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Abstract

To learn the effect of interested distribution parameter, also the design variable of random input vector, on time-dependent
failure probability, and to decouple time-dependent reliability-based design optimization (T-RBDO), estimating time-depend-
ent failure probability function (T-FPF), a relation of time-dependent failure probability varying with the distribution param-
eter in interested design region, is necessary. However, estimating T-FPF is time-consuming and a challenge at present. Thus,
this paper proposes a novel single-loop meta-model importance sampling with adaptive Kriging model (SL-Meta-IS-AK) to
estimate T-FPF efficiently. In SL-Meta-IS-AK, for estimating the T-FPF by single-loop simulation, an optimal importance
sampling probability density function (IS-PDF), which can envelope the interested distribution parameter region and be
free of the distribution parameter, is constructed by an integral operation. After the Kriging model is adaptively constructed
for time-dependent performance function to approach optimal IS-PDF for T-FPF by quasi-optimal one, a simple sampling
strategy is designed to extract the samples of quasi-optimal IS-PDF, and a time-dependent misclassification probability
function is derived to update the Kriging model adaptively until it can accurately recognize the states of all extracted sam-
ples, on which the T-FPF at the whole interested distribution parameter region can be estimated as a byproduct. Due to the
single-loop simulation aided by the IS-PDF covering the interested distribution parameter region but free of the distribution
parameter, the efficiency of estimating T-FPF is improved by the proposed SL-Meta-IS-AK, which is verified by presented
numerical and aviation engineering examples including a wing structure and a turbine shaft structure.

Keywords Time-dependent failure probability function - Adaptive Kriging - Time-dependent misclassification probability
function

1 Introduction coupled in design variable optimization, and the design vari-

able, which is varying in the designable region determined

Under universal uncertainty environment in engineering
application, the safety degree of structure should be quanti-
fied by reliability and failure probability, in order to improve
the performance of structure under ensuring the reliability of
structure. The reliability-based design optimization (RBDO)
(Chaudhuri et al. 2020; Cheng et al. 2021; Gasser and
Schuéller 1997; Enevoldsen and Sgrensen 1994) is proposed
to replace the traditional deterministic design optimization
in past decades. In RBDO, reliability constraint analysis is
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by manufacturing capability, or assembly limitation, etc., is
generally the interested distribution parameter of the random
input vector. Due to the coupling of the interested distribu-
tion parameter, i.e., the design variable, parameter optimiza-
tion and reliability constraint evaluation in RBDO, solving
RBDO is more time-consuming than solving the traditional
deterministic optimization. To reduce the computational cost
of solving RBDO, researchers developed lots of decoupling
methods, among which estimating the failure probability
function (FPF), a relation of failure probability varying
with the interested distribution parameter 6 in the inter-
ested design region [0, 8"], in advance of solving RBDO
is a direct decoupling method. In fact, estimating FPF not
only helps to simplify the solution of RBDO (Yuan 2013;
Ling et al. 2020; Yuan 2020), but also provides the effect
of the interested distribution parameter on structure failure
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probability; therefore, it is worth studying. Actually, due
to the working environment, the applied load, the material
properties and the structural geometries affected by fatigue
and corrosion during the service, etc. are time dependent;
time-dependent reliability is more universal than the time-
independent one. Thus, in order to decouple the design vari-
able optimization and time-dependent reliability constraint
evaluation in the time-dependent RBDO (T-RBDO) (Jiang
et al. 2017; Yu and Wang 2019; Shi et al. 2020) for reducing
the computational complexity of solving T-RBDO, and to
learn about the effect of the interested distribution parameter
on the time-dependent failure probability, it should study
efficient algorithm for estimating the time-dependent FPF
(T-FPF). Because T-FPF is more difficult to be estimated
than time-independent FPF, and there lacks efficient esti-
mation, this paper focuses on the algorithm of efficiently
estimating T-FPF.

At present, several methods are developed to solve the
time-independent FPF, among which the most direct method
is double-loop Monte Carlo simulation (DLMCS). In
DLMCS, the time-independent FPF is obtained by interpo-
lating the pairs of distribution parameter and corresponding
failure probability estimated by MCS one by one. Obviously,
the computational cost of DLMCS is unaffordable for engi-
neering application with time-demanding performance func-
tion. In order to reduce the computational cost of estimating
FPF by DLMCS, Gasser and Schuéller (1997) proposed to
use quadratic function to approximate the logarithmic FPF,
and Jensen (2005) adopted a linear function to approximate
the FPF. When estimating the failure probability at the inter-
polation point, efficiently adaptive Kriging model methods
can be used; for example, a moving-zone renewal strategy-
based adaptive Kriging combined with truncated importance
sampling method proposed by Zhang et al. (2022a) can be
used to estimate the failure probability, and an active Kriging
model combined with reducing candidate sample pool and
adaptive importance sampling method (Zhang et al. 2023)
can also be employed to estimate the failure probability. It
should be noted that these methods of estimating FPF need
select a fixed interpolation function form; thus, the flexibility
of these interpolation-based methods is limited. Au (2005)
proposed a single-loop method to estimate the FPF based
on Bayes inference. In this method, the FPF is transformed
into the ratio of the product of augmented failure probabil-
ity and conditional probability density function (PDF) of
distribution parameter on failure domain to an assigned
prior PDF of distribution parameters. Based on the sample
information produced in estimating the augmented failure
probability, the conditional PDF of distribution parameter
in the method of Au (2005) can be obtained by use of his-
togram (Au 2005) or maximum entropy principle (Ching
and Hsieh 2007). Thus, the Bayes inference-based method
for estimating FPF only needs one reliability analysis for
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estimating the augmented failure probability. It should be
noted that the Bayes inference-based method needs failure
sample information for estimating the required conditional
PDF of distribution parameter; thus, it should use numerical
simulation to estimate the augmented failure probability and
produce failure sample to fit the conditional PDF of distribu-
tion parameter. In order to improve the efficiency of estimat-
ing the augmented failure probability by numerical simula-
tion and finally improve the efficiency of estimating FPF,
Ling et al. (2020) combined adaptive Kriging model with
MCS to estimate the augmented failure probability and to
obtain the FPF finally. Yuan (2013) proposed some weighted
methods to rewrite the failure probability and then effec-
tively estimate FPF, and Yuan et al. (2020) also proposed an
augmented space integral method to obtain the FPF. Li et al.
(2020) proposed an estimation method to solve FPF based on
Bayes theorem and copula. Dang et al. (2021) proposed an
active learning-augmented probabilistic integration.

The above studies are mainly concerning the time-inde-
pendent FPF. Comparing with estimating the time-inde-
pendent FPF, estimating the T-FPF is more time-consum-
ing due to the time factor increases the computational cost.
Similar to the time-independent FPF, T-FPF is defined
as the relation of the time-dependent failure probability
varying with the distribution parameter in the interested
region. Several methods are developed to solve the time-
dependent reliability analysis, such as single-loop Krig-
ing model (Hu and Mahadevan 2016), equivalent sto-
chastic process transformation method (Wang and Chen
2016), the nested extreme value response surface method
(Wang and Wang 2015), the active extremum Kriging-
based multi-level linkage method (Zhang et al. 2022b),
etc. However, there are few methods to study T-FPF. It is
inefficient to use the double-loop strategy directly with
the existing time-dependent reliability analysis methods
to estimate T-FPF. To improve the efficiency of esti-
mating T-FPF, based on Bayes inference similarly used
in estimating time-independent FPF, Feng et al. (2019)
proposed an adaptive Kriging model combined with con-
ditional PDF fitting method (AK-MCS-Bay) to estimate
the T-FPF. However, the common conditional PDF fit-
ting methods required by AK-MCS-Bay generally have
the defects of low precision at the edges of the interested
distribution parameter region. Moreover, the PDF fitting
precision decreases as the dimensionality increasing of
the distribution parameter, which results this kind method
to be difficultly applied to the case of multidimensional
distribution parameter. The other disadvantage of existing
AK-MCS-Bay is that the direct MCS based on the PDF
of random input vector is used to analyze the augmented
time-dependent failure probability. Since AK-MCS-Bay is
based on the joint PDF in the augmented space spanned by
the random input and the interested distribution parameter,
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the sampling efficiency is low and a large size of candi-
date sample pool is required to get a convergent estimation
of augmented time-dependent failure probability, which
sequentially affects the efficiency of estimating T-FPF.

In order to improve the computational efficiency of solv-
ing T-FPF, a novel single-loop meta-model importance
sampling combined with adaptive Kriging (SL-Meta-IS-
AK) method is proposed in this paper. In SL-Meta-1S-AK,
the theoretical optimal importance sampling PDF (IS-PDF)
is used to replace the joint PDF in AK-MCS-Bay, which
improves the efficiency of estimating T-FPF due to the vari-
ance reduction resulted by the importance sampling. For
extracting the samples of IS-PDF, an adaptive Kriging model
of the time-dependent performance function is constructed
for approaching the optimal IS-PDF by the quasi-optimal
one, and a simple sampling strategy can be employed to
extract the samples of the quasi-optimal IS-PDF by design-
ing an acceptance domain. In this step of SL-Meta-IS-AK,
the main novelty is constructing the quasi-optimal IS-PDF,
and it is free of the distribution parameter but enveloping
the whole interested region of the distribution parameter.
It is even more important to emphasize that the introduced
quasi-optimal IS-PDF in this paper improves the sampling
efficiency and avoids the PDF fitting required by AK-MCS-
Bay. This novelty of SL-Meta-IS-AK makes it applicable to
arbitrary dimensionality and region size of the distribution
parameter. After the samples of the quasi-optimal IS-PDF
are extracted, a misclassification probability function is
derived to adaptively update the Kriging model to converge,
on which it can complete the T-FPF estimation at any reali-
zation of the distribution parameter by same group sample
of the quasi-optimal IS PDF.

