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Abstract
An approach for multi-discipline automatic optimization of the hydraulic turbine runner shape is presented. The approach
accounts hydraulic efficiency, mechanical strength and the weight of the runner. In order to effectively control the strength
and weight of the runner, a new parameterization of the blade thickness function is suggested. Turbine efficiency is evaluated
through numerical solution of Reynolds-averaged Navier-Stokes equations, while the finite element method is used to evaluate
the von Mises stress in the runner. An objective function, being the weighted sum of maximal stress and the blade volume, is
suggested to account for both the strength and weight of the runner. Multi-objective genetic algorithm is used to solve the
optimization problem. The suggested approach has been applied to automatic design of a Francis turbine runner. Series of three-
objective optimization runs have been carried out. The obtained results clearly indicate that simultaneous account of stress and
weight objectives accompanied by thickness variation allows obtaining high efficiency, light and durable turbine runners.

Keywords Hydraulic turbine runner . Thickness function . Three-dimensional flow simulation . Finite element analysis . Genetic
algorithm

1 Introduction

Multidisciplinary design optimization techniques become
more and more applied in the field of turbomachinery due to
the rapid development of high-performance computers, nu-
merical methods and multi-objective optimization algorithms.
It offers the capability of automated design of complex three-
dimensional shapes of flow passages of fans, compressors,
pumps and turbines, satisfying a number of multi-physics ob-
jectives. In the case of hydraulic turbines these objectives

formulate the hydrodynamic, structural, and economical re-
quirements to the shape of the flow passage.

The runner is the most complex and the most unique part of
the Francis hydraulic turbine, Fig. 1. It is specially designed
for any new project. Runner geometry determines the power
of the turbine, its efficiency, durability and safety of operation.
The runner operates in a variety of regimes, experiencing
strong static and dynamic loadings and cavitation. That’s
why at the stage of turbine design the greatest attention is paid
to the runner.

The main requirements to the runner geometry are:

– high efficiency in a wide, prescribed range of operating
points;

– the absence or at least minimal amount of cavitation,
aimed to minimize cavitation erosion;

– limited static and dynamic stresses to avoid unit destruc-
tion and ensure reliable operation through years.

Therefore, the runner design is inherently a complex multi-
objective multiple operating point optimization problem.

There are number of publications devoted to the develop-
ment and application of automatic design and optimization
tools, based on CFD analysis of the fluid flow in turbine flow
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passage, see (Cherny et al. 2008, Kurosawa and Nakamura
2009, Flores et al. 2012) among others. The general problem
statement is to find the runner geometry providing the best
performance with some geometrical and cavitational con-
straints. Earlier papers considered one-operating point effi-
ciency maximization, while the later, such as (Enomoto et al.
2012; Lyutov et al. 2015), suggested multiple operating point
optimization techniques. Commonly, the hydraulic perfor-
mance is being evaluated in frames of the steady state
Reynolds-averaged Navier-Stokes (RANS) equations.
Usually runner geometry is defined by the values of 20–40
free parameters, and evolutionary algorithm is used to guide
the search for the optimal solution. Approximate (surrogate)
models are frequently used to accelerate the convergence of
the genetic algorithm (Marjavaara and Lundström 2007;
Georgopoulou et al. 2008; Risberg et al. 2008).

Structural analysis has been incorporated first into the de-
sign process of aerodynamic turbomachines, such as fans,
compressors, and wind turbines. Pierret et al. (2007)

considered automatic shape optimization of a compressor
blade using fluid and structural analysis. At that the aerody-
namic computations have been performed in three operating
points. The optimization was guided by genetic algorithm
assisted by a surrogate model. Successful coupled aerodynam-
ic and structural optimization of a transonic fan has been per-
formed by Joly et al. (2014). These authors emphasized the
importance of thickness variation for providing the strength of
the rotor blades.

The first reference regarding the fluid and structural opti-
mization of the hydraulic turbine runner was the conference
paper of Mazzouji et al. (2004). There the structural analysis
of the runner was performed using the simplified shell-model
approach, avoiding the solution of elasticity equations in the
blade volume. Risberg et al. (2008) also considered fluid flow
and mechanical optimization of the Francis turbine runner.
During the optimization the structural analysis was performed
using the finite-element method (FEM). In (Bannikov et al.
2010) we suggested the runner shape optimization technique
that accounts for both hydraulic efficiency of the whole tur-
bine and the runner strength. VonMises stress was used as the
strength objective function. However, in that paper the stress
analysis was performed for isolated blade, firmly mounted to
the runner crown. Moreover, blade fillets were not taken into
account.

