tion, the chord length decreases and reaches the minimal 
value at the tip. In most of the region with decreasing chord 
length, the local twist is increasing again towards a maxi-
mum near the spanwise position � = 0.9 , beyond which it is 
again decreasing. This non-trivial twist distribution is linked 
to the chord length distribution, where the local shape is 
controlled by the twist. At the half-span, the chord length 
begins to be reduced, and it could, therefore, be necessary 
to increase the local lift, by increasing the local twist. Such 
a configuration, with a higher twist but reduced chord length 
requires less material in the skin and hence, leads to lighter 
wings. This might also indicate an advantage of airfoils 
with shorter chord lengths but higher twist angles at these 

Fig. 19   Optimization history of normalized objective and constraints 
for wing optimized without the strut and varying both local twist and 
chord length, as well as the internal structure. Dashed vertical lines 
indicate � continuation steps

Fig. 20   Local cruise angle of attack, � , and chord length, c, dis-
tributions as a function of the relative spanwise position � , of wing 
optimized without the strut and optimizing the local twist and chord 
length, as well as the internal structure
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positions. Near the very tip of the wing ( � = 0.9 ), the twist 
is again decreased, as the lift at the tip should be minimal.

The lift and drag distributions are shown in Fig. 21, 
where it is seen that the lift distribution is much closer to 
an elliptic distribution than the ones of the previous wings, 
which indicates that the optimization leads to a design that, 
from an aerodynamic perspective, is close to a structurally 
unconstrained optimal lift to drag ratio. The lift curve is 
still skewed towards the root of the wing, compared to an 
elliptic profile, which indicates that a higher portion of the 
load is wanted close to the root of the wing, to avoid high 
bending moments. It is noted that the oscillation in the twist 

angle, combined with the chord length distribution, seen in 
Fig. 20, does not seem to let the lift distribution oscillate, 
which points towards the chord length and twist having a 
combined effect to provide the necessary lift while maintain-
ing a low drag and giving loads, that do not infringe on the 
compliance constraints.

The structure of the wing optimized without the strut and 
considering both the local twist and chord length for the 
shape problem is shown in Fig. 22. The obtained structure 
is similar to the one obtained for the same case, optimized 
without the strut, seen in Fig. 18, with a main I-beam shaped 
structure connected to the clamped support near the lead-
ing edge and a secondary structure at the support near the 
trailing edge. The connection between the upper and lower 
skin extends further towards the tip of the wing as in the 
previous case, without the strut and only optimizing the 
shape through the local twist. Towards the tip, the connec-
tion between the upper and lower skin goes from a plate-like 
shape to a truss-like structure, which might indicate that the 
mesh and imposed length scale are too coarse to provide for 
a thinner plate. A reason for the horizontal stiffener being 
longer in this case, than when not including the chord length 
in the optimization could be that the skin patch at the tip of 
the wing, which acts as a vertical stiffener, is smaller with 
small chord lengths.

The displacements of the wing are corrected for the alu-
minum Young’s modulus and monitored in the final design. The 
maximum displacement magnitudes in the skin are found as 
max

(||ucruise
||
)
= 27.8mm and max

(
|
||
utakeoff

|
||

)
= 52.9 mm , 

under cruise and takeoff conditions, respectively, which is Fig. 21   Lift, l, and drag, d distributions of the wing optimized with-
out the strut, considering the local twist and chord length, as well as 
the internal structure

Fig. 22   Structure of the wing optimized without the strut and vary-
ing twist, chord length, and internal structure. The figures show the 
fixed thickness skin in a transparent representation and (a) the sliced 
internal structure (i.e., only the lower part) and (b) the internal struc-

ture colored by strain energy density (adjusted for aluminum material 
properties) in J ⋅m−3 . The regions with the clamped boundary condi-
tions are depicted in red in (a). (Colour figure online)
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below 1.1% of the wing span; hence, the assumption of small 
displacements in the optimized wing is still valid.

5.3 � Comparison of results

In addition to increased design freedom on the aerodynami-
cal performance of the wing, letting the chord length vary 
also allows for lighter wings. This is due to the ability to 
reduce the surface area of wing skin and thereby reducing 
weight—hence giving further room for improvement of the 
drag of the wing, as the required lift is now lesser. The three 
considered types of design variables are interwoven and all 
three affect, directly or indirectly the objective and all three 
constraints.

