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Abstract Uncertainty with characteristics of time-dependen-
cy, multi-sources and small-samples extensively exists in the
whole process of structural design. Associated with frequent
occurrences of material aging, load varying, damage accumu-
lating, traditional reliability-based design optimization
(RBDO) approaches by combination of the static assumption
and the probability theory will be no longer applicable when
dealing with the design problems for lifecycle structural
models. In view of this, a new non-probabilistic time-depen-
dent RBDO method under the mixture of time-invariant and
time-variant uncertainties is investigated in this paper.
Enlightened by the first-passage concept, the hybrid reliability
index is firstly defined, and its solution implementation relies
on the technologies of regulation and the interval mathemat-
ics. In order to guarantee the stability and efficiency of the
optimization procedure, the improved ant colony algorithm
(ACA) is then introduced. Moreover, by comparisons of the
models of the safety factor-based design as well as the instan-
taneous RBDO design, the physical means of the proposed
optimization policy are further discussed. Two numerical ex-
amples are eventually presented to demonstrate the validity
and reasonability of the developed methodology.

Keywords Non-probabilistic time-dependent RBDO
method . Themixture of time-invariant and time-variant
uncertainties . The first-passage approach . The improved ant
colony algorithm (ACA) . The safety factor-based design

1 Introduction

Owing to the multi-source uncertainties in engineering prob-
lems, such as the material dispersion, the load deviation, the
measurement error, the criterion fuzziness and so forth, quan-
tifying and controlling their effects on the structural responses
is of great importance to ensure the product quality (Frangopol
et al. 1997; Wang et al. 2014a; Liu et al. 2017). Structural
optimization with reliability constraints or optimal
reliability-oriented structural design has been subject of re-
search, and large amounts of academic achievements have
been published in the past decades (for example, see
(Frangopol et al. 1997; Ditlevsen and Madsen 1996;
Kharmanda et al. 2004; Nikolaidis and Burdisso 1988;
Aoues and Chateauneuf 2010) for typical approaches).
Nevertheless, most of the current RBDO methods have the
following two main shortages: (1) general treatments in reli-
ability analysis assume probability distributions of all the un-
certain parameters, but regardless of that the variation bounds
can be only determined in many practical applications with
limited information; (2) for dynamic issues, existing optimi-
zation ideas are commonly based on the quasi-static hypothe-
sis, which, while may lead to uncontrolled errors when
conducting the reliability assessment. How to overcome such
deficiencies and whereby improve the confidence of the
RBDO results has stood in the spotlight of research fields by
academic and engineering society recently.

With regard to the first shortage, several attempts have been
made to apply non-probabilistic models for RBDO via limited
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uncertainty samples. In the 1990s, Ben-Haim (Ben-Haim
1994) first proposed the concept of structural reliability based
on the convexity theory and then applied it into the optimal
solution. Almost simultaneously, Elishakoff (Elishakoff et al.
1994) gave the definition of a non-probabilistic safety mea-
sure deduced from interval analysis, and further carried out the
optimization by fusing the non-probabilistic reliability index.
Qiu et al. (Qiu and Elishakoff 2001; Qiu et al. 2013)
established the interval RBDO model derived from the
volume-ratio idea, and take the lead in application of aero-
space structures. Kan et al. (Kang and Luo 2009; Kang et al.
2011) investigated the solution strategy of RBDO for struc-
tures exhibiting grouped uncertain-but-bounded variations,
and also conducted a convex reliability-based topology opti-
mization (RBTO) method for the design of continuum struc-
tures undergoing large deformations. Jiang et al. (Jiang et al.
2010; Jiang et al. 2011) developed the non-probabilistic
RBDO methods for dealing with the complicated engineering
problems of the nonlinearity, multi-dimensions, and
nestification. Besides, some exploratory works had been also
carried out in aspects of the studies on hybrid RBDO (Du et al.
2005; Luo et al. 2011; Ge et al. 2008) as well as the compat-
ibility with safety factor based design (Wang et al. 2016a; Li
et al. 2016; Yi et al. 2016; Yang and Lu 2017) in recent several
years.