The main contributions of this work can be summarized
as follows:

® By constructing an approximate optimal importance
sampling probability density function (IS-PDF), this
paper proposes an importance sampling strategy com-
bining with adaptive Kriging model to reduce the esti-
mation variance of the time-dependent failure probabil-
ity function (T-FPF).

® By introducing an integral operation with respect to
the concerned distribution parameter in the interested
region, the IS-PDF, which is free of the distribution
parameter and envelopes the whole interested region of
the distribution parameter, is constructed to efficiently
estimate the T-FPF in the proposed SL-Meta-IS-AK.

® Due to the property of the IS-PDF being free of the dis-
tribution parameter and enveloping the whole interested
range, the information of the same group sample of the
IS-PDF can be shared to simultaneously estimate the
T-FPF at arbitrary distribution parameter realization in
the whole interested region.

@ By introducing the Kriging model of time-dependent
performance function and designing a simple sampling
strategy, the difficulty of efficiently extracting the sam-
ple of the constructed IS-PDF is solved in the proposed
SL-Meta-IS-AK.

The rest of the paper is organized as follows. Section 2
introduces the definition of T-FPF. Section 3 gives the basic
theory and the detailed implementation steps of the proposed
SL-Meta-IS-AK method. Section 4 provides several examples
to verify the effectiveness of the SL-Meta-IS-AK, and Sect. 5
gives the conclusion.

2 Definition of the T-FPF

For a general time-dependent performance function
8a-p—(@, B(®), 1) including random variable vector @, stochas-
tic process vector f(f) and time ¢, the spectral representation
method (Li and Der Kiureghian 1993; Zhang and Ellingwood
1994; Huang et al. 2001) is usually used to transform f(r)
into a series of independent random variables and time. In this
paper, the expansion optimal linear estimation (EOLE) (Li and
Der Kiureghian 1993) is used to transform () by Eq. (1),

&
Vi

where r is the number of eigenvalues used to represent the
stochastic process. 4, and ¢, (k = 1,2, ---, r) are the eigen-
values and eigenvectors of the correlation matrix of f(¢),
respectively. & (k=1,2,---,r) are independent standard
normal random variables. y ﬁ(t) and crﬂ(t) are the mean func-
tion and the standard deviation function of the stochastic
process, respectively. Py (D) = {p(t, 1y, p(t, 1)), -, p(t, tp)}T
is the correlation coefficient vector, and p is the number of
the time realizations.

After the transformation of Eq. (1), the time-dependent
performance function g,_s_,(a, B(7), 1) including stochastic
process can be transformed into g(e, &, 1) = g(X, t) without
stochastic process, where X = [a, £]7. According to the trans-
formed time-dependent performance function g(X,¢) with
n-dimension random input vector X = (X, X,, ,Xn)T, the
time-dependent failure probability P, within the interested
time interval [¢, ¢,] can be given as follows:

Bt = uy(t) + 050 Y. == p, , (1) )
k

Pft = P{g(x7 t) S O’ Ht € [t()s tg]}

= P(Fiepy)) = / Fx(x]0)dx
ok Fre[tu‘r(] (2)

= / I, (x)f (x]0)dx
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where Frep i1 = {x|g(x,1) <0,3r € [¢,,1,]} represents the A 1 NI (x'.‘)fX(xf’IOj)

time-dependent failure domain; [Ip()= Pft(oj)=_2t—/ 4)
' N = hy (x)

is the indicator function of time-
1,3t € [y, t,]180x,1) <0

dependent failure domain Fg, , ;. P{-} is the probability
operator. fy(x|0) is the joint PDF of the random input vector
at given 0, and 0 = (0,,0,,---,0,)" is the concerned m
-dimensional distribution parameter vector.

From Eq. (2), it can be observed that P, varies with the
distribution parameter vector 0, and it is named as T-FPF and
denoted by P(0), i.e., P(60) = / Iy (0)fyx (x|0)dx.

The basic idea of solving the T-FPF P, (6) by Monte Carlo
simulation (MCS) is employing the double-loop MCS to esti-
mate the time-dependent failure probability at each discrete
point of @ one by one. The discrete points are generated by
discretizing the distribution parameter vector @ in the inter-
ested region [@", 0] uniformly. The computational cost of the
direct double-loop MCS is usually unaffordable for engineer-
ing application with time-consuming time-dependent perfor-
mance function, especially for the small T-FPF at the inter-
ested distribution parameter region. Although it can improve
the computational efficiency by replacing direct MCS with
some advanced time-dependent reliability analysis methods,
such as single-loop Kriging model (Hu and Mahadevan 2016),
equivalent stochastic process transformation method (Wang and
Chen 2016), the nested extreme value response surface method
(Wang and Wang 2015), etc., to estimate the time-dependent
failure probability at the realization 6, of 0 € [OL, QU], it can-
not change the property of double-loop analysis for T-FPF and
may result the computational cost far away from the ideal state.
To complete the T-FPF with the single-loop simulation and
reduce the computational cost as much as possible, the follow-
ing section proposes a method abbreviated as SL-Meta-IS-AK
to efficiently estimate T-FPF, in which not only the double-
loop simulation is replaced by the single-loop one, but also the
importance sampling technique based on the meta-model is
organized into the proposed method to improve the sampling
efficiency and reduce the T-FPF estimation variance.

{ 0,Vt € [ty,t,]18(x,1) >0

3 The SL-Meta-IS-AK for solving the T-FPF

The basic idea of SL-Meta-IS-AK is introducing an IS-PDF
hy (x) for estimating the T-FPF. By the introduced %y (x), T-FPF
can be rewritten in Eq. (3), and the value of T-FPF correspond-
ing to arbitrary realization 0; € S, can be simultaneously esti-

mated by the N-size sample set " = {x/",x/, -+, x/ }T of hy(x)
in Eq. (4).

I, (x)fx(x]6)
Pﬁ(e) = / th(x)dx 3
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From Eq. (4), it can be observed that the introduced IS-
PDF hy(x) should satisfy the following requirements. Firstly,
hy(x) should be free of the distribution parameter but envel-
oping the interested region of the distribution, which is the
basic condition that the proposed SL-Meta-IS-AK realizes
the single-loop simulation of estimating T-FPF. Secondly,
hy(x) should be selected to reduce the variance of T-FPF
estimation as much as possible. To satisfy these two require-
ments for improving the efficiency under acceptable preci-
sion, the proposed SL-Meta-IS-AK starts from the optimal
IS-PDF hy(x|6) for estimating the time-dependent failure
probability P, (0") at the realization 6" of the distribution
parameter; then, an integral operation for Ay (x|0*) over the
interested region [6~,0Vis carried out to construct the IS-
PDF Ay (x) for estimating T-FPF. Since the optimal IS-PDF
hy(x]6) concerns the time-dependent performance function,
usually in an implicit state, and T-FPF also needs estimat-
ing IFI(xﬁ’) (i=1,2,---,N)in Eq. (4) for finally estimating
T-FPF, the meta-model is used to help dealing with the
computational cost resulted from implicit time-dependent
performance function. The concept schematic flow chart of
the proposed SL-Meta-IS-AK method is shown in Fig. 1.

3.1 Strategy for constructing IS-PDF for T-FPF
The optimal IS-PDF h;‘”’(x) for T-FPF can be constructed by

the integration shown in Eq. (5) over the interested region
[OL, 9U] of distribution parameter 6,

C Start )
v

Construct initial Kriging model for
time-dependent performance function

v

Construct IS-PDF and extract the
candidate sample pool of IS-PDF

v

Update the Kriging model in the
candidate sample pool of IS-PDF

v

Estimate T-FPF by the Kriging
model and IS-PDF sample

v
C End )

Fig. 1 Concept schematic flow chart of SL-Meta-IS-AK
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A (x) = / K (x]0)pg (0)d6, ©)

where @ (0) is the assigned PDF of the distribution param-
eter @ over [0, 0Y] and @ (0) is usually selected as uniform
distribution in [, 6"]. K" (x|6) is the optimal IS-PDF for
estimating time-dependent failure probability at distribution
parameter realization 0.

Theoretically, it is well known that optimal IS-PDF
h;pt(x|9), which can minimize the variance of the esti-
mated time-dependent failure probability P(0) at €, can
be derived by Eq. (6) (Dubourg et al. 2013).

w1 @(x10)
Hy'(x|6) 70 ©)
Since time-dependent failure probability P,(6) at 6
is unknown and I, (x) is generally related to the implicit
time-dependent performance function g(x, 7). It is difficult
to obtain h;’("”(x|9) analytically and generate the sample of
h;’”(xle) in Eq. (6). In order to solve the difficulty of sam-
pling h;’”(xle) and further sampling h;f"(x) in Eq. (5), the
Kriging model gk (x, f) is established for the time-depend-
ent performance function g(x, f), on which a quasi-optimal
IS-PDF hy(x|6) shown in Eq. (7) can be constructed to
replace h;,p’(x|9) at distribution parameter realization 6.

Ty, (x|0)fx(x]0)

hx(x10) = 5.
f

(N

where nFl(xle) is the probability classification function of
time-dependent failure domain determined by g (x, f), and
it is shown in Eq. (8). Pf,(e) is named as an extended time-
dependent failure probability at @ for normalization shown
in Eq. (9).

7y (x]0) = P{rlrelisng,((x, 1< 0} ®)
Pff(e) = / 7p (x|0)fx (x|0)dx )

By substituting /y(x|0) in Eq. (7) to replace h;pt(x|0)
into Eq. (5), the quasi-optimal IS-PDF denoted as Ay (x) for
estimating T-FPF can be expressed in Eq. (10).