Stadler and Celic (2015) performed a coupled fluid and
structural optimization of a guide vane profile of a pump-tur-
bine. Both static and dynamic stresses as well as guide vane
efficiency were accounted as constraints in that paper. The
guide vane volume was the objective. It was able to obtain
thinner but durable guide vane profiles. Moreover, the obtain-
ed optimal solutions with thinner profiles were also superior in
terms of hydraulic efficiency.

Considering the runner geometry optimization the cost of
the runnermanufacturing is an additional objective that should
to be taken into account. At present the cost of the Francis
runner is nearly proportional to its metal consumption, or sim-
ply to its weight. At that the blades give about one half the
total runner weight. Therefore the lighter the blades the
cheaper the runner. Another advantage of the light runner is
a reduced axial thrust, which is beneficial for mechanical de-
sign of the bearings and of the entire unit. Note that the weight
reduction is now a common objective in the area of wind
turbine optimization, see for example (Wang et al. 2011),
(Liao et al. 2012), (Hu et al. 2016). However, in the field of
hydraulic turbines this issue has not been addressed before.

The strength and weight properties of the runner are effec-
tively controlled by distribution of the blade thickness. Besides
this, blade thickness affects efficiency and cavitation character-
istics of the runner. Indeed, the thinner the blade the smaller the
drag, and hence, the higher the efficiency of the turbine near the
best efficiency operating point (BEP). From the other hand, thin
leading edges are prone to flow separation and leading edge

Fig. 1 Francis hydraulic turbine (up) and its runner (down)
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cavitation at non-optimal attack angles. Therefore thickness dis-
tribution needs to be varied, especially if we want to account
strength and weight objectives during the process of runner op-
timization. Different approaches for parameterization of blade
thickness distribution are discussed in (Ferrando 2005).

Recently we suggested an approach for automatic optimi-
zation of Francis (Cherny et al. 2008; Lyutov et al. 2015) and
Kaplan (Semenova et al. 2014) runners and their draft tubes.
In (Lyutov et al. 2015) the runner shape was parameterized by
24 design parameters, while 9 design parameters were used
for the draft tube. Although thickness distribution was kept
constant, this approach proved to be very effective for im-
provement of the whole turbine performance.

The present paper advances the above approach and
suggests:

– a novel parameterization of the blade thickness function;
– a new objective function, taking into account both maximal

stress in the runner and its weight (metal consumption);
– a problem statement and an approach to multi-criteria

optimization of Francis turbine runner shape, allowing
to simultaneously increase the hydraulic efficiency of
the turbine in a wide range of operating points, as well
as reduce maximal stresses and weight of the runner.

The paper is organized as follows. Section 2 describes the
parameterization of the blade thickness distribution. Section 3
briefly outlines the optimization workflow based on multi-
objective genetic algorithm. Governing equations, boundary
conditions, and numerical algorithm for fluid flow simulations
are discussed in Section 4. Section 5 describes the finite ele-
ment approach for mechanical evaluation of the runner geom-
etries. A new objective functional, accounting for both runner
stress and runner weight is given Section 6. The developed
optimization methodology is applied for the design of Francis
turbine runner from a real rehabilitation project. Three distinct
three-objective optimizations are performed in Sections 7, 8 in
order to demonstrate the capabilities of the presented optimi-
zation approach and the advantages of thickness variation in
providing efficient, light and durable runner blade geometries.

2 Parameterization of thickness distribution

Francis turbine runner consists of crown, band and a num-
ber of blades, as shown in Fig. 1. For the task of optimi-
zation the runner shape is represented by the set of its
geometrical parameters x = (x1,…, xn). Parameterization
of the median blade surface (16 free parameters), meridian
projections of leading edge (LE), trailing edge (TE), band
and crown (8 free parameters, see Fig. 2) is described in
(Lyutov et al. 2015). Let us consider in detail the parame-
terization of the blade thickness function.