Considering that the effects of samples-dependent and
time-varying cannot be ignored in engineering, a large number
of researches have been carried out. Since the definition of
time-dependent reliability was explained by Kameda in
1975, a new attempt has been made by Kuschel (Kuschel
2000; Kuschel and Rackwitz 2000), where the structural reli-
ability was determined by the first passage theory and applied
to structural reliability optimization. In order to determine the
optimal design and preventive maintenance, one methodology
based on time-dependent reliability was proposed by Singh
(Hu and Du 2014) for multi-response systems. Youn et al.
(Yoon et al. 2013) advanced a time-dependent resilient-driven
system design (RDSD) framework and the method was
accounted for with a wind turbine system design problem.
Wang (Wang and Wang 2012) presented an efficient nested
extreme response surface (NERS) approach to carry out time-
dependent reliability analysis. Du et al. (Hu 2014; Zhang et al.
2011; Hu and Du 2015) applied the method of time-dependent
reliability to the mechanical optimization design and created
the design model of time-dependent reliability. Subsequently,
he presented the sequential optimization and reliability analy-
sis (SORA) method to largely improve the computational ef-
ficiency.Wang et al. (Wang et al. 2013) gave a time-dependent
RBDOmethod considering both the time-dependent kinemat-
ic reliability and the time-dependent structural reliability as
constrains. Furthermore, several researches about the time-
dependent RBDO (Singh et al. 2010; Spence and Gioffrè
2011; Wang et al. 2011a) as well as the instantaneous design

(Chun et al. 2015; Xu et al. 2016; Kayedpour et al. 2016;
Babykina et al. 2016) were also conducted.

As stated above, although the current methods of RBDO
have achieved many excellent developments, most of these
work were only concentrated on non-probabilistic reliability
designs based on static simplification (Wang et al. 2015;Wang
et al. 2016b) or time-dependent reliability designs based on
random theory (Wang et al. 2016a; Wang et al. 2016c). For
example,Wei (Wei and Li 2011) put forward the computation-
al method with non-probabilistic time-dependent reliability
index based on residual strength degradation interval model.
Jiang et al. (Zhang et al. 2015; Jiang et al. 2014) combined the
PHI2 and first-passage probability to solve the time-varying
issue with interval distributed parameters, where the non-
probabilistic convex process model was explained to tackle
the problems of time-varying safety assessment. Sickert
(Sickert et al. 2005) presented a new safety concept consider-
ing time-dependent data uncertainty of fuzzy random types
and the fuzzy Monte Carlo simulation (FMCS) method was
applied in the process of the fuzzy failure probability optimi-
zation. However, the essence of these researches was still
based on probabilistic solving ideas.

It should be also noted that the cross-coupling effects of
multi-source uncertainties are always existent extensively in
practical engineering applications. Besides, probability distri-
butions of uncertainties are difficult or limited to be known
and time-varying effects are significant, which should be con-
sidered. As a result, mixture problems of non-probabilistic
static and dynamic uncertainties analysis are worth
developing.

This paper aims at developing an efficient optimization frame-
work with a hybrid time-dependent reliability measurement.
Firstly, with the help of the interval mathematics and the interval
process model, the static and dynamic uncertainty parameters are
quantified. Enlightened by the first-passage approach in random
process theory, the hybrid time-dependent reliability index for
structures with multi-source uncertainties is then established. In
order to acquire better properties of accuracy as well as efficiency
in convergence, the improved ant colony algorithm (ACA) is
also involved for the presented optimization issues. Moreover,
for comparison’s purpose, the classical RBDO policies based on
the time-invariant reliability as well as the safety factor are
discussed from the theoretical aspects. Two engineering exam-
ples eventually demonstrate the usage and the rationality of the
method in this study.

