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Abstract
A multi-objective collaborative optimal design procedure for steel frames equipped with buckling-restrained braces (BRBs) is
proposed under the framework of performance-based seismic design (PBSD) in order to minimize the damage of the primary
structure as well as the material cost. For this purpose, a so-called BRB energy dissipation ratio is defined and introduced in the
optimization to characterize the involvement of fuse-type BRBs in hysteretic energy dissipation in building stories. Three groups
of constraints obtained from the rules on geometrical and conceptual design, the requirements regarding strength and stability,
and the PBSD-based story drift limits are considered. To address the discrete-continuous hybrid design variables, a hybrid coding
scheme is proposed to modify the non-dominated sorting genetic algorithm II (NSGA-II). The rationality of the proposed
procedure is demonstrated by a case study on a seven-story planar steel frame with BRBs. The demonstration indicates that the
proposed optimization procedure can make BRBs play the role of a structural fuse successfully in steel frames. The BRB energy
dissipation ratios of case C are distributed nearly uniformly along the structural height. Theweak-beam-strong-column design principle
can be satisfactorily achieved through the maximization of the story BRB energy dissipation ratios. Additionally, the modified hybrid
coding NSGA-II algorithm is computationally efficient and stable.

Keywords Collaborative optimization . BRBF .NSGA-II . Energy dissipation ratio . Performance-based seismic design .Hybrid
coding

1 Introduction

Due to their excellent hysteretic behavior, buckling-restrained
braces (BRBs) have become more popular than ever in
earthquake-resistant structures (Watanabe et al. 1988; Uang
and Nakashima 2004)They have been proven to be a very
efficient way to place BRBs in those structures for seismic
retrofitting. For steel frames with BRBs (BRBFs), the
seismic demand on the primary steel frame can be

significantly reduced by migrating any damage to secondary
BRBs. In view of the relatively complex composition and
manufacturing process, it is not economically acceptable to
use BRBs extensively as an energy dissipation device. Thus,
the economic benefit is a key factor that affects the usage of
BRBs. In addition, as a special structural energy-absorbing
device, BRBs are designed to yield during moderate and se-
vere earthquakes to dissipate the energy absorbed by structural
vibration. The more energy dissipated by the BRBs, the more
likely the structure will remain safe when excited with strong
earthquakes. As a result, the damage development within
structural components becomes more controllable if a signif-
icant portion of the hysteretic energy can be dissipated by
well-placed BRBs.

To reduce the damage to main structures in severe earth-
quakes, an appropriate structural design method must be
adopted to make full use of the energy dissipation capacity
of the BRBs. The traditional strength-based seismic design
(SBSD) method is incapable of predicting inelastic behavior
of BRBFs. To this end, performance-based seismic design
(PBSD) methods have been widely applied, among which
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the direct displacement-based seismic design (DBSD) method
is becoming accepted throughout the engineering community
as an effective tool to design BRBFs (Kim and Seo 2004;
Teran-Gilmore and Virto-Cambray 2009). However, the dam-
age caused by earthquakes is closely related to the structural
cumulative hysteretic energy, which is not considered in the
DBSD method (Bojórquez et al. 2011). In recent years, some
researchers have used energy methods to measure the damage
state of structures (Wong and Yang 2001; Bojórquez et al.
2010). Consequently, as an alternative design method to
SBSD and DBSD, energy-based seismic design (EBSD)
methods (Housner 1956; Akiyama 1985; Uang and Bertero
1990) have increasingly been used in the design of BRBFs
(Choi and Kim 2006; Sahoo and Chao 2010; Khampanit et al.
2014). EBSD is mainly focused on the mitigation or control of
damage in primary structural systems under different perfor-
mance levels. One of the key design aspects of EBSD is to
determine the distribution of the hysteretic energy demand
within stories and even for all structural components
(Surahman 2007). For the BRBF, maximizing the proportions
of the hysteretic energy distributed on the BRBs in the struc-
ture during severe future earthquake is one of the best energy
dissipation mechanisms that EBSD aims to design. From this
standpoint, structural optimization is believed to be a mean-
ingful tool to achieve this goal.

With the development of structural optimization technolo-
gy, the process of PBSD is moving towards that of automatic
performance-based optimum seismic design (PBOSD)
(Ganzerli et al. 2000; Fragiadakis et al. 2006; Liu et al.
2013, 2014). The majority of PBOSD process for an energy-
absorbing structure belong to sequential pattern, which is
characterized by first conducting the design of the main
frames and then designing additional energy dissipation de-
vices (FEMA 273 1997). However, these sequential designs
cannot readily accommodate the coupling between the main
frame and the energy dissipation devices and probably lose the
best design (Haftka 1990; Soong and Cimellaro 2009).
Recently several researchers have adopted collaborative opti-
mal design for energy-absorbing structure in PBOSD (Gilbert
and Schmidt 1991; Castaldo and De Iuliis 2014; Curadelli and
Amani 2014). Their studies found that the collaborative opti-
mal design could take the coupling behavior of two parts into
consideration and produce global optimal designs.
Unfortunately, most of the studies include only strength and
deformation constraints, and few studies have focused on the
BRB frame structures despite the fact that the introduction of
BRBs inevitably affects the redistribution of the internal
forces of structures. Some design requirements that are satis-
fied by original structures may be violated by the introduction
of BRBs.