7. (x|0)fy (x]6)
hy(x) = / L 0e(0)d0 (10)

P (0)

After the quasi-optimal IS-PDF #Ay(x) is obtained by
Eq. (10), the following work is how to adaptively update
gx(x, 1) for approaching h;m(x) by hy(x) and extract-
ing sample of hy(x) as well as how to use the samples
of hy(x) to finally complete T-FPF estimation, and these

two following works are illustrated, respectively, in Sub-
sects. 3.2 and 3.3.

3.2 Strategy of updating g,(x, t) for approaching
7" (x) by hy(x) and extracting samples of hy(x)

In this subsection, an initial Kriging model g (x, #) is firstly
constructed for g(x, #) to obtain the quasi-optimal IS-PDF
hy(x) and extract the sample of hy(x). Since the initial
gx(x, 1) may not represent g(x,7) well to approach A" (x)
by hy(x), it is necessary to adaptively update g (x, ) to get
the aim of approximating h;”t(x) with Ay (x) as accurately as
possible. Thus, the following parts illustrate the strategy of
extracting sample of /iy (x) based on g, (x, ) and that of adap-
tively updating gy (x, f). About the basic theory of Kriging

(Echard et al. 2011), it is given in Appendix 1.

3.2.1 Strategy of constructing initial g, (x, t) for g(x, t)
and the numerical solution of hy(x)

To obtain the quasi-optimal IS-PDF £y (x) for estimating
T-FPF, the initial g, (x, ¢) should be constructed for the time-
dependent performance function g(x, ). For ensuring the
initial gg(x,f) representing g(x,?) over 6 € [6“, 0] and
t€ltyt,], an Np-size initial training set
Sf = {xl xI, .. ,x{,T }T of the random input vector X is ran-
domly generated by fy(x|6) with @ € [6~,0'], i.e., xl.T S S)f
is generated from the PDF / fx(x|0)po(0)dO, where ¢ (0)
is usually an assigned PDF of @ € [6~,0"], and ¢4 (0) is
taken as uniform distribution over the interested region
[6%,6Y]. About the Nyp-size initial training set
S{ = {1].13, 1y, }7 of the time variable 1, 7 € S is uni-
formly generated in the interested time interval [¢,, ¢,]. By
evaluating g(xl.T, tl.T), the initial training set T can be formed
as follows:

7= { (0.6 D). (6T D) g D). (T, gl T)) Y
an
By the training set T', the Kriging model g (x, 7) of g(x, ?)
can be established, and g (x, 7) follows Gaussian distribution
with prediction mean yu, (x,7) and prediction variance
aék 0, ie.,

gx@, 1) ~ N, (x,1), 0, (x,1)) (12)

Based on gg(x, t), the numerical simulation solution of
hx(x]60,)(0, € Sp) and hy(x) can be given by sz(x|9k) and
sz(x), respectively, as follows:
7p (x16,)fx (x|6))

flx(x|9k) = ~
Py(6;)

13)
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& 7p (x]|0,)fx (x|6,)

No
A 1 A 1
hy(x) = — hy(x16,) = — =
Ny ;; No 1; sz(ek)

where Ny is the size of the sample 6,(k=1,2,---,Ny)
extracted from @g(6). f’ﬁ(Ok) is the estimation of the
extended time-dependent failure probability at 8, based on
the current g4 (x, 7), and it can be estimated as follows,

NE
P00 = 5 X 71,1100 (15)
€ =1

where x’.r|6k is the i-th element of ¢/10 —

! x
{x’;|9k,x£|9k, ,x’;v |9k}T, an N_-size candidate sample set
extracted from fy(x|0,).

Since gk (x, t) follows Gaussian distribution with predic-
tion mean ,ngk(x, t) and prediction variance 55 (x,0),
K

nFr(x’;wk) = P{mtin gK(xflek, t) < 0} can be approximately
estimated by Eq. (16).

_%gﬁwb{wu>

(16)
O'gk(xﬂek’tﬂek)

nﬂﬂwu=¢<

where z{l@k is approximated by z{l@k = arg misn He, (xfl@k, 1),
=

and S, = {7}, -, 1y } is an N;-size candidate sample set
extracted from the interested interval [#,, z,] of . ®(:) is the
cumulative distribution function (CDF) of a standard normal
distribution.

3.2.2 Extracting samples of h, (x) and h,(x|@, ) based
on the current g, (x, t)

Based on the current Kriging model g (x, ) of g(x, ), an
acceptance domain Q shown in Eq. (17) can be employed to
filter the sample of fy(x|@,) to obtain the sample of /1y (x|0,).
It can be proved theoretically that the sample screened from
those of fy(x|6,) by Q accurately follows PDF /iy(x|6,),
i.e., the sample screened from those of fx(x|6,) by Q are
definitely the sample of fzx(xlek) shown in Eq. (13).

Q= {p—cr; (x|6,) <0}, (17)

where p ~ U[0, 1]is a standard uniform random variable. c is
a constant that should satisfy inequality 0 < ¢z (x]6,) < 1,
and ¢ = I satisfies the inequality due to 0 < 7 (x[6)) < 1.

Appendix 2 lists the proof that the sample screened from
that of fyx(x|6,) by the acceptance domain in Eq. (17) fol-
lows the PDF ﬁx(xlek). The detailed steps of extracting the
sample of sz(x) can be organized as follows based on the
sample of /iy (x|6,).

Firstly, generate Nj-size sample 0,(i = 1,2, --- ,N};) (N}, is
the preset number of the sample of ﬁx(x)) by pe(0).

@ Springer

Secondly, generate one sample xf’ of sz(x|9i) corresponding
toeach 8;(i =1,2,--,N;) by using the acceptance domain
Qin Eq. (17) to screen the sample of fy(x|0,). Finally, an N,

-size sample set S = xt xh . x" T of hy(x) can be con-
x 1’2 N; X
h

structed by xf’ (i=1,2,--,N;)taken from the N;-size sam-
ple pair set (6;,x") (i = 1,2, -, N,).

3.2.3 Strategy of adaptively updating g,(x, t) to approach
hY' (%) by hy(x)

Since the initial Kriging model g (x, f) may not approach
g(x, 1) well, the sample set Sﬁ obtained by the initial g (x, 1)
may not well approximate that of the optimal IS-PDF for
estimating T-FPF either. Thus, g (x, f) needs to be updated
adaptively to make sz(x) close to the theoretical optimal
IS-PDF h;” '(x) as much as possible.

In order to realize the purpose of approaching h;p "(x)
by sz(x) based on gk (x, ) with preset precision, the center
points obtained from the cluster analysis with respect to Sﬁ
should be added to the training set 7' for updating the Krig-
ing model g (x, #) adaptively. By K-means (Zhu et al. 2020)
clustering the sample in Sf iteratively and adding the clus-
tering center points to the training set to update g, (x, ), the
quasi-optimal IS-PDF sz(x) based on gk (x, ) can gradually
approach h;p "(x). For constructing the convergence crite-
rion of adaptively updating g (x, f) to approach h;p '(x), the
convergence index .. in Eq. (18) may be introduced. a,,,,
expresses the accuracy of the current Kriging model g (x, 1)
predicting the time-dependent failure domain indicator func-
tion /. F, (x).

_ I, (x)

[04 =
acc ”Ft (x)

(18)

According the cross-validation method (Stone 1974), the
estimated value @, of @, can be given in Eq. (19) by the
leave-one method.

Ny IFr(xl-) 1 %

i=1 : ) <
Prob{%{{l gkt 1) < 0}
19)

where Ny is the size of the training set T'. 7z 7 /r(-) repre-

o 1 I[-‘, (x;)

a = — —_—
accL
Ny 5 ”F,,T/x,T(xi) Ny

sents the probability classification function established by
the Kriging model g 7 /x,-T(x’ 1), where T/xiT means the cor-
responding Kriging model gy 7 /xT (x, 1) is constructed by the
training set T without the i th training point

(T, 1), g(xX, 21y,
In this paper, a,.; € [0.1,10] is taken as the conver-
gence criterion according to Refs. (Dubourg et al. 2013;
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Zhu et al. 2020). After the Kriging mogel gx(x, 1) satisfies
@, € [0.1,10], it is considered that sy (x) can approach
h¥(x) with the preset precision. Then the work of adap-
tlvely updating gy (x, ) for approaching h""7 (x) by hX(x) and
extracting the sample of hX(x) is completed. The following
task is estimating T-FPF by using the sample set Sﬁ of hiy(x).

3.3 Strategy of estimating T-FPF based on Sﬁ
of i)x(x)

According to Eq. (4), it is shown that the whole T-FPF at
arbitrary realization of @ can be simultaneously estimated by

the same candidate sample set Sf of sz(x), after the time-
dependent failure domain indicator function IF,(x,;‘l) with
x? € Sﬁ is estimated accurately. The task of accurately esti-
mating /I, (x?) with xf’ 1S Sf can be efficiently completed by
sequentially updating Kriging model g, (x, ) in Sﬁ‘.

