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Abstract
Compared with static shape control, dynamic shape control is more difficult due to its time-varying nature. To improve the
control precision and reduce the number of actuators needed, an integrated design optimization model of structure and control is
proposed. The following three sets of design variables are considered to minimize the time domain variance between the
controlled and desired dynamic shapes: the time-varying actuator voltages, the actuator layout and the structural ply parameters.
To satisfy the engineering performance requirements to the greatest extent possible, constraints on the structural mass, the energy,
the maximum transient voltage and the number of actuators are considered. Because the control voltages are varying in time, a
two-level optimization strategy is adopted. In the inner optimization problem, the Newmark integral method is applied to derive
discrete time domain expressions for the shape control equations, and then, the Kuhn-Tucker condition is introduced to calculate
the optimal time-varying voltage distribution. To solve the outer optimization problem, because of the coexistence of discrete
variables and continuous variables, a simulated annealing algorithm is used. To address the shape control of complicated curved
shells, a finite element formulation for an eight-node laminated curved shell element with piezoelectric actuators is derived.
Numerical examples show that the proposed integrated design optimization method can significantly improve the control effect
and that the optimization of the structural ply parameters plays an important role. Moreover, the control system can be simplified
by taking the minimum number of actuators as the objective function when the control accuracy allows.

Keywords Laminated curved shell structure . Dynamic shape control . Integrated design optimization . Piezoelectric actuator
layout . Optimal time-varying voltage . Ply parameters

1 Introduction

Laminated curved shells are widely used in transportation
engineering, aerospace engineering and other fields due to
their excellent performance. However, in some complex and
dynamic environments, structures can be easily affected by
temperature differences, humidity and external forces,

making such structures prone to failure due to undesired
deformation. Therefore, it is essential to develop ways of
maintaining the shape of structures in a harsh environment.
When products are made using traditional materials, it is
difficult to achieve active shape control during use.
However, the emergence of smart materials has relieved this
difficulty, especially piezoelectric materials, which are widely
used in active shape and vibration control because of their
rapid control capabilities and excellent operability.

At present, methods for the shape control of plates and
shells based on piezoelectric actuators are mainly focused on
static conditions. Koconis et al. (1994) controlled plates into
desired shapes by changing the voltages of actuators.
Varadarajan et al. (1998) discussed the quasi-static shape con-
trol of laminates with actuators in both open-loop and closed-
loop cases. Kang and Tong (2008) used voltage as the design
variable to control structural shapes and forced the voltages to
converge to one of three sets of values by means of a penalty
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function. In addition, the static shape control of plate and shell
structures was analysed by Zhang et al. (2015) using non-
linear theories, and the authors compared the results with
those of linear theories. A new explicit analytical solution
for the static shape control of smart laminated cantilever
piezocomposite hybrid plates was proposed by Gohari et al.
(2016). The optimal voltage distribution for the shape control
of composite plates was obtained by Zhang et al. (2016) using
a GA (genetic algorithm). A closed-loop iterative shape con-
trol method was proposed by Song et al. (2019) to solve the
problem of the high-precision shape control of an antenna
reflector system, and the method was verified through numer-
ical simulations and experiments. The influence of the actua-
tor locations and voltages on the displacement of a plate was
studied by Iurlova et al. (2019). In addition, Shao et al. (2018)
applied the piezoelectric actuators to the mechanically
reconfigurable reflector. However, for designs considering
time-varying loads or shape adjustment needs, static shape
control methods cannot meet the engineering requirements;
consequently, research on dynamic shape control has begun
to emerge. A sequential linear least squares algorithm for con-
trolling the dynamic shapes of smart structures was proposed
by Luo and Tong (2006). The dynamic shape control of slen-
der beams was studied by Schoeftner et al. (2014). In addition,
Wang et al. (2018b) designed a dynamic shape control method
with vibration suppression by optimizing a time-varying volt-
age. The same authors (Wang et al. 2018a) adopted a feedback
tracking control method to control the dynamic shape of a
piezocomposite actuated flexible wing. Zhang and Wang
(2019) applied a piezoelectric composite material to the dy-
namic distributed morphing of an aeroelastic wing.

In shape control based on piezoelectric actuators, the volt-
ages, locations and number of actuators together influence the
control effect. If actuators are spread over the whole surface of
a structure, this will increase the weight of the structure itself
and result in higher energy consumption, and it may even
increase the complexity of the control system. In contrast, if
too few actuators are used, it will be impossible to meet the
accuracy requirements. Therefore, to improve the control
effect while reducing the complexity of the system, the
layout of the actuators needs to be optimized. To this end,
Onoda and Hanawa (1993) obtained the optimal layout of
space trusses using a combination of a GA and an SA (simu-
lated annealing) algorithm. By extending the SIMP (solid iso-
tropic material with penalization) model (Bendsoe and
Sigmund 1999), Kögl and Silva (2005) developed a new pie-
zoelectric material interpolation model, and they obtained the
optimal layout of the piezoelectric materials by using a
sequential linear programming method. Nguyen and Tong
(2007) proposed an evolutionary optimization algorithm and
obtained the optimal layout of actuators on the basis of
sensitivity information. Wang et al. (2016) investigated the
optimal design of a smart reflector structure in the context of

static shape control by means of SA. Wang et al. (2017) used a
GA to optimize the layout and voltages of actuators for the
static shape control of an intelligent cantilever plate from the
perspectives of accuracy and cost. The layout of piezoelectric
actuators in shape control of a beam with load uncertainties
was optimized (Adali et al. 2000). The influence of the bound-
ary conditions on the layout of actuators for the shape control
of a beam was investigated by Bendine and Wankhade (2017)
using a GA. Some studies have also addressed the integrated
optimization of actuators and substrate materials: Kang et al.
(2011) carried out integrated topology optimization on cantile-
ver beams with piezoelectric plies. A level set model and an
independent pointwise density interpolation method were
proposed by Wang et al. (2014) to optimize the distributions
of piezoelectric actuators and substrate materials. To maximize
the static displacement of a laminated composite plate with
piezocomposite actuators, the ply parameters of the laminated
plate and the actuator parameters were simultaneously opti-
mized by Wang et al. (2019). Notably, however, all of the
above studies focused on optimization for static shape control.
Although there are many researches on active vibration control
using piezoelectric actuators (Padoin et al. 2019; Niu et al.
2019; Zhao et al. 2009), the researches on optimization of
dynamic shape control are rare at present. As one example,
Liu and Lin (2010) obtained the optimal channel distribution
for the dynamic shape control of a plate using an SA algorithm.

Many scholars have studied the shape control or vibration
suppression of flat shells. In reality, however, curved shells
are often encountered in practical situations. Therefore, to
meet practical needs and improve the achievable control
accuracy, it is necessary to study finite element models of
curved shell structures. To this end, Kumar and Singh
(2012) applied an eight-node element for the vibration control
of piezoelectric curved panels. Zhai et al. (2016, 2020) used
and verified that the calculation accuracy and efficiency
achieved with curved shell elements are higher than those
achieved with flat shell elements in the vibration control of
curved shells.

At present, methods for the shape control of shells mainly
focus on static shape control and single-ply shells. There have
been few studies on the dynamic shape control of laminated
curved shell structures. Nonetheless, laminated curved shells
and dynamic deformations are among the most common
structural forms and mechanical behaviours, respectively, that
are encountered in practical applications. When simulating
curved shell structures, curved shell elements offer higher ac-
curacy than flat shell elements. Therefore, it is highly valuable
to use laminated curved shell elements to perform calculations
for the dynamic shape control of laminated curved shells. In
addition, the mechanical behaviours of laminated shells are
known to depend not only on the material properties but also
on the ply thicknesses and ply angles. The flexibility of these
structures has a strong influence on their ease of control;
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therefore, optimizing the ply parameters of a laminated sub-
strate structure helps reduce the difficulty of controlling its
shape. However, at present, the available shape control
methods for laminated shells mostly focus on finding the op-
timal actuator parameters while ignoring the influence of the
structural ply parameters; hence, there is room for
improvement.

