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Abstract
This study presents a new stress influence function (SIF) methodology for continuum topology optimization under consideration
of local strength failure. Firstly, the qp-relaxation criterion is involved to circumvent the stress singularity. To deal with the large-
scale stress constraints in topology optimization, the local stress constraint is reflected in the objective along with the material
volume by multiplication, and the weight of stress is characterized by stress influence function. Meanwhile, three types of stress
influence functions are proposed for comparison. By means of the study on the characteristic of high-stress elements, the
rationality of the SIF methodology is illustrated, in which the proposed method may achieve the full-stress state of high-stress
element. Numerical examples are given to demonstrate the applicability and validity of the proposed methodology. It is shown
that the proposed methodology can obtain reasonable results. Consequently, the proposed SIF methodology provides a novel
strategy with high computational efficiency for topology optimization considering local strength failure.
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1 Introduction

In the wake of developments in science and technology, topolo-
gy optimization has become a popular design tool in engineering
structures since the pioneering research by Bendsøe and Kikuchi
(Bendsøe and Kikuchi 1988). Over the past few decades, a large
number of studies on topology optimization have been published
(Zhu et al. 2015; Mei and Wang 2004; Xie and Steven 1993;
Rozvany et al. 1992;Wang et al. 2019; Xia et al. 2020; Qiu et al.
2019). However, most of the developments have concentrated on
minimizing structural compliance with a given amount of mate-
rial despite the fact that stress constraints are important (Duysinx
et al. 2009). Most likely, several challenges arise when including
stress constraints in topology optimization.

The first challenge is related to the so-called singular opti-
ma. Sved and Ginos (Sved and Ginos 1968) first observed it in
truss topology optimization. They demonstrated on a simple
three-bar truss problem that the optimum cannot necessarily
be reached by gradient-based optimization as the stress con-
straints prevent reducing the cross-sectional area of the bar to
zero. The “singular optima” were further studied in Cheng
(Cheng and Jiang 1992) and Kirsch (Kirsch 1989; Kirsch
1990). In density-based topology optimization, the presence
of singular optima can lead to large areas of the intermediate
densities in the final design (Bendsøe 1989; Duysinx and
Bendsøe 1998). To remedy this situation, the stress constraints
are relaxed to make singular optima accessible. The common-
ly used relaxation techniques include smooth envelope func-
tions (SEFs) (Rozvany and Sobieszczanski-Sobieski 1992), ε-
relaxation (Cheng and Guo 1997), and the qp-approach
(Wang et al. 2019; Bruggi 2008). Le et al. (Le et al. 2009)
proposed a solid isotropic material with penalization (SIMP)–
motivated stress definition to avoid singular optima.

The second challenge is the local nature of stress, which
leads to large-scale constraints. The aggregation is usually
applied to reduce the number of constraints by replacing the
local stress constraints with a single integrated stress con-
straint. The common aggregation functions are P-norm
(Duysinx and Sigmund 1998) and KS-function (Yang and
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Chen 1996). However, this global approach does not ade-
quately control the local stress due to the accuracy of aggre-
gation functions. Later, a lot of studies have been aimed at
improving accuracy. For example, the block constraints (París
et al. 2010) were applied as a compromise between including
every local stress constraint and a single aggregation function.
Le et al. (Le et al. 2009) and Holmberg et al. (Holmberg et al.
2013) studied the similar approaches in which the regional
stress measures are based on the order of the stress values.
Luo et al. (Luo et al. 2013) proposed an enhanced aggregation
method in which the active set strategy is combined with
constraint aggregation. These techniques can improve the ac-
curacy of aggregation functions. Nevertheless, the number of
aggregation functions is hard to determine to balance accuracy
and computational costs. Zhang et al. (Zhang et al. 2013)
studied the stress-constrained topology optimization in a level
set framework and presented two novel global form stress
constraints. Guo et al. (Guo et al. 2014) used the global mea-
sure in (Zhang et al. 2013) to deal with stress-constrained
topology optimization involving multiphase materials.

Jeong et al. (Jeong et al. 2012) studied the stress-constrained
topology optimization for ductile and brittle materials and con-
sidered various static failure criteria. Luo and Kang (Luo and
Kang 2012) investigated the stress-based topology optimization
of continuum structures exhibiting asymmetrical strength be-
haviors in compression and tension. Moon and Yoon (Moon
and Yoon 2013) studied the stress-constrained topology opti-
mization with geometrical nonlinearity in the framework of the
element connectivity parameterization method. Takezawa et al.
(Takezawa et al. 2014) investigated the stress-based topology
optimization considering thermal stress.

Recently, the damage approacheswere proposed for topology
optimization with local stress constraints. In these studies, the
material with local strength failure is considered damaged, and
the stiffness of a damagedmaterial is degraded. The optimization
problem formulation using the damage approach does not in-
clude any constraints on the stress, and the absence of stress
constraints circumvents some of the difficulties associated with
stress constraints. James et al. (James and Waisman 2014) pre-
sented the strain softening to compute the damage at each mate-
rial point and imposed a constraint on the approximate maxi-
mum damage. Amir (Amir 2016) used elasto-plasticity to de-
scribe the damage and imposed a single constraint on the total
plastic strains to limit the total damage. These methods replace
the local strength failure with damage and set a single constraint
on the approximate maximum damage or total damage, which is
a simple aggregation of local damage.