For adaptively updating g, (x, ) to be convergent for accu-
rately and efficiently estimating 7, (x?) with xf‘ S Sﬁ, this
paper proposes a time-dependent misclassification probabil-
ity Pe(xf') learning function to adaptively select the training
point to update gg(x,?). Pe(xf’) is proposed to measure the
capability of the candidate point xf’ € Sf to improve the
accuracy of gg(x, ?) predicting Iy, (xﬁ) and P (xi’) is defined
as the probablhty of the sign of the minimum prediction
gKmm(x )= mln gK(x t) of the time-dependent Kriging

model gK(xi , t) is different from the sign of the minimum

. A . i Q-
prediction mean ygkmin(xi) =F rtrélsn gx(x;, nlatx;, ie.,
1

Pe(xf‘) = P{Sign[gkmin(x?)] # Sign[ﬂgkmin(x?)]} (20)

h
II o, &% t)p,,
k=[1.2] 8k i 12

2 (yxh
ng(xi ’ t2)

2 (yh
O-gk(xl-’ll)

h
H O-Ek(xi ’tk)ptzll

by = | 12
X, &0 = =21

i.
Il o, &%), ,
| = 5 M k=N, 2)

k=[1,N,]

k=[2,N,]

. :
H O-gx(xi’tk)plN,fz

{sign[gKmin(xf')] #* sign[ygm“(xf')]} represents that the
time-dependent Kriging model gK(xf', t) misclassifies the
structure state at x Thus, the larger the misclassiﬁcation

probability P (xh) at the candidate sample x € Sh is, the
larger the contribution of adding x to the tralmng set is to
improve precision of the time- dependent Kriging model
g,((xf’,t) predicting the time-dependent failure domain
indicator. X

Since the misclassification probability Pe(xl’.') is defined

by Eq. (20), Pe(x?) can be estimated by Eq. (21).

P,(e) = : 2
P {gkmi“(xil) < 0} Mg, () 20

@1

In order to estimate P{gKmin(x?)>O} and

P{ 8k mm(xf’) <0 } to obtain P, (xf’), the following derivation

is given by use of the property of the time-dependent Krig-
ing model g (x, 1).

N gk 1) > 0]

P{gl(min(xfl) > 0} =
1ES,
+o0 +o0 R R
= / / (er(”gk(xfl,t), ng(xf.’,t))dl‘ldtz e dty
0 0

——
N, layer

(22)
where ‘pN,(”gK (xf',t), > . (xf’,t)) is an N,-dimensional nor-
mal PDF with mean vector M, (xf.‘, t) and covariance matrix
ZgK(xf,t) as follows:

”gk(x?s t) = [Mgk(x?a tl)s /’lgk(x?s lz), Tty /’lgk(x?9 tNI)]T (23)
H O-gx(xli‘l’ tk)p’]’N, ]

h
H O'gK (xi ) tk)pllt/\’r (24)

2 (yh
O-gk(x[ > tNI)

Since p, () =E [misn gx (!, t)] is used to recognize
win Py

the structure state at x?, ie., Mg, (x?) > 0 indicating safety
state with [ F, (xf’) = (Oand He, . (xf‘) < 0 meaning failure state

with IFr(xf.’)=1, the event of

where P, (i #j,i,j=1,2,---,N,) is the correlation coeffi-
cient of gK(xf‘, t;) and gK(xf‘, t)in z, (xf’,t), and Py, CAN be

provided by the current gK(xf', 7).
All terms concerned in Eqgs. (23) and (24) for solving

P{ 8k min(xf’) >0 } can be given by the DACE toolbox based

@ Springer
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on the current g x(x, 7). So far, the misclassification probabil-
1ty P (xh) at x (S Sh can be obtained, and the training point
x*of the random 1nput vector can be adaptively selected by
Eq. (25).

x* = arg max P (xh) 25)

x ESZ

The training point ¢* of the time variable can be selected
by U-learning function ng(x*, t) (Echard et al. 2011) at x*
as follows:

g, (%, 1]

,1) = argmin —— (26)

t*=argminU, (x*
gteS, e €S, o, (X*,1)

Then, the training set T can be updated as:

T=Tu{(x"1),gx" 1))} 27)

Update the training set until the average misclassification
probability satisfies the inequality in Eq. (28), then g (x, 1)
is considered to be convergent to accurately estimate /. (xf.’)
atxh e S".

1 X

N

— Z P, < 5% (28)

After the convergent gg(x, ) can accurately identify the
time-dependent failure domain indicator function IFr(xf.’)
with xf’ (= Sﬁ , the T-FPF P(0) can be estimated by ié,.,(e)
in Eq. (29).

< IF(xh)fX(th)

P,(6) = L 7 29
(¢ NAZ; h (29)

where 0 can take any realization in the interested region
[OL, OU], and iF’ (xf’) is the time-dependent failure domain
indicator function estimated by the convergent gy (x, f) as
follows:

5 h Oﬂgkmin(x?) >0
I () = A (30)

3.4 Detailed steps of the SL-Meta-IS-AK
for analyzing T-FPF

According to the above demonstration, the detailed steps of
SL-Meta-IS-AK analyzing T-FPF are given as follows, and

the corresponding flow chart is shown in Fig. 2.

Step 1  Construct an initial time-dependent Kriging model
gx(x,1).

@ Springer

Step2 Generate an Np-size initial training point set
= {x],x] T3 and an Np-size one
SzT = {tT’IZT’ .-
time variable 7, respectively, by / Jxx|0)po(0)dO and
uniformly discretizing [, ¢,].
Step 3 Construct the training set T as follows by estimating
glx,natx € Sf andr € SZT.

T = {(@].1).80x7.1). (3. 1), 8(x63.13)).
(e eed )

Step 4  Construct the initial Kriging model g (x, ) of g(x, ?)
by T
Step 5 Update gg(x, ) to approach h;f”(x) and extract IS-

t]{, }T for random input vector X and
T

PDF candidate sample pool Si’.

Step 6 Generate the IS-PDF candidate sample pool
Sﬁ = {x’f,xﬁ, ,x;](,}; )T of fzx(x) by the current g (x, )
and the designed acceptance domain Q in Eq. (17).

Step 7 Execute the K-means clustering analysis, and esti-
mate &,..; by Eq. (19).

Step 8 Ifd,.; € [0.1,10]and the size Ny of the training set
is greater than 30 (Zhu et al. 2020), the Kriging model
gx(x, 1) can be viewed as convergence and execute step
3. Otherwise, add the center points of K-mean cluster-
ing into the training set T to update the Kriging model
gx(x, 1), and return to Step 2.1.

Step9 Update g (x, 1) in Sf to identify 1 F, (xf’) and estimate
T-FPF.

Step 10 Generate an N,-size candidate sample set
S, =1{t,1, Sy, }Tby uniformly discretizing t € [to,t ]

Step 11 Estimate the misclassification probability P (xh) at

xi S Sx according to Eq. (21), and find the new training
point x* and ¢* by Egs. (25) and (26), respectively.
Step 12 If the average misclassification probability satisfies

— Z P (xh) < 59, the Kriging model gx(x,?) can be

/1 i=1
viewed as convergence to identify 7 F, (xh) with x € Sh
accurately and T-FPF can be accurately estlmated If

— Z P (xh) > 50/, add (x*, ¢*) into the training set T to

update the Kriging model g, (x, ), and return to Step 3.2.

4 Case study

In this section, the SL-Meta-IS-AK is used to estimate
T-FPF of several examples, in which other three methods
including the Monte Carlo simulation (MCS), the single-
loop Kriging model (SILK) (Hu and Mahadevan 2016) and
the adaptive Kriging-MCS combined with Bayes formula
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r

\Initialize g, (x,)!

Generate ST = {x],xT,+,x}, 1 by [ fx(x|0)ps(6)d0

and S” = {7, -

Jty, 3" by uniformly discretizing [¢,,2,]

v

Establish T = {((xlT’tlT)9g(xlrJlT))’((xzratzr)’g(sz’tZT))"”’((xﬂflr’t;r )’g(xf’r ’t;r ))}T

approach A3 (x) and

iextract sample of ﬁX (x)i

-~ —-—=——===- ]
|
|
|

Update g, (x,?) in Sfi
| to estimate T-FPF |

b

Construct Kriging model g, (x,t) by T

v

Generate S: = {xlh,x:,“‘,xf/,}r of

A

l:x (x) by current g, (x,¢) and Q

b

K-means clustering in S”

0.1<a,, <10
N, 230

Generate an /N, -size candidate sample

set S, = {t,,1,,+,ty }' fortet,,1,]

Update g, (x,1),N, =N, + K

A

Add the K cluster centers to T

P(x)) =

Estimate the misclassification probability:

Pigpmn(x)20} g, (x/)<0

1-Pigenn ()20} g1, (x1)>0

P (g ()20} = [ [0y (a1, (x10),Z, (<] 0))drdr, -

A

dt,

v

Find x* = argmax P,(x/")
x/'eSy

v

Find 1" =argminU, (x",7)
teS, K

Update g, (x,t), N, =N, + 1

T

Add (x',¢) into T

A

1 Y .
—>S'P (x")<59
NZ (/) <5%

i oi=l

Ni

T-FPF: P,(6) = NL >

o=t

L(x)f(x16)

]:‘X(xf];)

Fig.2 Flow chart of the SL-Meta-IS-AK
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(AK-MCS-Bay) (Feng et al. 2019) are compared with the
SL-Meta-IS-AK under the similar variation coefficient of
the T-FPF estimation. In the MCS and SILK, the region of
the design parameter 0 is discretized as 0, (i = 1,2, -+, Ny) at
first. Then, the double-loop Monte Carlo simulation and the
single-loop Kriging model are employed, respectively, in the
MCS and SILK to estimate the time-dependent failure prob-
ability for each discrete point 0, (i = 1,2, ---, Ny), on which
the T-FPF can be obtained by the interpolation method. In
the AK-MCS-Bay, the Bayes formula is employed to trans-
form the T-FPF into three components, i.e., the assigned
PDF of 0, the conditional PDF of 6 on the time-dependent
failure domain, and the augmented time-dependent failure
probability in the space spanned by the random input vector
and distribution parameter. Then, the T-FPF can be obtained
by constructing a single-loop Kriging model to estimate the
augmented time-dependent failure probability and obtain
the conditional PDF by the kernel density estimation on the
basis of the failure samples provided in estimating the aug-
mented time-dependent failure probability.

