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Abstract
Structural topology optimization considering both performance and manufacturability is very attractive in engineering applica-
tions. This work proposes a formulation for structural topology optimization to achieve such a design, in which material strength,
structural stiffness, and connectivity are simultaneously considered by integrating stress and simply-connected constraints into
the compliance minimization problem. An effective solution algorithm consisting of different optimization techniques is intro-
duced to handle various numerical difficulties resulted from this relatively complex multi-constraint and multi-field problem.
Except for the stress penalization and aggregation techniques, the regional measure strategy is used together with the stability
transformation method-based correction scheme to address stress constraints, which is also applied to the Poisson equation-based
scalar field constraint in the simply-connected constraint. Numerical examples are presented to assess the features of the achieved
design along with the performance of the employed algorithm. Comparisons with pure compliance, pure stress, and pure
connectivity designs are provided to illustrate differences arising in the proposed design with respect to traditional approaches,
also the necessity. Innovative manufacturing-oriented designs with consideration of the strength, stiffness, and connectivity are
now available.

Keywords Design for manufacturing . Topology optimization Stress constraints Connectivity constraint Aggregation. . .

technique

1 Introduction

Topology optimization, as a powerful tool for the conceptual
design of structures, has attracted widespread attentions in aca-
demia and industry (Bendsøe and Sigmund 2003). Over the
years, most efforts have been devoted to improving the design
performance such as material strength, structural stiffness, and

stability. Recently, increasing attentions have been paid to the
manufacturability of optimized designs from the perspective of
manufacturing processes (Liu et al. 2018). Nevertheless, per-
formance and manufacturability considerations are usually
treated separately. Therefore, the combination of these two im-
portant and indispensable requirements in structural topology
optimization would be a highly valuable but challenging task.
This has motivated the present work to investigate such a for-
mulation, in which the common requirements of material
strength, structural stiffness, and connectivity (a critical
manufacturing process constraint) are considered.

It is acknowledged that structural stiffness is one of the
basic requirements for optimized designs in engineering.
Thus, an overwhelming majority of previous works focus on
minimizing the structural compliance (equivalents to maxi-
mizing the structural stiffness) with a prescribed material vol-
ume, i.e., the compliance minimization problem. For more
detailed information on this field, readers can refer to
Eschenauer and Olhoff 2001, Bendsøe and Sigmund 2003,
and Rozvany 2009. Despite the mature of this formulation,
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its extended application in the combination of the strength and
connectivity is still an open problem.

Another fact is that designs considering stiffness alone are
insufficient to cope with complex working conditions in prac-
tical engineering. The strength failure of material is sometimes
even more important than the requirement of structural stiffness
from the safety point of view (Duysinx et al. 2008). If material
strength is not considered in the conceptual design of engineer-
ing structures, the obtained designs are susceptible to post-
processing or even rework, resulting in unexpected costs.
Consequently, researches have been done to formulate topolo-
gy optimization settings considering stress (Duysinx and
Bendsøe 1998). Some related works for practical engineering
problems can also be found in (Luo and Kang 2012; Luo et al.
2017). However, there are few reports of stress problems in-
volving complex manufacturing process constraints. On the
other hand, handling stress issues in topology optimization it-
self is a challenging work, in which three main difficult prob-
lems generally need to be overcome: the stress singularity
(mainly limited to density-based approaches with the existence
of intermediate densities), the local nature of stress constraints,
and the highly nonlinear stress behavior (Le et al. 2010).
Effective stress techniques such as relaxation approaches
(Cheng and Guo 1997; Duysinx and Bendsøe 1998; Bruggi
and Venini 2008; Bruggi 2008; Le et al. 2010), aggregation
techniques (Yang and Chen 1996; Duysinx and Sigmund
1998; París et al. 2009; Luo et al. 2013), regional measures
(París et al. 2010; Le et al. 2010; Holmberg et al. 2013), and
correction schemes (Le et al. 2010; Yang et al. 2018) have been
proposed to overcome these challenges. Although these
methods work well for general stress problems, their perfor-
mance on manufacturable stress designs is not clear. For com-
plex optimization conditions, the design usually presents unpre-
dictable numerical responses during the optimization process,
which would bring various challenges to the stress solution,
thereby being a subject worthy of intensive research.

Admittedly, high-performance designs involving the stiff-
ness and strength could be achievedwith the above efforts, but
the resulting sophisticated structures pose huge challenges to
not only CAD modeling but also manufacturing (Gao et al.
2015; Liu and Ma 2016; Liu et al. 2018). Usually, complex
features such as framework-like structures and enclosed voids
are not directly manufacturable or even not manufacturable at
all, due to incompatibility with the manufacturing process. As
a result, the widespread application of topology optimization
is limited to some degree. One solution is to modify the opti-
mized design to a manufacturable one based on the judgment
and experience of engineers. Extensive modifications, howev-
er, are inadvisable in terms of cost and performance impact.
Therefore, a preferable method is to include manufacturability
considerations in topology optimization directly (Liu and Ma
2016; Liu et al. 2018).

As one of the most important manufacturing process con-
straints, the simply-connected constraint to avoid enclosed
voids (a typical connectivity requirement) is required in the
structural design for both additive manufacturing (AM) and
traditional manufacturing (TM) processes (Diegel et al. 2010;
Gao et al. 2015; Liu and Ma 2016). In the AM process such as
selective laser sintering (Kruth et al. 2005) and fused deposi-
tion modeling (Hutmacher et al. 2001; Zein et al. 2002),
enclosed void configurations make the removal of support
materials difficult and uneconomic. For the TM process such
as casting, milling, and turning, the preparation of enclosed
voids is even impractical (Liu and Ma 2016). There have been
a few reports specifically on the suppression of enclosed voids
in topology optimization. Considering the AM process, Zhou
and Zhang (2019) extended the feature-driven topology opti-
mization method (Zhang et al. 2017a, b) to eliminate enclosed
voids. Liu et al. (2015) constructed an auxiliary steady-state
heat transfer model to detect and suppress enclosed voids.
Other related methods were mainly developed for certain
TM processes (Zhou et al. 2002; Xia et al. 2010; Gersborg
and Andreasen 2011; Vatanabe et al. 2016; Li et al. 2018;
Qian 2017; Wang and Kang 2017; Langelaar 2019), where
enclosed voids are always tightly coupled with other special
manufacturing considerations such as undercuts and symme-
try, thus leading to over conservative solutions for some
enclosed void problems. In the process of seeking designman-
ufacturability, these methods fully consider the effect of man-
ufacturability on structural stiffness and/or material volume;
however, none of them takes the effect on material strength
into account. In fact, numerical results here clearly show that
the introduction of manufacturability considerations, or at
least the simply-connected constraint, has a significant impact
on the strength.

Surely the three practical requirements of strength, stiff-
ness, and connectivity in structural topology optimization
have already been considered separately or in groups. To the
authors’ best knowledge, however, no work integrates them
all into a unified formulation, to achieve manufacturable de-
signs with high performance. Besides, the combination of
complex stress and connectivity constraints involves interac-
tion issues, which challenge the existing constraint measures,
whether in stress constraints or connectivity constraints.
Hence, the development of effective solution algorithms is
also very necessary.

In view of the above-mentioned facts, this work aims to
propose such a unified formulation, which takes the strength,
stiffness, and connectivity into account in structural topology
optimization. The formulation is an extension of the tradition-
al compliance minimization. The novelty of this proposal
comes from the inclusion of stress and simply-connected con-
straints concurrently. Also, an effective solution algorithm
combining different optimization techniques is developed to
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overcome various numerical difficulties involved in the solu-
tion for this special formulation.

The rest of this work is organized as follows. In Section 2,
the proposed topology optimization problem formulation is
presented. The detailed schemes for the stress and simply-
connected constraints are discussed in Sections 3 and 4, re-
spectively. In Section 5, the sensitivity analysis and optimiza-
tion process are put forward. Test examples are presented in
Section 6. And, concluding remarks are finally drawn in
Section 7.

2 Problem formulation

In this research, the classical density approach (Sigmund and
Maute 2013) is adopted for the topology optimization frame-
work. The structural problem with linear, elastic, and isotropic
domain under static loads is considered and solved through
the displacement-based finite element method (FEM) (Bathe
1996). Each finite element i is assigned a (relative) density xi
varying from 0 (i.e., void) to 1 (i.e., solid), which corresponds

to a physical densitybxi that determines the physical properties

associated with the element i. Physical densities bx are associ-
ated with element densities x (i.e., the design variables)
through density filtering (Bruns and Tortorelli 2001;
Bourdin 2001) and threshold projection (Wang et al. 2011).