Differing from the “hard constraint” damage approach, some
researchers proposed the “soft control” damage approach.
Verbart et al. (Verbart and Langelaar 2015) used a simplified
damage model to penalize the stiffness of elements that suffered
local strength failure and imposed a single constraint on the
relative compliance to drive the optimization towards a solution

with minimal damage. Zelickman (Zelickman and Amir 2018)
proposed a novel damage approach, in which the formulation
involves minimization of the structure volume and a compliance
constraint. As the damaged material is noneconomical, the op-
timizer will promote a design with a minimal number of dam-
agedmaterials. The “soft control” damage approach provides an
alternative to deal with the large-scale constraints in topology
optimization, while the local stress is not well-controlled com-
paring with the “hard constraint” damage approach.

The damage approaches penalize local strength failure by
degrading material, i.e., the stiffness of the material is set lower
than its normal value. The nonlinear modeling for the material is
required to consider the damage, and it can lead to high finite
element computational cost. In this paper, a novel “soft control”
method, i.e., the stress influence function (SIF) methodology, is
proposed for topology optimization considering local strength
failure. To evade the high cost of finite element computation,
the local stress constraint is reflected along with the material
volume by multiplication based on the idea of specific stiffness,
and the weight of stress is characterized by stress influence func-
tion. The value of stress influence function increases sharply
when the stress exceeds the strength limit to achieve the degra-
dation for the specific stiffness of material with local strength
failure. As the goal is to minimize the summation over multipli-
cation of stress influence function and material volume, the ma-
terial with local strength failure is less likely to appear in the
optimal result, and hence, the local stress is implicitly constrained.

In the study, the constraints related to the strength limit is
eliminated in the optimization formulation, and thus, the pro-
posed method can achieve high efficiency in dealing with
stress-constrained topology optimization. Moreover, the pro-
posed method can achieve less stress variation in the optimal
layout than the traditional methods. The remainder of this paper
is structured as follows. The construction of element stress
criteria is introduced in Section 2. Section 3 discusses the SIF
methodology for continuum topology optimization considering
local strength failure, in which the optimization formulation is
given, and three types of stress influence functions are presented.
Furthermore, the characteristic of the high-stress element is
discussed, based on which the rationality of the proposed meth-
odology is illustrated in Section 4. The sensitivities with respect
to the density design variables are given by the adjoint method in
Section 5. The validity and efficiency of the presented method-
ology are demonstrated in Section 6 through two topology opti-
mization problems. Finally, some conclusions are drawn in
Section 7.

2 Construction of element stress criteria

Distinguished from topology optimization with compliance
constraint, layout design problems with restricted stress set-
tings need to deal with the singular optima. Under such
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circumstances, some necessary techniques must be inserted to
obtain structural stresses. In this section, the density filtering
technique is introduced to get a well-posed topology optimi-
zation problem firstly, and then, the solid isotropic material
with penalization (SIMP) is reviewed. Finally, the qp-
relaxation criterion is applied to avoid singular optima.

2.1 Density filtering

Bruns and Torelli (Bruns and Tortorelli 2001) firstly intro-
duced the density filtering technique to get a well-posed to-
pology optimization problem. With the finite element
discretization of density, the design element variables d are
filtered to define the element densities ρ as follows:

ρi ¼
∑
j∈Ωi

w jd j

∑
j∈Ωi

w j
with wj ¼ r0−r j

r0
ð1Þ

where Ωi of element i stands for a set containing all finite
elements j that lie within the filter radius r0 of the element i
as measured from their centroids.

The density filtering technique can avoid designs with
narrow members, jagged edges, micro perforations, and
sharp interfaces. Moreover, the method allows void ele-
ments to become solid elements more easily and vice versa,
which enhances its ability to converge to the global optima.
For more details, see the study in (Le et al. 2009).

2.2 Solid isotropic material with penalization model

After the density filtering, each element is attached with a
density varied between zero and one, representing void and
solid material. The governing equations for static equilibrium
in terms of the element densities ρ are defined as

K ρð Þu ρð Þ ¼ f ð2Þ
where ρ = (ρ1, ρ2,⋯, ρN)

T represents the vector with N ele-
ment densities, K denotes the global stiffness matrix, u is the
vector with nodal displacements, and f denotes the design-
independent load vector.

The global stiffness matrix is composed out of the local
element stiffness matrixes, while the elastic modulus of the
element i can be obtained by employing the SIMP approach,
namely,

Ei ¼ ρpi E0 ð3Þ

where p > 1 is the penalization factor; E0 is the Young modu-
lus for fully solid material.

2.3 qp-relaxation criterion

As to each intermediate value of ρi, an appropriate interpola-
tion scheme should be defined for the stress state to circum-
vent the singular optima. For this purpose, the “qp-relaxation”
is applied to relax the stress involved in the intermediate den-
sity materials, namely

σi ¼ Diεi
ρið Þq ¼ DiBui

ρið Þq ¼ ρpiD0Bui
ρið Þq ¼ ρp−qi S0ui ð4Þ

where σi = [σi, x, σi, y, σi, z, τi, xy, τi, yz, τi, zx]
T is the local stress

vector of the element i in the center and εi corresponds to the
strain vector in the elemental center; Di is the elastic matrix
with intermediate ρi and B is the strain matrix; D0 and S0
represent the elastic and stress matrixes with full solid; the
exponent q < p is a real number.