A comparison of the aerodynamic performances at cruise 
and takeoff, as well as the weight of the initial and opti-
mized wings, is given in Table 2. Here, it is highlighted that 
a considerable reduction in structural weight of the wing 
can be achieved— 40% and 36% in the case with and with-
out the strut, respectively, when the chord length also is a 
design variable. The reduction in weight means that less lift 
is required, which means that the drag is reduced by 31% and 
32% , respectively. It should be noted that these reductions 
should not solely be attributed to weight reduction, as the 
optimization is an integrated process.

The volume fractions of material (on the nominal design) 
inside the wing are also provided in Table 2. The volume 
fractions represent the volume of material inside the domain 
enclosed by the skin. The volume fractions of the two cases 
considering the chord length as a design parameter are lower 
than the one of their respective corresponding examples, 
which do not consider the chord length for the optimization. 
This reduction in volume fraction coincides with a smaller 
volume enclosed by the wing skin for the cases where the 
local chord length is altered, which underlines that the added 
design freedom must provide large benefits, as both smaller 
and less dense wings are obtained in these cases.

Comparing the internal structures obtained when con-
sidering the strut and when not, it is noted that the struc-
tures are very different. This comparison should be made 
carefully, as the compliance constraints are not identical. 
However, one can note that when the strut is included in the 
model, the structure branches into- and out of the connection 
point. In both distinct cases, with and without a strut, the 
structures seem to be qualitatively similar, as there is some 
structure connecting the upper and lower skin going through 
the wing and transferring the loads to the strut and the sup-
port in the structures where the strut is considered, seen in 
Figs. 10 and 14. In the two cases without the strut, seen in 
Figs. 18 and 22, the structure primarily only consists of an 
I-beam like structure connecting the upper and lower skin.

In all cases, the strain energy density appears to be rela-
tively evenly distributed throughout the wing, except for 
the regions near the supports. This underlines that the used 
material is indeed necessary to keep the compliances at the 
specified level.

6 � Conclusion

The optimization of the external shape of wings as well as 
the topology of their internal structure has successfully been 
carried out. One-way coupled physics were applied, where 
the change in aerodynamic performance due to the wing 
deflection was neglected.

The state evaluation is carried out in a segregated man-
ner: first, the panel method is used to solve the aerodynamic 
response of the wing, then the aerodynamic forces are pro-
jected to the unfitted mesh used for the structural response 
evaluation and optimization, finally, the structural response 
of the wing is evaluated using linear elastic finite elements.

Two different wing cases were considered one with a 
wing strut, inspired from small, single-engine airplanes, 
and another one without the strut. For each case, two opti-
mizations were carried out: one where the shape only is 

Table 2   Comparison of the optimized and initial wings

Optimization Cruise drag Cruise lift Takeoff drag Takeoff lift Structure weight Volume 
fraction 
(%)

Initial 759 [N] 18.7 [kN] 1510 [N] 26.3 [kN] 13.4 [kN] 50

With strut, twist 369 [N] 9.27 [kN] 785 [N] 17.1 [kN] 3.27 [kN] 10.5

With strut, chord, twist 281 [N] 7.96 [kN] 630 [N] 14.7 [kN] 1.96 [kN] 8.6

Without strut, twist 166 [N] 7.74 [kN] 536 [N] 15.5 [kN] 1.74 [kN] 5.2

Without strut, chord, twist 113 [N] 7.11 [kN] 410 [N] 13.6 [kN] 1.11 [kN] 4.8
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optimized through the local twist, and the other, where both 
the local twist and chord length are optimized for the wing 
shape. The increased design freedom, when also considering 
the local chord length in the optimization, leads to a reduc-
tion in drag by up to 32%.

The optimization can have some trouble finding a feasi-
ble design, as the objective and three constraint functions 
are contradicting to a very high degree. For instance, if the 
imposed maximum compliances are too small, the optimi-
zation satisfies them, but at the cost of a too-low lift, such 
that the weight-lift constraint ( g1 ) is violated. In general, the 
optimization process with intertwined objective and con-
straint functions having opposite motivations for the final 
design is seen to be difficult. The optimization requires tight 
asymptote settings and can get locked in infeasible designs 
under certain conditions.

It should be noted that important dynamic effects, such 
as flutter, are ignored in this study. These effects would also 
influence the structural design. Buckling of the wing skin 
is also a major concern for the optimized structures. Future 
work could concern the implementation of buckling con-
straints in the presented optimization approach.