The surface of the runner blade consists of а pressure side
and а suction side that can be defined in the following way:

rp t; sð Þ ¼ rm t; sð Þ þ d t; sð Þ⋅n t; sð Þ
rs t; sð Þ ¼ rm t; sð Þ−d t; sð Þ⋅n t; sð Þ

�

Here

t ∈ [0, tmax] and s ∈ [0, smax] are the natural parameters of
the median surface, Fig. 3;

rm(t, s) is the radius-vector of the
median surface;

rp(t, s)and rs(t, s) are the radius-vectors of pressure
and suction sides, respectively;

d(t, s) is the thickness function, see
Fig. 4;

n(t, s) is the unit normal to the median
surface, pointed out towards the
pressure side.

Fig. 2 Variation of median (RZ) projection of Francis runner

Fig. 3 (t,s)-parameterization of median blade surface
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Let d0(t,s) be the thickness function of the initial blade.
Define sm(t) as a position of the maximal thickness for given
t, Fig. 5. Let dm(t) = d(t, sm(t)) be the maximal thickness of
the blade profile for given t. It is assumed that sm(t) and dm(t)
are the quadratic functions of t. Thickness variation is imple-
mented through variation of the following 6 parameters, de-
fining the shape of sm(t)and dm(t), see Fig. 5:

& sm1 = sm(0), sm2 = sm(tmax/2), sm3 = sm(tmax) are the posi-
tions of maximum thickness in the crown, in the middle,
and in the band sections, respectively;

& dm1 = dm(0), dm2 = dm(tmax/2), dm3 = dm(tmax) are the max-
imum thicknesses in the crown, in the middle, and in the
band sections, respectively.

In the final step the modified thickness function d(t, s) is
constructed for each t by scaling the blade profiles of the initial
blade d0(t, s) to fit the new position sm(t) and the value of
maximal thickness dm(t).

3 Optimization strategy

Assuming that for every runner geometry x = (x1,…, xn)
the corresponding objective functions Fi(x) can be eval-
uated, the task of runner optimization can be formulated
as follows. Find the vector of parameters x∗, providing
the minimum values of all the objective functions. Since
the problem is multi-objective, the solution is not a
unique point x∗, but a Pareto set. For finding Pareto
set we utilize multi-objective genetic algorithm (MOGA),
based on the works of Fonseca and Fleming (1993)
and Horn and Nafpliotis (1993). The algorithm is de-
scribed in (Cherny et al. 2008). In the present paper the
real-coded version of MOGA is used. No surrogate
models were used to accelerate the convergence of
MOGA. In order to reduce the optimization time, eval-
uation of the objective functions for different individuals
within the population is parallelized using MPI. Each indi-
vidual is computed at its own processor of the computational
cluster.

Fig. 4 Thickness function d(t,s)

Fig. 5 Parameterization of
thickness distribution
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The optimization workflow is shown in Fig. 6. The follow-
ing actions are automatically performed for every modifica-
tion of runner geometry.

1. Reconstruction of the runner surface.
2. Generation of finite volume mesh for CFD analysis.
3. CFD analysis for each considered operating point.
4. Generation of finite element mesh for FEM analysis.
5. Interpolation of pressure field, computed in step 3, onto

the surface nodes of FEM mesh.
6. Computation of stress-strain field in the runner (FEM

analysis).
7. Evaluation of the objective functions: efficiency, stress,

cavitation, etc.

Typically, 30–60 generations of about 100 individuals need
to be computed to obtain virtually converged Pareto front.

4 Fluid flow analysis

During the automatic optimization the CFD analysis of each
runner geometry is performed in order to evaluate its efficiency
and cavitation characteristics. For that the 3D flow-field in tur-
bine flow passage is computed in frames of steady state incom-
pressible Reynolds-averaged Navier-Stokes (RANS) equations:

%
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þ ∂u2
∂x2

þ ∂u3
∂x3

¼ 0; ∑
3

j¼1

∂ uiu j
� �
∂x j
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∂
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þ f i; i ¼ 1; 2; 3;

ð1Þ

where (u1, u2, u3) is the velocity vector, p̂ ¼ p=ρþ 2k=3, p is
the pressure, ρ is the density. Stationary reference frame is used
for static domains (wicket gate channel and draft tube), while the
rotating reference frame is used for the runner. Thus, f1 = x1ω

2 +
2v2ω, f2 = x2ω

2 + 2v1ω, f3 = g, g = 9.81 m2/s, where ω is the an-
gular velocity of runner rotating around the x3 axis, while ω = 0
for the wicket gate and the DT. The standard k − ε eddy-
viscosity model with log-law wall functions is used for
the turbulence closure. This model provides a good bal-
ance between computational robustness and accuracy of
efficiency evaluation.