The equivalent vonMises stress σi, VM can be solved by the
stress vector as follows

σi;VM ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σT
i Πσi

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ρið Þp−qS0uið ÞTΠ ρið Þp−qS0ui

q
¼ ρið Þp−q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uið ÞTΞ0ui

q
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
σi;x−σi;y
� �2 þ σi;y−σi;z

� �2 þ σi;z−σi;x
� �2 þ 6 τ i;xy

� �2 þ τ i;yz
� �2 þ τ i;zx

� �2� �h ir

¼ ρið Þp−q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
eσi;x−eσi;y

� �2
þ eσi;y−eσi;z

� �2
þ eσi;z−eσi;x

� �2
þ 6 eτ i;xy� �2

þ eτ i;yz� �2
þ eτ i;zx� �2� �	 
s

¼ ρið Þp−qH eσi

� �
where eσi ¼ eσi;x; eσi;y; eσi;z;eτ i;xy;eτ i;yz;eτ i;zx� �T is the local stress
vector of the element i with full solid; Ξ0 = S0ΠS0, and the
constant matrix Π is given by

Π ¼
1

2
3I−αð Þ O3�3

O3�3 3I

" #
6�6

ð6Þ

in which I is the 3 × 3 identity matrix andα is the 3 × 3 matrix
of ones.

3 Continuum topology optimization
considering local strength failure

In most conventional stress-constrained continuum topology
optimization, the local strength failure is considered in the
constraint, and the aggregation function is always applied to
deal with the large-scale stress constraints. However, the op-
timal settings may be problem-dependent and difficult to

ð5Þ
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determine a priori. In the proposed SIF methodology, the local
strength failure is considered in the objective along with the
material volume. In this section, the optimization formulation
based on the SIF methodology is given, and three types of
stress influence functions are further discussed.

3.1 Optimization formulation based on SIF
methodology

The common formulation of conventional topology optimization
with stress constraints is stated in finite element form as follows:

min
ρ

V ¼ ∑
N

i¼1
ρiV i

s:t: Ku ¼ f
σi;VM ≤σlim

0 < ρ ≤ρi≤1
i ¼ 1; 2;⋯;N

ð7Þ

where N is the number of elements; Vi denotes the volume of the
element i with full solid; σlim is the limit stress; ρ ¼ 10−3 is set
as the lower limit of the design element variables for avoiding
singularity of the elemental stiffness matrixes caused by zero
density values.

In the study, the SIF methodology is proposed for the to-
pology optimization considering local strength failure, in
which the stress constraint is reflected by the stress influence
function. The formulation of topology optimization based on
the SIF methodology is expressed as follows:

min
ρ

VS ¼ ∑
N

i¼1
VSi ¼ ∑

N

i¼1
γ σi;VM
� �

ρiV i

s:t: Ku ¼ f
0 < ρ ≤ρi≤1
i ¼ 1; 2;⋯;N

ð8Þ

where VSi = γ(σi, VM)ρiVi denotes the multiplication over ma-
terial volume and stress influence function γ(σi, VM) of the
element i.

The proposed optimization model in (8) is different from
the conventional optimization formulation in (7). In the con-
ventional model, the local strength failure is considered in the
constraint, while the proposed model considers the stress con-
straints in the objective, which is similar to the augmented
Lagrangian method (da Silva and Cardoso 2016). Otherwise,
the objective is the summation of “material volume items” and
“stress constraint items” in the augmented Lagrangian meth-
od, while the proposed method takes the summation over the
multiplication of “material volume item” and “stress con-
straint item” as the objective. Therefore, the sensitivity analy-
sis is conducted only for the objective in the SIFmethodology,
instead of each stress constraint. Consequently, the proposed
SIF methodology can achieve higher efficiency in handling
large-scale stress-constrained topology optimization.

3.2 Three types of stress influence functions

In the SIF methodology, the weight of stress is characterized by
stress influence function in the objective, and thus, a proper
stress influence function is significant. On the one hand, the
value of γ should be greater than unity to penalize the local
strength failure when the stress exceeds the limit. On the other
hand, the value is equal to unity when the material is within the
strength limit. In summary, the function γ satisfies the condition
below:

γ σi;VM
� �

> 1; if ρi∈ ρi σi;VM
 > σlim

� �
γ σi;VM
� � ¼ 1; if ρi∈ ρi σi;VM

 ≤σlim

� ��
ð9Þ

To achieve strong penalization on the local strength failure,
the value of γ should be large enough when the stress exceeds
the strength limit. Moreover, considering the gradient-based
optimization is used to solve the problem, the function γ
should be at least first-order differentiable, and monotonically
increasing once the stress exceeds its allowable value.

The proper function satisfying all the above conditions is
hard to search, while many functions partially meet these
criteria. In the study, three types of stress influence functions
are proposed for comparison, in which the value of γ increases
sharply to strongly penalize the local strength failure.

The first function, named as SIF-1, is defined as follows:

γ σi;VM
� � ¼ 1; if σi;VM ≤σlim

e
α

σi;VM
σlim

� �p

−1
h i

; if σi;VM > σlim

8<
: ð10Þ

where α, P > 0 are the parameters which can control the steep-
ness of function γ1. The SIF-1 is an exponential function,
which is similar to one item in the K-S aggregation function.
The index is a power function, which is similar to the P-norm
aggregation function. The SIF-1 meets all the above criteria
except the first-order differentiable condition in σi, VM = σlim.