Structural constraints based on compliance are easily 
implemented and computationally efficient. However, stress 
constraints can directly be linked to the material properties 
and safety factors, hence, rendering the optimization, a more 
integrated part of the design process. Having a set of few 
discrete load cases (from different angles of attack) does 
not seem to be sufficient to avoid regions with low bend-
ing moments in all cases, as seen in the cases, where the 
strut is included, where regions with no or very little mate-
rial appear between the strut and root of the wing. These 
regions with no material could also be avoided with finer 
meshes, which would allow for thinner wing skins, with 
a realistic thickness. Furthermore, the skin could then be 
modeled with the same material properties as the internal 
structure. In addition, a finer discretization level would also 
allow for smaller features inside the wing (if the length scale 
is adapted accordingly). Finally, if a higher fidelity descrip-
tion of the aerodynamics or more advanced aerodynamic 
modeling was used, where viscous forces are included, the 
airfoil profile at each section could also be included in the 
optimization.

Appendix A: Sensitivity analysis

Differentiating the augmented Lagrangian function F  from 
Eq. 17 with respect to the shape and structural design vari-
ables, d and � , respectively, and applying the chain rule:

The above expressions can be rewritten by taking advan-
tage of the arbitrary choice of Lagrangian multipliers, which 
allows setting certain terms to zero:

Hence, in the adjoint system of equations, to retrieve the 
Lagrangian multipliers �a and �s , the one-way coupling is 
reversed, such that the structural adjoint affects the aerody-
namic adjoint – but not the other way around.

The chain rule for the structural design field is given as 
follows:

The chain rule term of the smooth Heaviside projection is 
given as follows:
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Replication of results  The methods used to produce the results of this 
paper have been outlined in Sects. 2–4. Additional implementation 
details can be provided upon request.
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included in the article's Creative Commons licence, unless indicated 
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the article's Creative Commons licence and your intended use is not 
permitted by statutory regulation or exceeds the permitted use, you will 
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copy of this licence, visit http://​creat​iveco​mmons.​org/​licen​ses/​by/4.​0/.

References

Aage N, Lazarov BS (2013) Parallel framework for topology opti-
mization using the method of moving asymptotes. Struct 
Multidisc Optim 47(4):493–505. https://​doi.​org/​10.​1007/​
s00158-​012-​0869-2

Aage N, Andreassen E, Lazarov BS, Sigmund O (2017) Giga-voxel 
computational morphogenesis for structural design. Nature 
550(7674):84–86. https://​doi.​org/​10.​1038/​natur​e23911

Abbott IH, von Doenhoff AE (1959) Theory of wing sections. Dover 
Publications

Abbott IH, Von Doenhoff AE, Stivers L Jr (1945) Summary of airfoil 
data. NACA​

Barcelos M, Maute K (2008) Aeroelastic design optimization for 
laminar and turbulent flows. Comput Methods Appl Mech Eng 
197(19–20):1813–1832. https://​doi.​org/​10.​1016/j.​cma.​2007.​
03.​009

Bendsøe MP, Kikuchi N (1988) Generating optimal topologies in 
structural design using a homogenization method. Comput 
Methods Appl Mech Eng 71(2):197–224. https://​doi.​org/​10.​
1016/​0045-​7825(88)​90086-2

Bendsøe MP, Sigmund O (2003) Topology optimization : theory, 
methods, and applications. Springer

Bourdin B (2001) Filters in topology optimization. Int J Numer 
Methods Eng 50(9):2143–2158. https://​doi.​org/​10.​1002/​nme.​
116

Bruns TE, Tortorelli DA (2001) Topology optimization of non-linear 
elastic structures and compliant mechanisms. Comput Meth-
ods Appl Mech Eng 190(26–27):3443–3459. https://​doi.​org/​10.​
1016/​S0045-​7825(00)​00278-4

Conlan-Smith C, Andreasen CS (2022) Aeroelastic shape optimiza-
tion of solid foam core wings subject to large deformations. 
Struct Multidisc Optim 65(6):1–18. https://​doi.​org/​10.​1007/​
s00158-​022-​03246-5

Conlan-Smith C, Schousboe Andreasen C (2021) Aeroelastic opti-
mization of aircraft wings using a coupled three-dimensional 
panel-beam model. AIAA J 59(4):1374–1386. https://​doi.​org/​
10.​2514/1.​J0599​11

Conlan-Smith C, Ramos-García N, Sigmund O, Andreasen CS 
(2020) Aerodynamic shape optimization of aircraft wings using 
panel methods. AIAA J 58(9):1–12. https://​doi.​org/​10.​2514/1.​
J0589​79

Drela M (2014) Flight vehicle aerodynamics. MIT press
Dunning PD, Stanford BK, Kim HA (2015) Coupled aerostructural 

topology optimization using a level set method for 3D aircraft 

wings. Struct Multidisc Optim 51(5):1113–1132. https://​doi.​
org/​10.​1007/​s00158-​014-​1200-1