For the solution of RANS equations an in-house CFD solv-
er described in (Cherny et al. 2006a, b) is used. Pressure and
velocity fields are linked together using artificial compress-
ibility approach (Rogers et al. 1991). In this approach the
solution of steady state RANS (1) is sought as the limit of
time-dependent solution of unsteady RANS equations, modi-
fied by adding time derivative of pressure into continuity
equation. The modified unsteady RANS equations are
discretized using implicit finite-volume scheme. Spatial accu-
racy of the scheme is determined by the accuracy of flux
evaluation through the faces of mesh cells. Third order accu-
rate MUSCL scheme is used for evaluation of inviscid fluxes,
while 2nd order central difference scheme is used for evalua-
tion of viscous fluxes. The use of time-implicit discretization
leads to a large system of non-linear discrete equations at
every time level. Since only steady state solution of the dis-
crete equations is of interest, non-linear system of discrete
equations is linearized and approximately LU-factorized.
Thus the solution at the next time level is efficiently obtained
using two sweeps of computational domain. In the case of
structured mesh forward sweep is done in the direction of
increasing cell indexes (i, j, k), while backward sweep is done
in the opposite direction.

Fig. 6 Schematic workflow of
runner optimization
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Computational domain consists of one wicket gate (WG)
channel, one runner channel and the whole draft tube, Fig. 7.
This approach, called periodic stage approach, assumes that
the flow-fields in all the WG channels, as well as in all the
runner channels are the same. The use of periodic stage ap-
proach with rotating runner domain requires special treatment
of “wicket gate – runner” and “runner – draft tube” interfaces.
The present paper employs commonly used “mixing plane”
approach, consisted in circumferential averaging of flow pa-
rameters (p, Vr, Vz, Vu, k, ε) before passing them from one
domain to another. Here Vr, Vz, Vu are the radial, axial, and
circumferential components of the velocity field.

Constant total flow energy and constant flow angle are
specified in the WG inlet, while hydrostatic pressure distribu-
tion is specified in the outlet cross section (Panov et al. 2012).
With this statement of boundary conditions the discharge is
found as a part of the solution.

A block structured mesh employed for the computations is
shown in Fig. 7. The mesh consists of about 57,000 cells for
WG domain, 68,000 cells for runner domain, and 100,000
cells for the DT. The benefit of using the hexahedral mesh is
the higher solution accuracy especially near the boundary
layers. An example of pressure distribution in the runner ob-
tained in the computations is shown in Fig. 8. This pressure
field is subsequently applied as a boundary condition for me-
chanical computation.

Efficiency of the turbine is evaluated from the formula

η ¼ Mω
ρgQH

ηmechηvol ð2Þ

where M is the computed hydrodynamic torque acting on the
runner, Q is the computed discharge, Н is the given turbine
head, ηmech is the mechanical efficiency accounting disk
friction losses; ηvol is the volumetric efficiency taking
into account flow leakage. Note, that ηmech and ηvol
are close to unity and can be assumed constant for the case
of runner optimization.

In order to demonstrate the capabilities of CFD code, Fig. 9
shows the comparison of turbine efficiency, computed and
measured experimentally for turbine of specific speed

nq ¼ nQ0:5=H0:75 ¼ 72. Four computational meshes are used
in Fig. 9: mesh1 (~97.000 cells in total), mesh2 (~225,000
cells), mesh3 (~316,000 cells), and mesh4 (~1060,000 cells).
Mesh3 is 1.5 times finer in all spatial directions than
mesh1, mesh4 is 1.5 times finer than mesh3. Mesh2 is
similar to that, shown in Fig. 7. It can be seen that the
value of efficiency gradually increases with mesh refine-
ment. However the computed results are in good agree-
ment with experimental data even for the coarse mesh.
Starting from mesh2, CFD computations predict the ef-
ficiency with a good level of accuracy (~0.4%), which
is comparable to the error of efficiency measurements
on the test rig (±0.2%). From this analysis mesh2 is
taken for optimizations in Sec. 7, providing a good lev-
el of prediction accuracy at reasonable computational
efforts.