Based on these considerations, the dynamic shape control
and integrated design optimization of piezoelectric laminated
curved shells are investigated in this paper. The best control
effect is achieved by simultaneously optimizing three sets of
variables, i.e. the time-varying voltages and layout of the ac-
tuators and the ply parameters of the laminated substrate struc-
ture. A maximum energy constraint, a maximum voltage con-
straint, a limit on the number of actuators and a constraint on
the mass of the laminated substrate structure are considered.
First, the finite element equations for an eight-node laminated
curved shell element with piezoelectric curved shell actuators
are derived. Second, the objective function is formulated as
the time domain variance between the controlled and desired
dynamic shapes. To solve for the optimal time-varying volt-
ages, a two-level optimization strategy combining an optimal
criterion method and an SA algorithm is adopted. In the inner
optimization problem, discrete time domain expressions for
the dynamic shape control equations are derived by invoking
the Newmark integral method, and then, the Kuhn-Tucker
condition is introduced to obtain the optimal time-varying
voltage distribution. The outer optimization problem seeks
the optimal layout of the actuators and the optimal ply thick-
nesses and ply angles of the laminated substrate structure to
improve the control effect. Due to the coexistence of discrete
variables and continuous variables in the outer optimization
problem, an SA algorithm is adopted to solve this problem
because it is an intelligent random search algorithm that is
known to be suitable for optimization problems of this kind.
Finally, examples are presented to verify the accuracy of the
results obtained using laminated curved shell elements and the
effectiveness of the two-level optimization strategy. An anal-
ysis of various cases shows that the proposed integrated

design optimization method can significantly improve the
control effect and that the optimization of the structural ply
parameters plays an important role. Furthermore, the number
of actuators can be taken as the objective function to be min-
imized to simplify the control system.

2 Finite element equations for laminated
curved shell elements

Figure 1a shows an eight-node single-ply curved shell ele-
ment. In this figure, (x ‐ y ‐ z) is the global coordinate system,
(x ' ‐ y ' ‐ z') is the nodal coordinate system, and (ξ ‐ η ‐ ζ) is the
natural coordinate system with −1 ≤ ξ, ζ, η ≤ 1. Here, we as-
sume that v3i is the normal unit vector perpendicular to the
middle surface of the element and that v1i and v2i are unit
vectors that are perpendicular to v3i and orthogonal to each
other. The displacement vector of any point in the element
with respect to the global coordinate system can be expressed
in the following interpolation form:

u
v
w

8<
:

9=
; ¼ ∑

8

i¼1
Ni ξ; ηð Þ
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8<
:
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4

3
5 αi

βi

� �

ð1Þ
where (ui vi wiαi βi)

T is the generalized displacement vector of
the ith node; αi and βi are the rotation angles of v3i around v2i
and v1i, respectively; Ni and hi are the two-dimensional inter-
polation function and thickness, respectively, of the ith node;
and (lji mji nji)

T, with j = 1, 2, are the direction cosines of v1i
and v2i, respectively, at the ith node. The stiffness matrix of
the element can be written as:

Ke ¼ ∫1−1∫
1
−1∫

1
−1B

TCB Jj j dξdηdζ ð2Þ

where J and B (Zhai et al. 2017) are the Jacobian matrix and
strain matrix, respectively, and C is the elastic matrix. For an
orthotropic shell, the material coordinate system is different
from the global coordinate system due to the influence of the

Fig. 1 Curved shell elements: a single-ply element, b laminated element, c laminated element with actuators
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ply angle. Therefore, the elastic matrix C in the material co-

ordinate system needs to be transformed into C in the global
coordinate system:

C ¼ TCTT ð3Þ
with:

T ¼

c2 s2 0 2sc 0 0
s2 c2 0 −2sc 0 0
0 0 0 0 0 0
−sc sc 0 c2−s2 0 0
0 0 0 0 c −s
0 0 0 0 s c

2
6666664

3
7777775

ð4Þ

where s = sin θ and c = cos θ, with θ being the ply angle.
Therefore, for an orthotropic material, (2) should be converted
into:

Ke ¼ ∫1−1∫
1
−1∫

1
−1B

TCB Jj j dξdηdζ ð5Þ

As shown in Fig. 1b, a laminated curved shell element
consists of a stack of curved shell elements with different
material properties and different ply parameters. For such a
laminated curved shell element, the elastic matrix is not a
continuous function of the thickness coordinate ζ. Therefore,
integration in the thickness direction is achieved by splitting
the limits through each ply. For the pth ply, a new natural
coordinate ζ∗ with a value range of [‐1, 1] is introduced; the
corresponding positions of − 1 and 1 correspond to ζp − 1 and
ζp, respectively, which are the coordinates of two surfaces of
the pth ply in the ζ coordinate. The stiffness matrix of the
laminated element can be expressed using the following for-
mula:

Ke ¼ ∑
q

p¼1
∫1−1∫

1
−1∫

1
−1Bp

TCpBp Jj jp J*
�� ��

pdξdηdζ
* ð6Þ

where q is the number of plies and the subscript p denotes the
pth ply. For a laminated curved shell element with a total
thickness of h0, when calculating the stiffness matrix of each
ply, the following relationships can be obtained:

ζp−1 ¼
hp−1
h0

� 2−1

ζp ¼
hp
h0

� 2−1
ð7Þ

Here, hp − 1 and hp are the two surface heights of the pth ply
in the global coordinate system. Therefore, the following re-
lationship between ζ and ζ∗ can be obtained:

ζ ¼ ζp þ ζp−1
2

þ ζ* ζp−ζp−1
� �

2
ð8Þ

Combining (7) and (8) yields:

ζ ¼ hp þ hp−1 þ ζ* hp−hp−1
� �

h0
−1 ð9Þ

Thus, the expression for |J∗| in (6) is:

J*
�� �� ¼ dζ

dζ*
¼ hp−hp−1

h0
ð10Þ

3 Dynamic finite element equations
for piezoelectric laminated curved shells

Figure 1c shows a laminated curved shell element with piezo-
electric actuators. To control deformation of shells, piezoelec-
tric actuators are placed on the first and last ply surfaces. The
voltage polarities of the two surfaces are opposite. The linear
constitutive equations of a piezoelectric material are
(Takezawa et al. 2014):

σ ¼ Cε−eTΕ
D ¼ eεþΛE

ð11Þ

where σ and ε are the stress vector and strain vector, respec-
tively; C is the elastic matrix; e is the piezoelectric stress
coefficient matrix; E is the electric field vector; D is the elec-
tric displacement vector; and Λ is the dielectric coefficient
matrix.