Ferrari F, Sigmund O (2020) Towards solving large-scale topology 
optimization problems with buckling constraints at the cost of 
linear analyses. Comput Methods Appl Mech Eng 363:112911. 
https://​doi.​org/​10.​1016/j.​cma.​2020.​112911

Gomes P, Palacios R (2020) Aerodynamic-driven topology optimiza-
tion of compliant airfoils. Struct Multidisc Optim 62(4):2117–
2130. https://​doi.​org/​10.​1007/​s00158-​020-​02600-9

Gomes P, Palacios R (2022) Aerostructural topology optimization 
using high fidelity modeling. Struct Multidisc Optim 65(5):1–
14. https://​doi.​org/​10.​1007/​s00158-​022-​03234-9

Grossman B, Haftka RT, Kao PJ, Polen DM, Rais-Rohani M, 
Sobieszczanski-Sobieski J (1990) Integrated aerodynamic-
structural design of a transport wing. J Aircraft 27(12):1050–
1056. https://​doi.​org/​10.​2514/3.​45980

Haftka RT (1977) Optimization og flexible wing structures subject 
to strength and induced drag constraints. AIAA J 15(8):1101–
1106. https://​doi.​org/​10.​2514/3.​7400

Høghøj LC, Nørhave DR, Alexandersen J, Sigmund O, Andreasen 
CS (2020) Topology optimization of two fluid heat exchangers. 
Int J Heat Mass Trans 163:120. https://​doi.​org/​10.​1016/j.​ijhea​
tmass​trans​fer.​2020.​120543

James KA, Kennedy GJ, Martins JR (2014) Concurrent aerostruc-
tural topology optimization of a wing box. Comput Struct 
134:1–17. https://​doi.​org/​10.​1016/j.​comps​truc.​2013.​12.​007

Katz J, Plotkin A (2001) Low-speed aerodynamics. Cambridge Uni-
versity Press

Kennedy GJ, Martins JR (2014) A parallel aerostructural optimi-
zation framework for aircraft design studies. Struct Multi-
disc Optim 50(6):1079–1101. https://​doi.​org/​10.​1007/​
s00158-​014-​1108-9

Lazarov BS, Sigmund O (2011) Filters in topology optimization 
based on Helmholtz-type differential equations. Int J Numer 
Methods Eng 86(6):765–781. https://​doi.​org/​10.​1002/​nme.​3072

Lee E, Martins JR (2012) Structural topology optimization with 
design-dependent pressure loads. Comput Methods Appl Mech 
Eng 233–236:40–48. https://​doi.​org/​10.​1016/j.​cma.​2012.​04.​007

Luo Y, Li Q, Liu S (2019) Topology optimization of shell-infill struc-
tures using an erosion-based interface identification method. 
Comput Methods Appl Mech Eng 355:94–112. https://​doi.​org/​
10.​1016/j.​cma.​2019.​05.​017

Maute K, Allen M (2004) Conceptual design of aeroelastic structures 
by topology optimization. Struct Multidisc Optim 27(1–2):27–
42. https://​doi.​org/​10.​1007/​s00158-​003-​0362-z

Picelli R, Vicente WM, Pavanello R (2017) Evolutionary topology 
optimization for structural compliance minimization consider-
ing design-dependent FSI loads. Finite Elem Anal Desi 135:44–
55. https://​doi.​org/​10.​1016/j.​finel.​2017.​07.​005

Sharma A, Villanueva H, Maute K (2017) On shape sensitivities with 
heaviside-enriched XFEM. Struct Multidisc Optim 55(2):385–
408. https://​doi.​org/​10.​1007/​s00158-​016-​1640-x

Sigmund O (2009) Manufacturing tolerant topology optimiza-
tion. Acta Mech Sin 25(2):227–239. https://​doi.​org/​10.​1007/​
s10409-​009-​0240-z

Stanford BK (2021) Shape, sizing, and topology design of a wing-
box under aeroelastic constraints. J Aircraft 58(6):1406–1415. 
https://​doi.​org/​10.​2514/1.​C0363​15

Stanford BK, Dunning PD (2015) Optimal topology of aircraft 
rib and spar structures under aeroelastic loads. J Aircraft 
52(4):1298–1311. https://​doi.​org/​10.​2514/1.​C0329​13

Svanberg K (1987) The method of moving asymptotes-a new 
method for structural optimization. Int J Numer Methods Eng 
24(2):359–373. https://​doi.​org/​10.​1002/​nme.​16202​40207