To simultaneously consider the strength, stiffness, and con-
nectivity in structural topology optimization, the well-known
topology optimization formulation for minimum compliance
is expanded to integrate both stress and simply-connected
constraints. And, the commonly used von Mises failure stress
criterion is followed. Next subsections aim to present the op-
timization problem (Section 2.1) and the density filter-based
threshold projection scheme (Section 2.2).

2.1 Optimization problem

After considering the stress and simply-connected constraints,
we have the minimum compliance formulation with volume,
stress, and connectivity constraints (MCVSC) as

Find : x ¼ x1; x2;…; xi;…; xN½ �T

Min : C bx� �
FTU

Subject to :

In the elastic

mechanics f ield

KU ¼ F

V bx� �
≤ f � V0 Volume constraintð Þ

σvM
i bx� �

≤σ Stress constraintsð Þ

8>>><>>>:
In the
electrostatic field KϕUϕ ¼ Fϕ

ϕEPC ≤0 Simply−connected constraintð Þ
�

0≤ xi ≤1

ð1Þ

where x is the vector of design variables xi (i.e. the element
densities), N is the number of elements used to discretize the
design domain,C is the structural compliance, F andU are the
global force and displacement vectors, respectively, and K is

the global stiffness matrix, V bx� � ¼ ∑N
i¼1bxivi is the total ma-

terial volume, vi is the volume of element i, f is the prescribed
material volume fraction, V0 is the design domain volume,
σvM
i is the von Mises equivalent stress of element i, to be

defined in Section 3, σ is the allowable stress limit, Kϕ is the
global dielectric matrix, Uϕ and Fϕ are the global nodal po-
tential and electrostatic load vectors, respectively, and ϕEPC is
an Electrostatic Potential Constraint (EPC) related to the struc-
tural connectivity detailed in Section 4. With the modified
Solid Isotropic Material with Penalization (SIMP) method
(Sigmund 2007), the local stiffness matrix of element i be-

comes ki bxi� �
¼ Emin þ bxi� �p

E0−Eminð Þ
h i

k0;i, where E0 is

the Young’s modulus of the solid material, Emin = 10−9E0 is
the Young’s modulus of the voidmaterial (to avoid singularity
of the stiffness matrix), p is the penalization power (typically
chosen as p = 3, and also in this research), and k0,i is the
element stiffness matrix for unit Young’s modulus.

For comparison, the other three optimization problems re-
lated to the MCVSC problem are also discussed in this work.
These problems have the same objective function but different
constraints, as listed in Table 1. Among them, the MCVSC
problem will be primarily investigated.

2.2 Density filter-based threshold projection

It is recognized that implementing the density-based topology
optimization with the physical densities set equal to the design
variables will lead to numerical problems with checkerboard
patterns and mesh-dependence (Sigmund and Petersson
1998). Hence, some restrictions on the above four optimiza-
tion problems must be imposed. A commonmethod is to filter
sensitivities or densities. Both sensitivity filter (Sigmund
1997) and density filter (Bruns and Tortorelli 2001; Bourdin
2001) perform well for the standard MCV problem. For the
relatively complex MCVS problem involving stress con-
straints, however, the consistent density filter is preferable
(Le et al. 2010). Furthermore, numerical experiences show
that the density filter is also beneficial for addressing the ill-
posed problem of the MCVC problem (Wang et al. 2020a).
Therefore, only the density filter is considered in this study to
meet the rigorous numerical challenges from the complex
MCVSC problem.

Using the linear density filter, the filtered density variablesbxi is given by

bxi ¼ ∑k∈NEi
Hikvkxkð Þ

∑k∈NEi
Hikvkð Þ ð2Þ
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where NEi is the set of neighborhood elements xk within the
filter radius rmin from the center of element xi, the weight
factor Hik =max (0, rmin - Δ(i,k)), and Δ(i,k) is the center-
to-center distance between elements xi and xk.

Applying filtering techniques will cause gray transition
areas with intermediate densities between void and solid
phases, but this problem can be alleviated by using various
projection techniques (Guest et al. 2004; Sigmund 2007; Xu
et al. 2010; Wang et al. 2011). In this work, the effective
threshold projection technique (Wang et al. 2011) is
employed. All the filtered density values below a threshold
x0 are projected to 0 and the values above to 1. The projected
physical density is computed by a projection function, which
is controlled through a projection parameter β and expressed
as

bxi� �
¼

tanh βx0ð Þ þ tanh β bxi−x0� �h i
tanh βx0ð Þ þ tanh β 1−x0ð Þ½ � ð3Þ

The threshold x0 ∈ [0,1] regulates the inflection point of the
projection function, determining the number of projected den-
sities transformed to either 0 or 1, for β→∞. For x0 = 0, the
projection function coincides with the Heaviside step filter
(Guest et al. 2004). For x0 = 1, the projection function is con-
sistent with the modified Heaviside step filter (Sigmund
2007). Here, the threshold is x0 = 0.5, which several re-
searches have proven to work well.

The parameter β determines the slope of the projection
function. For β→ 0 we recover a linear behavior between
filtered and physical densities, whereas for β→∞ we recover
a Heaviside step function (Wang et al. 2011). Generally, a
continuation strategy for β is employed to approach the step
function gradually during the optimization process, starting
from a small value up to a maximum value specified by the
designer. The maximum value is usually chosen large enough
to obtain crisp black and white designs (Wang et al. 2011), but
this will cause the algorithm converges slowly, besides the
appearance of the oscillation and instability of the iteration
when β value changes.

To eliminate the continuation strategy, Guest et al. (2011)
proposed simple modifications to the optimization algorithms
and/or the Heaviside formulation, allowing the algorithms to
start with large β values directly. Although the modifications
are effective for traditional compliance and compliant inverter
problems, they do not take the relatively complex problems
with stress and/or connectivity into account. In fact, Da Silva
et al. (2019a) have demonstrated that the parameter β has an
important influence on the accuracy of stress evaluation at
jagged edges and the proper choice of β is necessary for
stress constrained problems. Le et al. (2010) also pointed out
that prematurely generating black and white designs with jag-
ged edges in iterations may not be preferable for stress prob-
lems. Recently, several works (da Silva et al. 2019a, b; Gao
et al. 2020) have shown that the β continuation strategy with a
moderate value for the maximum β is more suitable for the
optimization problems with stress constraints. Therefore, we
choose to gradually increase the value of β to a moderate and
empirical maximum value through a continuation procedure
during the optimization process in this study.

For a fair comparison, we carry out the same procedure for
β tuning to solve the four optimization problems mentioned
earlier, where the parameter β is set to be 1 within the initial 10
iterations, after that it is increased by 1 every 1 continuation
steps until reaching a maximum value of 20. This procedure
slows down the convergence but allows the optimization al-
gorithm to effectively control the stresses and/or the connec-
tivity, resulting in relatively good designs. Surely the param-
eters in this procedure could be further tuned for the specifi-
cally presented problems here. However, this is beyond the
scope of this work.

3 Stress constraints

It is acknowledged that the solution of stress-constrained
problems is non-trivial and still a standard challenge, being a
topic worthy of further study. In this research, an effective
stress constraint scheme combining different optimization

Table 1 Four different
optimization problems Minimum problem

(M)

Objective function Constraint function

Compliance (C) Volume (V) Stress (S) Connectivity (C)

MCV √ √
MCVS √ √ √
MCVC √ √ √
MCVSC √ √ √ √

Note: “√” denotes the selected term
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techniques is introduced to deal with stress-related numerical
difficulties. The stress penalization strategy (Le et al. 2010) is
utilized to address the singularity issue (Section 3.1). As
regards the local nature of stress, the normalized P-norm stress
measure is considered (Section 3.2), which is combined with
the Stability Transformation Method (STM)-based correction
scheme (Yang et al. 2018) to decrease the aggregation approx-
imation error and stabilize the convergence process
(Section 3.3). Given the poor local stress control of the global
P-norm stress constraint, the block aggregated constraint ap-
proach (París et al. 2010) is employed to enhance the local
stress control (Section 3.4). As for the highly nonlinear behav-
ior, the consistent density filter-based threshold projection
scheme (Section 2) is applied to the optimization problem
statement and its solution algorithm, following (da Silva
et al. 2019a, b; Gao et al. 2020). In this case, the constraint
sensitivity information is numerically consistent with the op-
timization problem formulation, so that the convergence of the
nonlinear programming algorithm is not excessively
sacrificed (Le et al. 2010).