The dynamic finite element equations can be obtained by
applying Hamilton’s variational principle (Zhai et al. 2016):

Mt
::
uþKtuþ Ctu̇þKuφφ ¼ F ð12Þ

with:

Mt ¼ Ms þMa

Kt ¼ Ks þKa

Ct ¼ Cs þ Ca

ð13Þ

whereMt,Kt andCt are the total mass matrix, stiffness matrix
and damping matrix, respectively; the subscripts s and a de-
note the laminated substrate structure and the actuators, re-
spectively; φ is the time-varying voltage vector; and Kuφ

(Zhang et al. 2018) is the electromechanical coupling matrix
of the actuators:

Kuφ ¼ ∫ΩBT ΓTeTTp

� �T
BφdΩ ð14Þ

with:
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Γ ¼

l21 m2
1 n21 l1m1 m1n1 n1l1

l22 m2
2 n22 l2m2 m2n2 n2l2

l23 m2
3 n23 l3m3 m3n3 n3l3

2l1l2 2m1m2 2n1n2 l1m2 þ l2m1 m1n2 þ m2n1 n1l2 þ n2l1
2l2l3 2m2m3 2n2n3 l2m3 þ l3m2 m2n3 þ m3n2 n2l3 þ n3l2
2l3l1 2m3m1 2n3n1 l3m1 þ l1m3 m3n1 þ m1n3 n3l1 þ n1l3

2
6666664

3
7777775

ð15Þ

where B is the strain matrix in (2), Γ (Cook et al. 2001) is the
strain transformation matrix, (li mi ni) with i = 1, 2, 3, are the
direction cosines between the global coordinate system and
local coordinate system, Tp is the coordinate transformation
matrix, and Bφ is the electrical strain matrix. For curved shell
actuators:

Bφ ¼ ∑
i¼1

na 1

ha
Ni l3i m3i n3ið ÞT ð16Þ

Here, N is the same interpolation function as in (1), na is the
number of actuator nodes, ha is the actuator thickness, and
(l3i m3i n3i)

T is the normal direction cosine of the ith node,
which corresponds to the case of j = 3 for (lji mji nji)

T in (1).
In reality, the fourth term Kuφφ in (12) represents the

equivalent nodal force produced by piezoelectric actuators.
The distributed piezoelectric actuators are adopted in this pa-
per, and each actuator has an independent electrode and volt-
age. In addition, the actuators are imposed by the voltage
boundary conditions rather than the charge boundary condi-
tions. Therefore, the equivalent nodal force of each actuator
depends on the applied voltage. At the nodes which are shared
by multiple adjacent actuators, the nodal equivalent forces are
produced by the joint actions of multiple actuators.

4 Description of dynamic shape control
and integrated design optimization

The integrated design optimization of laminated curved shells
for dynamic shape control is defined as the process of seeking
the optimal actuator parameters and structural ply parameters
under certain constraints to deform the laminated curved
shells into desired dynamic shapes. The variance f between
the desired and controlled dynamic shapes within the period
[0, t] can be taken as the objective function of the optimization
problem:

f ¼ ∫t0 u−wdð ÞT u−wdð Þdt ð17Þ
where u and wd are the controlled and desired deformations,
respectively, in the time domain. To facilitate calculation, the
time domain is uniformly divided into k time interpolation
points. Thus, the discrete form can be written as:

f ¼ ∑k
i¼1 u−wdð ÞiT u−wdð Þi ð18Þ

where i represents the ith time interpolation point.
The design variables include the time-varying voltages

φ(t), the layout x of the actuators and the ply thicknesses h
and ply angles θ of the laminated substrate structure. The
detailed expressions are as follows:

φ tð Þ ¼ φ1 tð Þ;…;φe tð Þ;…;φn tð Þ½ �
x ¼ x1;…; xe;…; xnð Þ
h ¼ h1;…; hp;…; hq

� �
θ ¼ θ1;…; θp;…; θq

� � ð19Þ

where φe(t) is the time-varying voltage vector of the eth ac-
tuator; xe = 1 denotes that the eth actuator is retained, while
xe = 0 denotes that the eth actuator is removed; hp and θp are
the thickness and angle, respectively, of the pth ply of the
laminated substrate structure; q and n are the numbers of plies
and actuators, respectively.

To meet the actual requirements of engineering applica-
tions, it is necessary to consider more comprehensive con-
straints. Considering that actuators have a breakdown voltage
value, an excessive voltage can disable them, so the maximum
voltage value should be constrained to protect the control
system. Moreover, the energy consumption of the actuators
is equivalent to the control cost, meaning that an energy con-
straint is meaningful for cost reduction. In the time period [0,
t], the energy Pe consumed by each actuator is:

Pe ¼ ∫t0
εφ2 tð Þlaba

2ha
dt ð20Þ

where la, ba and ha are the length, width and thickness, respec-
tively, of a piezoelectric actuator; ε is the dielectric constant;
and φ(t) is the time-varying voltage. In addition, limiting the
number of actuators can effectively simplify the control sys-
tem, which is necessary in practical applications. In general,
mass reduction is desirable in engineering applications, so the
total mass of the laminated substrate structure should also be
limited. Considering the manufacturing requirements, the ply
angles of the laminated substrate structure can be selected only
from among a given set of discrete values. In reality, multiple
performance requirements for shell structures need to be con-
sidered in practical engineering, such as aeroelastic
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performance (Wang et al. 2018a, 2018b; Zhang and Wang
2019). To simplify the analysis, only the performance require-
ment of shape control is considered in our study, although it
may cause an adverse influence on the structural and aeroelas-
tic performances. In summary, the integrated design optimi-
zation model for the dynamic shape control of a laminated
curved shell can be expressed as follows:

Find : x ¼ x1;…; xe;…; xnð Þ
h ¼ h1;…; hp;…; hq

� �
θ ¼ θ1;…; θp;…; θq

� �
φ tð Þ ¼ φ1 tð Þ;…;φe tð Þ;…;φn tð Þ½ �

Min : f x; h;θ;φ tð Þ½ � ¼ ∫t0 u−wdð ÞT u−wdð Þ dt
s:t : Mt

::
u tð Þ þ Ctu̇ tð Þ þKtu tð Þ þKuφφ tð Þ ¼ F

xe∈ 0; 1f g e ¼ 1; 2;…; n

θp∈ θ1; θ2;…; θmf g p ¼ 1; 2;…; q

h≤hp≤h p ¼ 1; 2;…; q

P≤P
max φ tð Þ½ �≤φ
∑n

e¼1xe≤x
Ms≤Ms

ð21Þ

where Ms is the mass of the laminated substrate structure; Ms

is the maximum allowable value of this mass; x is the number

of actuators we wish to retain; h and h are the maximum and
minimum thicknesses, respectively, of a single ply; P is the

total energy consumption; P is the maximum allowable ener-
gy consumption; φ is the upper limit on the transient voltage;
and {θ1, θ2,…, θm} are the possible ply angles. Of course,
depending on the practical needs of the situation, it is also
valuable in some cases to minimize the number of actuators
as the objective function; in this case, the corresponding con-

straint f ≤ f is added to optimization model (21), where f is
the upper limit on the control error.

In optimization model (21), the voltage variables are tran-
sient and varying in time. Therefore, the voltage variables are
solved for separately. The design variables can be divided into
two groups: the time-varying voltages and all remaining de-
sign variables. These two groups of design variables are inde-
pendent of each other, but there is a sequential relationship
between them. Therefore, a two-level optimization strategy is
adopted in this paper.

5 Inner optimization problem: solving
for the optimal time-varying voltages

Once the layout of the actuators and the ply parameters of the
laminated substrate structure have been determined, the

desired dynamic deformation can be obtained by optimizing
the voltages of the actuators. To control the deformation to
obtain the desired shape at any given time, the voltage value of
each piezoelectric actuator as a function of time should be
calculated. Here, an optimal criterion method based on the
Kuhn-Tucker condition and the Newmark integral method is
used. Considering the time period [ti, ti + n], the inner optimi-
zation problem can be written as:

Find : φ tð Þ ¼ φ1 tð Þ;…;φe tð Þ;…;φn tð Þ½ �
Min : f φð Þ ¼ ∫tiþn

ti u−wdð ÞT u−wdð Þdt ð22Þ

First, the Newmark integral method is adopted. According
to (12), the equation of motion at time ti + 1 is:

Mt
::
uiþ1 þ Ctu̇iþ1 þKtuiþ1 ¼ Fiþ1−Kuφφiþ1 ð23Þ

In the Newmark integral method, the velocities, accelera-
tions and displacements at times ti and ti + 1 satisfy the follow-
ing equations (Yun and Youn 2017):

u̇iþ1 ¼ u̇i þ 1−δð Þ ::
ui þ δ

::
uiþ1

� �
Δt

uiþ1 ¼ ui þ u̇iΔt þ 0:5−αð Þ ::
ui þ α

::
uiþ1

� �
Δtð Þ2

ð24Þ

whereΔt represents the time interval between the two time steps.
When δ≥ 0.5 and α≥ 0.25(0.5 + δ)2, the Newmark integral meth-
od is unconditionally stable. In the calculation process, all un-
knowns of the next time step can be iteratively calculated using
the values from the previous time step. By analysing each time
step, the displacement ui+1 at time ti+1 is found to be:

eKuiþ1 ¼ eFiþ1−Kuφφiþ1 ð25Þ

where eK and eFiþ1 are the equivalent stiffness matrix and equiv-
alent mechanical load vector, respectively, at time ti+1. They can
be expressed as:

eK ¼ Kt þ c0Mt þ c1CteFiþ1 ¼ Fiþ1 þ FM þ FC

FC ¼ Ct c1ui þ c4u̇i þ c5
::
ui

	 

FM ¼ Mt c0ui þ c2u̇i þ c3

::
ui

	 
 ð26Þ

The integration constants can be expressed in terms of δ, α
and Δt:

c0 ¼ 1

α Δtð Þ2 c1 ¼ δ
αΔt

c2 ¼ 1

αΔt

c3 ¼ 1

2α
−1 c4 ¼ δ

α
−1 c5 ¼ Δt

2

δ
α
−2

� � ð27Þ

By suitably transforming (25), the controlled displacement
ui + 1 at time ti + 1 can be obtained:
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uiþ1 ¼ eK−1eFiþ1−eK−1
Kuφφiþ1 ð28Þ

Second, to extract the displacement in a particular direction
of interest, the matrix R is introduced. In this matrix, the
element corresponding to the desired displacement direction
is one, and the other elements are zero. Therefore, the follow-
ing expression can be obtained:

Uiþ1 ¼ Ruiþ1 ¼ ReK−1eFiþ1−ReK−1
Kuφφiþ1 ð29Þ

Here, we set:

SF ¼ ReK−1

Sφ ¼ ReK−1
Kuφ

ð30Þ

Substituting the above equation into (22) yields:

f φiþ1ð Þ ¼ Sφφiþ1−diþ1

� �T
Sφφiþ1−diþ1

� �
diþ1 ¼ SFeFiþ1− wdð Þiþ1

ð31Þ

Finally, the Kuhn-Tucker necessary condition is introduced
to solve for the extreme value of the objective function with
respect to the voltage vector:

∂ f
∂φiþ1

¼ 0 ð32Þ

Accordingly, the voltage vector φi + 1 at time ti + 1 is as
follows:

φiþ1 ¼ Sφ
TSφ

� �−1
Sφ

Tdiþ1 ð33Þ

The controlled deformation and required voltages at each
time point can be obtained after completing the cycle in the
whole time domain.

6 Outer optimization problem: seeking
the optimal structural ply parameters
and actuator layout

In the outer optimization problem, we consider the layout
x of the actuators as well as the ply thicknesses h and ply
angles θ of the laminated substrate structure as the design
variables, and the time domain variance between the con-
trolled and desired dynamic shapes is taken as the

optimization objective. In our study, there are many de-
sign variables, and discrete variables (x and θ) coexist
with continuous variables (h). SA is an iterative adaptive
heuristic probabilistic search algorithm that can obtain the
globally optimal solution with a large probability when
applied for the optimization of non-differentiable or even
discontinuous functions. In addition, SA can also handle
problem of mixed variables, which makes it well suited
for the outer optimization problem.

The SA algorithm is derived from the process of solid
annealing. Solid annealing refers to the thermodynamic pro-
cess of heating a solid to a sufficiently high temperature and
then slowly cooling it to solidify it into a regular crystal.
Heating the solid will cause the thermal motion of the particles
in the solid to gradually increase and become disordered, and
the energy will also increase with the rise in temperature.
Subsequently cooling the solid will cause the thermal motion
of the particles to weaken and gradually become orderly, and
the energy will gradually decrease and approach a minimum
value. The SA algorithm is based on the similarity between the
optimization process and the solid annealing process: the ob-
jective function to be optimized is equivalent to the internal
energy of the solid, and the variable state space of the optimi-
zation problem is equivalent to the internal energy state space
of the solid.

To apply SA to the constrained optimization problem of
interest here, the followingmethod is adopted. A penalty func-
tion is added to punish the occurrence of infeasible solutions,
thus transforming the constrained optimization problem into
an unconstrained optimization problem. The penalty function
value L is formulated as follows:

min L ¼ f þ 1þ α fj j
	 


∑
i¼1

nc

max 0; gi
	 
� �

ð34Þ

where g is a normalized inequality constraint; α is a penalty
factor, which we take to be 1.0 here; and nc is the number of
inequality constraints.

To address the coexistence of discrete and continuous var-
iables in our study, the SA algorithm first considers the dis-
crete variables as continuous variables to generate a new so-
lution Xcon, with the corresponding penalty function value
Lcon. Then, for each component of the new solution Xcon, the
SA algorithm finds the corresponding discrete value with the
smallest distance as the corresponding component of the dis-
crete solution Xdis, with a corresponding penalty function val-
ue of Ldis. The real penalty function value can then be obtained
in accordance with the following formula:

Lreal ¼ α1Lcon þ α2Ldis ð35Þ
where α1 and α2 are weight factors, for which we adopt the
same values as in (Zhai et al. 2016).
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Algorithm 1 Pseudo-code for the SA algorithm

The pseudo-code for the SA algorithm used in this paper is
shown in Algorithm 1. The convergence criterion can be de-
scribed as: the absolute value of the difference between the
two adjacent optimal penalty function values is less than
0.0001 times the current optimal penalty function value, and
the maximum cooling iteration is set to 5000 to ensure the
robustness of algorithm.

Therefore, by combining the inner and outer optimization
problems, the whole process of the two-level optimization strat-
egy can be described as represented by the flowchart in Fig. 2.

7 Numerical examples

7.1 Verification analysis

The accuracy of the curved shell element proposed in this
paper in dynamic analysis and control analysis was studied
here, and the relationship between the optimal voltage and the
mesh resolution was also studied.

7.1.1 Verification of the accuracy of the finite element model
and dynamic shape control method

To verify the accuracy that can be achieved with the laminated
curved shell element proposed in this paper, models of a

laminated cylindrical shell were developed that were divided
into flat shell elements and curved shell elements for dynamic
analysis and dynamic shape control, respectively.

As shown in Fig. 3, we consider a clamped laminated cy-
lindrical shell with a length of 400 mm, a cross-sectional ra-
dius of 200 mm and a central angle of 90°. It has eight plies,
each with a thickness of 0.5 mm, and the ply angles are [0°,
90°, 90°, 0°]s. The material properties are as follows: the elas-
tic moduli are E1 = 50 GPa and E2 = E3 = 6 GPa, the shear
moduli are G12 =G23 =G13 = 7 GPa, the Poisson’s ratios are
ν12 = ν13 = ν23 = 0.3, and the mass density is ρ = 1800 kg/m3.
The structure is divided into 10 × 10 curved shell elements or
10 × 10, 30 × 30, 50 × 50 or 60 × 60 flat shell elements. The
ANSYS software package was used for calculations based on
the models divided into flat shell elements, while the calcula-
tions for the model divided into curved shell elements were
performed using program codes we compiled ourselves. The
first three natural frequencies and the corresponding errors are
shown in Table 1.

As seen from the results, when we used ANSYS to calcu-
late the natural frequencies with 50 × 50 and 60 × 60 flat shell
elements, the resulting errors were very small; therefore, the
results of the latter can be regarded as the standard solution.
When the shell is divided into only 10 × 10 flat shell elements,
there are large errors with respect to the results obtained using
60 × 60 flat shell elements. When the structure is divided into
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30 × 30 flat shell elements, the error with respect to the stan-
dard solution is reduced. However, when the shell is divided
into 10 × 10 curved shell elements, the results are better than
those of 30 × 30 flat shell elements, approximately equivalent
to those obtained using 60 × 60 flat shell elements. These
findings show that with the same number of elements, curved
shell elements offer higher precision than flat shell elements.
That is to say, for a given accuracy requirement, the number of
curved shell elements needed is smaller than the necessary
number of flat shell elements.