To satisfy the first-order differentiable condition, the sec-
ond stress influence function, named as SIF-2, is proposed as:

γ2 σi;VM
� � ¼ e

α
σi;VM
σlim

� �P

ð11Þ

The material within the strength limit is also penalized in
(11), and thus, the criterion in (9) is not satisfied in SIF-2.

To reduce the penalization for the material within the strength
limit, the third function, named as SIF-3, is proposed as follows:

γ3 σi;VM
� � ¼ e

α
σi;VM
σlim

� �P
0

; if σi;VM ≤σlim

e
α

σi;VM
σlim

� �P

; if σi;VM > σlim

8>><
>>: ð12Þ

where P′, P > 0 are the index parameters which can control the
steepness of the function. By setting P′>P, the penalization for

H. Xia, Z. Qiu2444



material within the strength limit can be reduced to
some degree.

The comparison of SIF-1, SIF-2, and SIF-3 is exhibited in
Fig. 1. For the material within the strength limit, i.e., σi, VM/
σlim < 1, γ2(σi, VM) is greater than γ3(σi, VM), and γ3(σi, VM) is
greater than γ1(σi, VM). For thematerial exceeding the stress limit,
i.e., σi, VM/σlim ≥ 1, γ2(σi, VM) is equal to γ3(σi, VM), which is
greater than γ1(σi, VM). Remarkably, the SIF-2 is greatly similar
to SIF-3 except for the slight difference in value.

4 Validity interpretation of the proposed SIF
methodology

In this section, we give an alternative validity interpretation of the
proposed method. Firstly, a small example is given to illustrate
the characteristic of high-stress elements in Section 4.1, bymeans
of which the validity of the proposedmethodology based on SIF-
2 is discussed further in Section 4.2.

4.1 Study on the characteristic of high-stress elements

In this section, we discuss the characteristic of high-stress
elements through a small numerical example. It should be
noted that the stress-constrained topology optimization is not
contained in the example. We only calculate the relaxed ele-
mental stress and compare ∂σi, VM/∂ρi with ∂σi, VM/∂ρj(j ≠ i) in
different layouts.

As shown in Fig. 2, a cantilever is fixed on two endpoints
of the left side. And a force F is imposed on the lower tip of
the right edge, in which Fx = 10N, Fy = 15N. The elastic mod-
ulus and Poisson’s ratio are set as E0 = 70GPa, ν = 0.3 for the
fully solid material. The design domain is discretized into 9
elements by using an element size of 1mm. By assigning
density value of 0.2, 0.4, 0.6, 0.8, 1 to each element and

combining all the 9 elements, one can obtain 59 = 1953125
different layouts.

The goal is to calculate the sensitivities of each element
stress to element densities in different layouts. Considering
the few design variables, the finite difference method is ap-
plied to solve the sensitivities, in which the step size is set as
Δρi = − 0.01. To study the characteristic of element stress,

R(σi, VM) is defined as the ratio of
max
i≠ j ∂σi;VM=∂ρ j

  to |∂σi,

VM/∂ρi| , namely,

R σi;VM
� � ¼

max
j≠i

∂σi;VM

∂ρ j




∂σi;VM

∂ρi




ð13Þ

A total of 59 × 9 = 17578125 ratios are calculated, and the
results of R(σi, VM) on each element in different layouts are
exhibited in Fig. 3.

The horizontal coordinate represents the von Mises stress
of element i, while the vertical coordinate represents the nat-
ural logarithm of R(σi, VM). For better exhibition, the horizon-
tal and vertical coordinates are divided into 200 parts and thus
make 200 × 200 = 40000 sub-regions. The value of ln(nij + 1)
is embodied by color, and nij represents the number of samples
in each sub-region, and the value of each color is shown in the
color bar. In the color bar, the color blue represents a low
value, while the yellow represents high value.

As shown in Fig. 3, the value of R(σi, VM) has a wide range
for the low-stress element (σi, VM ≤ 500MPa), while the value is
lower than e−2.16 = 0.115 for the high-stress element (σi, VM >
500MPa). The results of the small example indicate that the
absolute value of ∂σi, VM/∂ρi is 1/0.115 = 8.7 times larger than
that of ∂σi, VM/∂ρj(j ≠ i) for high-stress element in all cases.Fig. 1 Comparison of SIF-1, SIF-2, and SIF-3

Fig. 2 Diagram for the small example
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According to the experimental results, we assume that σi,
VM is only related to its own density ρi for high-stress element.
In the next section, a special case for the relation is assumed
and the validity of the SIF methodology is illustrated based on
the assumed relation.

4.2 Discussion about the validity of SIF methodology

As illustrated in Section 4.1, the stress of high-stress element
is mostly related to itself. As a special case, the relationship
between the stress of high-stress element and its own density
is assumed as follows:

σi;VM≈ciρtii ð14Þ
where ci > 0 and ti are the parameters related to the current
layout. According to the sign of ti, two cases are discussed
below.

(1) Case 1: ti ≥ 0

In this case, the stress and the density are positively corre-
lated, and thus, the stress influence function is also positively
correlated with the density. Considering the material volume
has a positive correlation with the element density, the density
tends to be lower to obtain a better objective and reduce the
element stress, and the element stress will be low when the
density is close to its lower bound in virtue of the application
of the qp-relaxation criterion.