3.1 Stress penalization

The stress singularity stems from the discontinuity of the
stress constraints at zero density, that is, elements can
exhibit nonzero value and even high-stress value when
the elemental densities decrease to zero, resulting in the
non-removal of such elements (CHENG and JIANG
1992; Duysinx and Sigmund 1998). To circumvent this
difficulty, some effective remedy schemes, such as the
epsilon relaxation (Cheng and Guo 1997; Duysinx and
Bendsøe 1998), the qp-relaxation approach (Bruggi and
Venini 2008; Bruggi 2008), and the stress penalization
strategy (Le et al. 2010), have been proposed to relax
stress constraints, making the element stress and density
can be reduced simultaneously. Besides, implementing to-
pology optimization approaches without intermediate den-
sities (e.g., the level set method and evolutionary method
(Xie and Steven 1993)) can also avoid the singularity
(Liang et al. 1999; Guo et al. 2011).

In this research, the commonly used stress penalization
strategy (Le et al. 2010), which adopts a separate stress inter-
polation to further penalize the intermediate densities, is
followed. Without loss of generality, the elemental centroid
is selected as the only stress evaluation point for each element.
Then, the penalized element stress vector becomes:

σi ¼ bxi� �q

D0B
c
i ui ð4Þ

where D0 is the constitutive elasticity tensor of the solid ma-
terial, Bc

i is the strain-displacement matrix at the element cen-
troid, ui is the elemental displacement vector, and the pre-
scribed penalization factor q is set to be 0.5 as suggested in
(Le et al. 2010). The von Mises equivalent stress of element i
reads:

σvM
i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σT
i Vσi

q
ð5Þ

For a plane stress state, the constant matrixV is defined as:

V ¼
1 ‐1=2 0

‐1=2 1 0
0 0 3

24 35 ð6Þ

corresponds to the following form

σvM
i ¼ σ2

i;x þ σ2
i;y−σi;xσi;y þ 3σ2

i;xy

� �1
2 ð7Þ

in which σi,x, σi,y, and σi,xy constitute the stress vector σi.
Note that the above stress model is a physically inconsis-

tent scheme for intermediate densities. This choice would sim-
plify the computational effort for solving stress-constrained
topology optimization problems, but also lead to the artificial
removal of materials (Duysinx and Bendsøe 1998).
Nonetheless, the threshold projection technique employed
here can effectively remove intermediate densities, thereby
significantly alleviating this physical inconsistency in the op-
timized design, as demonstrated in the works of (De Leon
et al. 2015; Gao et al. 2020).

3.2 Normalized stress aggregation

The local nature of stress is another important issue for stress-
constrained topology optimization problems. Ideally, stress
constraints should be considered at every material point in
the design domain. Even for finite element-based design prob-
lems with only one stress evaluation point per element, how-
ever, the number of stress constraints is still very large for
practical applications due to the concomitant huge computa-
tional burden. To this end, some efficient techniques have
been developed to improve the computational efficiency, such
as the active set strategy-based local approaches (Duysinx and
Bendsøe 1998; Bruggi and Duysinx 2012), the aggregation
function-based techniques (Duysinx and Sigmund 1998; Le
et al. 2010; Holmberg et al. 2013), and the augmented
Lagrangian method (Pereira et al. 2004; Fancello 2006). In
this study, the efficient aggregation techniques are adopted,
which control the stress level by regulating the trend of the
maximum stress σmax of the design domain. For this purpose,
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both the P-norm (Duysinx and Sigmund 1998) and
Kreisseimeier-Steinhauser (KS) (París et al. 2009) functions
are available. Without loss of generality, we choose the tradi-
tional P-norm stress measure, which gives an approximation
of the σmax and produces the P-norm stress constraint as fol-
lows:

bσPN
¼ ∑

N

i¼1
σvM
i

� 	ps
 � 1
ps

≤σ ð8Þ

where ps is the stress aggregation parameter. For ps→ 1, the
P-norm function exhibits excessive smoothness and generates
the average stress, whereas for ps → ∞, the P-norm presents
poor smoothness and approaches the σmax. Although a higher
value of ps can provide a more accurate approximation to the
σmax, the problem would also become ill-conditioned when ps
increases, resulting in an oscillating behavior and even a fail-
ure of the optimization procedure (Duysinx and Sigmund
1998). A good choice for ps is based on a trade-off between
the adequate smoothness and the accurate approximation (Le
et al. 2010).

On the other hand, depending on the value of the stress
constraint and the aggregation parameter, numerical accuracy

problems can occur since σvM
i

� 	ps
in Eq. (8) will become very

large (Holmberg et al. 2013). One solution is to normalize the
P-norm measure with the stress limit, which gives a mathe-
matically equivalent formulation as

σPN ¼ ∑
N

i¼1

σvM
i

σ

 !ps" # 1
ps

≤1 ð9Þ

3.3 Correction of aggregated stress constraint

As discussed earlier, it is impractical to set the aggregation
parameter to be a sufficiently large value. When this pa-
rameter takes a moderate value, however, there will inev-
itably be an approximation error between the approximate
value and the actual value for the aggregation technique-
based stress measure (Duysinx and Sigmund 1998; Verbart
et al. 2017). In this case, depending on the magnitude of
the approximate error, the actual stress level of the opti-
mized design may deviate from the required stress limit to
varying degrees. Therefore, it is not accurate enough to
control the stress level of the obtained design just by the
original P-norm stress measure (Le et al. 2010). To remedy
this deficiency, Le et al. (2010) proposed an adaptive nor-
malization scheme to better approximate the maximum
stress. Recently, Yang et al. (2018) also presented the

STM-based stress correction scheme to achieve relatively
accurate control of the stress level. By the STM-based cor-
rection scheme, one can obtain the corrected P-norm stress
constraint as

σ
PN

¼ σs � σPN−1≤0 ð10Þ
where cs is the correction parameter, which is updated at
every iteration during the optimization process by:

csn ¼ qsn
max σvM

i

� 	
n

σ⋅σPN
n

� �
24 35þ 1−qsn

� 	
csn−1 ð11Þ

where csn and qsn are the correction parameter and control
factor in the nth iteration, respectively. In this work, qs =
0.5 and cs0 ¼ 1 as suggested in (Yang et al. 2018).

3.4 Regional stress constraints

Although the corrected stress constraint, Eq. (10), would be
effective for general stress problems, it still cannot avoid the
poor control of the local stress state, especially for the rela-
tively complex MCVSC problem here, because there is only a
single global control over the entire design domain (Duysinx
and Sigmund 1998; Le et al. 2010). To enhance the local stress
control, Parίs et al. (2010) first proposed an effective block
aggregated constraints approach, which groups the elements
of the design domain into several blocks, and imposes a single
aggregated stress constraint for each block. Then, Le et al.
(2010) and Holmberg et al. (2013) expanded the regional def-
initions. In this work, we propose to combine the above STM-
based stress correction scheme with the block approach to
strengthen the stress constraint. So, the corrected P-norm
stress constraint for the region r is given by

σ
PN

r ¼ csr � σPN
r −1≤0; r ¼ 1; 2;…;R ð12Þ

where csr is computed independently for each region using Eq.

(11) and σPN
r is calculated from Eq. (9) by only considering

the elements grouped into the region r. For a better region
definition, the interlacing approach suggested in (Le et al.
2010; Holmberg et al. 2013) is considered. Elements are
sorted in descending order according to their stress level at
the current iteration: {x1, x2, ..., xN: σ1 ≤ σ2 ≤ ... ≤ σN} and then
define the R regions as

Ωr≡ xr; xRþr; x2Rþr;…f g ð13Þ
whereΩr is the set of elements grouped into the region r. If the
optimizer works perfectly, the design will improve as R
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increases. Numerical experiments, however, demonstrated
that the optimizer may converge to an inferior local optimum
for a large value of R (Le et al. 2010). Hence, a moderate R
value is preferred in practice. A more detailed discussion on
the property of regional measures can be found in (Le et al.
2010; Holmberg et al. 2013).