Next, we distributed actuators with a thickness of 0.2 mm
across the two surfaces of the laminated cylindrical shell
shown in Fig. 3. The elastic modulus, Poisson’s ratio, density
and piezoelectric coefficients of the actuators are Ea = 70GPa,
νa = 0.25, ρa = 7500 kg/m3 and e31 = e32 = − 5.2 C/m2,

respectively. Here, the proportional damping Ct = a1Mt +
a2Kt with a1 = 4.73 and a2 = 2.47 × 10−4 is adopted. The de-
formation we desire in the y direction is as follows:

wd x; z; tð Þ ¼ coshz−1ð Þsin 5π xj jð Þ
10000

sin t ð36Þ

Here, 10 × 10 curved shell elements and 10 × 20 flat shell
elements were used to simulate the shell. For one time period
of calculation, we considered 21 time interpolation points uni-
formly distributed in the time domain.

For the calculation using 10 × 10 curved shell elements, the
variance f is 7.70 × 10−4 mm2, and the consumption energy P
is 0.41 J. For the calculation using 10 × 20 flat shell elements, f
is 7.49 × 10−4 mm2, and P is 0.77 J. Thus, given the same
control accuracy, the number of curved shell elements re-
quired is smaller than the required number of flat shell ele-
ments. Therefore, for the dynamic shape control of a curved
shell structure, the use of curved shell actuators can effectively
reduce the number of actuators needed in the control system,
reduce the computational burden of finite element analysis
and save energy. Figure 4 shows the voltage distributions at
the time point with maximum deformation under two-element
meshes. It can be seen that there are many actuators with very
small voltage values in both meshes, so it is necessary to
optimize the layout of the actuators.

Table 1 Natural frequencies and
errors calculated using flat shell
elements (FSE) and curved shell
elements (CSE)

Mode no. Natural frequencies (Hz) and errors with respect to FSE (60 × 60)

ANSYS This paper

FSE (10 × 10) FSE (30 × 30) FSE (50 × 50) FSE (60 × 60) CSE (10 × 10)

1 76.83 (5.53%) 80.92 (0.50%) 81.27 (0.07%) 81.33 81.45 (0.15%)

2 146.28 (3.18%) 150.66 (0.28%) 151.03 (0.04%) 151.09 151.26 (0.11%)

3 252.05 (2.24%) 257.35 (0.18%) 257.75 (0.03%) 257.82 258.02 (0.07%)

Fig. 3 Laminated cylindrical shell

Fig. 2 Flowchart of the two-level optimization strategy
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7.1.2 Convergence analysis of the optimal voltage
distribution and value

Mesh independency is an important aspect in topology opti-
mization, which can avoid numerical instability and checker-
board modes (Nguyen et al. 2010). To analyse the relationship
between the voltage convergence and mesh resolution, the
structure shown in Fig. 3 is divided into 10 × 10, 20 × 20,
30 × 30 or 40 × 40 curved shell elements, and the fundamental
frequencies for the four mesh schemes are 84.2 Hz, 84.5 Hz,
84.6Hz and 84.6Hz, respectively. Therefore, the fundamental
frequency of the case with 10 × 10 meshes is convergent.

Figure 5 shows the optimal voltage distributions at the time
point with maximum deformation for different resolution
meshes. Therefore, in dynamic shape control, the convergence
of voltage distribution is demonstrated in the cases with 30 ×
30 and 40 × 40meshes. However, the maximum voltage is not
convergent, so the voltage values depend on the mesh.
Considering the importance of the relationship between the
optimization results and mesh, we first discuss it in the next
optimization example.

7.2 Integrated design optimization for the dynamic
shape control of piezoelectric laminated curved shells

To validate the formulas and theories proposed in this paper,
two examples of integrated design optimization for dynamic
shape control are presented.

7.2.1 Integrated design optimization for part of a spherical
shell structure

As shown in Fig. 6, the calculation model is obtained by
cutting into a spherical shell with a radius of 1000 mm using
a cube with a side length of 600 mm. Furthermore, we distrib-
ute actuators across the first and last ply surfaces of the lam-
inated structure, respectively. Here, the plies of the laminated
substrate structure are orthotropic, and the actuators are iso-
tropic. The material properties are shown in Table 2.

Discussion for the relationship between the optimal actuator
layout and mesh resolution Here, the shell model shown in
Fig. 6 has four plies with angles of [90°, 0°]s, and each ply has

Fig. 4 Distributions of optimal
voltage: a 10 × 10 curved shell
elements, b 10 × 20 flat shell
elements

Fig. 5 Voltage distributions for different resolution meshes: a 10 × 10, b 20 × 20, c 30 × 30, d 40 × 40
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a thickness of 0.5 mm. To study the relationship between the
optimal layout and mesh, we distribute 8 × 8 and 16 × 16 ac-
tuators with a thickness of 0.2 mm across the surfaces of the
structure, respectively. In the Cartesian coordinate system, the
desired dynamic twist deformation is given by the following
formula:

wd x; y; tð Þ ¼ cosh y−1ð Þsin x
300

sin t ð37Þ

We consider calculations performed over half a time peri-
od, corresponding to 0 ≤ t ≤ π in (37), with 11 time points
uniformly distributed in the time domain. The optimization
information for the two mesh schemes is shown in Table 3.

The pair of actuators placed in the same position on the
two surfaces of the model are defined as one group. When
the surfaces of the spherical shell model are completely
covered by 64 groups of actuators, the initial variance, the
initial energy consumption and the initial maximum tran-
sient voltage are 21.94 mm2, 9.88 × 10−2 J and 252 V
after shape control, respectively. When the surfaces of
the model are completely covered by 256 groups of actu-
ators, the above values are 15.61 mm2, 2.08 × 10−1 J and
513 V, respectively. Here, the higher initial energy con-
sumption value is taken as the upper limit, and the max-
imum transient voltage is set to 600 V. Since the volume
of a single actuator is different for the two mesh schemes,
we take 65% of the total actuator volume as the number
constraint of actuators.

Table 4 shows the optimized results for two mesh schemes.
Figure 7 shows the optimized actuator layouts for two mesh
schemes. As can be seen from Fig. 7, the optimized actuator
layout for the case with 16 × 16 meshes is not consistent from
the result for the case with 8 × 8 meshes. It shows that the
optimal layout depends on the mesh resolution for the layout
optimization in this paper. The reasons are mainly in two
aspects. On the one hand, the initial control variances of the
two mesh schemes are not convergent. On the other hand, the
voltage values depend on the mesh.

However, the layout optimization in our study is different
from the structural topology optimization. For the latter, the
mesh independency is an important aspect. For the layout
optimization in this paper, the mesh dependency is allowable.
In practical engineering, the structural sizes and number of
actuators are generally given, which means that the mesh res-
olution is determined. As can be seen from Table 4, the ob-
jective values for the two mesh schemes are all successfully
optimized although the optimal layouts are different.
Therefore, the optimized results are reliable and have engi-
neering values. It can be seen from Fig. 7 that the increase
of mesh resolution will increase the number of actuators,
which will greatly increase the control cost and the operation
difficulty in practical engineering. Therefore, for a given mesh
resolution (actuator size) that meets the precision requirement
of dynamic analysis, the optimal optimization results can be
obtained using the method proposed in this paper, which is
obviously different from topology optimization. Therefore,
although the optimal layout in this paper depends on the mesh

Table 2 Material properties
Ply of laminated substrate structure Actuator

Elastic modulus(GPa) E1 = 95.8, E2 = E3 = 6.7 Ea = 70

Shear modulus(GPa) G12 =G23 =G13 = 7.1 –

Poisson’s ratio ν12 = ν13 = ν23 = 0.3 νa = 0.25

Density(kg/m3) ρ = 1800 ρa = 7500

Piezoelectric coefficient(C/m2) – e31 = e32 = − 5.2

Fig. 6 Part of a spherical shell and the coordinates of selected nodes
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resolution, the optimized results are reliable and have great
engineering significance.