(2) Case 2: ti < 0

The stress has a negative correlation with the density, while
the material volume is positively correlated with the density.
Under such circumstances, the full-stress design of the element
can achieve the lightest configuration with stress constraints. To

illustrate the relationship between VSi and the density, the sensi-
tivity of VSi with respect to the density ρi is given as follows:

∂VSi
∂ρi

¼ γ σi;VM ;σlim

� �
V1 þ ρi

∂γ σi;VM ;σlim

� �
∂ρi

V i ð15Þ

Substituting (14) and (11) into (15) yields

∂VSi
∂ρi

≈e
α

σi;VM
σlim

� �P

V1

þ ρie
σi;VM
σlim

� �P

αP
σi;VM

σlim

� �P−1 1

σlim
citiρ

ti
i V i ð16Þ

To obtain the minimal value of VSi, let ∂VSi/∂ρi = 0 yields

∂VSi
∂ρi

≈e
α

σi;VM
σlim

� �P

1þ αPti
σi;VM

σlim

� �P
 !

Vi ¼ 0 ð17Þ

The ratio of σi, VM to σlim can be solved from (17) as fol-
lows:

σi;VM

σlim
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1

−αPti
P

r
ð18Þ

By setting a sufficiently large parameter P, one can obtainffiffiffiffiffiffiffiffiffiffiffiffiffi
1

−αPti
P

r
≈1 ð19Þ

As shown in (19), the proposed method based on SIF-2 can
make the high-stress element close to the full-stress state.
However, the above discussion is carried out in the absence
of lower and upper limits for density values. In practice, the
density is located within zero and unity, and the high-stress
element may not reach the full-stress state when the density
reaches the boundary. Under such circumstances, the stress of
high-stress element can be influenced by other elements and
thus may achieve the full-stress design of the element.

Considering the property of the high-stress element is mainly
affected by itself, the element stress constraint is reflected along
with its volume, and the goal is to minimize the summation over
multiplication of stress influence function and material volume.

Fig. 3 Results of R(σi, VM) on each element in different layouts

Table 1 Characteristic parameters applied to the layout designs

Density filter The r0 is set as 2 times of elemental dimensions

SIMP model p = 3

Relaxed stress q = 2.5

SIF-1 α = 1.08, P = 10

SIF-2 α = 1.08, P = 10

SIF-3 α = 1.08, P′ = 16, P = 10
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As the value of stress influence function increases sharply when
the stress exceeds the strength limit, the material with local
strength failure is less likely to appear in the final design, and
hence, the element stress is implicitly constrained. In summary,
the proposed SIF can achieve topology optimization under the
consideration of local strength failure.

5 Sensitivity analysis

Generally, if the gradient-based algorithm is employed for
solving the topology optimization problem, the sensitivity
analysis is necessitated. The adjoint vector principle is applied
to obtain the sensitivities of the objective function with respect
to the density design variables. The sensitivity analysis for
SIF-2 is given in this section, while the sensitivity analysis
for SIF-1 and SIF-3 can be obtained in a similar way.

The sensitivity of the objective function in (8), with respect
to a density design variable ρk, is given by

∂VS
∂ρk

¼ γ σk;VM ;σlim

� �
Vk þ ∑

N

i¼1
ρi
∂γ σk;VM ;σlim

� �
∂ρk

Vi ð20Þ

Substituting (11) into (20) yields

∂VS
∂ρk

¼ e
α

σi;VM
σlim

� �P

Vk þ ∑
N

i¼1
ρie

α
σi;VM
σlim

� �P

ViαP
σi;VM

σlim

� �P−1 1

σlim

∂σi;VM
∂ρk
ð21Þ

Substituting (5) into (21) yields

∂VS
∂ρk

¼ e
α

σk;VM
σlim

� �P

Vk þ ∑
N

i¼1
ρie

α
σi;VM
σlim

� �P

ViαP
σi;VM
σlim

� �P−1 1

σlim

∂ ρið Þp−qH eσi

� �h i
∂ρk

ð22Þ

The partial derivative ∂ ρið Þp−qH eσið Þ½ �=∂ρk can be solved
as follows:

∂ ρið Þp−qH eσi

� �h i
∂ρk

¼ p−qð Þ ρið Þp−q−1 ∂ρi
∂ρk

H eσi

� �
þ ρið Þp−q

∂H eσi

� �
∂ρk

ð23Þ
where

∂ρi
∂ρk

¼ 0 ; if i≠k
1; if i≠k ;

∂H eσi

� �
∂ρk

8<
: ¼

∂H eσi

� �
∂eσT

i

∂eσT

i

∂u

0
@

1
A

T

∂u
∂ρk

ð24Þ

The partial derivative ∂H eσið Þ=∂eσT
i and ∂eσT

i =∂u can be
calculated by

∂H eσi

� �
∂eσT

i

¼
∂H eσi

� �
∂eσi;x ;

∂H eσi

� �
∂eσi;y ;

∂H eσi

� �
∂eσi;z

;
∂H eσi

� �
∂eτ i;xy ;

∂H eσi

� �
∂eτ i;yz ;