The remainder of this paper is organized as follows. After
this introduction, the hybrid time-dependent reliability analy-
sis is firstly reviewed in Section 2. Section 3 then discusses the
optimization details integrating the reliability constraint and
the solution algorithm. Furthermore, Section 4 compares the
applicability between the present hybrid RBDO and other two
main optimization models. Some numerical examples are giv-
en in Section 5, followed by some conclusions in section 6.
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2 The time-dependent reliability assessment
under mixture of interval variables and processes

In this section, the time-dependent reliability analysis
with consideration of non-probabilistic static and dy-
namic uncertainties is presented. The general concepts
of the first-passage theory are firstly reviewed, and the
mathematical expressions of the out-crossing possibility
as well as the hybrid reliability measurement are then
discussed. According to the definitions of the uncertain-
ty characteristics for the limit state, the interval process
interference model is further established. At the end of
this section, how to perform the solving process of the
defined time-dependent reliability index is specifically
expanded.

2.1 Overview of the classical first-passage approach when
tracking with the time-varying uncertainty issues

For static reliability analysis, the failure probability and reli-
ability can be defined as

Pf ¼ Pr G X; dð Þ≤0f g ¼ ∫… ∫
G X;dð Þ≤0

f X Xð ÞdX and Rs

¼ 1−P f ð1Þ

where X represents n1-dimensional random input vari-
ables with a joint probability density function (PDF)
fX(X), the vector d stands for design parameters, G(X,
d) is the limit state.

Once time-variant characteristics are taken into account, let
us denote byY(t) the set of the random processes {Yj(t), j = 1,
2,…, n2}

T describing the time-varying uncertainty inmechan-
ical applications under consideration, and the limit-state func-
tion is then rewritten as G(t, X, Y(t), d). Thus, the time-
dependent reliability Rs(tl) may provide the probability that a
product works properly after it has been in operation for a
specific period of time interval [0, tl], namely,

Rs tlð Þ ¼ 1−P f tlð Þ ¼ Pr ∀t∈ 0; tl½ �;G t;X;Y tð Þ; dð Þ > 0f g ð2Þ

where Pf(tl) means the probability of failure during the integral
lifecycle.

Generally, the solution for (2) is extremely difficult as it
requires quite complicated operation of the multidimensional
integration of random variables and processes over time. It
typically defines that the failure judgement relies on the ap-
pearance of any crossing of the response processes out of the
safety domain G(t, X, Y(t), d) > 0 at each instant time t.
Hence, (2) also reads

P f tlð Þ ¼ Pr G 0;X;Y 0ð Þ; dð Þ≤0ð Þ∪ N 0; tlð Þ > 0ð Þf g
≈P f 0ð Þ þ E N 0; tlð Þ½ �≈Pf 0ð Þ þ ∫tl0ν tð Þdt ð3Þ

where Pf(0) represents the instantaneous probability of failure
when t = 0, E[N(0, tl)] denotes the mean number of the cross-
ings, the our-crossing rate ν(t), as the critical point for solving
(3), is further defined by

ν tð Þ ¼ lim
Δt→0

Pr A∩Bf g
Δt

⇒
Event A : G t;X;Y tð Þ;dð Þ > 0
Event B : G t þΔt;X;Y t þΔtð Þ;dð Þ≤0

�

ð4Þ
where Δt means the time increment. Introducing the finite-
difference method and the repartition of the binormal law Φ2,
the our-crossing rate follows

ν tð Þ≈
Φ2 β tð Þ;−β t þΔtð Þ; ρ

�
t; t þΔt

�� �
Δt

ð5Þ

where β(t) and β(t +Δt) are respectively the reliability
index of fixed time t and t +Δt, ρ(t, t +Δt) is the cor-
relation coefficient between the two events A and B.
The time increment Δt has to be selected properly (un-
der the sufficiently small level).

It should be pointed out that the single-upcrossing
rate method as previously noted may result in large
error (assuming that the events that the response
upcrosses the failure threshold are completely indepen-
dent from each other) in reliability analysis due to the
Poisson assumption when the failure threshold is low
(Rice 1944; Madsen and Krenk 1984). Under this case,
the joint-upcrossing rate method, which aims to release
the Poisson assumption by considering the correlations
between the limit-state function at two time instants, has
been explored by Ref. (Song and Kiureghian 2006; Hu
et al. 2013; Hu and Du 2013).