In order to compare the accuracy of three compared meth-
ods in estimating T-FPF, the mean relative error (MRE) is
defined as follows,

% [P0~ P

1
MRE:}VZ

ST 31
where Ny is the number of discrete points of 6. Pj(f) represents
the failure probability estimated by the MCS method, and
IA’f(.i ) represents the failure probability estimated by three com-
pared methods including the SILK, the AK-MCS-Bay and
SL-Meta-IS-AK.

4.1 Numerical example

Consider the following time-dependent performance func-
tion g(X, 7).

X, 1) = XX, - 5X;t + (X, + D* — 20 (32)

where ¢ is the time variable. X, and X, are two inde-
pendent random inputs with normal distribution, i.e.,
X, ~ N(uy,.0.4%) and X, ~ N(4,0.4%). The mean value
of X, is taken as the concerned distribution parameter in
[3.5,4.5],ie.,0 = Hx, € [3.5,4.5]. The interval of the design
parameter uy is discretized uniformly into 10 points. The
interested interval of ¢ is taken as ¢ € [0, 5], and the interval
of ¢ is discretized uniformly into 500 points.

At first, MCS is employed to estimate the T-FPF, and 10
time-dependent reliability analyses at the discrete point of
Hx, are needed in estimating T-FPF. In each time-dependent
reliability analysis, the size of the input vector sample set is
10°. Thereof, the total number of model evaluations for MCS
in estimating the T-FPF is 5 X 108. Then, SILK, AK-MCS-
Bay and SL-Meta-IS-AK are employed to estimate T-FPF.
The size of the initial training sample sets of these methods
is 10. The size of the candidate sample pool of SILK and
AK-MCS-Bay is 10, and the total numbers of model evalu-
ations for SILK and AK-MCS-Bay are 43 and 40, respec-
tively. The size of the importance sample pool of SL-Meta-
IS-AK is 500, and the total number of model evaluations for
SL-Meta-IS-AK is 30. The extreme limit states of Kriging
model constructed by SILK, AK-MCS-Bay and SL-Meta-IS-
AK compared with the real extreme limit state are shown in
Fig. 3, respectively. From Fig. 3, it can be seen that the real
extreme limit state and the extreme limit states of Kriging
model constructed by SILK, AK-MCS-Bay and SL-Meta-
IS-AK are almost superposed, while only 30 times of the
model evaluations are required to construct the convergent
Kriging model in SL-Meta-IS-AK. The T-FPF curves and
the variation coefficient curves, respectively, obtained by

X, X, 2
9r o s Y
Candidate samples \i Candidate samples Importance samples

81 ) Training samples 8r \i Training samples 8r Training samples

L \ — Real extreme limit state 7L \3‘ Real extreme limit state . Real extreme limit state
7 \\ ,,,,,,,, Approximate extreme limit state (SILK) \ """" Approximate extreme limit state (AK-MCS-Bay) ——e Approximate extreme limit state (SL-Meta-I1S-AK)
6 \\ 6F 6k
51 \\ 5 5t
4r \ 4 4t
3 L 3 3t

\\

L T e
2 2t — 2|
1r 1 1+
0 0 0 ‘

2 4 6 8 10 2 4 6 8 10 1 2 3 4 5 6 7 8 9 10
X X X,

Fig.3 Extreme limit states of Kriging model compared with the real extreme limit state
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10"

—6—MCS
- *—-SILK
- x— - AK-MCS-Bay

107 | |=-4€)=-- SL-Meta-IS-AK
3.5 3.75 4 4.25 4.5
My

(a) The T-FPF curves of example 4.1

—6—MCS
= %= -SILK
— X—-AK-MCS-Bay
\ — -~ SL-Meta-IS-AK |

4.25 4.5

3.75 4

3.5

(b) The variation coefficient curves of example 4.1

Fig.4 T-FPF curves and the variation coefficient curves of numerical example

Table 1 MRE and computational cost of the four compared methods
of numerical example

Method MRE Ncall? Time/s
MCS 0 5% 108 -

SILK 0.013 43 107316.15
AK-MCS-Bay 0.088 40 3710.73
SL-Meta-IS-AK 0.022 30 1330.52

“Represents the number of calling performance function

Table 2 Distribution parameters of the rack-and-pinion steering link-
age

Variable Mark Distribution Mean Variation
coefficient
L,(mm) X, Normal Uy, 0.1
L,(mm) X, Normal 283.5 0.1
W,(mm) X; Normal 650.24 0.1
H(mm) X, Normal 83.5 0.1

(a) The Rack-and-Pinion Steering Linkage structure

Fig.5 Structure and the model of the rack-and-pinion steering linkage

MCS, SILK, AK-MCS-Bay and SL-Meta-IS-AK method are
shown in Fig. 4. The MRE and computational cost of several
compared methods are listed in Table 1.

From Fig. 4, it is shown that the T-FPF curve estimated
by SL-Meta-IS-AK is consistent with the T-FPF curve esti-
mated by MCS method under the similar variation coeffi-
cient, while the T-FPF curve estimated by AK-MCS-Bay
method has a large error at both ends of the concerned distri-
bution parameter region. The error of AK-MCS-Bay method
is caused by the low accuracy of PDF fitting. In addition, it
can be concluded from Table 1 that SL-Meta-IS-AK is more
efficient than the two existing meta-models in estimating
T-FPF under the similar T-FPF estimation precision. Since
SILK has to estimate the time-dependent failure probability
at each distribution parameter realization, more number of
model evaluation is needed; the efficiency of SILK is lower
than others.

%
~ s
/ —= —— = \
i / / ¢5_.( I
1 /’ \\ 4
’/' h "\\
/~. -
[ %
,4’ 1 t &F N X
N 4 -

(b) The Rack-and-Pinion Steering Linkage model
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4.2 Rack-and-pinion steering linkage

A rack-and-pinion steering linkage (Huang and Zhang
2010) shown in Fig. 5a is employed to verify the effec-
tiveness of the SL-Meta-IS-AK in engineering application
with one concerned distribution parameter. The motion
behavior of the mechanism is represented by the simplified
model shown in Fig. 5b. L, = L, = L, is the length of the
steering arms (1) and (4). L, = L, = L is the length of the
steering linkages (2) and (3). W, is the length of the wheel
track, and H is the distance between the front axle (X axle)
and rack axis (5). As shown in Fig. 5a, the horizontal dis-
placement of the frame shaft D € [-50, 50] mm is viewed
as time variable, and the rotation degrees ¢, and ¢, of the
left and right steering arm, respectively, are viewed as the
time-dependent output. Regard X = (L, L,, W,, H)T as the
random input vector, and the distribution parameters are
shown in Table 2.

¢ = (¢, Py, b3, Py)T shown in Fig. 5b is the output
vector. The closed-loop equation of the mechanism is
obtained from Fig. 5b as,

L,cos¢, +L,cosp, —W,/2-D=0
L,sing, +L,sing, —H =0
(=W,/2+ D)+ L,cos¢p; —L,cos¢p, =0
H+L,sing; —L,sing, =0

(33)

in which ¢, is the concerned output, and its expression is
given as follows,

B+ VB> —4AC (34)

y(X, D) = ¢, = 2 arctan —

2A

—e—MCS

— *— - SILK

— x— - AK-MCS-Bay
108 b |~ 9~ SL-Meta-IS-AK

106 107 108 109 110

H

(4

(a) The T-FPF curves

10°
13
1078
1072
Cov(Pﬁ)
—6—MCS
1072 — %—-SILK
/ — %— - AK-MCS-Bay
=)=+ SL-Meta-IS-AK
-4 i

Table 3 MRE and computational cost of the four compared methods

Method MRE Ncall Time/s
MCS 0 1010 -

SILK 0.049 63 124891.96
AK-MCS-Bay 0.096 59 40284.19
SL-Meta-IS-AK 0.048 34 23184.44

2
where A=(%4D+L,) +H -1}, B=-4HL,,

2
C= <% +D— La> +H?* - L?. When taking the time-
dependent y(uy, D) at the mean vector py of X as the ideal

one, the time-dependent performance function of this mech-
anism can be expressed as:

8X.D) =y(X,D) — y(uy.D) + £ (35)

where € = 0.4° is the allowable threshold of the difference
between y(X, D) and its ideal y(uy, D).

The mean of L, is taken as the concerned distribution
parameter at the interested region, i.e., 0 = Uy, € [106,110].
The interval of 4, is discretized uniformly into 10 points.
The interested interval of the time variable ¢, i.e., D, is taken
ast = D € [-50, 50], and the interval of ¢ is discretized uni-
formly into 100 points.

Firstly, MCS is used to estimate the T-FPF, and the size
of the input variables set is 10 in estimating T-FPF. The
total number of model evaluations for MCS in estimating
the T-FPF is 10'°. Next, SILK, AK-MCS-Bay and SL-Meta-
IS-AK are employed to estimate T-FPF. The size of the can-
didate sample pool of SILK and AK-MCS-Bay is 10’. The
total number of model evaluations for SILK is 63, i.e., 12
initial samples and 51 updating samples. As for AK-MCS-
Bay, the initial sample size is 12 and the updating samples

106 107 108 109 110

oy

(b) The variation coefficient curves

Fig.6 T-FPF curves and the variation coefficient curves of the rack-and-pinion steering linkage
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P(x) A
y

c - b/2
(a) (b)

Fig.7 Wing structure

Table 4 Distribution parameters of the wing structure

Variable Distribution Mean Variation
coefficient

P,(N/m’) Extreme-I 453 %103 0.05

op(N/m®) Normal 5.03 x 108 0.05

c¢,(m) Normal He, 0.01

co/c, Normal 0.4 0.01

h/c Normal 0.12 0.01

T(m) Normal Hr 0.1

b/2

the highest among the compared methods since the MRE of
the SL-Meta-IS-AK is the smallest one, which is listed in
Table 3. From Table 3, it can be observed that the efficiency
of SL-Meta-IS-AK is highest and the computational time is
shortest among the compared methods, which verifies the
accuracy and efficiency of the proposed SL-Meta-IS-AK.