Fig. 7 Computational domain
and mesh for CFD analysis

Fig. 8 Computed pressure contours in the runner domain

632 D. V. Chirkov et al.



Cavitation is another important characteristic of turbine
flow. Thorough approach for evaluation of cavitation charac-
teristic requires series of two-phase flow simulations for dif-
ferent values of Thoma number (Panov et al. 2012). However
this approach is laborious to implement within the optimiza-
tion loop. In frames of single-phase incompressible Navier-
Stokes (1) the cavitation characteristic can be approximately
estimated through the analysis of size and position of cavita-
tion zone, the area on suction side of the runner blade, where
pressure drops below the vapor pressure. In order to quantify
the amount of cavitation, a relative area of cavitation zone
Acav = Scav/Ssuc is computed for each runner modification.
During the optimization Acav can be used as a constraint or
objective function.

5 Structural analysis

During the operation the runner is subject to hydrodynamic,
gravity, and centrifugal forces. Since periodic runner approach
is assumed in frames of CFD analysis, the mechanical analysis
is also performed in frames of the periodic approach. One
runner blade, complemented with a crown sector and a band
sector, is computed, Fig. 10. Finite element mesh in the solid
body, automatically generated for FEM analysis is also shown
in the figure. The stresses are usually concentrated in the blade
near the crown and the band. In the process of runner
manufacturing the attachments of the blade to crown and band
surfaces are rounded by welded fillets. The fillets dramatically
reduce the stresses in the runner. Therefore it is necessary to
account for the fillets at the stage of stress computation.
Figure 11 is the close view of the finite element mesh near
the crown, showing the fillets.

Evaluation of static stress distribution is found in frames of
linear elasticity equations using finite element method from
Ansys package v14.0. Boundary conditions are the following.

Pressure field obtained as the result of CFD computation is
applied to the blade and to the internal surfaces of crown and
band. Zero pressure is set at the outer surfaces of crown and
band. Rigid attachment (zero displacements) is set at the sur-
face where the runner is connected to the shaft. Cyclic peri-
odicity condition is applied at periodic boundaries.

The estimation of runner strength is based on the vonMises
stress σ, evaluated as

σ ¼ 0:5
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ11−σ22ð Þ2 þ σ22−σ33ð Þ2 þ σ33−σ11ð Þ2 þ σ212 þ σ223 þ σ2

31

� �q

where σij are the components of the stress tensor. At the stage
of runner design it is necessary to provide that maximal von
Mises stress σmax = max(σ) meets the condition

σmax≤ασс: ð3Þ

Fig. 9 Efficiency versus discharge: mesh refinement study

Fig. 10 Mesh and boundary conditions for FEM analysis

Fig. 11 Blade fillets at the crown
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Here σс is the yield stress of the steel and α < 1 is the
required safety factor. Typically, α~0.3. Inequality (3) can
serve as a mechanical constraint for optimization. However,
in the present paper the stress is accounted as an objective
function to be minimized. The stress objective function is
the ratio of the maximum stress of the given runner modifica-
tion to the maximum stress of the initial one,

S2 ¼ σmax

σmaxð Þinitial
: ð4Þ

Considerations behind taking the stress as one of the ob-
jective functions (instead of using a simple constraint (3)) are
the following. During the operation, the stress field in the
runner consists of static part and dynamic part. Dynamic
stresses are the result of unsteady flow phenomena, caused
by rotor-stator interaction, vortex rope rotation and so on.
Frequency and amplitude of these pulsating stresses determine
the lifetime of the runner, and thus, are of great importance for
turbine designers. However, accurate computation of the dy-
namic stresses requires unsteady CFD simulation of the flow
field. One of the approaches used in practice, estimates the
value of the dynamic stresses as a certain fraction of the static
stress, σdyn ≃ a ⋅ σstatic, where a is an empirical constant.
Therefore minimization of static stress should reduce the dy-
namic part as well.

6 New stress-weight functional

Preliminary optimization computations have shown that re-
ducing the stresses in the runner generally increases the blade
thickness. As the result the weight of the runner is accordingly
increased. In order to effectively account for the runner weight
a new objective function is proposed. The new objective is a
weighted sum of the relative maximum stress and the relative
volume of the blade:

F2 ¼ w1 S2 þ w2Vb; ð5Þ

where S2 is defined in (4), while Vb is the ratio of the blade
volume of the given runner to the blade volume of the initial
one. In this paper the weights are taken w1 =w2 = 0.5.