Technical University of Denmark (2019) Sophia HPC cluster. DTU 
Sophia

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/s00158-012-0869-2
https://doi.org/10.1007/s00158-012-0869-2
https://doi.org/10.1038/nature23911
https://doi.org/10.1016/j.cma.2007.03.009
https://doi.org/10.1016/j.cma.2007.03.009
https://doi.org/10.1016/0045-7825(88)90086-2
https://doi.org/10.1016/0045-7825(88)90086-2
https://doi.org/10.1002/nme.116
https://doi.org/10.1002/nme.116
https://doi.org/10.1016/S0045-7825(00)00278-4
https://doi.org/10.1016/S0045-7825(00)00278-4
https://doi.org/10.1007/s00158-022-03246-5
https://doi.org/10.1007/s00158-022-03246-5
https://doi.org/10.2514/1.J059911
https://doi.org/10.2514/1.J059911
https://doi.org/10.2514/1.J058979
https://doi.org/10.2514/1.J058979
https://doi.org/10.1007/s00158-014-1200-1
https://doi.org/10.1007/s00158-014-1200-1
https://doi.org/10.1016/j.cma.2020.112911
https://doi.org/10.1007/s00158-020-02600-9
https://doi.org/10.1007/s00158-022-03234-9
https://doi.org/10.2514/3.45980
https://doi.org/10.2514/3.7400
https://doi.org/10.1016/j.ijheatmasstransfer.2020.120543
https://doi.org/10.1016/j.ijheatmasstransfer.2020.120543
https://doi.org/10.1016/j.compstruc.2013.12.007
https://doi.org/10.1007/s00158-014-1108-9
https://doi.org/10.1007/s00158-014-1108-9
https://doi.org/10.1002/nme.3072
https://doi.org/10.1016/j.cma.2012.04.007
https://doi.org/10.1016/j.cma.2019.05.017
https://doi.org/10.1016/j.cma.2019.05.017
https://doi.org/10.1007/s00158-003-0362-z
https://doi.org/10.1016/j.finel.2017.07.005
https://doi.org/10.1007/s00158-016-1640-x
https://doi.org/10.1007/s10409-009-0240-z
https://doi.org/10.1007/s10409-009-0240-z
https://doi.org/10.2514/1.C036315
https://doi.org/10.2514/1.C032913
https://doi.org/10.1002/nme.1620240207


	 L. C. Høghøj et al.

1 3

116  Page 20 of 20

Träff EA, Sigmund O, Aage N (2021) Topology optimization of ultra 
high resolution shell structures. Thin-Walled Struct 160:107349

Wang F, Lazarov BS, Sigmund O (2011) On projection methods, 
convergence and robust formulations in topology optimization. 
Struct Multidisc Optim 43(6):767–784. https://​doi.​org/​10.​1007/​
s00158-​010-​0602-y

Wang Z, Suiker AS, Hofmeyer H, van Hooff T, Blocken B (2020a) 
Coupled aerostructural shape and topology optimization of 
horizontal-axis wind turbine rotor blades. Energy Conv Manag 
212:112621. https://​doi.​org/​10.​1016/j.​encon​man.​2020.​112621

Wang Z, Suiker AS, Hofmeyer H, van Hooff T, Blocken B (2020b) 
Optimization of thin-walled beam structures: monolithic versus 
staggered solution schemes. Thin-Walled Struct. https://​doi.​org/​
10.​1016/j.​tws.​2020.​107182

Publisher's Note  Springer Nature remains neutral with regard to 
jurisdictional claims in published maps and institutional affiliations.

https://doi.org/10.1007/s00158-010-0602-y
https://doi.org/10.1007/s00158-010-0602-y
https://doi.org/10.1016/j.enconman.2020.112621
https://doi.org/10.1016/j.tws.2020.107182
https://doi.org/10.1016/j.tws.2020.107182

	Simultaneous shape and topology optimization of wings
	Abstract
	1 Introduction
	2 Parametrization
	2.1 Wing shape
	2.2 Structural parametrization
	2.2.1 Wing skin mapping
	2.2.2 Internal structure
	2.2.3 Field agglomeration


	3 Physical response
	3.1 Aerodynamic model
	3.2 Structural model
	3.3 Load transfer scheme

	4 Optimization formulation
	4.1 Sensitivity analysis

	5 Results
	5.1 Optimization with strut
	5.1.1 Optimization of twist and structure
	5.1.2 Optimization of chord length, twist, and structure

	5.2 Optimization without strut
	5.2.1 Optimization of twist and structure
	5.2.2 Optimization of chord length, twist, and structure

	5.3 Comparison of results

	6 Conclusion
	Appendix A: Sensitivity analysis
	Acknowledgements 
	References