4.3 Wing structure

A typical wing structure (Ling et al. 2019) shown in Fig. 7
is considered to verify the effectiveness of the proposed

47. The size of the importance sample pool of SL-Meta-IS-
AK is 1000, and the total number of model evaluations for
SL-Meta-IS-AK is 34, i.e., 12 initial samples and 22 updat-
ing samples. The T-FPF curves and the variation coefficient
curves, respectively, obtained by MCS, SILK, AK-MCS-Bay
and SL-Meta-IS-AK method are shown in Fig. 6. The MRE
and computational cost of several compared methods are
listed in Table 3. From Fig. 6, it can be seen that the T-FPF
curve estimated by SL-Meta-IS-AK is almost coincides to
that by MCS method. The accuracy of SL-Meta-IS-AK is

107!
N S| -Meta-1S-AK
: O MCS
1072
-3
By
10 4
5 e e
g =%
. 8.9 8‘5‘? S 7
%10 Ly 87 6 ,Llcp_

(a) The T-FPF surface of the MCS and SL-Meta-IS-AK

Fig.8 T-FPF surface and T-FPF curve of wing structure

Table 5 MRE and computational cost of the four compared methods

of the wing structure

Method MRE Ncall Time/s
MCS 0 100 -
SILK 0.044 172 1085490.55
AK-MCS-Bay 0.089 141 319284.92
SL-Meta-IS-AK 0.051 103 173605.57
107
—&—MCS
— %—-SILK
1072 4 — X—-AK-MCS-Bay
-~ SL-Meta-1S-AK
107
Ey
10"
5.1
8.9 ».,____ﬁ_ﬁﬁ»ﬁ_7__7!7__7__‘____ - 7.5 8
1072 8.8 87 6 6.5 7
/uT :Ll(:,

(b) The T-FPF curves of four methods
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SL-Meta-IS-AK in engineering application with two con-
cerned distribution parameters. The cross section of the
wing is shown in Fig. 7a, where T is the thickness, & is the
height of the wing, and c is the chord length. The top view
of the wing is shown in Fig. 7b, where b = 40m is the wing-
span of the wing. The load distribution on the wing is given
in Fig. 7c. In Fig. 7c, it is shown that the position on the x
axis is regarded as the time variable ¢ in this example, and
t € [0,b/2]m = [0, 20]m is the interested interval of ¢. Regard
X =[P,,0p,¢,,C /¢, h/c, T]" as the random input vector, and
the distribution types and parameters are shown in Table 4.
The time-dependent performance function of the wing struc-
ture is shown as follows:

MX,H(h(X,1)/2)
a L(X, 1)

gX.0) =o; (36)

where = @) £ _oa\ ("_0_ )L]
M(X.1) 4P"C’b[(c,.)12b2 +<1 24-,)2%3 5 3067

denotes the moment. P, denotes the distributed load.

I,(X,t) = %C(X ,)Th*(X, ) represents the rotational inertia.
cX,t) = c,[(i—”) + (1 - ?)i] is the chord length.
h(X,t) = c,}f [(?) + <1 - Z—(’)i] is the wing height. o;
represents the threshold of the stress.

The mean values of ¢, and T are taken as the con-
cerned distribution parameters, i.e., 6 = [/46)_, ur], and
their interested regions are, respectively, He € [6, 8], and
ur € [8.7x1073,9.1 x 1073]. Each parameter is discretized
into 10 points. The interested interval of ¢ is taken as [0, 20],
and the interval is discretized into 100 points. The T-FPF sur-
faces obtained by MCS and SL-Meta-IS-AK are, respectively,
shown in Fig. 8a, and the T-FPF curves estimated by the four
methods are shown in Fig. 8b (for visualization comparison, a
diagonal line of the T-FPF surface is selected to illustrate the
accuracy of the compared methods). The MRE and computa-
tional cost are listed in Table 5.

At first, MCS is adopted to estimate the T-FPF, and
the size of the input variables set is 10° in estimating
T-FPF. The total number of model evaluations for MCS in

Fig.9 Corroded bending beam

estimating the T-FPF is 10'°. In SILK and AK-MCS-Bay,
the size of the candidate sample pool is 10°. The total num-
ber of model evaluations for SILK is 172 including 25 ini-
tial samples and 147 updating samples. As for AK-MCS-
Bay, the initial samples are 25 and the updating samples
116. The size of the importance sample pool of SL-Meta-
IS-AK is 5000, and the total number of model evaluations
for SL-Meta-IS-AK is 103. From Table 5, it is obviously
that SL-Meta-IS-AK takes least computation time than
other compared methods, which shows the efficiency of
the proposed SL-Meta-IS-AK. It can be seen from Fig. 8a
that the T-FPF surface estimated by the proposed SL-Meta-
IS-AK is consistent with that by MCS method, which veri-
fies the accuracy of the proposed SL-Meta-IS-AK. From
the T-FPF diagonals obtained by the four methods shown
in Fig. 8b, it can be seen that the T-FPF curve of proposed
SL-Meta-IS-AK method coincides with that of MCS, while
the T-FPF results at both ends of the interested distribution
parameter regions by AK-MCS-Bay are inaccurate due to
the error of density fitting.

4.4 A corroded bending beam involving stochastic
load

A corroded bending beam (Hu and Du 2015) shown in Fig. 9 is
employed to verify the effectiveness of the proposed SL-Meta-
IS-AK in engineering application including stochastic process
with four distribution parameters. The time-dependent perfor-
mance function is defined as follows:

gX.Y(0),1) = (

ay — 2kt)(by — 2kt)*c, B (F(t)L

PyohyL?
4

4 8

(37
where X = (o,,ay,b,)" is the random input vector. o,
denotes the ultimate strength, a; is the width of the beam,
and by, is the height of the beam. p,, = 7.84 x 10*kg/m? is
the density. k = 5 X 10™>m/year is the corrosion coefficient.
L = 5m is the length of the beam. F() is a stochastic process
modeled by,

7
F(1)=6500+ ) &

i=1

J=1

7
<2 a; sin(byit + cij)> (38)

Kt A-A

A

kl[ dy
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Table 6 Distribution parameters of the corroded bending beam

Variable Distribution Mean Standard
deviation

o,(Pa) Normal Ho, O,
ag(m) Normal Ha, 0.01
by(m) Normal Hp, 0.004
& Normal 0 100
& Normal 0 50
& Normal 0 98
& Normal 0 121
&s Normal 0 227
& Normal 0 98
& Normal 0 121

o 20

16}

14 ¢

12

B o
—O—MCS
— %—-SILK
08 .= SL-Meta-1S-AK
2.25 2275 2.3 2.325 2.35
x108
/L[O-H
(a) The T-FPF curves of
107
1072 ¢
P

—6—MCS
— %—-SILK
—-4%—-- SL-Meta-IS-AK

10 L j ‘ ; i
0.04 0042 0044 0046 0.048 0.05

Hy,

(c) The T-FPF curves of

Fig. 10 T-FPF curves of the corroded bending beam

where &,(i = 1,2, -+, 7) are seven independent random vari-
ables, and a;, b,:,-, ci]-(Vi,j =1,2,---,7) are the coefficients of
the sine wave basis functions, i.e.,
[0.130.360.143.070.170.130.127
0.020.180.090.130.69 0.04 0.27
0.080.290.143.090.050.370.13
a=10.030.060.010.040.630.300.06 (39)
0.030.000.00 0.000.00 0.00 0.00
0.01 0.000.00 0.000.000.00 0.00
| 0.010.000.000.000.000.000.00 |

102
102
Py
—6—MCS
— *—-SILK
78 —-{—-- SL-Meta-IS-AK | |
4 45 5 5.5 6
o 10
al! &
(b) The T-FPF curves of o,
1072 ; i
—6— MCS
— %= -SILK
103k -~ SL-Meta-IS-AK |4
Pff 10+
10-5 L
0.15 0.175 0.2 0.225 0.25
Hs,

(d) The T-FPF curves of 1,
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Table 7 MRE and computational cost of the three compared methods
of the corroded bending beam

Method MRE Ncall Time/d
MCS 0 3.5%x 101 -
SILK 0.029 403 15.39
SL-Meta-IS-AK 0.040 175 2.40

[0.060.310.150.280.240.44 0.487
0.380.150.400.060.420.090.01
0.100.330.030.290.110.260.38

b =10.280.070.590.550.420.230.29 (40)
0.520.000.000.00 0.00 0.00 0.00
0.770.000.00 0.00 0.00 0.00 0.00

[ 0.910.000.000.000.000.000.00 |

Spline
Center rod
J Turboshaft

Screw NL 1 - -
thread Bearing '
\
(a) The turbine shaft

Fig. 11 Turbine shaft structure

291 234 =243 =282 -2.15 047 2907
-291 221 -097 098 —-1.03 -3.81 -0.35
125 052 262 023 091 -1.39 -2.45
c=| 073 0.00-045 —-0.50 1.93 -3.64 —3.00
0.18 0.00 0.00 0.00 0.00 0.00 0.00
-1.71 0.00 0.00 0.00 0.00 0.00 0.00
| —2.46 0.00 0.00 0.00 0.00 0.00 0.00

1)

By transforming the input stochastic process F(¢) into
Eq. (38), time-dependent performance function is trans-
formed into g(X,t), and X is enlarged to a 10-dimensional
random input vector with distribution parameters listed in
Table 6.