The collaborative optimal design of BRBFs, as most
PBOSD problems, contains both continuous and discrete var-
iables, with non-linear performance objectives and design

requirements, which can be formulated as non-convex
Mixed-Integer Non-Linear Programming (MINLP) problems.
Basically, MINLP solvers can be categorized into two types:
deterministic and non-deterministic (Zhou et al. 2014). During
the past decades, a number of deterministic methods have
been proposed to solve convex MINLPs (Geoffrion 1972;
Gupta and Ravindran 1985; Westerlund and Pettersson
1995). However, to solve the non-convex MINLPs, many of
these algorithms assume convexity of the search space and
may cut off the global optimum solution. In addition, they
suffer from the curse of dimensionality, wherein there is an
exponential increase in the calculation cost for a linear in-
crease in the problem size. In recent years, the non-
deterministic algorithms, with the advantage of seeking the
global optimal solution and requiring no derivative informa-
tion of problem formulation, have attracted wide attention to
solve non-convex MINLPs, such as genetic algorithm (GA)
(Cheung et al. 1997), simulated annealing (SA) (Cardoso et al.
1997), and ant colony optimization (ACO) (Schluter et al.
2009). However, most of the aforementioned approaches are
designed for single-objective MINLP, and few attempts have
been made to develop and extend to multi-objective MINLP
(MO-MINLP) so far.

This paper presents a collaborative optimization design
method for buckling-restrained braces and steel frames in
the framework of PBSD. In the optimization process, the de-
sign specifications and engineering requirements are compre-
hensively considered, including the geometric constraints,
conceptual design constraints, strength requirements, stability
requirements, displacement limitations, and ductility con-
straints. The purpose of the optimal design is to minimize
the cost of structural initial materials while maximizing the
story energy dissipation ratio of BRBs under major earth-
quakes. A modified hybrid coding non-dominated sorting ge-
netic algorithm II (NSGA-II) (Deb et al. 2002) is used to
perform multi-objective collaborative optimization design
for structures including discrete steel frame design variables
and continuous BRB design variables. A seven-story BRB
steel frame structure is used to verify the rationality of the
proposed optimization procedure, and three typical design
schemes in the Pareto optimal set are selected for performance
evaluation and comparison.

2 Performance-based energy dissipation
analysis of BRBFs

2.1 Performance objective requirements

A performance objective is defined as a desired target perfor-
mance level that corresponds to a specific hazard level. The
most commonly used three performance levels recommended
by the FEMA 273 report (1997), i.e., immediate occupancy
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(IO), life safety (LS), and collapse prevention (CP), are
adopted, which have been reflected in the Chinese design
codes (GB50011 2010; GB50017 2017). In the case of
BRBFs, under frequent-level earthquakes, BRBs mainly con-
tribute a large portion of the lateral stiffness to the BRBFs to
help the steel frames (i.e., primary structure) maintain elastic.
As the first earthquake fortification line in dual structural sys-
tems, BRBs are intended to yield prior to the steel frames and
dissipate a major portion of the hysteretic energy under
moderate-level earthquakes. In this case, the steel frames can
be repairable, and the BRBs can be replaced easily in the
manner of a fuse. When excited with rare-level earthquakes,
BRBs are still designed to dissipate a significant portion of the
total hysteretic energy and can control the damage develop-
ment in the steel frames for structural safety. For these pur-
poses, two key issues should be seriously treated in the multi-
objective collaborative optimization process. One is to ensure
that yielding of BRBs occurs before that of the steel frame.
The other is to maximize the proportion of energy dissipated
by BRBs under rare-level earthquakes.

2.2 Pushover analysis

To ensure computational efficiency and to achieve motion-
independent results during the optimization, the widely used
incremental static analysis procedure, i.e., the pushover anal-
ysis method recommended by FEMA 356 (2000), is applied.
It has been demonstrated that if the structural earthquake re-
sponse is dominated by the fundamental vibration, the results
from the pushover analysis can desirably capture the damage
development within the structural components as the earth-
quake intensity increases (Krawinkler 1995). Usually, the dis-
placement control pattern based on the fundamental mode of a
structure of concern is maintained throughout the pushover
analysis until structural failure is declared. The results from
the pushover analysis are expressed as the relation curve be-
tween the base shear, Vb, and the roof displacement, δf. The
key to the pushover analysis method used in PBSD lies in the
determination of the target roof displacement δt of a structure
under a specific performance level. The capacity spectrum
method (Fajfar 1999) and the displacement coefficient
(FEMA 273 1997) method can be used to obtain the target
roof displacement δt. From the standpoint of computerized
implementation, the latter is adopted, i.e.,

δt ¼ C0C1C2C3Sa
T e

2

4π2
g ð1Þ

where C0, C1, C2, are C3 are the modification factors defined
in FEMA 356; g is the gravity acceleration; and Sa is the
spectral acceleration at the fundamental period, Te. As sug-
gested by FEMA 273 (1997), Te is determined by the effective
elastic stiffness of a bi-linearized pushover curve. As the

determination of the target displacement is related to the bi-
linearization of the pushover curve, some iteration may be
required.