Taking the minimum variance as the objective function: lay-
out optimization and integrated design optimization Here,
the shell model shown in Fig. 6 has eight plies with angles
of [90°, 90°, 0°, 0°]s, and each ply has a thickness of 0.5 mm.
The thickness of each single ply can vary in the range of
0.3~0.7 mm and is considered as a continuous design variable.
As discrete variables, the ply angles can take values selected
from among {−45°, 0°, 45°, 90°}. Furthermore, we distribute
64 actuators with a thickness of 0.2 mm across the first and
last ply surfaces of the laminated structure, respectively. The
material properties are shown in Table 2.

In the Cartesian coordinate system, the desired dynamic in-
plane deformation in the x direction is given by the following

formula:

wd y; tð Þ ¼
cosh2jyj−1ð Þsin 5πjyj

6
50000

sin t ð38Þ

We consider calculations performed over half a time peri-
od, corresponding to 0 ≤ t ≤ π in (38), with 11 time points
uniformly distributed in the time domain. When sint = 1 at
time t6, the dynamic deformation of each node reaches its
maximum value. The maximum desired deformation is shown
by the black wire frame in Fig. 8 (the degree of deformation
depicted in the figure is 5000 times the true value), and the red
wire frame represents the original shape.

Different practical applications have different require-
ments, corresponding to different optimization objectives
and constraints. The optimization with minimum variance as

Table 3 Information for two optimization schemes

Objective function Design variables Constraints

Variance Control voltage Actuator layout Maximum voltage Energy consumption Actuator number (volume)

8 × 8 meshes Yes Yes Yes Yes Yes Yes

16 × 16 meshes Yes Yes Yes Yes Yes Yes

Table 4 Optimized results for two mesh schemes

Objective value Constraint values

Variance(mm2) Max. voltage (V) Energy (J) Number (volume)

Optimal Upper Optimal Upper Optimal Upper

8 × 8 meshes 8.87 154 600 5.24 × 10−2 2.08 × 10−1 65% 65%

16 × 16 meshes 5.24 342 600 8.36 × 10−2 2.08 × 10−1 65% 65%

Fig. 7 Optimized actuator
layouts: a 8 × 8 meshes, b 16 × 16
meshes
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the objective function was studied here. The detailed optimi-
zation information is shown in Table 5. Therefore, the optimi-
zation problems in Case 1 and Case 2 are the layout optimi-
zation and the integrated design optimization, respectively.

When the surfaces of the spherical shell model are
completely covered by 64 groups of piezoelectric actuators,
the initial variance is 9.76 × 10‐1 mm2 after shape control. The
initial energy consumption and the initial maximum transient
voltage are 8.29 × 10−1 J and 720 V, respectively. For the two
optimization schemes, the initial energy consumption is taken
as the upper limit, and the maximum transient voltage is set to
800 V. In addition, the number of actuator groups is set to 50.

Table 6 shows the calculation results for the two optimiza-
tion schemes. In the initial case, the maximum transient volt-
age cannot be constrained because there is no outer

optimization. Compared with those in the initial case, the var-
iance and the number of actuator groups in Case 1 are reduced
by 11.48% and 21.88%, respectively. The energy consump-
tion andmaximum voltage are within the constraints, although
the maximum voltage is very close to the upper limit. These
results show that the optimization of the actuator layout in
Case 1 is effective. Similarly, we again adopt 50 groups of
actuators in Case 2. Compared with that in the initial case, the
variance in Case 2 is reduced by 48.87%. Under the condition
of the same number of actuators and structural mass, the var-
iance of Case 2 is reduced by 42.25% compared to Case 1, and
the maximum voltage and energy consumption are reduced.
Therefore, if only the layout and voltages of the actuators are
optimized, although the control effect is improved, this im-
provement is relatively small. Including the ply parameters of

Fig. 8 Maximum desired deformation of the laminated shell: a front view, b top view

Table 5 Information for two optimization schemes

Objective function Design variables Constraints

Variance Control voltage Actuator layout Ply parameters Maximum voltage Energy
consumption

Actuator number Structural mass

Case 1 Yes Yes Yes – Yes Yes Yes –

Case 2 Yes Yes Yes Yes Yes Yes Yes Yes

Table 6 Objective values and constraint values for two optimization schemes

Objective values Constraint values

Variance(mm2) Max. voltage(V) Energy(J) Number Max. mass(kg)

Optimal Upper Optimal Upper Optimal Upper Optimal Upper

Case 1 8.64 × 10‐1 792 800 8.20 × 10‐1 8.29 × 10‐1 50 50 – –

Case 2 4.99 × 10‐1 663 800 3.05 × 10‐1 8.29 × 10‐1 50 50 2.67 2.67
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the laminated substrate structure among the design variables
can greatly improve the accuracy. Therefore, the optimization
of the ply parameters plays an important role in the integrated
design optimization. For Case 2, the final ply thicknesses and
ply angles of the laminated substrate structure are shown in
Table 7. We can see that the ply thicknesses may either in-
crease or decrease within the allowed range and that the ply
angles vary greatly, but the structural mass remains un-
changed. Figure 9 shows the optimization iterations of SA
algorithm, and for the curve of Case 2, the iteration number
starts to accumulate from the iteration where feasible solutions
are first generated.

Figure 10 shows the layouts of the actuators in different
cases. Although Case 2 has the same number of actuators as
Case 1, the layouts are quite different because of the changes
in the ply parameters of the laminated substrate structure. This
indicates that the structural ply parameters also affect the ac-
tuator layout.

Figure 11 shows the voltage distributions at time t6 for
three cases. Here, t6 is the time interpolation point with the
maximum voltage and deformation. Compared with the initial
distribution, the voltage distribution in Case 1 shows little
change, and the maximum voltage corresponds to the same
actuator. Therefore, optimizing the layout of the actuators has
little effect on the voltage distribution. In contrast, the voltage
distribution changes greatly in Case 2. This change manifests
in three aspects. The first is the position change of the maxi-
mum voltage. For the initial distribution and distribution in
Case 1, the actuator with the maximum transient voltage is
No. 53, where in Case 2, it is No. 60. The second is the
reversal of the electrode direction for some actuators, such
as No. 8 and No. 44. For the initial case and Cases 1 and 2,
the maximum positive voltages are located at the 52nd, 44th
and 60th actuators, respectively, and the maximum negative
voltages are located at the 53rd, 53rd, and 37th actuators,
respectively. Figure 12 shows the voltage histories of the
above-mentioned actuators for all cases. As can be seen from
Fig. 12, the last aspect is the reduction of the voltage value
range, which shows that the voltage distribution is more uni-
form in the integrated design optimization. Therefore, the ply
parameters have a great influence on the voltage distribution.

Figure 13 shows the displacement curves of node A1 in
different cases and the desired displacement, where node A1

is the corner node with the maximum deformation in Fig. 6.

The control accuracy is highest in Case 2, followed by Case 1
and the initial case. These results indicate that the integrated
design optimization of the actuator layout, actuator voltages
and structural ply parameters can significantly improve the
control accuracy.

Taking the minimum number of actuators as the objective
function: layout optimization The layout optimization with
the minimum number of actuators as the objective function
was studied. The calculation model used in the example with
minimum variance as the objective function is adopted here.
In addition, the detailed optimization information is shown in
Table 8.