4 Simply-connected constraint

In this work, the virtual temperature method proposed by Liu
et al. (2015) for the simply-connected constraint is followed.
Mathematically, it is a method of Poisson equation-based sca-
lar field constraint (Li et al. 2016). The presentation of the
Poissonmethod, however, cannot be inseparable from specific
physical principles (Liu et al. 2015; Li et al. 2016). To this
end, as a meaningful supplement for the Poisson method, the
electrostatic model suggested in (Wang et al. 2020a) is used
here instead of the temperature model (See Section 4.1). The
expression of the electrostatic model is the same as that of the
temperature model in mathematics. The motivation for using
the electrostatic model is twofold.

On the one hand, the electrostatic model can also reason-
ably characterize the enclosed voids, while different physical
fields have different physical laws, which can be used to in-
spire readers to further develop the Poisson method. On the
other hand, the electrostatic theory will be beneficial to deci-
pher the key constraint relation and the constraint boundary
dependence hidden in the Poisson method. It would be helpful
for readers to understand the Poisson method (Wang et al.
2020a).

Next, the corresponding material penalization scheme for
topology optimization is presented in Section 4.2. In addition,
considering the computational complexity of the scalar field
constraints in the Poisson method and their similarity with
stress constraints, we propose to introduce the related stress
techniques described in Sections 3.2 to 3.4 to address the
various numerical challenges that arise (see Section 4.3).

4.1 Electrostatic constraint model

In the electrostatic model, void materials are assumed to be
positively charged carriers with strong dielectric capability,
while solid materials are defined as the insulating media with
poor dielectric capability, using the following material projec-
tion model:

ε ¼ εϕ; ρ ¼ ρϕ; for xi ¼ 0
ε ¼ μ⋅εϕ; ρ ¼ 0; for xi ¼ 1

�
ð14Þ

where ε and ρ are the material permittivity and electric charge
density, respectively, εϕ and ρϕ are constants, and μ is a small
positive value to prevent singularity. Especially, the user-
specified domain boundary is grounded as a zero-potential
reference, i.e., the EPC boundary ΓEPC.

According to the electrostatics theory, a strong electrostatic
field, quantified by the electric scalar potential ϕ, can be excited
by the charged enclosed voids. Once the enclosed voids, how-
ever, are connected to the grounded boundary, a sharp potential
decrease could happen. Then, by examining the maximum po-
tential strength ϕmax of the structural electrostatic field, one can
judge whether the structure contains enclosed voids. Thus, sim-
ilar to the temperature method (Liu et al. 2015), the simply-
connected constraint for avoiding enclosed voids in topology
optimization can be equivalent to restricting the ϕmax, i.e., the
electrostatic potential constraint ϕEPC as follows:

ϕmax≤η⋅ϕ0 ð15Þ
where (η·ϕ0) is the constraint threshold for evaluating whether a
structure contains enclosed voids; ϕ0 is a basic reference thresh-
old predefined by the user, which is usually calculated by con-
sidering all materials of the structure as void materials (Li et al.
2016); η> 0 is a constraint factor to correct the constraint thresh-
old, which needs to be tuned for different problems to control the
effectiveness of the EPC (Wang et al. 2020a). The second-order
differential equation governing ϕ is the famous Poisson equation
(Jin 2014):

−∇⋅ ε∇ϕð Þ ¼ ρ ð16Þ
where ∇ is the differential symbol. For the above electrostatic
problem, the specific boundary conditions are as follows:

ϕ ¼ 0 on ΓD

ε∇ϕð Þ⋅n ¼ 0 on ΓN

�
ð17Þ

where ΓD and ΓN denote the Dirichlet boundary and the
Neumann boundary, respectively, and n is the outward normal
unit vector of the boundary.

Note that, in the electrostatic model for simply-connected
design, each EPC boundary ΓEPC means a basic reference for
evaluating the topological connectivity of the design, which is
able to control the orientation of material distribution, that is,
relying on the boundary to “drive away” solid materials and
“adsorb” void materials. Different combinations of EPC
boundaries constitute various EPC boundary conditions, cor-
responding to different optimization problems. As a result, the
electrostatic model-based simply-connected design has an in-
herent EPC boundary condition dependence, that is, different
EPC boundary conditions will lead to different optimized re-
sults (Wang et al. 2020a).
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4.2 Material penalization

For the above electrostatic model, a modified SIMP-like ma-
terial penalization is introduced to handle the related
discretized problem in topology optimization. Then, the ele-
mental material properties can be redefined based on Eq. (14)
as

εϕi bxi� �
¼ εϕs þ 1 −bxi� �pe

εϕv − εϕs
� 	

ρϕi bxi� �
¼ 1 −bxi� �

ρϕv

8>><>>: ð18Þ

where εϕs and εϕv are the permittivities of the solid and void
materials, respectively; pe > 1 is the penalization factor (the
usually used value pe = 3 is followed here); and ρϕv is the
charge density of the void material. In this study, these mate-

rial properties are given as εϕv ¼ 1, εϕs ¼ 10−3, and ρϕv ¼ 1,
following (Wang et al. 2020a, b). Further parameter tuning
may be beneficial, but this is not the focus of this research.
Note that Eq. (18) is just one of the effective equivalent sub-
stitutions to Eq. (14). Accordingly, the element dielectric ma-

trix kϕ
i and the vector of element electrostatic load Fϕ

i read

kϕ
i bxi� �

¼ εϕi bxi� �
kϕ
0;i

Fϕ
i bxi� �

¼ ρϕi bxi� �
Fϕ
0;i

8>><>>: ð19Þ

where kϕ
0;i is the element dielectric matrix for unit permittivity,

and Fϕ
0;i is the element load vector for unit static charge

density.

4.3 Effective constraint scheme

One can verify that the potential is indeed a local quantity
similar to the stress, except that the potential is for nodes.
Moreover, the potential is highly nonlinearly dependent on
the design. Therefore, although the stress and potential con-
straints are different, their numerical difficulties in terms of the
local nature and high nonlinearity are similar. Thus, some
relevant stress measures may also be effective for the potential
constraint. As a result, we propose to introduce the normali-
zation, aggregation, correction, and regional measure tech-
niques originally developed for stress constraints to overcome
the numerical difficulties of the potential constraint.

(1) Normalized potential aggregation
Using the maximum function, the ϕmax in Eq. (15) can be

expressed as

ϕmax ¼ max
j¼1…ND

φ j

� �
≤η⋅ϕ0 ð20Þ

where φj is the nodal potential in the electrostatic model and
ND is the total nodal number in the discrete design domain.
Themaximum function, however, is non-differentiable, which
does not apply to the gradient-based algorithm. To ensure the
differentiability of the constraint function in Eq. (15), the ϕmax

can be stated by an aggregation function such as the P-norm
function or the KS function. On the other hand, in the Poisson
method, a larger scalar magnitude is helpful to distinguish
different designs. Given the numerical accuracy problems re-
sulted from the large values of constraint and aggregation
parameter in the aggregation technique, it would be helpful
to normalize the aggregated results. Consequently, without
loss of generality, we give the normalized P-norm potential
constraint as follows:

ϕPN ¼ ∑
ND

j¼1

φ j

η⋅ϕ0ð Þ

 �pc( ) 1

pc

≤1 ð21Þ

where pc is the potential aggregation parameter.
(2) Correction of aggregated potential constraint
Similar to the correction of the aggregated stress constraint

described in Section 3.3, we introduce the STM-based correc-
tion scheme (Yang et al. 2018) to better approximate the max-
imum potential strength ϕmax. Then, the corrected P-norm
potential constraint becomes:

ϕPN ¼ cc � ϕPN−1≤0 ð22Þ

where cc is the correction parameter and updated at every
iteration by

ccn ¼ qcn
max φ j

� �
n

η⋅ϕ0ð Þ⋅ϕPN
n

24 35þ 1−qcn
� 	

ccn−1 ð23Þ

where ccn and qcn are the correction parameter and the control
factor in the nth iteration, respectively. qc = 0.5 is set as a
constant value and cc0 ¼ 1 is used here.