2.3 Structural fuse

Figure 1 schematically illustrates the piecewise force (V) vs.
story drift (Δ) relation curves of the BRBs, steel frame, and
BRBFs. To ensure that the BRBs can successfully play the
role of a structural fuse in the dual structural system of
BRBFs, the BRBs at any story are designed to yield before
the frame part at that story (Vargas Bruneau 2009), i.e.,

ΔF > ΔBRB ð2Þ
whereΔF andΔBRB are the yield story drifts of the steel frame
and BRBs, respectively. Note that the determination ofΔBRB

is related to the material properties and the inclination of the
BRBs, independent of cross-sectional area of the steel core
(Kim and Seo 2004). Low yield point steel, which has a rela-
tively low yield strength and excellent energy dissipation ca-
pacity, is preferred for the steel core of BRBs.

2.4 BRB energy dissipation ratio

During the vibration of structures, the earthquake input energy
is converted into kinematic energy, viscous damping energy,
elastic strain energy, and plastic hysteretic energy. From the
standpoint of EBSD methodology, only the hysteretic energy
can cause structural damage when an earthquake terminates.
The structural damage can be well controlled by suitable dis-
tribution of the hysteretic energy dissipated within the struc-
tural components (Habibi et al. 2013). In BRBFs, the BRBs
can dissipate a substantial portion of the hysteretic energy
through the plastic yielding of the steel core to mitigate the
damage accumulated in the steel frame components (Sahoo
and Chao 2010). To characterize the involvement of the BRBs
in hysteretic energy dissipation in the whole system, the BRB

Fig. 1 Schematic illustration of idealized force vs. displacement curves of
BRBF
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energy dissipation ratio in the whole system, R, is defined to
describe the system-level energy dissipation efficiency of the
BRBs, i.e.,

R ¼ ∑ns
i¼1E

i
BRB

∑ns
i¼1E

i
BRBF

ð3Þ

where ns is the number of stories,Ei
BRB is the hysteretic energy

dissipated in the ith story by the BRBs, and Ei
BRBF is the

hysteretic energy dissipated in the ith story of the BRBF (see
Fig. 1). It can be seen from (3) that the energy dissipation role
of BRBs in the whole system can be roughly enhanced by
increasing the value of R. However, considering the possibil-
ity of weaker stories, the participation of BRBs in hysteretic
energy dissipation in all stories cannot be guaranteed by sim-
ply maximizing the system-level BRB energy dissipation ra-
tio. Therefore, to characterize the involvement of the BRBs in
the hysteretic energy dissipation within a specific story, the so-
called BRB energy dissipation ratio of the ith story, ri, is in-
troduced and defined as follows:

ri ¼ Ei
BRB

Ei
BRBF

ð4Þ

Akiyama (1985) believed that the hysteretic energy dissi-
pation of an inelastic structural system is dominated by its
fundamental vibration mode. Therefore, the story shear vs.
story drift response curve (see the shadowed area in Fig. 1)
obtained from the pushover analysis can be used to determine
the BRB energy dissipation ratios of all stories under the per-
formance levels of interest. It is noted that the irreversible
elastic strain energy should be excluded in the calculation of
BRB energy dissipation ratios.

3 Collaborative optimum design of BRBFs

3.1 Discrete-continuous hybrid design variables

For the sake of simplicity, only the optimization on the cross-
section of both frame components and BRBs is concerned in
the proposed collaborative optimization method. The other
design factors, e.g., structural layout, material properties, and
BRB configuration, are not included and assumed to be deter-
mined prior to the optimization. The variation of the place-
ment of BRBs along structural height, i.e., topology optimi-
zation, is reflected indirectly though broadening the range of
BRB parameters during the optimization.

In most cases, the cross-sections of the steel columns and
beams are selected from the section list provided by commer-
cial design software or manufacturer, e.g., AISC 341 (2016).
The series numbers of the sections in these databases can be
included in the design profile list and treated as possible

values of the section design variables of the columns and
beams. Thus, the optimization of the section of frame columns
and beams is a typical integer program problem, i.e., a discrete
optimum problem. Although some models of BRBs are avail-
able for designers, there is still a great demand for customized
products from users because seismic retrofitting using BRBs
is strongly dependent on the behavior of the structure under
concern. Among all the parameters associated with BRBs as
shown in Fig. 2, the area and yield strength of the steel core
segment where the dissipated hysteretic energy is concentrat-
ed are the most dominant. These parameters mostly control
the stiffness and strength of the BRBs, respectively. Since
only a few kinds of steel materials, e.g., low yield point steel,
are used in BRBs, it is reasonably acceptable to take the area
of steel core segment as a main continuous control parameter
in the optimization. As illustrated in Fig. 2, the core plate of a
BRB generally consists of two elastic connection segments
and two constrained transition segments at its ends, as well
as a core segment. For analytical convenience, a truss element
with a constant section equal to that of the core segment is
usually applied to simulate the behavior of the BRB (Tsai and
Hsiao 2008). The equivalent axial stiffness and modulus of
elasticity, i.e., Keff and Eeff, can be determined by.

Keff ¼ Eb
AcAkAt

LkAcAt þ LtAcAk þ LcAkAt
ð5aÞ

Eeff ¼ Keff
Lw
Ac

¼ Eb
LwAkAt

LkAcAt þ LtAcAk þ LcAkAt
ð5bÞ

where Eb is the modulus of elasticity of the steel core segment.
The definitions of the other geometrical parameters can be
seen in Fig. 2. All these parameters of BRB can be regarded
as continuous variables. This gives the problem its continuous
feature. As a result, two types of design variables, i.e., the
continuous variables of BRBs and the discrete variables of
frame components (columns and beams), will be treated in
the optimization process.