In the example with minimum variance as the objective
function, we have obtained the initial values. Here, the initial
energy consumption is taken as the upper limit, and the max-
imum transient voltage is set to 800 V. To study the number
and position of the retained actuators under different variance
constraints, we calculated the results for three variance con-
straint values, namely 1.2 times, 1.4 times and 1.6 times the
initial variance.

Table 9 shows the calculation results for the layout optimi-
zation with the minimum number of actuators as the objective
function. As seen from Table 9, for the all kinds of variance
constraints, the maximum transient voltage, energy consump-
tion and variance all satisfy the constraints. When the number

Table 7 Ply parameters of the
laminated substrate structure in
Case 2

Ply no. 1 2 3 4 5 6 7 8

Initial thickness(mm) 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50

Optimized thickness(mm) 0.56 0.37 0.41 0.66 0.66 0.41 0.37 0.56

Initial angle(°) 90 90 0 0 0 0 90 90

Optimized angle(°) 45 0 0 45 45 0 0 45

Fig. 9 Iteration histories of the objective values for three cases
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of actuators is taken as the optimization objective, there are
different number of actuators after optimization for different
variance constraints. Figure 14 shows the optimization itera-
tions of SA algorithm. As the variance constraint value

decreases, the number of actuators removed gradually de-
creases. This indicates that the higher the control accuracy,
the more actuators are required. For the three cases with 1.2
times, 1.4 times and 1.6 times initial variance constraint, al-
though the control accuracy are not as good as the initial case,
the numbers of actuators are further reduced, which are 26
groups, 23 groups and 19 groups, respectively. In engineering,

Fig. 10 Actuator layouts for three cases: a initial layout, b Case 1, c Case 2

Fig. 11 Voltage distributions at time t6 for three cases: a initial distribution, b Case 1, c Case 2

Fig. 12 Voltage histories of selected actuators Fig. 13 Displacement curves of the node with the maximum deformation
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we can choose the appropriate variance constraint to reduce
the number of actuators.

Figure 15 shows the optimized layouts of the actuators. For
all kinds of variance constraints, the actuators are all mainly
distributed in areas with large deformations. This indicates
that in the dynamic shape control process, the actuators locat-
ed in the area with large deformation are more important, so
they retained more after optimization.

Figure 16 shows the voltage distributions at time t6. Here, t6
is the time interpolation point with the maximum voltage.
Most of the remaining actuators are those with relatively high
voltages in the initial case shown in Fig. 11a. Although the
actuator has different distributions among the all kinds of

variance constraints, the larger voltages are all distributed in
the same region.

7.2.2 Integrated design optimization for a simplified wing
model

Figure 17 shows a simplified wing model with one clamped
edge and the coordinates of some selected nodes in the
Cartesian coordinate system. This simplified wing model has
ten plies with angles of [0°, 90°, 90°, 0°, 0°]s, and each ply has
a thickness of 0.4 mm. The thickness of a single ply can vary
within the range of 0.3~0.5 mm and is considered as a contin-
uous design variable. As discrete variables, the ply angles can
take values selected from among {‐45°, 0°, 45°, 90°}. We dis-
tribute 144 actuators with a thickness of 0.2 mm across the
two surfaces of the laminated structure, respectively. The ma-
terial properties of the simplifiedwingmodel and actuators are
shown in Table 2, but e31 = e32 = − 10 C/m2 here.

In the Cartesian coordinate system, the desired dynamic
deformation in the y direction is given by the following for-
mula:

wd x; z; tð Þ ¼ z4log xþ 1ð Þ
200

sint ð39Þ

We consider calculations performed over half a time peri-
od, corresponding to 0 ≤ t ≤ π in (39), with 11 time points
uniformly distributed in the time domain. The desired defor-
mation of each node reaches its maximum at time t6.
Figure 18a and b show the original shape and the desired
shape, respectively, at time t6 (the degree of deformation
depicted in the figure is 600 times the true value).

Table 8 Information for the layout optimization

Objective function Design variables Constraints

Number of actuators Control voltage Actuator layout Maximum voltage Energy consumption Variance

Table 9 Objective values and constraint values

Objective values Constraint values

Number Max. voltage(V) Energy(J) Variance(mm2)

Optimal Upper Optimal Upper Optimal Upper

26 788 800 8.15 × 10‐1 8.29 × 10‐1 1.16 1.17(1.2 times)

23 779 800 8.24 × 10‐1 8.29 × 10‐1 1.33 1.37(1.4 times)

19 783 800 7.35 × 10‐1 8.29 × 10‐1 1.54 1.56(1.6 times)

Fig. 14 Iteration histories of the objective values for different variance
constraints
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Taking the minimum variance as the objective function: inte-
grated design optimization The integrated design optimiza-
tion for the simplified wing model is studied here; the detailed
optimization information is shown in Table 10.

When the surfaces of the wing model are completely cov-
ered by 144 groups of piezoelectric actuators, the initial

variance is 22.96 mm2 after shape control. The initial energy
consumption and the initial maximum transient voltage are
1.73 × 10−1 J and 779 V, respectively. For the integrated de-
sign optimization, the initial energy consumption is taken as
the upper limit, and the maximum transient voltage is set to
800 V. In addition, the number of actuator groups is set to 120.

Fig. 15 Optimized actuator layouts: a 1.2 times, b 1.4 times, c 1.6 times

Fig. 16 Voltage distributions at time t6: (a) 1.2 times, (b) 1.4 times, (c) 1.6 times

Fig. 17 Simplified wing model
and coordinates of selected nodes
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Table 11 shows the calculation results for the integrated
design optimization. Although the structural mass is not
changed, through integrated design optimization, the variance
is reduced by 77.96% compared with the initial variance. In
addition, the energy consumption, number of actuators and
maximum transient voltage decreased by 63.29%, 16.67%
and 70.47%, respectively. Therefore, including the ply param-
eters of the laminated substrate structure among the design
variables can greatly improve the accuracy. This conclusion
is similar to that for the example presented in Section 7.2.1.
The final optimal structural ply parameters are shown in
Table 12. We can see that the ply thicknesses may either
increase or decrease within the allowed range and that the
ply angles vary greatly, but the structural mass remains

unchanged. Figure 19 shows the optimization iterative of SA
algorithm for the integrated design optimization. Here, the
iteration number starts to accumulate from the iteration where
feasible solutions are first generated.

The top surface of the simplified wing model is labelled
surface A, and the bottom surface is labelled surface B.
Figure 20 shows the optimal layouts of the actuators for two
cases. Here, 60 groups of actuators are retained on both sur-
face A and surface B after integrated design optimization.

Figure 21 shows the voltage distributions at time t6 for two
cases. Here, t6 is the time interpolation point with the maxi-
mum voltage. For the initial distribution and the optimized
distribution, the maximum positive voltages are located at
the 85th and 79th actuators, respectively, and the maximum

Fig. 18 Maximum desired
deformation of the simplified
wing model: a original shape, b
desired shape

Table 10 Information for the integrated design optimization

Objective function Design variables Constraints

Variance Control voltage Actuator layout Ply parameters Maximum voltage Energy consumption Actuator number Structural mass

Table 11 Objective value and constraint values for the integrated design optimization

Objective value Constraint values

Variance (mm2) Max. voltage(V) Energy(J) Number Max. mass(kg)

optimal upper optimal upper optimal upper optimal upper

5.06 230 800 6.35 × 10‐2 1.73 × 10‐1 120 120 1.04 1.04

Table 12 Ply parameters of the laminated substrate structure in the integrated design optimization

Ply no. 1 2 3 4 5 6 7 8 9 10

Initial thickness (mm) 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.40 0.40

Optimized thickness (mm) 0.40 0.49 0.42 0.32 0.37 0.37 0.32 0.42 0.49 0.40

Initial angle (°) 0 90 90 0 0 0 0 90 90 0

Optimized angle (°) − 45 0 − 45 0 − 45 − 45 0 − 45 0 − 45
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negative voltages are located at the 84th and 61st actuators,
respectively. Figure 22 shows the voltage histories of the
above-mentioned actuators. For the optimized distribution,
the actuator with the maximum transient voltage is No. 79,
whereas it is No. 85 for the initial distribution. The directions
of some electrodes, such as those of actuators No. 57, No. 58,
and No. 85, are reversed. In addition, the optimized distribu-
tion of voltages is more uniform than the initial distribution.