(3) Regional potential measure
To enhance the local control over the nodal potentials, the

block aggregated constraint approach is also applied to the
potential constraint. Here we group the nodes of the design
domain into several regions and impose an aggregated poten-
tial constraint on each region. Accordingly, the corrected P-
norm potential constraint for region t is formulated as

ϕ
PN

t ¼ cct � ϕPN
t −1≤0; t ¼ 1; 2;…;Q ð24Þ
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where cct is calculated independently for each region using Eq.
(23) and ϕPN

t is calculated from Eq. (21) by only considering
the nodes in region t. To better define these regions, nodes d
are sorted in descending order according to their potential
level at the current iteration: {d1, d2, ..., dND: φ1 ≤φ2 ≤ ... ≤
φND} and the Q regions are defined as

Ωt≡ dt; dQþt; d2Qþt;…
�  ð25Þ

where Ωt is the set of nodes grouped into the region t.
Numerical experiences show that moderate Q-value is pre-
ferred in practice. As regards the high nonlinearity, the con-
sistent density filter-based projection technique described in
Section 2.2 is followed.

5 Solution aspects

5.1 Sensitivity analysis

In this study, the optimization problems listed in Table 1 are
solved by the reasonable gradient-based Method of Moving
Asymptotes (MMA) numerical optimizer (Svanberg 1987).
The first-order sensitivity of the objective and constraints is
then required by the optimizer to update the design variables.

Using the chain rule, the sensitivity of any function ψ with
respect to the design variables xe can be obtained by

∂Ψ
∂xe

¼ ∑
iϵNEe

∂Ψ

∂bxi
∂bxi
∂bxi

∂bxi
∂xe

ð26Þ

where ∂bxi=∂bxi is computed from Eq. (3) as

∂bxi
∂bxi ¼

β−β tanh2 β bxi−x0� �h in o
tanh βx0ð Þ þ tanh β 1−x0ð Þ½ � ð27Þ

and from Eq. (2), ∂bxi=xe is given by

∂bxi
∂xe

¼ Hieve
∑k∈NEi

Hikvkð Þ ð28Þ

The derivatives of the objective and constraint functions
with respect to the physical densities are presented in the
following.

5.1.1 Derivative of compliance and material volume

The derivative of the objective function with respect to the
physical densities becomes:

∂C

∂bxi ¼ −UT ∂K

∂bxi
0@ 1AU ¼ −p E0−Eminð Þ bxi� �p−1

uTi k0;iui ð29Þ

The normalized volume constraint is formulated as

V ¼
V bx� �
f � V0

−1≤0 ð30Þ

Then, the derivative of the volume constraint with respect
to the physical densities reads:

∂V

∂bxi ¼
∂V bx� �
∂bxi

1

f � V0
¼ vi

f � V0
ð31Þ

5.1.2 Derivative of stress constraints

For stress evaluation regionΩr, the derivative of the corrected
P-norm stress constraint, Eq. (12), with respect to the physical
densities is expressed as

∂σ
PN

r

∂bxi ¼ csr �
∂σPN

r

∂bxi ¼ csr � ∑
a∈Ωr

∂σPN
r

∂σvM
a

∂σvM
r

∂σa

� �T ∂σa

∂bxi ð32Þ

where the derivative of the normalized P-norm stress con-
straint, Eq. (9), with respect to the von Mises equivalent stress
is given by

∂σPN
r

∂σvM
a

¼ 1

σ
∑

a∈Ωr

σvM
a

σ

 !ps" # 1
ps−1ð Þ

σvM
a

σ

 ! ps−1ð Þ
ð33Þ

Based on Eq. (5), one can obtain the derivative of the von
Mises equivalent stress as

∂σvM
a

∂σa
¼ Vσa

σvM
a

ð34Þ

From Eq. (4), the term ∂σa=∂bxi is given by

∂σa

∂bxi ¼ q bxa� � q−1ð Þ
δiaD0B

c
aua þ bxa� �q

D0B
c
a
∂ua

∂bxi
¼ q bxa� � q−1ð Þ

δiaD0B
c
aua þ bxa� �q

D0B
c
aLa

∂U

∂bxi ð35Þ

where δia is the Kronecker’s delta, and La is a matrix that
gathering the nodal displacements of element a from the glob-
al displacement vector abiding ua =LaU.

From the derivative of the equilibrium equation KU = F
with respect to the physical densities, we have the derivatives
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of the nodal displacements as

∂U

∂bxi ¼ K−1 ∂F

∂bxi −
∂K

∂bxi U
0@ 1A ð36Þ

Substituting Eqs. (35) and (36) into Eq. (32) results in

∂σ
PN

r

∂bxi ¼ csr � ∑
a∈Ωr

∂σPN
r

∂σvM
a

∂σvM
a

∂σa

� �T

q bxa� � q−1ð Þ
δiaD0B

c
aua þ ∑

a∈Ωr

∂σPN
r

∂σvM
a

∂σvM
a

∂σa

� �T bxa� � qð Þ
D0B

c
aLa

" #
∂u

∂bxi
8<:

9=;
¼ csr � ∑

a∈Ωr

∂σPN
r

∂σvM
A

∂σvM
a

∂σA

� �T

q bxa� � q−1ð Þ
δiaD0B

c
aua þ λT

S
∂F

∂bxi −
∂K

∂bxi U
0@ 1A24 35 ð37Þ

where λs denote the adjoint vectors and are the solution of the
following adjoint system:

Kλs ¼ ∑
a∈Ωr

∂σPN
r

∂σvM
A

bxa� � qð Þ
D0B

c
aLa

� 	T ∂σvM
a

∂σa
ð38Þ

The derivative of the external load vector in Eq. (37) van-
ishes when the loads are independent of the material
distribution.

5.1.3 Derivative of simply-connected constraint

For potential evaluation region Ωt, the derivative of the
corrected P-norm potential constraint, Eq. (24), with respect
to the physical densities is given by

∂ϕ
PN

t

∂bxi ¼ cct �
∂ϕPN

t

∂bxi
0@ 1A ð39Þ

where the term ∂ϕPN
t =∂bxi is formulated as

∂ϕPN
t

∂bxi ¼ ∑
b∈Ωt

∂ϕPN
t

∂φb

∂φb

∂bxi ¼ ∑
b∈Ωt

gtb

 !
∂Uϕ

∂bxi ð40Þ

in which

gb ¼ 0 … 0
∂ϕPN

t

∂φb

� �
0 … 0


 �T
ð41Þ

The sparse vector gb has the same dimensions as the po-
tential vectorUϕ and is obtained by expanding the node vector
to the global level. From Eq. (21), one can obtain

∂ϕPN
t

∂φb
¼ 1

η⋅ϕ0
∑

b∈Ωt

φb

η⋅ϕ0

� �pc
" # 1

pc−1ð Þ
φb

η⋅ϕ0

� �pc−1

ð42Þ

From the derivative ofKϕUϕ = Fϕwith respect to the phys-
ical densities, we have

∂Uϕ

∂bxi ¼ Kϕ
� 	−1 ∂Fϕ

∂bxi −
∂Kϕ

∂bxi Uϕ

0@ 1A ð43Þ

Then, by the adjoint method, Eq. (40) is rewritten as

∂ϕPN
t

∂bxi ¼ ∑
b∈Ωt

gTb

 !
Kϕ
� 	−1 ∂Fϕ

∂bxi −
∂Kϕ

∂bxi Uϕ

0@ 1A
¼ λT

c
∂Fϕ

∂bxi −
∂Kϕ

∂bxi Uϕ

0@ 1A ð44Þ

where λc denote the adjoint vectors and are the solution of the
following adjoint system:

Kϕλc ¼ ∑b∈Ωt
gb ð45Þ

From Eqs. (18) and (19), one can obtain

∂Kϕ

∂bxi ¼ −peð1−bx�iÞ
pe−1

εϕv−ε
ϕ
s

� 	
kϕ
0;i

∂Fϕ

∂bxi ¼ −ρϕv F
ϕ
0;i

8>>>><>>>>: ð46Þ

5.2 Optimization process

The optimization procedure is presented in Fig. 1. Following
this idea, a simplified flow chart in pseudo-code may be de-
scribed as:
Step 1: Initialize optimization parameters, including finite

element mesh, material properties, termination
criteria, loop parameters, and MMA optimizer
setting.
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Step 2: Define optimization models, including the elasticity
model for the mechanical analysis, and the corre-
sponding electrostatic model for the simply-
connected constraint according to Eqs. (14–17).

Step 3: Calculate the physical densities by the density filter-
ing and threshold projection of design variables ac-
cording to Eqs. (2) and (3).