7 Optimization problem

The above methodology is applied for the optimization of a real

Francis turbine runner of specific speed nq ¼ nQ0:5=H0:75 ¼
70. Here n = 2πω/60 is the rotational speed of the runner [rpm].
Human designed runner has been taken as the initial geometry.
The initial geometry is good enough in terms of the fluid flow

efficiency, but it is nearly at the safety margin in terms of the
mechanical strength, although the strength constraint (3) is sat-
isfied. Hence, we consider a multi-disciplinary optimization of
the initial runner, aiming to increase the hydraulic efficiency in
the wide range of operating points and to reduce the maximum
von Mises stress in the runner.

Let H∗ be the nominal head of the turbine, and Q∗ be the
optimal discharge of the initial runner. The desired operating
range for this turbine spans from part load operating point
(Q ~ 0.8Q∗) to full load operating point (Q ~ 1.2Q∗). In terms
of head, the operating range spans 0.86H∗ to 1.4H∗,
Fig. 12. Ideally, during the optimization one has to take
into account the performance of the runner in the whole
operating range. However, this approach requires CFD
computation of dozens of operating points for each it-
eration of runner geometry (Enomoto et al. 2012). In
the present paper, in order to save computational re-
sources, only two representative operating points have
been selected for the task of optimization, see Fig. 12.
First operating point (OP1) corresponds to part load Q ~
0.9Q∗, while the second (OP2) is located in high load zone,Q
~ 1.15Q∗. Both operating points are at nominal head H∗. The
operating points are specified by the corresponding guide
vane opening a0, as shown in Fig. 13. Hence, the first two
objective functions to be maximized are the efficiencies in
OP1 (η1), and in OP2 (η2).

Along the whole operating range of the hydraulic turbine,
maximal static stress in the runner is usually observed in high
load operating points. Therefore stress related objectives, S2
and F2, are evaluated in OP2.

Cavitation is accounted as a constraint on the relative area
of cavitation zone on the suction side of the runner blade:
Acav = 0 for OP1 and Acav ≤ 0.2 for OP2. Note, that initial
runner design satisfy these constraints.

Fig. 12 Efficiency hill-chart for the initial runner
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In order to investigate the effect of thickness varia-
tion and the effect of stress-weight objective, three distinct
optimization runs have been carried out, Table 1. The shape of
the blade median surface and meridian projection of the run-
ner (24 design parameters in total) were variable in all the
optimizations. In Opt1 the thickness function was kept
constant, while in Opt2 and Opt3 the variation of thick-
ness function was turned on, according to Section 2.
This gives 6 additional design parameters. The objective func-
tions for the optimization runs are summarized in Table 1.
Note that in Opt3 the new stress-weight function F2 is activat-
ed instead of S2.

All the computations share the same parameters of MOGA
algorithm. The initial population size is 288, while in subse-
quent generations the population size is 144. The number of
generations is 60, which seemed to be enough visual conver-
gence of the Pareto fronts.

8 Results

Figure 14 shows the results of Opt1. Shown is a projection of
the obtained 3-dimensional Pareto set to the plane of first two
objective functions, η1 and η2. Note that the efficiencies are
normalized by the efficiency η∗ of the initial runner at BEP.
The value of the stress objective is shown by the color. The
initial runner geometry is also shown in Fig. 14. It can be seen
that even with thickness variation turned off, the hydraulic
efficiency and the strength of the runner are significantly im-
proved during the optimization. Although the stress in the
initial runner is relatively high, it fulfills the requirement (3).
In this regard, all the solutions of Pareto set with η2/η∗ > 0.994
are acceptable in terms of the stress. Therefore, the solutions
from the efficiency envelope of the Pareto projection,

providing the best runners in terms of efficiency, can be taken
for further analysis, see Fig. 14. Next, although the efficien-
cies in OP1 and OP2 served as independent objectives in the
optimization problem, we are primarily interested in the solu-
tions, uniformly increasing both the η1 and η2. This require-
ment guarantees to some extent that the position of the best
efficiency point will not shift along the discharge axis. The
corresponding sector of acceptable solutions is shown in grey
in Fig. 14. Regarding the above considerations, the solution
R1, marked in Fig. 14, is taken as a representative tradeoff
solution. It has the uniformly increased efficiencies by about
0.7% in OP1 and OP2, and reduced stress functional, see also
Table 2. Note that the volume of the R1 blade is 11% higher
than that of the initial runner. This is due to the extension of
the blade length.