Figure 23 shows the displacement curves of node B8

for two cases and the desired displacement, where node
B8 is the corner node with the maximum deformation in
Fig. 17. The displacement for the case of integrated
design optimization is very close to the desired
displacement.

Taking the minimum number of actuators as the objective
function: layout optimization The layout optimization with
the minimum number of actuators as the objective function
was studied here. The detailed optimization information is
shown in Table 13.

The initial energy consumption, the initial maximum
voltage and the initial variance have been obtained in
the example with the minimum variance as the objective
function. The initial energy consumption is taken as the
upper limit, and the maximum transient voltage is set to
800 V. In addition, the variance constraint is set to 1.5
times the initial variance.

Table 14 shows the calculation results for the layout
optimization. When the minimum number of actuators is
taken as the optimization objective, there are only 72
groups of actuators after optimization. The constrained
values all satisfy the specified requirements, and the
variance is very close to the upper limit. Although the
variance is 1.5 times the initial variance, the number of
actuators is half the initial number. Figure 24 shows the
optimization iterative of SA algorithm for the layout
optimization and the layouts of actuators for selected
iteration steps. Here, the iteration number starts to ac-
cumulate from the iteration where feasible solutions are
first generated.

As seen from the layout of the final step in Figs. 24, 30 and
42 groups of actuators are retained for surface A and surface
B, respectively. The number of actuators in the former varies
more. After layout optimization, the actuators are mainly dis-
tributed in areas with large deformations. This phenomenon is
similar to that for the example presented in Section 7.2.1,
indicating that in the dynamic shape control, more actuators
are needed in the larger deformation areas.

Figure 25 shows the voltage distribution at time t6 for the
layout optimization. Here, t6 is the time interpolation point

Fig. 19 Iteration history of the objective value for the integrated design
optimization

Fig. 20 Actuator layouts for two cases: a initial layout, b optimized layout
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with the maximum voltage. We can see that most of the re-
maining actuators are those with relatively high initial
voltages.

7.3 Analysis and discussion for computational
performance

All examples in this paper were computed on a desktop PC
with an Intel Core i7-4790 CPU and 8 GB memory. In addi-
tion, the codes of shape control in this paper were implement-
ed in the self-programming MATLAB software.

For the model with 8 × 8 meshes in example 7.2.1, the
total number of structural DOF (degrees of freedom) is

1350. For one complete dynamic shape control process,
that is, an inner optimization calculation, it takes about
10.2 s. The computational performances for the cases with
the minimum variance as the objective function are shown
in Table 15, and the computational performances for the
cases with the minimum number of actuators as the objec-
tive function are shown in Table 16.

As can be seen from Table 15, the number of design vari-
ables for the integrated optimization is more than that for
layout optimization. Therefore, the integrated optimization re-
quires more outer optimization analyses (cooling iterations).

According to the results in Table 16, under the premise of the
same type and number of design variables, the model with more
relaxed constraint requires fewer outer optimization analyses.

Fig. 21 Voltage distributions at time t6 for two cases: a initial distribution, b optimized distribution

Fig. 22 Voltage histories of selected actuators Fig. 23 Displacement curves of the node with the maximum deformation
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In example 7.2.2, the total number of structural DOF is
2736. For one complete inner optimization calculation, it takes
about 25.3 s. The computational performances can be seen in
Table 17.

As can be seen from Table 17, the case with the minimum
variance as the objective function has the same variable type as
the integrated optimization in Table 15, but it requires more
outer optimization analyses due to the large number of variables.

8 Conclusions

Considering the difficulties caused by the time-varying nature of
the dynamic shape control of laminated curved shells, an inte-
grated design optimization model of structure and control is

proposed to improve the control precision while reducing the
number of actuators. The time domain variance between the
controlled and desired dynamic shapes is minimized as the ob-
jective function. Constraints on the structural mass, the total
energy, the maximum transient voltage and the number of actu-
ators are considered to satisfy the engineering requirements. The
time-varying actuator voltages, the actuator layout and the struc-
tural ply thicknesses and ply angles are considered as the design
variables. Because the control voltages are transient and varying
in time, a two-level optimization strategy is adopted. In the inner
optimization problem, by combining the Newmark integral
method and the Kuhn-Tucker condition, the optimal time-
varying voltage distribution of the actuators is obtained. In the
outer optimization problem, because of the coexistence of dis-
crete and continuous variables, an SA algorithm is used. A finite

Table 13 Information for the layout optimization

Objective function Design variables Constraints

Number of actuators Control voltage Actuator layout Maximum voltage Energy consumption Variance

Table 14 Objective value and constraint values for the layout optimization

Objective value Constraint values

Number Max. voltage(V) Energy(J) Variance(mm2)

Optimal Upper Optimal Upper Optimal Upper

72 644 800 1.30 × 10−1 1.73 × 10−1 34.34 34.44(1.5times)

Fig. 24 Iteration history of the objective value for the layout optimization

Integrated design optimization of actuator layout and structural ply parameters for the dynamic shape... 2395



Fig. 25 Voltage distribution at
time t6 for the layout optimization

Table 15 Computational performances for the cases with the minimum variance as the objective function

Optimization schemes Design variables Number of variables Number of outer
optimization analyses

Number of inner
optimization analyses

Total
time

Layout optimization Voltage; actuator layout 64 320 3300 9.4 h

Integrated optimization Voltage; actuator layout; ply parameters 72 760 7700 19.5 h

Table 16 Computational performances for the cases with the minimum number of actuators as the objective function

Constraints Design variables Number of variables Number of outer
optimization analyses

Number of inner
optimization analyses

Total time

1.2 times the initial variance Voltage,
actuator layout

64 3780 37,900 104.4 h

1.4 times the initial variance 64 1970 19,800 58.1 h

1.6 times the initial variance 64 1780 17,900 51.7 h

Table 17 Computational performances in example 7.2.2

Objective functions Design variables Number of variables Number of outer
optimization analyses

Number of inner
optimization analyses

Total time

Variance Voltage; actuator layout; ply parameters 154 880 8900 63.2 h

Number of actuators Voltage; actuator layout 144 520 5300 38.3 h
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element formulation of an eight-node laminated curved shell
element with piezoelectric actuators is derived. Numerical ex-
amples validate the effectiveness of the two-level optimization
strategy proposed in this paper and yield the following main
conclusions:

(1) The dynamic shape of a structure can be successfully con-
trolled by optimizing only the time-varying voltages, but
the maximum transient voltage cannot be limited in this
case. When the actuator layout and time-varying voltages
are optimized simultaneously, amaximum transient voltage
constraint can be applied, and the control precision is im-
proved, although the improvement is relatively small.
Through integrated design optimization of the actuator lay-
out, time-varying voltages and structural ply parameters,
additional constraints can be considered, and the control
precision can be greatly improved.

(2) In the integrated design optimization problem, the actu-
ator layout is coupled with the structural ply parameters.
The optimal actuator layout and time-varying voltages
will be different with different ply parameters, which is
why the integrated design optimization method for dy-
namic shape control offers higher precision.

(3) For a given precision requirement in dynamic shape con-
trol, the number of curved shell elements required is smaller
than the required number of flat shell elements in the finite
element model. To reduce the system complexity, we can
use curved shell actuators to reduce the necessary number
of actuators. Moreover, the number of curved actuators and
the acceptable precision can be used as the optimization
objective and constraint, respectively, to further reduce the
number of actuators.
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