Step 4: Execute the finite element analysis (FEA) of the
elastic mechanics field and the electrostatic field,
compute the objective and constraint functions by
the physical densities according to Eqs. (1), (12),
(24), and (30).

Step 5: Sensitivity analysis of the objective and constraint
functions using the chain rule and the adjoint meth-
od according to Eqs. (26–46).

Step 6: Update the design variables by MMA.

Step 7: Repeat steps 3 ~ 6 until the result meets the conver-
gence criterion and stop.

It can be seen from Fig. 1 that the solution of the
relatively complex MCVSC problem in each iteration in-
volves the solution of two different equilibrium problems.
Firstly, the general elastic equilibrium problem is solved
to obtain the nodal displacements, and then the sensitivity
of compliance and volume constraint is directly calculat-
ed. Besides, the adjoint problem analysis is carried out for
each region of aggregated stress constraints to get the
sensitivity information of stress constraints. Next, the
electrostatic model-based electrostatic equilibrium prob-
lem is solved to get the nodal potentials. Accordingly,
the adjoint problem is analyzed for each region of aggre-
gated potential constraints to produce the sensitivity infor-
mation of the potential constraint.

Clearly, for such a multi-field and multi-constraint topolo-
gy optimization problem (i.e., MCVSC), new and effective
optimization method, such as the material-field series-expan-
sion method (Luo and Bao 2019; Luo et al. 2020), may be
very helpful to improve the computational efficiency of this
problem in the future study.

6 Numerical examples

The purpose of this section is to present the numerical
study on the proposed MCVSC formulation and the cor-
responding algorithm through a series of benchmark tests.
Plane stress problems with unit thickness are assumed,
and discretized by regular meshes of four-node bilinear
square finite element.

In all the examples, the Young’s modulus and Poisson’s
ratio are set to be E0 = 1 and ν = 0.3, respectively, for the
fully solid material. The filter radius is rmin = 3.5. The
stress-related optimization parameters are listed in
Tables 2 and 3 as a reference, also the EPC factor. In the
EPC, the aggregation parameter is pc = 6 and the total
number of regions is Q = 2. For simplicity, all domain
boundaries are set to EPC boundaries unless specified oth-
erwise, as originally suggested in (Liu et al. 2015). The
MMA optimizer is carried out with default settings, except
for a reduced initial move limit of 0.1. Besides, the lower
limit of the design variables is set as 0.001 for avoiding
numerical problems caused by zero density values. The
optimization process will terminate, when the maximum
change in the design variables between consecutive itera-
tions is smaller than a predefined tolerance of 1e-3 or the
maximum number of the iteration loop reaches 200.
Topologies and Von Mises stresses are illustrated in gray
and color images, respectively, as shown in Fig. 2.

Start: initialize optimization parameters

Define elasticity model: loads and boundary 
conditions based on the given design problem

Calculate physical densities: density filtering 
and threshold projection of design variables 

based on Eqs. (2) and (3)

FEA of the elasticity field and the electrostatic 
field: calculate the compliance and material 

volume, stress, and connectivity functions based 
on Eqs. (1), (12), (24) and (30)

Sensitivity analysis: compute the sensitivities of 
the objective and other three constraint functions 

according to Eqs. (26-46)

Update design variables: call the optimizer MMA 
to update the design variables

Convergence End
No Yes

Define electrostatic model: loads and boundary 
conditions based on Eqs. (14-17)

Fig. 1 Flowchart of the optimization process
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6.1 Design of an L-shape beam

In the first example, the classical design problem of an L-
shape beam, Fig. 3, is considered. The top edge of the struc-
ture is clamped, and a downwards unit force is distributed over
four nodes to avoid stress concentration. The design domain is
discretized with 6400 elements. The material volume fraction
is set to be 40% unless otherwise stated.

6.1.1 Four different results

To investigate the influences of the stress and simply-
connected constraints on optimized designs, we solve the L-
shape beam problem under four situations: MCV; MCVS;
MCVC; and MCVSC, respectively, see Fig. 4. Among them,
the minimal compliance (i.e., the maximal stiffness) is obtain-
ed when only the volume constraint is imposed, see the MCV
design in Fig. 4(a). Nevertheless, this also leads to a high-
stress level and poor connectivity. When the stress constraint
is applied, the maximum stress of the resulting MCVS design
(Fig. 4(b)) is effectively controlled with the rectangular force
path in the stress concentration regions being optimized to be
an obtuse-angulate one. As a side effect, however, the com-
pliance of the MCVS design is 9.63% larger than that of the

MCV design, implying a weakened structural stiffness. The
MCVS design is in line with the reports of (Holmberg et al.
2013; Suresh and Takalloozadeh 2013; Verbart et al. 2017;
Xia et al. 2018) for the same benchmark problem, as shown in
Fig. 5(a, b). Nonetheless, in terms of design manufacturabili-
ty, neither of them can meet the connectivity requirement of
the AM and TM processes due to the enclosed voids.

In the MCVC design (Fig. 4(c)), we introduce the simply-
connected constraint along with the volume constraint, which
implements the connectivity but fails to restrain the stress
concentration in the local area. One can easily check that the
MCVC design has a rectangular recess, where the maximum
stress even reaches to 180.21% of the MCV design. Besides,
the compliance is increased by 151.07% compared with the
MCV design for this special case, which is the cost of the
connectivity design.

In the last MCVSC design (Fig. 4(d)), we apply both the
stress and simply-connected constraints besides the volume
constraint, which results in a compromise design that satisfies
the requirements for stiffness, strength, and connectivity si-
multaneously. For a fair comparison, the optimization param-
eters related to the connectivity constraint here are consistent
with those in the above MCVC design. Compared with the
MCVC design, the maximum stress is reduced by 42.20% at

Table 3 Optimization parameters for numerical examples 2 and 3

Ex. Fig. C σmax ps R η Ex. Fig. C σmax ps R η

2 17(b) 299.49 0.45 8 18 N/A 3 22(a) 278.38 0.43 10 10 N/A

2 17(d) 353.39 0.60 4 22 1.00 3 22(b) 633.07 0.60 9 22 0.50

2 20(a) 348.89 0.65 4 17 1.00 3 25(a) 621.04 0.65 6 14 0.50

2 20(b) 343.97 0.70 4 14 1.00 3 25(b) 611.92 0.70 4 17 0.50

2 20(c) 337.85 0.75 4 12 1.00 3 25(c) 609.87 0.75 4 11 0.50

2 20(d) 328.89 0.80 4 11 1.00 3 25(d) 607.99 0.80 4 15 0.50

Table 2 Optimization parameters for numerical example 1

Fig. C σmax ps R η Fig. C σmax ps R η Fig. C σmax ps R η

4(b) 214.28 0.60 8 14 N/A 10(c) 534.63 1.30 6 3 0.98 14(b) 558.67 1.11 6 4 0.98

4(d) 568.94 1.00 6 14 0.98 10(d) 528.17 1.40 6 2 0.98 14(c) 561.94 1.10 6 4 0.98

9(a) 308.34 1.00 6 14 0.98 13(a) 540.45 1.02 6 14 1.18 14(d) 583.69 1.08 8 5 0.98

9(b) 203.19 1.00 6 14 0.98 13(b) 519.81 1.01 6 14 1.48 14(e) 590.29 1.10 8 6 0.98

9(c) 339.29 0.75 6 14 0.98 13(c) 489.56 1.00 6 14 1.78 15(a) 459.99 1.11 6 4 1.10

9(d) 231.10 0.57 6 14 0.98 13(d) 460.22 1.01 6 14 2.08 15(b) 325.19 1.10 6 4 1.39

10(a) 554.33 1.07 6 4 0.98 13(e) 441.13 1.00 6 14 2.38 15(c) 312.48 1.10 6 4 1.58

10(b) 537.98 1.19 6 3 0.98 14(a) 559.94 1.10 6 4 0.98 15(d) 357.48 0.90 6 14 1.58
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the cost of increased compliance by only 15.94%. The
MCVSC design looks like a mechanical hook, which matches
the reports of (Picelli et al. 2018), as shown in Fig. 5(c, d).