∂H eσi

� �
∂eτ i;zx

2
4

3
5

ð25Þ

and

∂eσT

i

∂u
¼ ∂eσT

i

∂ui

0
@

1
A

T

∂ui
∂u

� �
ð26Þ

where

∂H eσi

� �
∂eσi;x ¼ 2eσi;x−eσi;y−eσi;y

2H
;
∂H eσi

� �
∂eσi;y ¼ 2eσi;y−eσi;z−eσi;x

2H
;
∂H eσi

� �
∂eσi;z ¼ 2eσi;z−eσi;x−eσi;y

2H

∂H eσi

� �
∂eτ i;xy ¼ 3eτ i;xy

H
;
∂H eσi

� �
∂eτ i;yz ;¼ 3eτ i;yz

H
;
∂H eσi

� �
∂eτ i;zx ¼ 3eτ i;zx

H

ð27Þ

To solve the partial derivative ∂u/∂ρk, taking the de-
rivative of the equilibrium equation K(ρ)u(ρ) = f with
respect to a density design variable ρk, it follows

∂K ρð Þ
∂ρk

u ρð Þ þ K ρð Þ ∂u ρð Þ
∂ρk

¼ 0 ð28Þ

Solving ∂u(ρ)/∂ρk from (28) yields

∂u ρð Þ
∂ρk

¼ −K−1 ρð Þ ∂K ρð Þ
∂ρk

u ρð Þ ð29Þ

Substituting (23) and (29) into (22) yields

∂VS
∂ρk

¼ e
α

σk;VM
σlim

� �P

Vk þ ρke
α

σk;VM
σlim

� �P

VkαP
σk;VM
σlim

� �P−1 1

σlim
p−qð Þρp−q−1k H eσk

� �
−

∑
N

i¼1
e
α

σi;VM
σlim

� �P

σi;VM

σlim

� �P−1 ViαP
σlim

ρið Þp−qþ1
∂H eσi

� �
∂eσT

i

∂eσTi
∂u

0
@

1
A

T

K−1 ρð Þ ∂K ρð Þ
∂ρk

u ρð Þ

ð30Þ
To solve (30), an adjoint vector λ is introduced, which

should be the solution of the equation

K ρð Þλ¼ ∑
N

i¼1
ρie

α
σi;VM
σlim

� �P

ViαP
σi;VM
σlim

� �P−1 1

σlim
ρið Þp−q

∂H eσi

� �
∂eσT

i

∂eσTi
∂u

0
@

1
A

0
@

1
A

T

ð31Þ

Substituting (31) into (30) yields

∂V
∂ρk

¼ e
α

σk;VM
σlim

� �P

Vk þ ρke
α

σk;VM
σlim

� �P

VkαP
σk;VM

σlim

� �P−1

−pρp−1k λT
k
eKku

1

σlim
p−qð Þρp−q−1k H eσk

� � ð32Þ

where λk, as the sub-vector of λ, depends on the k − th ele-

mental location. eKk is the element stiffness matrix of the ele-
ment k with full solid material.

6 Numerical examples

In this section, two numerical examples are presented to dem-
onstrate the validity and efficiency of the developed SIF
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methodology. In these examples, the 4-node plane stress ele-
ment is used. And the elastic modulus and Poisson’s ratio are
set as E0 = 70GPa, ν = 0.3 for the fully solid material. The FE
treatment of the multipoint constraint is adapted to avoid the
stress concentration effects.

The method of moving asymptotes (MMA) is used to solve
topology optimization problems. The MMA algorithm was
first proposed by Svanberg (Svanberg 2010) in 1987. The
algorithm takes the first-order inverse Taylor expansion of
the structural response at the current design point and

establishes the convex linear explicit approximation of the
original problem. A series of convex sub-problems are used
to approximate the original problem, and the sub-problems are
solved by dual method (Fleury and Braibant 2010).
Consequently, the solution of the original problem is gradual-
ly approached by the solutions of the moving approximation
sub-problems. As the stress in statically determinate structural
analysis is linear approximation function of inverse design
variables (Fleury 1993), the MMA can be used to solve topol-
ogy optimization under local stress constraints. In the study,

(a) Le’s method (b) SIF-1

(c) SIF-2 (d) SIF-3

Fig. 5 Iteration procedures of the
topology optimization under
different methods

Fig. 4 Schematic diagram for the
geometry and FE model of the
first example

H. Xia, Z. Qiu2448



the stress influence functions have strong nonlinearity with
respect to the elemental stress and an external move limit of
0.05 is set to bound the maximum absolute distance between
an asymptote and the design variable. If the move limit is set
as 0.1, the results trend to diverge in the examples. Therefore,
the proposed method is sensitive to the value of moving lim-
itation in the MMA.

Table 1 lists the characteristic parameters applied to the
layout designs. In Table 1, the parameter α is adjusted by
the numerical experiments. Firstly, the appropriate value of
α is determined to be between 1 and 1.1 by the numerical
experiments, in which the value of α is chosen as 1, 1.1, and
1.2. Then, we have chosen a few values 1, 1.02, 1.05, 1.08,
and 1.1 for parameter α and conducted the corresponding
experiments. The value of α is finally set as 1.08 according
to the experimental results.