2.2 Out-crossing failure mechanism in application
to non-probabilistic reliability analysis

Under the limitation of insufficient samples of time-
invariant and time-variant uncertainties, the classical
probability theory is infeasible. Assume that X ∈XI is

the vector containing n1 independent interval variables, andY

tð Þ∈YI tð Þ ¼ Y I
j tð Þ; j ¼ 1; 2;…; n2

n oT
means the interval

process vector with auto-correlation ρY(t1, t2) = {ρj(t1, t2), j =
1, 2,…, n2}

T as well as cross-correlation ρY j1Y j2
t1; t2ð Þ ¼

ρ j1 j2
t1; t2ð Þ; j1; j2 ¼ 1; 2;…; n2∧ j1≠ j2

n o
T . Herein, it stress-

es that all characteristic parameters for quantification of static
and dynamic uncertainties, particularly the autocorrelation in-
formation of an interval process Yj(t) should be determined by
real test curves. Appendix A introduces an optimization
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strategy based on the smallest parametric set to tackle this
correlation issue.

Hence, the hybrid time-dependent reliability can be respec-
tively expressed as

Rhybrid
s tlð Þ ¼ 1−Phybrid

f tlð Þ
¼ 1−Pos ∃t∈ 0; tl½ �;G t;X;Y tð Þ; dð Þ≤0f g
¼ 1−Pos G 0;X;Y 0ð Þ; dð Þ≤0ð Þ∪ N 0; tlð Þ > 0ð Þf g

≈1−Pos 0ð Þ− ∑
kΔt¼tl

k¼1
Pos A

0
k∩B

0
k

n o

≈1−Pos 0ð Þ− ∑
kΔt¼tl

k¼1
Pos G kΔt;X;Y kΔtð Þ; dð Þ > 0∩G k þ 1ð ÞΔt;X;Y k þ 1ð ÞΔtð Þ; dð Þ≤0f g

ð6Þ

where Phybrid
f tlð Þ denotes the failure possibility with mixed

uncertainties, Pos(⋅) stands for the possibility of an event.
Apparently, the key of the solution for (6) is to calculate
Pos A

0
k∩B

0
k

� �
, which depends on the properties of the process

G(t,X,Y(t), d). For ease of understanding, several character-
istic quantities are defined in advance. The following linear
case is taken into account that

G t;X;Y tð Þ; dð Þ ¼ f t; dð Þ þ a dð ÞXþ b t; dð ÞY tð Þ ð7Þ

where f(t, d) is a deterministic function, a(d) = {ai(d), i = 1, 2,
…, n1} and b(t, d) = {bj(t, d), j = 1, 2,…, n2} are respectively
coefficient vectors. Thus, the mean value function as well as
the radius function can be obtained by

Gc t;X;Y tð Þ; dð Þ ¼ f t; dð Þ þ a dð Þ⋅Xc þ b t; dð Þ⋅Yc tð Þ
¼ f t; dð Þ þ ∑

i¼1

n1

ai dð Þ⋅X c
i þ ∑

j¼1

n2

bj t; dð Þ⋅Yc
j tð Þ ð8Þ

and

Gr t;X;Y tð Þ; dð Þ

¼ a dð Þj j⋅Xr þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b t; dð Þ2⋅ Yr tð Þð Þ2 þ ∑

j1¼1

n2
∑

j2 ¼ 1
j1≠ j2

n2
ρ j1 j2

t; tð Þ⋅b j1 t; dð Þ⋅bj2 t; dð Þ⋅Y r
j1
tð Þ⋅Y r

j2
tð Þ

vuuuut ð9Þ

where Xc, Yc(t), Xr, and Yr(t) respectively denote the mean
value and the radius vectors of X and Y(t).