The mean values of 6,,, @, b, and the standard deviation
of o, are taken as four concerned distribution parameters,
ie., 6= [y%,ﬂao,ubo,aau], and their interested regions
are pu, €[2.25x% 108,2.35 x 10%], Hq, € 10.15,0.25],
Hp, € [0.04,0.05], and 0, € [0.04,0.06], respectively.
The region of each parameter is uniformly discretized into
10 points. The interested interval of ¢ is taken as [0, 35],
and the interval is uniformly discretized into 350 points.
Since the density fitting method is difficult to apply in this
4-dimensional problem, only MCS method and SILK are

(b) The finite element model

Table 8 Distribution parameters

. Variable Distribution Parameter 1 Parameter 2 Autocorrelation function
of the turbine shaft
r(mm) Normal H, o =0.015 -
h(mm) Uniform low = 3.90 up =4.10 -
D(mm) Normal "o c=0.76 -
w(rad/s) Normal u=1124 o =33.72 -
E(GPa) Normal u =146 c=4.38 -
y Extreme-I u=0.325 o = 0.0065 -
T(#)(N - m) Gaussian u = 1800 c=>5 exp( — At?/20)
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Fig. 12 Result of the finite ele-
ment analysis

:
v}‘
Y

Table 9 Computational cost of the three compared methods of the
turbine shaft

Method Ncall Time/d
SILK 217 21.28
AK-MCS-Bay 176 5.69
SL-Meta-IS-AK 109 2.81

used as the methods compared with the proposed method.
Note that the T-FPF is the function of the four-dimensional
distribution parameters which can be estimated by the pro-
posed method but cannot be visualized by the diagram. We
only visualize in Fig. 10 the T-FPF with respect to each
parameter by keeping the residual 3 concerned distribu-
tion parameters at their midpoint of the interested ranges.
The MRE and computational cost of different methods are
listed in Table 7.

Firstly, MCS is used to estimate the T-FPF, and the total
number of model evaluations for MCS in estimating the
T-FPF is 3.5 x 1013, Next, SILK is employed to estimate
T-FPF and the size of the candidate sample pool of SILK

0.025
0.02 |
0.015
s
P
P, | /
P
7
B — %—-SILK
¢ — x— - AK-MCS-Bay
-0~ SL-Meta-I1S-AK
0.005 ! ! !
0.7 0.725 0.75 0.775

M
(a) The T-FPF with respect to 4,

Fig. 13 T-FPF curves of the turbine shaft

is 10”. The total number of model evaluations for SILK is
403, i.e., 50 initial samples and 353 updating samples. As
for SL-Meta-IS-AK, the size of the importance sample
pool of SL-Meta-IS-AK is 10000, and the total number
of model evaluations for SL-Meta-IS-AK is 175 includ-
ing 50 initial samples and 125 updating samples. From
the T-FPF curves in Fig. 10(a)-(d), respectively, it can be
seen that T-FPF obtained by SL-Meta-IS-AK coincides
with that of MCS. The estimation efficiency of SL-Meta-
IS-AK is higher than that of SILK, as the SL-Meta-IS-AK
only needs 2.40 days and SILK needs 15.39 days to obtain
the result. The result indicates the accuracy and efficiency
applicability of the proposed SL-Meta-IS-AK to multiple
distribution parameters including the mean and the stand-
ard deviation.

4.5 Turbine shaft structure
A turbine shaft shown in Fig. 11a is used to verify the

effectiveness of the proposed SL-Meta-IS-AK in engi-
neering application with finite element model determining

10-2 L
Pf/ (/Up 7
%;/.
P — *—-SILK
47 — x—- AK-MCS-Bay

? -4~ SL-Meta-IS-AK
103 | | T

38 385 39 39.5 40

HMp

(b) The T-FPF with respect to 4,
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the time-dependent performance function. The finite ele-
ment model of the turbine shaft is shown in Fig. 11b and it
includes connecting holes, grooves, splines, vents, flanges,
etc. The factors that affect the turbine shaft including the
radius r of hole at the spline, the distance & between the hole
and the bottom of the spline, the diameter D of the inner wall
of the spline, the elastic modulus E of the turbine shaft, and
the Poisson's ratio y and rotational speed w are assumed as
independent random variables. The torque 7'(¢) is independ-
ent stochastic process. The distribution parameters of these
inputs are given in Table 8, and the time interval of interest
ist € [0,24].

The failure state of the turbine shaft corresponds to the
maximum displacement A_,, exceeds the given thresh-
old Ay, = 0.415mm. The displacement nephogram of
the turbine shaft analyzed by finite element analysis in
ABAQUS at the random input vector taking their mean
vector is shown in Fig. 12.

The mean values of r and D are taken as the concerned
distribution parameters, i.e., 6 = [u,, up], and their
interested regions are, respectively, y, € [0.7,0.8], and
Hp € [38,40]. The region of each parameter is uniformly
discretized into 10 points. The interested interval of ¢ is
taken as [0, 24], and the interval is uniformly discretized
into 500 points. The T-FPF curves obtained by SILK, AK-
MCS-Bay and SL-Meta-IS-AK method are, respectively,
shown in Fig. 11. Note that the T-FPF with respect to one
distribution parameter is shown at the other one is fixed at
the midpoint value of the interested region. Computational
cost of several compared methods is listed in Table 9.

Since the computational cost by MCS is huge, it is hard
to obtain the result by the MCS. Figure 13 and Table 9 only
give the results obtained by the SILK, AK-MCS-Bay and
the SL-Meta-IS-AK. In this example, the results obtained
by the SILK at the discrete points of O can be viewed as the
reference solution. At first, SILK is adopted to estimate the
T-FPF, and the size of the candidate sample pool is 5 x 10°
in estimating T-FPF. The total number of model evaluations
for SILK is 217 including 50 initial samples and 167 updat-
ing samples, and it costs 21.28 days to obtain the T-FPF
from Table 9. In AK-MCS-Bay, the size of the candidate
sample pool is 5 x 10°. The total number of model evalua-
tions for AK-MCS-Bay is 176 including 50 initial samples
and 126 updating samples, and it costs 5.69 days to obtain
the T-FPF. As for the proposed SL-Meta-IS-AK, the size of
the importance sample pool is 2000, and the total number of
model evaluations is only 109 including 50 initial samples
and 59 updating samples. Besides, it only costs 2.81 days
for the proposed SL-Meta-IS-AK to obtain the T-FPF. From
Fig. 13, it can be seen that in results of SILK and those
of SL-Meta-IS-AK are close to each other. This example

@ Springer

verifies the accuracy and efficiency of the proposed method
SL-Meta-IS-AK in solving the T-FPF of engineering appli-
cation with the complex finite element determined perfor-
mance function and stochastic process input.

5 Conclusion

In order to efficiently estimate the time-dependent failure
probability function (T-FPF), this paper proposes a novel
single-loop meta-model importance sampling with adaptive
Kriging model (SL-Meta-IS-AK) method. In SL-Meta-IS-
AK, an optimal importance sampling probability density
function (IS-PDF) is constructed to estimate T-FPF. Since
the constructed IS-PDF includes variance reduction tech-
nique, and it envelopes the interested distribution param-
eter region and is free of the distribution parameter, the
T-FPF can be estimated by single-loop analysis efficiently.
For alleviating the difficulty of extracting the samples of
the constructed IS-PDF, an adaptive Kriging model of the
time-dependent performance function is constructed for
approaching the optimal IS-PDF by the quasi-optimal one,
and a simple sampling strategy is designed to extract the
samples of quasi-optimal IS-PDF. After the samples are
extracted for the IS-PDF, the Kriging model of the time-
dependent performance function is updated sequentially by
an analytically derived time-dependent misclassification
probability function until it can accurately recognize the
states of all extracted IS-PDF samples, on which the T-FPF
at arbitrary realization of the distribution parameter in the
whole interested region can be estimated simultaneously by
the same group of the IS-PDF samples.

Numerical and complex aviation engineering examples
are introduced to verify the effectiveness of the proposed
SL-Meta-IS-AK. The results illustrate that the proposed
SL-Meta-IS-AK possesses high computational efficiency
under the acceptable precision, and it has no limits on the
dimensionality or interested region of the concerned dis-
tribution parameter vector. However, due to the limitation
of Kriging model suffering from the curse of random input
dimensionality, the concerned distribution parameter dimen-
sionality of the random input vector is limited dependently.

Appendix 1: Kriging surrogate model

Select training set T = {(x,g(x,)),(x,,g(x,)), -,
(er, g(xNI))}T (N, is the size of the training set) by a design
of experiment (DOE) for performance function ¥ = g(x).
Then, the Kriging model g, (x) of g(x) can be established by

Kriging toolbox as:
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gx@) =fT(X)B + Z(x) 42)

where fTx)B is the regression model.
f@) =[fi(x), ), . f,)]" is the basis vector of the
regression function, and n represents the number of basis
functions. B = (B,, By, -+, B,)T is the coefficient vector of
the regression function. Z(x) is a Gaussian process with a
mean of zero and a standard deviation of ¢. Its covariance
matrix is:

Cov|Z(x;), Z(x;)] = o”R(x;, X;) (43)

where R(x;, x;) is the correlation function of any two sample
points, and it has many expressions. In this paper, the fol-
lowing Gaussian form is adopted,

" 2
R(x;,x;,&) = exp <— Z ék(X,(-k) - xj(-k)| > (44)
k=1

where xgk) represents the k-dimensional component of the

sample x;. & = (£,,&,, -, &,)" is an unknown correlation
parameter vector, and it can be obtained by maximum like-
lihood estimation as follows,

% = argmgin [|R|1/N’6'2] (45)

The regression coefficient vector f§ and the variance 6>
of the Gaussian process can be obtained from the training

points shown in Eqs. (46) and (47), respectively,

p=(F'R'F)"F'Ry (46)
62=Ni(y—FB)TR"(y—Fi3) (47)

where F is an N, X n regression matrix shown as follows:

[ [ief(ey) - £ (x)
1) (x2) -+ £,(x)
F= RN (48)
| fi (xNI)fz(th) "'fn(le)
Ris an N, X N, correlation matrix in Eq. (49).
[ RGey.x)R(x. ) - Ry xy)
R= R(xz,x1)R(x.2’.x2)."' R(xs, xy,) 49)
_R(le,xl)R(le,xZ) R(le,le)

According to the principle of Kriging model, the pre-
dicted value at any untried point x follows the Gaussian
distribution with a mean of ﬂgk(x) and a variance of 6;( x);

namely, §(x) ~ N(ﬁgk(x), &;K(x)) g, (¥) and 62 (x) are
shown in Egs. (50) and (51), respectively,

fig, @) =fT@)B+r" @Ry — FB) (50)

&;K x) =6 [1 +u )F'R™'F) 'u(x) — r" )R 'r(x)]
(51

where r(x) is the correlation coefficient vector between train-
ing sample and predicted points. r(x) and u(x) are shown in
Egs. (52) and (53), respectively.

r(x) = [R(x’xl)7 R(xvxZ)’ o ’R(xval)]T (52)

u(x) = FTR7'r(x) — f(x) (53)

Appendix 2: the proof of the importance
samples

Suppose that the cumulative distribution function of the
random vector X is Fy(a) = P{X, < a,,X, < ay,+,X, < a,} =
P{X < a}. Then,

Fy(a) = P{X < a) =/a ---/ﬁx(xw)dx

S [ (x]0)fy (x|0)dx (54)
- P (0)

Under the condition of the acceptance domain
of Q= {p—an[(x|9) <0}, where p~U[0,1],
x ~ fy(x|0) and anI(x|9) <1, the conditional CDF
Fyp@) = P{X <a|p < csz[(x|9)} of vector X on Q can be
estimated as follows:

Fyg@) = P{X <alp < cmp (x]0)}
P{X <a,p <cmp(x]0)}
~ P{p<ecmp(x]6)}

S e [ b o) (x10)dpdx

S [T o)yl O)dpdx (55)
[ [ 7 (x10)fx (x|0)dx

838

JE2 e [ 7 (x]0)fy(x|0)dx
Ji - | 7 (|0 (x|0)dx

1,0<p<1

where fp(p) = { is PDF of the standard uni-

0, else
form random variable p.
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According to Egs. (54) and (55), it is obvious that
F ;’((a) = Fj;l o(@). Therefore, the samples generated from the
acceptance domain Q are those generated from sz(x|0).

Supplementary Information The online version contains supplemen-
tary material available at https://doi.org/10.1007/s00158-023-03523-x.

Acknowledgements The support by the National Natural Science
Foundation of China (Project 12272300) is gratefully acknowledged.

Declarations

Conflict of interest We declare that we do not have any commercial or
associative interest that represents a conflict of interest in connection
with the work submitted.

Replication of results The original codes of the numerical example in
Sect. 4 are available in the supplementary materials.

References

Au SK (2005) Reliability-based design sensitivity by efficient simula-
tion. Comput Struct 83(14):1048-1061

Chaudhuri A, Kramer B, Willcox KE (2020) Information reuse for
importance sampling in reliability-based design optimization.
Reliab Eng Syst Saf 201:106853

Cheng K, Lu Z, Xiao S, Zhang X, Oladyshkin S, Nowak W (2021) Res-
ampling method for reliability-based design optimization based
on thermodynamic integration and parallel tempering. Mech Syst
Signal Process 156:107630

Ching J, Hsieh YH (2007) Local estimation of failure probability func-
tion and its confidence interval with maximum entropy principle.
Probab Eng Mech 22(1):39—49

Dang C, Wei P, Song J, Beer M (2021) Estimation of failure probability
function under imprecise probabilities by active learning—aug-
mented probabilistic integration. ASCE-ASME J Risk Uncertain
Eng Syst, Part a: Civil Eng 7(4):04021054

Dubourg V, Sudret B, Deheeger F (2013) Metamodel-based impor-
tance sampling for structural reliability analysis. Probab Eng
Mech 33:47-57

Echard B, Gayton N, Lemaire M (2011) AK-MCS: an active learning
reliability method combining Kriging and Monte Carlo simula-
tion. Struct Saf 33(2):145-154

Enevoldsen I, Sgrensen JD (1994) Reliability-based optimization in
structural engineering. Struct Saf 15(3):169-196

Feng K, Lu Z, Ling C, Yun W (2019) Efficient computational method
based on AK-MCS and Bayes formula for time-dependent failure
probability function. Struct Multidisc Optim 60(4):1373-1388

Gasser M, Schuéller GI (1997) Reliability-based optimization of struc-
tural systems. Math Methods Oper Res 46(3):287-307

Hu Z, Du X (2015) Mixed efficient global optimization for time-
dependent reliability analysis. J Mech Des 137(5):051401

Hu Z, Mahadevan S (2016) A single-loop kriging surrogate modeling
for time-dependent reliability analysis. ] Mech Des 138(6):061406

Huang X, Zhang Y (2010) Reliability sensitivity analysis for rack-and-
pinion steering linkages. ] Mech Des 132(7):071012

Huang SP, Quek ST, Phoon K (2001) Convergence study of the trun-
cated Karhunen-Loeve expansion for simulation of stochastic
processes. Int J] Numer Meth Eng 52(9):1029-1043

@ Springer

Jensen HA (2005) Structural optimization of linear dynami-
cal systems under stochastic excitation: a moving reli-
ability database approach. Comput Methods Appl Mech Eng
194(12-16):1757-1778

Jiang C, Fang T, Wang ZX, Wei XP, Huang ZL (2017) A general solu-
tion framework for time-variant reliability based design optimiza-
tion. Comput Methods Appl Mech Eng 323:330-352

Li CC, Der Kiureghian A (1993) Optimal discretization of random
fields. J Eng Mech 119(6):1136-1154

Li X, Zhang W, He L (2020) Bayes theorem—based and copula-based
estimation for failure probability function. Struct Multidisc Optim
62(1):131-145

Ling C, Lu Z, Zhu X (2019) Efficient methods by active learning Krig-
ing coupled with variance reduction based sampling methods for
time-dependent failure probability. Reliab Eng Syst Saf 188:23-35

Ling C, Lu Z, Zhang X (2020) An efficient method based on AK-MCS
for estimating failure probability function. Reliab Eng Syst Saf
201:106975

Shi 'Y, Lu Z, Huang Z (2020) Time-dependent reliability-based design
optimization with probabilistic and interval uncertainties. Appl
Math Model 80:268-289

Stone M (1974) Cross-validatory choice and assessment of statistical
predictions. J Roy Stat Soc: Ser B (methodol) 36(2):111-147

Wang Z, Chen W (2016) Time-variant reliability assessment through
equivalent stochastic process transformation. Reliab Eng Syst Saf
152:166-175

Wang Z, Wang P (2015) A double-loop adaptive sampling approach
for sensitivity-free dynamic reliability analysis. Reliab Eng Syst
Saf 142:346-356

Yu S, Wang Z (2019) A general decoupling approach for time-and
space-variant system reliability-based design optimization. Com-
put Methods Appl Mech Eng 357:112608

Yuan X (2013) Local estimation of failure probability function by
weighted approach. Probab Eng Mech 34:1-11

Yuan X, Zheng Z, Zhang B (2020) Augmented line sampling for
approximation of failure probability function in reliability-based
analysis. Appl Math Model 80:895-910

Zhang J, Ellingwood B (1994) Orthogonal series expansions of random
fields in reliability analysis. J Eng Mech 120(12):2660-2677

Zhang H, Song L, Bai G (2022a) Moving-zone renewal strategy com-
bining adaptive Kriging and truncated importance sampling for
rare event analysis. Struct Multidisc Optim 65(10):285

Zhang H, Song L, Bai G (2022b) Active extremum Kriging-based
multi-level linkage reliability analysis and its application in aero-
engine mechanism systems. Aerosp Sci Technol 131:107968

Zhang H, Song L, Bai G (2023) Active Kriging-based adaptive impor-
tance sampling for reliability and sensitivity analyses of stator
blade regulator. Comput Model Eng Sci 134(3):1871-1897

Zhu X, Lu Z, Yun W (2020) An efficient method for estimating fail-
ure probability of the structure with multiple implicit failure
domains by combining meta-IS with IS-AK. Reliab Eng Syst Saf
193:106644

Publisher's Note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds
exclusive rights to this article under a publishing agreement with the
author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of
such publishing agreement and applicable law.


https://doi.org/10.1007/s00158-023-03523-x

	A novel single-loop meta-model importance sampling with adaptive Kriging for time-dependent failure probability function
	Abstract
	1 Introduction
	2 Definition of the T-FPF
	3 The SL-Meta-IS-AK for solving the T-FPF
	3.1 Strategy for constructing IS-PDF for T-FPF
	3.2 Strategy of updating  for approaching  by  and extracting samples of 
	3.2.1 Strategy of constructing initial  for  and the numerical solution of 
	3.2.2 Extracting samples of  and  based on the current 
	3.2.3 Strategy of adaptively updating gK(x, t) to approach  by 

	3.3 Strategy of estimating T-FPF based on  of 
	3.4 Detailed steps of the SL-Meta-IS-AK for analyzing T-FPF

	4 Case study
	4.1 Numerical example
	4.2 Rack-and-pinion steering linkage
	4.3 Wing structure
	4.4 A corroded bending beam involving stochastic load
	4.5 Turbine shaft structure

	5 Conclusion
	Appendix 1: Kriging surrogate model
	Appendix 2: the proof of the importance samples
	Anchor 22
	Acknowledgements 
	References