Figures 6 and 7 show the detailed stress evolution of the
aboveMCVC andMCVSC designs, respectively, which illus-
trate how the connectivity topology with uniform stress distri-
bution is achieved by changing local topology distribution in
the region of stress concentration. From Fig. 6, one can ob-
serve that the stress concentration runs through all the itera-
tions in the MCVC design, except for several initial iterations
such as the iteration 30. As the search range of the initial
feasible region is large, several local feasible solutions could
be found at the early stage. Due to the lack of necessary stress
measures, however, the search for feasible regions gradually
turns to the only direction of maximizing stiffness. In contrast,
one can see from Fig. 7 that a uniform stress distribution is
quickly achieved during the optimization process in the
MCVSC design. It takes only about 60 iteration steps to get
the design with the stress level close to the given stress limit.

Figure 8 plots the convergence histories of all the optimized
designs in Fig. 4. Without loss of generality, only the conver-
gence histories of the first region for the stress and simply-

connected constraints are illustrated. Except for the MCV de-
sign, some fluctuations of the objective functions can be found
in the first dozens of iterations, which are mainly associated
with the iterative variation of the complex stress and simply-
connected constraint functions. These objective functions, how-
ever, can convergence to a stable state within 50 iterations and
the subsequent iterations are used to make some slight modifi-
cations of local boundary features of topologies. The validity
and effectiveness of the MCVSC strategy and the correspond-
ing solution algorithm are thus demonstrated.

Nevertheless, it should be noted that considering the aggre-
gated stress and simply-connected constraints simultaneously
will bring additional impacts to the MCVSC design. As seen
in Fig. 8, the iteration oscillation of the MCVSC design is the
severest, especially in the initial phase. Moreover, the conver-
gence of the objective function for the MCVSC design is the
most lagging. This is not surprising, as pointed out by (Le
et al. 2010; Luo et al. 2013), one of the main disadvantages
of the aggregated constraint is the high nonlinearity, which
may cause unstable convergence during the optimization pro-
cedure. Clearly, compared with the design with a single ag-
gregated constraint (i.e., the MCVS and MCVC designs), the
second aggregated constraint further enhances the nonlineari-
ty of the MCVSC design, leading to more iteration oscilla-
tions, thereby delaying the convergence.

It is shown that considering both the two aggregated con-
straints will have at least three impacts on theMCVSC design.
Firstly, the increased computational burden from multiple
constraints inevitably leads to a decrease in the computational
efficiency of the design. Secondly, the convergence efficiency
of the objective function slows down. Unlike the first two,
however, the third may be positive. Due to the introduction
of the simply-connected constraint, the initial topological con-
figuration can be formed quickly (see Figs. 6 and 7), which
may help to alleviate the severe initial oscillation of stress
constraints caused by large-scale topological changes.
Certainly, there may be other deeper impacts, but this would
be a systematic and complex study, which is worthy of further
exploration in the future.

6.1.2 Effect of different constraint limits

This section aims to illustrate the effects of the volume, stress,
and simply-connected constraint limits on MCVSC designs.
For a fair comparison, all the relevant researches follow the
optimization condition used in the MCVSC design of Fig.
4(d).

(1) Effect of material volume limits

(a)

(b)
Fig. 2 aGrayscale used to depict topologies, where white means the void
phase and black the solid phase; b color scale used to represent vonMises
stresses, ranging from zero (blue) to the maximum (red) stress
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10
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100

40

F = 1

Fig. 3 Design problem of L-shape beam
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Figure 9a, b shows the MCVSC designs under different ma-
terial volume fractions, which have roughly similar topologies
with apparent differences in shape. Furthermore, as expected,
the compliance decreases with increasing material volume
fraction. However, the stress concentration is exacerbated,
though the stress limit is satisfied. This is not surprising, since
larger volume fractions give designs with more materials to
reinforce the high-stress regions, thereby reducing their scale.
It appears that larger volume fractions may help to produce
MCVSC designs with higher stiffness and strength. To verify
this, we tested other lower stress limits considering decremen-
tal steps of 0.01 to find the relatively high-strength designs for
the two MCVSC designs. Figure 9c, d presents the rational
designs finally obtained.

(2) Effect of stress limits

Figure 10 shows the MCVSC designs considering various
stress limits, where all constraints are active. The optimized
topologies are similar, but the geometrical shapes present
slight differences, especially at the reentrant corner. One can
verify that the smaller the stress limit, the more rounded be-
comes the reentrant corner, and the more the stresses get dis-
tributed. It also can be seen that a stricter stress limit leads to
higher compliance. For illustration purposes, the compromise
relation between compliance and stress limit for all MCVSC
designs (Figs. 4d and 10) is depicted in Fig. 11 (red marker
line), where all data are normalized with the results of the
strictest stress limit.
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Next, to investigate whether the imposed stress constraint
has an impact on the simply-connected constraint, we examine
the change of ϕmax. Figure 12(a) depicts the variation, where
the case of the MCVC design and the constraint threshold (η·
ϕ0) are also provided for reference. Although only a slight
change in the ϕmax for this special example, it is enough to
illustrate the fact that the stress constraint does have an impact
on the simply-connected constraint in the MCVSC design,
and this effect will vary with the constraint limits. This is
reasonable because the stress constraint will exert an influence
on the physical density field, thus affecting the simply-

connected constraint. It means that it is necessary to fine-tune
the constraint threshold for different stress settings to achieve
a high-performance MCVSC design.

(3) Effect of simply-connected constraint limits

Figure 13 shows the MCVSC designs with different po-
tential limits. For a fixed reference threshold, varying po-
tential limits are reflected by different values of the EPC
factor η. One can verify that the connectivity effect de-
clines with the increase of the values of η (highlighted by
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the red dotted circles) due to the constraint threshold-de-
pendent nature of the simply-connected constraint (Wang
et al. 2020a). Nonetheless, almost all the stress constraints
are satisfied, except for several slight perturbations caused
by the changed connectivity designs.

6.1.3 Mesh refinement study

In this subsection, the effect of mesh refinement on MCVSC
designs is discussed based on the MCVSC design case in Fig.
10(a) for comparison. The obtained results for the other three
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different meshes are depicted in Fig. 14(a, b, c). It is seen that
the design for the mesh with 14,400 elements has the same
topology as that of Fig. 10(a). For the remaining two meshes,
although similar topologies are achieved, they have failed vol-
ume constraints. This is justified since the accuracy of stress
evaluation can be improved by the refined meshes. One can
verify that the initial stress level σ1

max also increases with mesh
refinement. For the fixed stress limit 1.10 here, however, it
means that the finer the mesh, the stricter the stress constraint.
As the mesh is refined, the optimization algorithm must make

a compromise, by providing more materials to meet the in-
creasingly strict stress constraint. Excess materials also in-
crease the burden of the simply-connected constraint, making
it ineffective (see Fig. 14(c). On the other hand, despite the
similar effect on the simply-connected constraint, the degree is
quite different, or even weaker, because the constraint directly
depends on simple node values. As a result, without other
modifications, reasonable designs were finally achieved just
by improving the stress constraint settings (increased values of
ps and R can be found in Table 2), but not by modifying the
simply-connected constraint, as shown in Fig. 14(d, e).

6.1.4 Influence of EPC boundary conditions

The purpose of this subsection is to illustrate the effect of EPC
boundary conditions on MCVSC designs. To this end, we re-
visit the MCVSC optimization with different EPC boundary
conditions, using the optimization parameters in Fig. 10(a).
For simplicity, only three reasonable EPC boundary conditions
are considered based on numerical experiments in this investi-
gation. The values of the EPC factor η used for different bound-
ary conditions are listed in Table 2. Figure 15(a, b, c) shows
optimized results, where topologies with different shapes can
be found due to the effect of boundary conditions. Among
them, the smallest compliance is achieved in the case of Fig.
15(c), which is about 43.63% lower than that of Fig. 10(a).
Figure 15(d) presents the result for a lower stress limit
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corresponding to the case of Fig. 15(c), in which the stress
decreased by 10% and the compliance 37.17%, compared with
the case of Fig. 4(d). Unsurprisingly, the choice of EPC bound-
ary conditions has also a significant impact on the MCVSC
designs, but the essence can be attributed to the dependence
of EPC-based connectivity design on EPC boundary condi-
tions. Clearly, the self-driven method of finding the best condi-
tions is still a valuable challenge for future work.