For the sake of convenience, the design objective is to
minimize the ratio of the current objective to the structure
volume with full solid, which it reads

min
ρ

VSR ¼ ∑
N

i¼1
γ σi;VM ;σlim

� �
ρiV i= ∑

N

i¼1
Vi

� �
� 100%

s:t Ku ¼ f
0 < ρ

≤ρi≤1
ð33Þ

6.1 Optimization of L-bracket

As illustrated in Fig. 4, the first example is the topology design
for the well-known L-bracket, which is studied by Le in (Le et
al. 2009). The design domain is clamped on the top side. An
upward force F = 1000N is imposed on the upper tip of the

right edge. The strength limit is set as σlim = 600MPa. Using
an element size of 1mm, the design domain is discretized by
6601 nodes and 6400 elements.

For comparison’s purpose, the layout design based on Le’s
method is also accomplished, in which a large number of P is
chosen to achieve good approximation to the maximum stress.
The iteration histories of volume ratio from the current layout
to the fully solid pattern VR are summarized in Fig. 5, in
which the details of the optimal solutions obtained by different
methods are also exhibited.

As can be seen from Fig. 5, the optimal designs are all
featured by a round inner corner, which is significant in elim-
inating the stress concentration. In Fig. 5a, a few elements of
intermediate densities exist at the joints of the optimal design
obtained by the Le method. In Fig. 5b–d, the proposed meth-
odology based on different types of stress influence function
can achieve quite different optimal results. Among these re-
sults, large areas of intermediate densities exist in the final
design obtained by the SIF methodology based on SIF-1,
while SIF-2 and SIF-3 can achieve final designs with few

(a) Le’s method (b) SIF-2 (c) SIF-3

Fig. 6 Stress results of the optimal layouts obtained by different methods

Table 2 Optimization results obtained by different methods

Method Volume
ratio (RV) (%)

Maximum
structural stress

Maximum stress
constraint violation

Le’s method 30.83 600.28MPa 0.000458

SIF-2 31.00 637.83MPa 0.0631

SIF-3 29.73 616.54MPa 0.0276 Fig. 7 Schematic diagram for the geometry and FE model of the second
example
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elements of intermediate densities, which indicates the penal-
ization for material within strength limit is significant to obtain
a reasonable design. For further comparison of the Le method
and the proposed methodology based on SIF-2 as well as SIF-
3, the stress results of the optimal layouts are exhibited in
Fig. 6, and the details of optimization results are listed in
Table 2. The stress is calculated in the central point of the
element and thus the stress calculation is defined on the ele-
ment level. The stress results shown in Fig. 6 are also plotted
on element level.

As shown in Fig. 6 and Table 2, the Le method, as well as
the proposed methodology based on SIF-2 and SIF-3, can
achieve well control on local stress, in which the maximum
stress constraint violation range from 0.000458 to 0.0276.
The number of high-stress elements (the red regions in Fig. 6)
in the final design obtained by the SIF methodology is fewer
than that by the Le method, while the Le method has a better
performance than the SIF methodology in controlling the vio-
lated stresses (600.275MPa versus 637.833MPa and
616.54MPa). The proposed methodology based on SIF-3 can
obtain a bit lighter optimal layout than the Le method (29.73%
versus 30.83%), while the final design by SIF-2 is a bit heavier
than that by the Le method (30.99% versus 30.83%).

In the conventional stress-constrained topology optimiza-
tion like the Le method, the aggregation method is applied to
deal with the large-scale stress constraints. For the aggregation
function like the P-norm, a larger value of P is chosen to
achieve good approximation to the maximum stress. The large
value of P can lead to a sharp weight drop of other elemental
stresses in the aggregation function and thus weaken the con-
trol on other elemental stresses. Therefore, many high-stress
elements may exist in the optimal layout. In the proposed
method, the elemental stress is considered along with the local
elemental volume, and thus, the control on all elemental
stresses is equally effective. Consequently, the number of
high-stress elements obtained by the proposed method is few-
er than that by the Le method.

From Figs. 5 and 6, it can be observed that some gray
elements still exist along the optimized structure boundary in
the results obtained by the SIF methodology. As the proposed
method is developed in the SIMP framework, the gray ele-
ments may appear in the topology optimization configuration
and the stress is calculated based on the elemental density. The
existence of gray elements in the structure boundary make the
elemental stress smaller than the case for full solid material.
As the gray elements do not exist in engineering structure, the
value of element stress will increase when the gray elements
on structure boundary are changed to solid elements (in the
postprocess). Actually, the existence of gray elements in the
SIMP framework is inevitable unless some compulsory mea-
sures are taken. For stress-based topology optimization, the
number of gray elements may be larger than that of
stiffness-based topology optimization as the existence of gray
elements may decrease the elemental stress. In the experimen-
tal tests, we achieved better layout with few gray elements by
chosen appropriate values of parameters. Therefore, the opti-
mal selection of the values of the parameters in the proposed
method is dependent on the optimization problem in some
degree and the selected values of parameters may be more
suitable for the second example. The explicit geometry de-
scription is an alternative choice to avoid the gray elements.
The explicit geometry description uses the position and size of

Fig. 8 Iteration procedures of volume ratio VR in different strength limits

Fig. 9 Stress results of the optimal layouts with different strength limits
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the members to describe the topological configuration, and the
gray elements do not exist in the optimization process. For
more information about explicit geometry description in to-
pology optimization, see the studies in (Zhang et al. 2018;
Zhang et al. 2020).

In summary, the proposed methods based on SIF-2 and
SIF-3 are effective ways to deal with the stress-constrained
topology optimization problems, and the method based on
SIF-3 has a better performance than SIF-2 in controlling the
maximum stress and achieving a lighter optimal design
(616.54MPa versus 637.833MPa, 29.73% versus 30.99%).