Figure 15 shows the results of the second optimiza-
tion run, Opt2. It is clear that addition of thickness
variation allowed to significantly decrease the stress of
the obtained geometries. Indeed, for all the runners from
the obtained Pareto the value of S2 is less than 0.75.
Moreover, both η1 and η2 at the efficiency envelope
were also enhanced. These results show the benefits of

Fig. 13 Guide vane opening for OP1 and OP2

Table 1 Parameters of the optimization runs

Opt. run Variation of thickness Objectives

Opt1 No η1, η2, S2
Opt2 Yes η1, η2, S2
Opt3 Yes η1, η2, F2

Fig. 14 Pareto front of Opt1, projected on the field of efficiencies η1, η2

Table 2 Comparison of the selected runner geometries

Runner geometry Opt. run η1/η∗ η2/η∗ S2 Vb

Initial – 0.9969 0.9902 1 1

R1 Opt1 1.0037 0.9974 0.8464 1.1114

R2 Opt2 1.0049 0.9987 0.6614 1.0588

R3 Opt3 1.0050 0.9989 0.8769 0.8777

R4 Opt3 1.0042 0.9992 0.7041 0.8479

Multi-objective shape optimization of a hydraulic turbine runner using efficiency, strength and weight... 635



optimizing the blade thickness function. Bringing up the
same considerations as in Opt1, a representative solution
R2 has been selected from the Pareto set, Fig. 15. The
parameters of R2 are listed in Table 2. Surprisingly, the blade
volume of R2 is even smaller than for R1, however, it is still
5% larger than for the initial runner.

Figure 16 shows the results of the third optimization run,
Opt3. The points of the Pareto set are again colored by the
value of stress, although the stress itself is no more the objec-
tive. Since no explicit constraints on the stress were imposed,
many of solutions from the efficiency envelope have a high
value of stress, comparable to the stress in the initial runner.
However, there are also low stress solutions (S2~0.75) in the

efficiency envelope, and especially in the vicinity of the en-
velope (subset A). Two representative solutions have been
selected from the Pareto set, R3 and R4, see Fig. 16. It can
be seen from Table 2 that they are comparable to R2 in terms
of hydraulic efficiency. Next, the value of stress is significant-
ly smaller than that for the initial runner. At that the blades of
R3 and R4 are 12% and 15% lighter than the blade of the
initial runner. This means that simultaneous account of stress
and weight accompanied by thickness variation allowed us to
obtain the high efficiency, light and durable turbine runner
geometries.

Figure 17 shows the comparison of thickness func-
tions of the initial and optimized runners. Figure 18
shows the distribution of von Mises stress in the run-
ners. It can be seen that in R2 and R4 the concentration
of stress near the crown has been considerably reduced
compared to initial runner and R1. Probably, this is due
to the application of the optimized thickness function
with maximal thickness in the crown section switched
downstream. Figure 19 shows the comparison of median
surfaces of all the considered blades, demonstrating the
variety of the optimal solutions.

During the optimization the efficiency of the runners was
evaluated only in two operating points, OP1 and OP2. In order
to make a strict comparison of the runners we need to check
their performance in the whole operating range. For that CFD
computations of 96 operating points have been carried out,
with flow rate ranging from 0.76Q∗ to 1.22 Q∗, and head
ranging from 0.86H∗ to 1.4H∗. Figure 20 shows the computed
efficiency versus flow rate graph, evaluated for the initial and
the selected optimal runners, at nominal head H∗. Efficiency
hill-charts of Initial and R4 runners, showing turbine efficien-
cy as function of discharge and head, are plotted in Fig. 21.
Figures 20 and 21 confirm that the efficiency was consistently
increased in the wide range of operating points, from part load
to OP2. At that all the selected optimal runners have similar
efficiency curves, satisfying the design objectives. However,
at very high discharge (Q > 1.2Q∗) and high heads the
performance of the optimized runners drop below the
performance of the initial runner. This is a shortcoming
of two-operating points optimization. Although acceptable for

Fig. 15 Pareto front of Opt2, projected on the field of efficiencies η1, η2

Fig. 16 Pareto front of Opt3, projected on the field of efficiencies η1, η2 Fig. 17 Thickness distributions of the Initial, R2 and R3 runners
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the current turbine, this steep efficiency descent at high dis-
charge might be undesired for the other projects. The possible

cure for this deficiency would be to take OP2 at higher dis-
charge, or to compute efficiency in more than 2 operating
points during the optimization.