6.2 Design of a corbel structure

In the second example, a corbel structure (Luo et al. 2013;
Yang et al. 2018) in Fig. 16 is considered. The top and bottom
sides of the column are clamped and the corbel is fixed at the

middle height of the column. The concentrated load F = 3 is
distributed equally over fifteen neighboring nodes (three
layers and five nodes per layer) to avoid stress concentration.
For illustration purposes, the stresses at the support regions are
not considered. The design domain is discretized into 17,700
square elements. The material volume fraction is 35% unless
otherwise stated.

As in the first example, the corbel problem is addressed
considering four situations; see Fig. 17. Similar to the previ-
ous case, the design that only considers the volume constraint,
i.e., the MCV design in Fig. 17(a), is the stiffest but has high-
stress concentration and no connectivity.While the introduced
stress constraint removes the two reentrant corners causing
stress concentration in the MCVS design (Fig. 17(b)), the
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complex enclosed void configuration obtained makes the de-
sign difficult to fabricate when the fabricating orientations are
limited in the x, y-plane. When only the volume and simply-
connected constraints are applied, the resulting MCVC design
(Fig. 17(c)) overcomes the connectivity problem but presents
weak strength. Figure 17(d) illustrates the ability of the
MCVSC formulation to improve the structural performance
and manufacturability by integrating all three constraints, the
potential failures aroused by high-stress levels and/or
manufacturing difficulties caused by enclosed voids in the
other three cases are avoided. Using the proposed MCVSC
setting, high requirements on strength and connectivity are
satisfied at the cost of a reasonable reduction in stiffness under
a given usable material volume. The MCVSC design is in line
with the reports of (Luo et al. 2013; Yang et al. 2018).

Figure 18 depicts the highly efficient stress distribution of
the MCVSC design, where only about 30 iterations are
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dominant in achieving the design with the stress level closes to
the prescribed stress limit.

Figure 19 presents the relatively stable convergence histo-
ries for the aboveMCVSC design. A stricter constraint behav-
ior can be observed for the simply-connected constraint due to
the effect of the introduced stress constraint, as discussed in
Section 6.1.2(2). The simply-connected constraint settings in
the MCVSC design (Fig. 17(d)) are inherited from theMCVC
design (Fig. 17(c)) for a fair comparison. Therefore, a fine-
tune for the simply-connected constraint settings for the
MCVSC design would help to obtain a more moderate con-
straint behavior.

Figure 20 shows the MCVSC designs with different
stress limits, where all constraints are active. These de-
signs exhibit the same behavior as observed in the L-
shape beam problem: the smaller the stress limit, the more
the stresses get distributed, and the higher the compliance.
Figure 11 (pink marker line) illustrates the compromise
relation between compliance and stress limit for all
MCVSC designs (Figs. 17(d) and 20), where all data are
normalized with the results of the strictest stress limit. For
this special example, the obvious disturbances of the stress
constraint on the simply-connected constraint can be veri-
fied in Fig. 12(b).
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6.3 Design of a notched beam

In the last example, a notched beam (Polajnar et al. 2017;
Picelli et al. 2018) in Fig. 21 is tested, where a pre-existing
vertical crack notch of height 12 located in the middle of the
bottom edge. Following (Picelli et al. 2018), the stress at the
loading and support regions are not considered for illustration
purposes. The design domain is discretized with 11,520

elements. The material volume fraction is 50% unless other-
wise stated.

In the last example, as in the first two, the notched beam
is solved considering four situations; see Fig. 22. Similar to
the previous cases, the MCV design (Fig. 22(a)) consider-
ing the volume constraint only is the stiffest but highly
stressed due to the crack notch, also no connectivity.
While the MCVS design (Fig. 22(b)) greatly enlarges the
reentrant corner of the crack notch region by employing the
additional stress constraint, thereby alleviating the stress
concentration. As for the MCVC design (Fig. 22(c)), an
apparent stress concentration can be found in the connec-
tivity structure. Finally, a manufacturing-oriented connec-
tivity design with uniform stresses is achieved by using the
MCVSC formulation, see Fig. 22(d). This special case also
illustrates the fact that higher requirements take higher
costs. Figure 23 gives the detailed stress evolution of the
MCVSC design, where an efficient stress distribution
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Fig. 21 Design problem of the notched beam

To
po

lo
gi

es
Vo

n 
M

is
es

st
re

ss
es

C = 348.89

σmax = 0.65

C = 343.97

σmax = 0.70

C = 337.85

σmax = 0.75

C = 328.89

σmax = 0.80

σ = 0.75σ = 0.65 σ = 0.70 σ = 0.80

(a) (b) (c) (d)

Fig. 20 MCVSC designs for
stress limits σ = 0.65, 0.70, 0.75,
and 0.80. The red dotted circles
and arrows highlight the design
differences

C. Wang et al.1448



process can be checked. Figure 24 plots the stable conver-
gence histories for the MCVSC design.

Figure 25 shows theMCVSC designs under different stress
limits, where all constraints are active. The relation between
compliance and stress limit for all MCVSC designs
(Figs. 22(d) and 25) is in line with the previous cases, as
illustrated in Fig. 11 (blue marker line), where all data are
normalized with the results of the strictest stress limit.
Figure 12(c) depicts the disturbances of the stress constraint
on the simply-connected constraint, which make the tight con-
straint limit of the MCVC design is moderate for the MCVSC
designs. That is why the compliance of the MCVSC design

even outperforms that of the MCVC design when the stress
limit is above 0.70.

7 Concluding remarks

From a design for manufacturing point of view, not only high-
performance requirements but also manufacturability should
be considered in structural topology optimization for practical
engineering applications. To this end, this work proposes and
investigates a formulation for structural topology optimization
considering practical properties of material strength, structural

Iteration 10   σmax = 0.84

Iteration 5   σmax = 1.17

Iteration 1   σmax = 2.95

Iteration 15   σmax = 0.64

Iteration 20   σmax = 1.37

Iteration 110   σmax = 0.61

Iteration 60 σmax = 0.61

Iteration 30   σmax = 0.61

Iteration 140   σmax = 0.60

Iteration 170   σmax = 0.60

Fig. 23 Stress evolution for the
MCVSC design of Fig. 22(d)

C = 278.38

C = 222.08

M
C

V
de

si
gn

M
C

VS
de

si
gn

M
C

VC
de

si
gn

M
C

VS
C

de
si

gn

Von Mises stressesTopologies

C = 616.26

σmax = 0.43   σ = 0.43

σmax = 1.06

σmax = 0.60   σ = 0.60

σmax = 0.88

C = 633.07

(a)

(b)

(c)

(d)

Fig. 22 Optimized designs for the four settings: MCV, MCVS, MCVC, and MCVSC

Structural topology optimization considering both performance and manufacturability: strength, stiffness,... 1449



stiffness, and connectivity; viz., minimizing the compliance
under the volume, stress, and simply-connected constraints.
Moreover, an effective solution algorithm is developed for
this relatively complex multi-constraint and multi-field prob-
lem. Benchmark examples illustrate the features of the formu-
lation and the effectiveness of the algorithm. Some concluding
remarks are drawn:

(1) As expected, the optimized designs considering no stress
and/or connectivity measures present high-stress levels
and/or poor connectivity. More seriously, some pure
connectivity designs even exhibit severely deteriorated
stress levels. The proposed formulation is capable of
providing manufacturing-friendly connectivity designs
satisfying different yield stress levels with a fixed usable
material volume but at the cost of compromised
compliance.

(2) The effect of the three types of constraint limits is
discussed. The general fact that more material volume

is preferable for stricter design requirements is verified.
Besides, the common behavior that the compliance in-
creases with declining the stress limit is also observed.
Meanwhile, the subtle influence of the stress constraint
on the simply-connected constraint is demonstrated.
Different from the above cases, however, the simply-
connected constraint limit has a decisive impact on the
resulting design, not just performance.

(3) The study of mesh refinement confirms the influence of
mesh on the obtained design. Nonetheless, improved so-
lutions can still be achieved by fine-tuning the constraint
settings for different meshes. While the research on con-
nectivity boundary conditions illustrates the possibility
for generating high-performance designs by imposing
proper boundary conditions.

(4) Various techniques are combined to overcome the nu-
merical challenges caused by the integration of stress
and simply-connected constraints. It is shown that the
combination of the STM-based correction scheme and
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regional measure strategy effectively handles the stress
constraint and/or the simply-connected constraint.

An implementation of the formulation in three-dimensional
problemswould be especially valuable, which will be reported
elsewhere.
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