6.2 Optimization of corbel structure

As shown in Fig. 7, the design domain of the topology opti-
mization is a corbel located at the middle height of the column.
The domain is clamped on the top and bottom sides. An up-
ward force F = 3000N is imposed on the upper edge of the
corbel. Using an element size of 1.25mm, the design domain
is discretized by 11,633 nodes and 11,328 elements.

The proposed methodology based on SIF-3 is applied to
obtain the optimal design with three different material strength
limits σlim = 480, 600, and 720MPa.More details of optimal
solutions are exhibited in Figs. 8 and 9 and Table 3, from
which the following conclusions can be summarized:

(1) As shown in Fig. 8, the proposed method based on SIF-3
can obtain reasonable results in different strength limit,
in which the optimal designs have smooth inner corners

on the corbel to eliminate the stress concentration. The
length of the structure is relatively large for a lower
strength limit so that the stress constraint can be satisfied.
As listed in Table 3, less material is used for a higher
strength limit (σ l im : 480MPa → 720MPa,VR :
25.50 % → 18.36%), and all the final designs almost
exactly satisfy the stress requirements since the stress
constraint violation of maximum stress in the structure
are rather small (range from 0.0443 to −0.0134), which
indicate the applicability of the proposed method based
on SIF-3.

(2) As exhibited in Fig. 9, the maximum structural stress is a
bit greater than the strength limit for σlim = 480MPa
(501.24MPa > 480MPa), while for σlim = 600MPa and
σlim = 720MPa, the maximum structural stress is a bit
lower than the strength limit (597.14MPa < 600MPa
and 710.33MPa < 720MPa). The ratio of maximum
structural stress to strength limit is lower for a higher
strength limit under the same stress influence function,
which indicates the proposed SIFmethodology is slightly
problem-dependent.

For generality, the comparison of the proposed method and
the Le method is also conducted for σlim = 600 MPa in this
section. A relatively small value of P in P-norm aggregation
function is chosen to guarantee the convergence. The details of
the optimal solutions obtained by the twomethods are exhibited
in Figs. 10 and 11 and Table 4. As shown in Fig. 10, the optimal
designs are featured by a round inner corner to eliminate the
stress concentration. The topology configurations obtained by
the two methods are similar and only some local small differ-
ences exist. As shown in Fig. 11, many low-stress elements (the
green and blue regions) exist in the configuration based on the
Le method, while less low-stress elements exist in the layout by
the proposed method. The results indicate that the proposed
method can achieve better utilization of materials than the Le
method. As listed in Table 4, the maximum stress and the vol-
ume ratio of the optimal layout by the proposedmethod is lower
than that by the Le method (597.14MPa versus 600.03MPa,
21.07% versus 25.86%).

In the example, a relatively small value of P is chosen in the
Lemethod, and thus, the control on the other elemental stresses is
relatively strong. The strong control on the elemental stresses
may lead to the reduction of some elemental stresses, and thus,
many low-stress elements may exist in the optimal layout. In the

Table 3 Comparisons of optimal
results with different strength
limits

σlim VR (%) Maximum structural stress Maximum stress
constraint violation

Number of iterations

480MPa 25.50 501.24MPa 0.0443 220

600MPa 21.07 597.14MPa − 0.00476 211

720MPa 18.36 710.33MPa − 0.0134 212

(a) SIF-3 (b) Le’s method

Fig. 10 Topology configurations obtained by the proposed method and
Le’s method
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proposed method, as the elemental stress is considered in the
stress influence function along with the elemental volume and
the value of stress influence function changes a little for low-
stress element, the density of low-stress element trends to de-
crease to zero to optimize the objective, and thus, low-stress
elements are less likely to appear in the final design.

The proposed method is better than the Le method in
weight reduction and maximum stress control in the example.
However, it does not mean the proposed method is definitely
better than the Le method. Actually, there are many adjustable
parameters in the proposed method and the Le method. The
results only illustrate that the proposed method is better than
the Le method in the current parameters for the current opti-
mization problem.

7 Conclusions

This paper presents the stress influence function (SIF) meth-
odology for continuum stress-constrained topology optimiza-
tion. To eliminate the large-scale stress constraints in topology
optimization, the local stress constraint is reflected in the stress
influence function along with the material volume by multi-
plication. Meanwhile, three types of stress influence functions
are proposed for comparison. By means of a small example,
the characteristic of high-stress elements is discussed, and the
validity of the SIF methodology is illustrated further. It is
proved that the proposed methodology may achieve the full-
stress design of high-stress elements. Two topology optimiza-
tion examples are finally presented to illustrating the validity
of the proposed methodology. The results show that the

present methodology can achieve reasonable designs under
stress constraints. The variation of stress in the configuration
obtained by the proposed method is less than the conventional
stress-constrained topology optimization, i.e., the number of
high-stress and low-stress elements in the configuration of the
proposed method is lower than that of the conventional
method.

In the study, only three possible stress influence functions are
provided. Some other functions are urged to achieve better per-
formance in controlling the local stress. In addition, the results of
a small example indicate that the stress of high-stress element is
mostly related to itself. On this basis, some other new approaches
can be developed for stress-constrained topology optimization.
Our further work will focus on the two respects.
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