3.2 Constraints

Any rational scheme of BRBFs should comply with some
certain geometrical and conceptual design constraints. To
make the variation in lateral stiffness along structural height
be more reasonable, the area of a column located in the upper
stories should be less than that located in the lower stories. To
facilitate the detailed design of beam-column joints, the width
of the flange of a steel beam should not be greater than that of
the connected columns. To form a rational energy dissipation
mechanism, the structural fuse requirements of BRBs in
Section 2.3 are also taken as constraints here.In addition, at
any beam-column joint, the sum of the plastic bending moments
of the connected columns is required to be larger than that of the
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connected beams in order to guarantee the ductile strong-
column-weak-beam mechanism (AISC 341 2016; GB50017
2017). In this case, the beams are intended to yield before the
columns. It is particularly meaningful to avoid possible un-
favorable progressive collapse patterns of structures under
strong earthquakes.

The check on the requirement of strength and stability
should be carried out during the first design stage (GB50017
2017), e.g., the capacity of the compression-bending columns,
the local and global stability of the beams and columns, the
flexural and shear capacity of the beams, and the axial capac-
ity of the BRBs. Two load effect combinations are included,
i.e., the typical non-seismic design combination of 1.35D +
0.7 × 1.4 L and the typical seismic design combination of
1.2(D + 0.5 L) + 1.3E, where D, L, and E represent the dead
load, live load, and earthquake action, respectively. Themodal
decomposition method combined with the code-specified re-
sponse spectrum (GB50011 2010) is applied to determine the
earthquake response.

Structures that satisfy the abovementioned requirements on
strength and stability are also required to satisfy the constraints
of the deformability limits of structures corresponding to dif-
ferent performance levels. The story drift limits of 0.5%,
1.5%, and 2% are suggested in FEMA 356 (2000) for the
IO, LS, and CP performance levels, respectively. BRBs are
intended to yield but not fail under the LS and CP perfor-
mance levels. As recommended by Usami et al. (2003), the
maximum deformation ductility factor of the BRBs should not
be greater than the allowable limit of 25 for both compression
and tension.

3.3 Objective functions

The first goal of this work is to properly distribute the hyster-
etic energy dissipated by the whole system. The proposed
energy dissipation ratio is used to act as an indicator to mea-
sure the performance of the energy distribution mechanism. In
other words, to achieve a rational energy distribution mecha-
nism is to maximize the BRB energy dissipation ratio at each
story and to minimize the involvement of the steel frame com-
ponents in the dissipation of hysteretic energy. To fulfill this

purpose, the minimum of all story BRB energy dissipation
ratios is controlled in the collaborative optimization.

Minimize : f 1 ¼ max 1−r1; 1−r2; :::; 1−ri; :::; 1−rN
� � ð6Þ

where f1 is the maximum of the frame energy dissipation ra-
tios, ri is the energy dissipation ratio in the ith story, and N is
the number of stories. Note that controlling the total value of
the structural hysteretic energy is not the main goal of this
work since this total value does not vary too excessively with-
in feasible structures that meet the conceptual requirements,
design specifications, and performance design requirements
(the constraints of optimization) when the design conditions,
geometric dimensions, and main component topologies are
fixed.

As usual, the second objective is to minimize the total
material cost, including the cost of the steel beams, columns,
and BRBs. The material cost of the steel beams and columns,
which are directly selected from some databases, can be easily
determined by the product of the total steel amount used and
the unit market price. As far as BRBs are concerned, they are
generally priced in terms of a cost coefficient. Thus, the total
material cost of a BRBF, f2, can be expressed as the following:

Minimize : f 2 ¼ ωbc ∑
i¼1

nbc

ρbcLiAi þ ωbrb ∑
j¼1

nbrb

ρbrbLw jAc j ð7Þ

where ωbc and ωbrb are the market price of the steel components
and BRBs, respectively; ρbc and ρbrb are the density of the steel
components and BRBs, respectively; nbc and nbrb are the number
of beam-column elements and BRB elements, respectively; Li
and Lwj are the length of the ith beam-column element and the jth
BRB element, respectively; and Ai is the area of the ith beam-
column element. It is a discrete variable; Acj is the area of the jth
BRB element. It is a continuous variable.

3.4 Formulation of optimization problem

The problem of the performance-based collaborative optimi-
zation design of BRBFs contains nc real value design vari-
ables for the BRB parameters and nd integer value design
variables for the cross-section of steel beams and columns.

Fig. 2 Details of a BRB
component
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The optimization objective functions include the materi-
al cost and the maximum story energy dissipation ratio
of the steel frame. As discussed previously, the con-
straints consist of those from geometrical and conceptu-
al design requirements, strength and stability require-
ments, and deformation checks within the PBSD frame-
work. Thus, the collaborative optimization formulation
of BRBFs falls into the category of problems known
as multi-objective Mix-Integer Non-Linear Program
(MO-MINLP) problems, as expressed by

Find : C;Df g

¼ c1; c2; :::; ci; :::; cnc; d1; d2; :::; d j; :::; dnd
� �T ð8Þ

To minimize : f 1 C;Dð Þ; f 2 C;Dð Þ ð9Þ
Subject to : gl C;Dð Þ≤0 l ¼ 1; 2; :::; ng ð10Þ
where ci is the value of the ith real value continuous design
variable of the BRBs (i = 1, 2, 3,..., nc) and dj is the value of

the ith integer value discrete design variable of the beams and
columns (j = 1, 2, 3,..., nd). C and D are continuous and dis-
crete design variable vectors, respectively, with C = {c1, c2,...,
ci,..., cnc} andD = {d1, d2,..., dj,..., dnd}; gl is the lth constraint;
and ng is the number of constraints.