Figure 22 shows the pressure fields on the blade suction
side for initial runner design, R2, R3, and R4 designs in op-
erating point OP2. Black areas are cavitation zones. It can be
seen that optimized runners nearly eliminated leading edge
cavitation zone, clearly seen in the initial runner. Moreover,

Fig. 18 Stress distribution on the
pressure side of the runner: initial
blade (a), R1 (b), R2 (c), and R4
(d)

Fig. 19 Median surfaces Fig. 20 Computed efficiency hill-charts for constant head (H =H∗)
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in optimized runners the main cavitation zone is shifted down-
stream, which is beneficial in terms of cavitation performance.
Therefore one would expect that cavitation characteristics of
the optimized runners are similar (if not better) to that of the
initial runner.

In order to explore the design space and the Pareto
front of Opt3, all the runner modifications considered in
Opt3, are shown in Fig. 23. The runner modifications
(individuals) are plotted in the plane of relative stress
and relative blade volume. It can be seen that in frames
of the adopted parameterization the stress can be re-
duced twice, while the blade volume can be reduced
by 30%. The points of the Pareto set and its subset A,
as well as R3 and R4 are also shown in Fig. 23. The figure
shows that there are plenty of points of subset A in the area
S2~0.75, V2~0.85 to choose from. It confirms that the stress
and the blade volume have been systematically reduced dur-
ing the optimization.

9 Conclusion

A novel approach for multi-operating point multi-discipline
optimization of the hydraulic turbine runner shape is present-
ed. It accounts for the main requirements to the runner, being
the high hydraulic efficiency, runner strength and cost of run-
ner manufacturing. The latter is assumed to be proportional to
the weight of the runner. In order to effectively control the
strength and weight of the runner, a new parameterization of
the blade thickness function is suggested. The total number of
free parameters, describing the runner is 30, with 6 of them
responsible for thickness function. The proposed thickness
parameterization proved to be efficient for manipulating both
the stress and the weight of the runner blade.

The multi-objective optimization problem is solved using
the well-known genetic algorithm MOGA. Three-
dimensional CFD simulations are performed to evaluate hy-
draulic efficiency and cavitation characteristics, while FEM
analysis of the runner is performed to evaluate its strength.
Turbine efficiency is evaluated in two representative operating

Initial R2 R3    R4

Fig. 22 Pressure field and surface streamlines on suction side of the runner blades

Fig. 21 Comparison of the efficiency hill-charts for Initial and R4 runners

Fig. 23 All individuals, computed in Opt3 (marked as grey « + »). Black
circles are the Pareto set. Filled black squares are the subset A of the
Pareto set, indicated in Fig. 16
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points, corresponding to part load and high load operation.
This approach effectively accounts for the wide operating
range of the turbine and avoids CFD computation in many
operating points. The strength objective is the maximal von
Mises static stress in the runner, evaluated in high load oper-
ating point. An alternative objective function, being the
weighted sum of maximal stress and the blade volume, is
suggested to account for both the strength and weight of the
runner.

The suggested approach has been applied to the automatic
design of a real Francis turbine runner. The series of three-
objective optimization runs have been carried out. The obtained
results indicate that in case of thickness variation both stresses
and weight of the runner can be considerably reduced (by about
15%) with no deterioration of the efficiency. Moreover, the
efficiency is even increased by 0.8%. Subsequent analysis of
the selected optimal geometries showed uniform improvement
of the efficiency from part load to full load. Hence the proposed
optimization approach seems to be promising for practical ap-
plication in hydraulic turbomachinery.

It should be noted that the blade shape and especially the
thickness distribution affect the mechanical eigen frequencies
of the runner. If eigen frequencies become close to the fre-
quencies of rotor-stator interaction or the shedding frequency
of von Karman vortices, the resonance can occur, leading to
noise, vibration and high dynamic stresses in the runner.
Therefore in future it is desirable to compute and account for
the runner eigen frequencies in frames of the optimization
cycle. Dynamic loadings on the structure should also be taken
into account as suggested in Stadler and Celic (2015). These
issues will be addressed in future investigations.
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