As shown previously, the uncertainty properties of the limit
state can be embodied by (8) and (9) if the instant time t is

fixed. For any two different times t1 and t2, however, the
correlativity between G(t1) and G(t2) should be further de-
duced by

CovG t1; t2ð Þ ¼ ∑
i¼1

n1

ai dð Þ2⋅ X r
i

� 	2 þ ∑
j¼1

n2

ρ j t1; t2ð Þ⋅bj t1; dð Þ⋅b j t2; dð Þ⋅Y r
j t1ð Þ⋅Y r

j t2ð Þ

þ ∑
j1¼1

n2

∑
j2 ¼ 1
j1≠ j2

n2

ρ j1 j2
t1; t2ð Þ⋅bj1 t1; dð Þ⋅b j2 t2; dð Þ⋅Y r

j1
t1ð Þ⋅Y r

j2
t2ð Þ

ð10Þ
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where CovG(t1, t2) is called as the covariance function. Then,
we also define the correlation coefficient function as
ρG t1; t2ð Þ ¼ CovG t1;t2ð Þ

Gr t1;X;Y t1ð Þ;dð ÞGr t2;X;Y t2ð Þ;dð Þ.
As noted, the characteristics of the limit state with

both static and dynamic uncertainties are determined
directly. Once the complete cognition for G(t,X,Y(t),
d) is realized, the possibility of the out-crossing event
can be solved with the help of the interval process in-
terference theory as well as the volume ratio conception.
For details, see the next section.

2.3 Solution strategy for the hybrid time-dependent
reliability measurement

In order to analytically solve Pos A
0
k∩B

0
k

� �
, the feasible region

between the limit states of G(kΔt,X,Y(kΔt), d) and G((k +
1)Δt,X,Y((k + 1)Δt), d) must be described geometrically. By
normalization treatment, namely,

G kΔt;X;Y kΔtð Þ; dð Þ ¼ Gc kΔt;X;Y kΔtð Þ; dð Þ þ Gr kΔt;X;Y kΔtð Þ; dð Þξ1

G k þ 1ð ÞΔt;X;Y k þ 1ð ÞΔtð Þ; dð Þ ¼ Gc k þ 1ð ÞΔt;X;Y k þ 1ð ÞΔtð Þ; dð Þ þ Gr k þ 1ð ÞΔt;X;Y k þ 1ð ÞΔtð Þ; dð Þξ2
ð11Þ

a rotary rectangular domain (as illustrated in Figs. 1 and 2) is
formed corresponding to specific value of ρG(t, t +Δt), in
which ones obtain

L1 ¼
ffiffiffi
2

p
1−ρG t; t þΔtð Þð Þ and L2 ¼ 2

ffiffiffi
2

p
−L1

¼
ffiffiffi
2

p
1þ ρG t; t þΔtð Þð Þ ð12Þ

where L1 and L2 are respectively the length of the two sides
(L1 ≤ L2). Combined with the operations of the coordinate
transformation, the geometrical limitations subjected to the
events A and B are redefined as

G kΔt;X;Y kΔtð Þ; dð Þ > 0⇒ξ1 > −
Gc kΔt;X;Y kΔtð Þ; dð Þ
Gr kΔt;X;Y kΔtð Þ; dð Þ

G k þ 1ð ÞΔt;X;Y k þ 1ð ÞΔtð Þ; dð Þ≤0⇒ξ2≤−
Gc k þ 1ð ÞΔt;X;Y k þ 1ð ÞΔtð Þ; dð Þ
Gr k þ 1ð ÞΔt;X;Y k þ 1ð ÞΔtð Þ; dð Þ

ð13Þ

In this way, the interval process interference model for
judging out-crossing failure mechanism within the small
time range [kΔt, (k + 1)Δt] can be constructed and be fur-
ther illustrated in Fig. 3, in which the interference region
with a shaded sign reflects the range of the passage

occurrence, and the rotary rectangle represents the feasi-
ble domain for quantifying the uncertainties of G.
Enl ightened by the volume rat ion idea in non-
probabilistic time-independent reliability theory, the pos-
sibility Pos A

0
k∩B

0
k

� �
can be reformed by

Fig. 1 The optimization-based strategy for determination of the smallest rotary rectangle
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Pos A
0
k∩B