The main contribution of the problem formulation in
this work is that the proposed collaborative optimal de-
sign framework for BRBFs, in which the frame compo-
nents and the BRBs are simultaneously treated as design
variables, considers three performance requirements of
BRBF structure corresponding to three hazard-level
earthquakes and containing the constraints to ensure that
the BRBs work as energy fuses. In addition, the energy
dissipation ratio objective is introduced to ensure that
major damage is confined to the replaceable BRBs.
Note that the constraints in this formulation include
the principles of SBSD and DBSD as mentioned previ-
ously, while the concept of EBSD is considered through
introducing the energy-dissipated ratio in the objective

Fig. 3 Individual evaluation
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function. That is, SBSD and DBSD requirements are
strong conditions that any feasible designs must satisfy,
and the EBSD concept is an additional condition that is
used to improve the performance of the structure.

In the optimization process, each individual needs to
be evaluated to calculate the values of the two objective
functions. All the constraints should be satisfied before
the generation of a feasible design. Figure 3 shows the
procedures of the individual evaluation. The OpenSees
program developed by the Paci f ic Ear thquake
Engineering Research (PEER) Center (2016) is used to
establish finite element models and to perform response
spectrum analysis and pushover analysis. The frame-
work of the optimization problem is coded with Tcl
script language, which is able to be seamlessly integrat-
ed with OpenSees.

4 Solution of multi-objective optimization
problem

4.1 Hybrid coding NSGA-II

Among the abovementioned stochastic algorithm, the
GA has received most attention from researchers due
to its robust convergence and easy implementation
compared with those of other methods. The most clas-
sic multi-objective version of GA, non-dominated
sorting genetic algorithm II (NSGA-II) (Dep et al.
2002), is selected as the basis method to solve the
multi-objective optimization (MOO) problem here
mainly because of its proven capability in converging
near the true Pareto optimal set while guaranteeing a
diversity-preserving mechanism (Deb et al. 2002;

Fig. 4 Proposed optimization
framework of BRBFs
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Atamturktur et al. 2015). The original form of real-
coded NSGA-II (Deb et al. 2002) applies binary cross-
over (SBX) and polynomial mutation operators, which
are usually used to solve problems with continuous
real value design variables. When the algorithm is ap-
plied to the case of discrete integer value design vari-
ables, two alternative modifications are available. One
is to use binary encoding, while the other uses
rounded-off real variables to address the integer restric-
tion of decision variables. As a result of the Haiming
Cliff (Herrera et al. 1998), the former modification will
likely override the global optimal solution. For the lat-
ter, some identical results are likely to be generated
during genetic operations. The randomness of the GA
may be reduced. Recently, the Laplace crossover (LX) (Deep
and Thakur 2007a) nd the power mutation (PM) (Deep and
Thakur 2007b) have been introduced into single-objective
GA and exhibit superior efficiency in solving MINLP
problems compared with other algorithms available in the
literature (Deep et al. 2009).

To solve the MO-MINLP problem presented in this work,
LX and PM are adopted into NSGA-II, which is then called
the NSGA-II-LXPM. To be consistent with the hybrid coding
scheme, the operations of crossover and mutation are
performed simultaneously both in the discrete integer value
design variables and the continuous real value design
variables.

The parameterless method proposed by Deb et al. (2002) is
used to deal with constraints during optimization, in which the
effect of the degree of constraint violation during multiple-
objective non-dominated sorting is considered. If a feasible

solution is compared with an infeasible solution, the feasible
solution dominates. If both solutions are feasible, the domi-
nant one is determined by the principle of multi-objective
domination. If none of the solutions is feasible, the solution
with a lower degree of violation is preferred. By the constraint
handling method, the probability of the infeasible solutions in
the population being selected for crossover operation is re-
duced gradually. Thus, the infeasible solutions in the popula-
tion move closer to the feasible domain. It is noteworthy that
finite element analysis is not required when handling the con-
straints from the abovementioned geometrical and conceptual
design rules. To reduce unnecessary computational workload
for achieving higher efficiency, the population is confined to
those individuals satisfying these rules after the operations of
crossover and mutation.

4.2 Proportional probability truncation operator
and duplicate check operator

It is noteworthy that after the operations of crossover
and mutation, the genes encoded by the integers in a
chromosome can possibly generate non-integer gene
values. It is necessary to deal with this aspect before
decoding the genes into the space of design variables.
Thus, a proportional probability truncation operator is
proposed as follows,

x
0
i ¼

int xið Þ 0≤wi < γ
int xið Þ þ 1 wi≥γ

�
ð11Þ

where xi is the non-integer value generated after the
crossover and mutation operations for the genes

encoded by integers; x
0
i is the truncated value of xi; γ

is a random number following the uniform distribution
in the range of [0, 1]; and wi is the decimal part of xi,
wi = xi-int (xi). The probability of rounding up (or down)
is equal to the decimal part of the non-integer value, wi.
Such truncation operation can not only relate it to the
original gene value but also introduce some randomness
in the genes to avoid repetitive generations of identical
integer values.