0
k

n o
¼ Pos G kΔt;X;Y kΔtð Þ; dð Þ > 0∩G k þ 1ð ÞΔt;X;Y k þ 1ð ÞΔtð Þ; dð Þ≤0f g

¼
Ainterference A

0
k∩B

0
kð Þ

Atotal
¼

Ainterference A
0
k∩B

0
kð Þ

L1L2
¼

Ainterference A
0
k∩B

0
kð Þ

2 1−ρG
�
iΔt; iþ 1ð ÞΔt

�
2

� � ð14Þ

where Ainterference A
0
k∩B

0
kð Þ and Atotal are respectively the areas of

the shaded region and the total region. Substitution of (14) into
(6) yields

Rhybrid
s tlð Þ ¼ 1−Phybrid

f tlð Þ≈1−Pos 0ð Þ− ∑
kΔt¼tl

k¼1

Ainterference A
0
k∩B

0
kð Þ

Atotal

ð15Þ

It is obvious that with changing values of k, the uncertainty
properties of G(kΔt) and G((k + 1)Δt) will be different as
well, so that various cases of the interference conditions be-
tween the feasible region of limit states and the geometric
bounds for describing out-crossing event will be confronted.
That is to say, the areas Ainterference A

0
k∩B

0
kð Þ and Atotal are the

functions of counting index k, particularly that the former
one is a piecewise function in essence. Therefore, according
to (15), we should traverse each small time interval [kΔt, (k +
1)Δt] from the whole life cycle tl, and an overlaying operation
for all discrete cases of Pos A

0
k∩B

0
k

� �
must to be conducted to

ultimately achieve the explicit calculation for the hybrid reli-

ability measurement Rhybrid
s tlð Þ. The above contents can be

more clearly embodied in Fig. 4.

2.4 Discussions on the relationship between possibility
and probability

(a). Concept interpretation: As is known to all, the model of
“probability”, which originates from the statistics and
large number theorem, is generally used to describe the
randomness of an independent and repeatable event. In

terms of the reliability analysis, probability solutions in
(1)–(5) must resort to probability distribution functions
(PDFs) or higher moment information to estimate struc-
tural safety/failure levels. By contrast, the concept of
“possibility”, which derives from the interval mathemat-
ics and convex model theory, will always be suitable for
representation of the confidence degree of an event oc-
currence under unknown-but-bounded (UBB) uncer-
tainties. As per the time-dependent reliability evaluation
cited in (6) and (15), the bounds rules and the autocor-
relation information of interval processes are needed,
and the equal possibility hypothesis should be
employed. Table 1 compares and analyzes their relation-
ship in details.

(b). Difference analysis in reliability assessment: As men-
tioned above, the measures of “probability” and “possi-
bility” have their own applicable conditions. With re-
gard to the time-dependent reliability issue, there are
striking differences between the possibility quantity cit-
ed in (15) and the probability one defined in (2)–(3),
which is mainly behaved in: (1) terms of initial failure
Pf(0) and Pos(0) are respectively determined by tech-
niques of the probability density evolution and the set-
interference theory (our previous work in Ref. (Wang
et al. 2016a; Wang et al. 2011b; Wang et al. 2014b) have
discussed the details); (2) for out-crossing rates ν(t), the
probability definition is on the basis of the binormal law
and system reliability framework, whereas the possibil-
ity solution is achieved by combination of the non-
probabilistic interval process model and the equal pos-
sibility hypothesis.

It may be confused that the volume-ratio principle in (15)
seems the case of the probability measure under uniform dis-
tribution assumption, so that both probability and possibility
ideas appear in the same equation. In fact, the above two
reliability methodology have significant differences: for one
thing, the treatments of uncertainty analysis, containing the
characterization of uncertainty sources as well as the cumula-
tive evolution of uncertainty responses are entirely different;
for another, the physical meaning of the time-dependency fea-
ture ρG(t, t +Δt) is also inequable, and the definition in inter-
val process model may further give the geometric mapping
relation corresponding to the feasible region ofG(t) andG(t +
Δt), which the probabilistic one may not determine.

Fig. 2 Effect of the auto-covariance function on determination of the
rectangular domain between Ψ1 and Ψ2

1538 L. Wang et al.



To sum up, the developed reliability index in (15) is a
possibility quantity in essence. Incorporating this safety mea-
sure (considering the static and dynamic uncertainties simul-
taneously) into the following procedure of structural optimi-
zation will be a major contribution in this study.