Unlike the case of SOO, there is a specific goal in a
MOO in addition to convergence to the optimal design
(Pareto optimal set for MOO): maintenance of diversity
in solutions of the Pareto optimal set. For the real-coded
GA, after the operations of selection, crossover and mu-
tation, the offspring that have identical chromosomes
are produced inevitably with a certain probability. In a
MOO case, these two identical individuals overlap each
other in the space of the objective function. We require
the optimizer to find a set of solutions that are non-
dominated and are widely spread over the approximated
Pareto front. Excessive overlapping individuals areFig. 5 A seven-story steel BRBF (units: mm)
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detrimental to the continuity and diversity of the Pareto
front. It can also make the algorithm be premature
during the iteration. To solve this issue, the method
proposed by Mauldin (1984) is applied to record the
values of the chromosomes of all individuals and to
conduct a duplicate check operator in population. The
forced mutation is performed for the duplicate of popu-
lations in order to create different individuals. Such op-
erator can improve the convergence rate and maintain
the diversity of populations. Figure 4 illustrates the
flowchart of the proposed optimization method with
the modified NSGA-II-LXPM.

4.3 Optimal decision-making scheme

The convergence to an absolute optimum solution is not an
inherent property of a multi-objective evolutionary algorithm,
but it is still possible to introduce some specific conditions to
stop the algorithm. In this research, the algorithm is assumed
to converge to a set of Pareto optimal solutions when it has
evolved prespecified maximum number iterations.

The optimal solutions of the multi-objective optimization
problem form a Pareto set in which none of the solutions have
a dominant relation between each other. A decision-maker
should adopt a preference function to choose an ideal solution
from all the alternatives in the set. In design practice, after a
Pareto optimal curve is obtained, some representative optimal
solutions can be considered for final performance assessment.

As far as the collaborative multi-objective optimization prob-
lem is concerned, three cases can be considered, i.e., (1) case
A: the optimal solution having the minimum value of the 1st
objective function; (2) case C: the optimal solution having the
minimum value of the 2nd objective function; and (3) case B:
the optimal solution having the shortest Euclidean distance to
the origin, as determined by Deb and Sundar (2006).

5 Application

5.1 Basic information

Figure 5 shows a seven-story steel BRBF designed in accor-
dance with current Chinese codes (GB50011 2010; GB50017
2017) with a precautionary intensity of 8° (design PGA =
0.20 g), the first seismic design group, and the site classifica-
tion of the I-category. The numbers in the rectangular boxes
represent the group numbers of ten discrete variables, while
those in the circles represent the group numbers of seven con-
tinuous variables. A gravity load is applied on the beams in
terms of uniform distribution loads. The design floor dead and
floor live loads are 4.16 kN/m2 and 2.82 kN/m2, respectively.
The design roof dead and roof live loads are 2.39 kN/m2 and
0.958 kN/m2, respectively. The AISC 341 (2016) section list
is used for the selection of the beams (from 238 I-type sec-
tions) and columns (from 39 W14 sections). The yield
strength of all the beams and columns is 344.74 MPa. The

(a) Feasible designs in 0th, 50th, 150th and 500th

generation

(b) Cost vs Energy-dissipation capacity of BRBF

Fig. 6 Converge history of modified NSGA-II-LXPM. a Feasible designs in 0th, 50th, 150th, and 500th generation. b Cost vs. energy dissipation
capacity of BRBF

Table 1 Values of the optimal objective function of five solutions

Minimum objectives Solutions

1st solution 2nd solution 3rd solution 4th solution 5th solution

f min
1 0.271 0.254 0.268 0.269 0.289

f min
2 61154 60279 65954 63274 61373
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area of the core part of the BRBs varies from 0 (i.e., with no
BRB core) to 64,516 mm2, with the yield strength of
317.16 MPa.

All the analytical models are established by the OpenSees
program in which the beams and BRBs are modeled by the
non-linear beam-column elements and the CorotTruss ele-
ment, respectively, with the same Steel02 material. The
cross-section of the core part of the BRBs is taken as that of
the CorotTruss element, and the equivalent modulus of elas-
ticity is determined by Equation (5). The damping ratio is
assumed to be 2%. In view of the rigidity of the connection
steel plates, all the beams are assumed to be rigidly connected
with the columns, while the BRBs are pin-connected with the
beam-column joints. In addition, the diaphragm is assumed to
be in-plane rigid. As mentioned previously, the limits of story
drift of the BRBF under the IO, LS, and CP performance
levels are 0.5%, 1.5%, and 2% (FEMA 356 2000). During
the optimization process, the response of all elements in each
generation is stored in the memory to obtain the structural
global response. The stored response data of the elements is
released from the memory if the computation of the objective
functions and constraint functions is accomplished.

The parameters for the algorithm are as follows: the scale
of the population is 50, and the scale of the tournament is 2;
the maximum number of iteration is 500; the crossover prob-
ability is 0.95; the mutation probability is 0.01. The

configurations of the BRBs are selected from Tsai and Hsiao
(2008), where the ratios of the section of the connection seg-
ment and transition segments to that of core segment are Ak/
Ac = 2.2 and At/Ac = 1.6, respectively. The normalized lengths
of the connection segment, transition segment, and core seg-
ment with respect to the total specimen are Lk/Lw = 0.24, Lt/
Lw = 0.06, and Lc/Lw = 0.70. The material cost of the steel
frame is evaluated by the density of steel of ρbc = 7850 kg/
m3 and a price of ωbc = 3USD/kg. The material cost of the
BRBs is calculated based on the density of the BRBs of
ρbrb = 46800 kg/m3 and a price of ωbrb = 9USD/kg.

5.2 Results and discussion

As a population-based optimization algorithm, the effi-
ciency of the proposed method is highly dependent on
the first generation. At the beginning of optimization, an
initial population with a scale of 50 is randomly generat-
ed, and only one, 2% of the population size, is proven to
be feasible after checking an enormous amount of con-
straint satisfaction statuses, which seriously affects the
efficiency of the optimization. To this end, the designs
in the initial population are created with a restriction to
satisfy all the geometrical and conceptual design rules
before performing FEA. With this constraint reduction
method, the proportion of feasible designs is increased to

Table 2 Some information of
case A, case B, case C, and case O Design variables Cases

Case A Case B Case C Case O

Column 1 W14 × 120 W14 × 90 W14 × 53 W14 × 873

2 W14 × 53 W14 × 61 W14 × 82 W14 × 455

3 W14 × 74 W14 × 43 W14 × 48 W14 × 873

4 W14 × 53 W14 × 53 W14 × 82 W14 × 398

5 W14 × 38 W14 × 43 W14 × 48 W14 × 257

6 W14 × 43 W14 × 43 W14 × 38 W14 × 398

7 W14 × 38 W14 × 43 W14 × 48 W14 × 257

8 W14 × 43 W14 × 43 W14 × 38 W14 × 398

Beam 9 W16 × 40 W16 × 36 W16 × 40 W27 × 178

10 W18 × 35 W16 × 31 W16 × 31 W27 × 129

11 W16 × 31 W16 × 31 W16 × 31 W24 × 55

12 W16 × 26 W16 × 26 W16 × 31 W27 × 94

Brace (cm2) 13 5.4032 21.0600 58.2332 216.4029611

14 4.4092 20.2601 46.4098 242.2029611

15 4.4079 21.9423 45.0201 222.8529611

16 1.7248 14.6330 38.6200 177.4039653

17 0 11.1528 26.2934 183.8539653

18 0 7.69276 18.5696 94.10055642

19 0 4.51000 12.9943 148.2805564

Objective function f1 1.0 0.4509 0.2538 0.8543

f2 (USD) 60279 97546 237503 949941
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almost 20%. Figure 6 a presents the nine feasible designs in
the first generation, all designs in the 50th generation, 150th
generation, and the Pareto front in the 500th generation. It can
be seen that the population is converging to the Pareto front
during optimization.

The pushover curves of all feasible designs in Fig.6a are
obtained as the roof displacement reaches 3.0% of the total
height of the structure. The energy dissipation capacities, cal-
culated from the pushover curve, are presented with the cor-
responding material costs in Fig.6b. The results indicate that
the feasible designs that satisfy all the design requirements
have an energy dissipation capacity that is proportional to their
costs.

In view of the randomness of the GA, the algorithm has
been tested five times with the parameters defined previously
during the optimization process. Table 1 lists the values of the
optimal objective function of the solutions. The differences
among the values are insignificant, indicating the desirable
stability of the modifiedNSGA-II-LXPM. Three cases located
on the Pareto front of the last generation, i.e., case A, case B,
and case C, are selected by the abovementioned decision-
making scheme. In addition, among the nine feasible designs
in the first generation, case O, the non-dominated design with

the smallest values of both objective functions, is also select-
ed. The four cases are presented in Fig.6a, and their values of
the design variables and the objective functions are listed in
Table 2. Case A has the lowest material cost; nevertheless,
some stories of its primary structure are heavily involved in
energy dissipation. The material cost of case B is 61.8%
higher than that of case A. The BRBs in all stories can accom-
modate at least 55% of the story hysteretic energy dissipation.
The material cost of case C is the highest on the Pareto front,
nearly four times the cost of case A and 2.4 times that of case
B. Case C has the largest BRB energy dissipation ratios
among the three cases. The frame energy dissipation ratios
are less than 0.24, which implies that the BRBs can dissipate
up to 76% of the hysteretic energy dissipated by the corre-
sponding story. However, even if the area of the BRBs in-
creases further, the proportion of hysteretic energy absorbed
by the BRBs shows no increase. That is because the frame
may become weaker compared with the BRBs. In this case,
the BRBs may yield later after the frames and lose their role as
structural fuses, leading to an infeasible design.

The Pareto front formed by 50 optimal solutions after 500
generations is shown in Fig. 7. It is observed that the solutions
can converge at a Pareto front with a smaller objective func-
tion, compared with NSGA-II-LXPM, by the modified
NSGA-II-LXPM and that the diversity of optimal solutions
is greatly enhanced. Figure 8 displays the evolution curve of
the ratio of the Pareto solutions among the populations during
optimization. The original algorithm demonstrates a moderate
fluctuation, and all of the searching processes converge to the
Pareto front at a relatively slow speed. In contrast, the curve of
the modifiedNSGA-II-LXPM fluctuates apparently at the first
half of the evolution process and increases steeply at the latter
half, which indicates that the algorithm searches extensively
when far away from the Pareto front and concentrates on
searching for optimal designs when close to the front. Thus,
as has been said, the modified NSGA-II-LXPM exhibits a

Fig. 9 Distribution of area of BRBs along heightFig. 7 Pareto front obtained by algorithms

Fig. 8 Evolutionary process of Pareto solutions
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higher efficiency in searching for the Pareto front and ensuring
the diversity of the result solutions.

As illustrated by Fig. 9, the BRB areas of the randomly
generated case O distribute irregularly; interestingly, the areas
of the BRBs of all three cases on the Pareto front distribute
almost linearly along the height. In addition, it can be ob-
served that the placement of the BRBs in the lower stories of
the frame is economically more efficient than in case A.

The distribution of the story hysteretic energy dissipation is
illustrated in Fig. 10a. As shown in Fig. 10a, case A tends to
have a relatively uniform distribution of the story hysteretic
energy dissipation, while case B has an inversed triangular
distribution pattern. The maximum story hysteretic energy
dissipation of case C occurs at the third story. The proportion
of hysteretic energy dissipated by the BRBs, in terms of the
BRB energy dissipation ratio, is shown in Fig. 10b. The ratios
of case C are uniformly distributed along the height, varying
between 73 and 76%. In this case, the damage caused by
strong earthquakes in the columns and beams can be substan-
tially reduced. The ratio of energy dissipated by the BRBs in
case O drops dramatically in the fifth story, revealing that case
O has a larger coefficient of variation of the energy dissipation
ratio.

The distributions of the story drifts of the four cases under
IO, LS, and CP performance levels are illustrated in Fig. 11.
Compared with the three optimal designs on the Pareto front,
case O has a more conservative inter-story drift under all three
performance levels, especially under the CP level. As

indicated by the proposed optimization method, the maximum
story drifts of all three cases on the Pareto front are close to the
limit of 2% under the CP performance level. For the other two
performance levels, the code-specified limits are satisfied with
some reserve, especially for the case of the LS performance
level.

As plasticity is developed and concentrated mostly at the
beam-column joints, only damage developed in those regions
is considered and characterized by the modified Park-Ang
model (Kunnath et al. 1992), for the index DIPA. Figure 12
illustrates the damage development of case C under the three
performance levels. At the IO level, all the components, in-
cluding the BRBs, either do not experience damage or expe-
rience slight damage only, satisfying the performance objec-
tive under frequent earthquake. Under the LS level, all the
beams except for those on the top story and the columns in
the first story experience slight damage. The other columns
remain elastic. All the BRBs except for those in the top story
yield. As the intensity of the earthquake increases, the deflec-
tion curve of the frame changes from flexure type to shear-
flexure type. Under the CP level, all BRBs yield and severe
damage is observed in the bottom columns, whose damage
indexes are greater than 0.60. Plasticity is mostly concentrated
on the beams, especially for those in the lower four stories.
The damage of the others is still relatively slight. The strong-
column-weak-beam yield mechanism is achieved. It is
demonstrated that uniform damage distribution along the
height can make BRBFs more ductile.

Fig. 11 Distribution of inter-story drift under different performance levels

(a) Story hysteretic energy ratio (b) BRB hysteretic energy ratio

Fig. 10 Distribution of hysteretic
energy dissipation. a Story
hysteretic energy ratio. b BRB
hysteretic energy ratio
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6 Conclusions

Within the framework of performance-based seismic de-
sign (PBSD), this paper presents a multi-objective col-
laborative optimization method for steel frames with
buckling-restrained braces (BRBF) in order to minimize
the damage of the primary structure, in which the
NSGA-II algorithm is modified and the so-called BRB
energy dissipation ratio is introduced. Based on the val-
idation carried out on a planar seven-story steel frame
with BRBs, some observations have been obtained as
follows:

(1) The proposed optimization method is effective for the
achievement of the automatic design of steel BRBFs.
The NSGA-II-LXPM can be applied to the simultaneous
optimal design of steel frames with integer design vari-
ables for the columns and beams and continuous design
variables for the BRBs. The proportional probability
truncation operator and the duplicate check operator in-
troduced can accelerate the convergence of the modified
NSGA-II-LXPM and increase the diversity of the Pareto
solutions. As multiple iterations can obtain close optimal
solutions, the algorithm is proven to be repeatable and
stable.

(2) The consideration of the strength-related code provisions
can make all structural components maintain their elas-
ticity under frequent-level earthquakes. With structural
fuse conceptual introduced as constraint in optimal de-
signs, BRBs can yield before the frame components and
work as fuses under moderate-level earthquakes, after
which the strong-column-weak-beam yield mechanism
can be well achieved. In the case of rare-level earth-
quakes, the damage can concentrate on the replaceable
BRBs through the introduction of the energy dissipation
ratio objective.

(3) The results from the example steel frame indicate that the
placement of BRBs in the lower stories is economically
efficient. The feasible designs that satisfy all the design
requirements have an energy dissipation capacity that is
proportional to their costs, and BRBs installed in steel
frames can dissipate up to 76% of the hysteretic energy
dissipated by the corresponding story. The BRB areas of
Pareto optimal designs vary almost linearly along the
height of the stories. In addition, as the earthquake inten-
sity increases, the deflection curve of the frame changes
from the flexural shape to the shear-flexural shape; the
inter-story drift limitations under major earthquakes are
the active constraints compared with the minor and me-
dium earthquakes. The desirable brace-beam-column
damage evolution tendency is exhibited in the BRBFs
designed with the proposed collaborative optimization
framework.

7 Replication of results

The results presented in this article are produced based on the
NSGA-II algorithm, finite element model build in OpenSees,
and part of our in-house code in Tcl scripts. Code and data for
producing the presented results will be made available upon
request.
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