3 Design optimization incorporating the proposed
hybrid time-dependent reliability constraints

3.1 Optimization problem formulation

It’s well known that the ultimate aim of structural anal-
ysis for a real mechanical system is not just to achieve
the safety assessment but for the precise design. The
essence of optimization is to seek the best designs that
satisfy certain structural behavior requirements.
Generally, a typical optimization problem can be math-
ematically formulated as

find :
min f dð Þ
s:t: gi* dð Þ≤0; i* ¼ 1; 2;…; l1

d∈Ωm
d

ð16Þ

where d is the aforementioned m-dimensional design
parameters enclosed by the region Ωm

d , f(d) is the ob-
jective function to be minimized, gi* represents the i∗-th
constraint function generally related to the structural re-
sponses, and l1 means the number of constraints.

However, due to the comprehensive effects of uncer-
tainty factors on functions f and g, the deterministic
design complied with (16) may lead to an invalid solu-
tion in engineering applications. Associated with the
ever-growing demands in structural integrity design via
limited sample information, the technique of RBDO is
emerged as the times require, and its optimal formula-
tion under non-probabilistic reliability measurement can
be expressed as

Fig. 4 Procedure for the hybrid
time-dependent reliability
analysis

Fig. 3 Variant cases of the correlation coefficient function ρG(t, t +Δt) with respect to different geometric feasible regions
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find : d
min f d;Xcð Þ
s:t: gi* d;Xcð Þ≤0; i* ¼ 1; 2;…; l1

Rs; j* d;Xð Þ≥Rcriteria
j* ; j* ¼ 1; 2;…; l2

d∈Ωm
d ;X∈X

I

ð17Þ

where Rs; j* d;Xð Þ represents the j∗-th non-probabilistic

time-independent reliability index, which should be
higher than the allowable value Rcriteria

j* . Even though

the optimization methodology as stated above has been
well demonstrated and gradually adopted in practice, the

pure static simplifying assumption still remain the chal-
lenges and limitations for applications in dynamic engi-
neering. In our study, the hybrid reliability measure-
ments under both time-invariant and time-variant uncer-
tainties are considered as the constraints of design for-
mulation, namely, the main concept of our design is to
pursue the minimum for several performance indexes
such as the structural weight or energy consumption
on the premise of safety with the whole device life.
Integrated with the discussions cited in section 2, the
optimization formulation becomes

find : d
min f tl;Xc;Yc tð Þ; dð Þ
s:t: gi* t;Xc;Yc tð Þ; dð Þ≤0; i* ¼ 1; 2;…; l1

Rhybrid
s; j* tlð Þ ¼ 1−Pos 0ð Þ− ∑

kΔt¼tl

k¼1

Ainterference A
0
k∩B

0
kð Þ

Atotal
≥Rcriteria

j* ; j* ¼ 1; 2;…; l2

d∈Ωm
d X∈XI ¼ X i X i∈ X c

i−X
r
i ;X

c
i þ X r

i


 ��� ; i ¼ 1; 2;…; n1
� �T

Y tð Þ∈YI tð Þ ¼ Y j tð Þ Y j tð Þ∈ Yc
j tð Þ−Y r

j tð Þ; Yc
j tð Þ þ Y r

j tð Þ
h i��� ; j ¼ 1; 2;…; n2

n oT

ð18Þ

Note that with regard to any given design parameters d, the
objective function f(tl,X

c,Yc(t), d) as well as each determin-
istic response gi* t;Xc;Yc tð Þ; dð Þ will be obtained, and thus,
the nominal status of the optimization framework in (18) can
be easily available. Herein, directly incorporating the hybrid

time-dependent reliability Rhybrid
s; j* tlð Þ into the optimal con-

straint aims at supplementing a more elaborate safety judg-
ment when static and dynamic uncertainties X and Y(t) are
taken into consideration, as discussed below.

Actually, with each iteration of d, the bearing capacity
of the structure, i.e., the nature of the limit state Gj* tð Þ
changes accordingly. Hence, as per the solution procedure

cited in (11)–(15), the reliability measure Rhybrid
s; j* tlð Þ is also

updated versus different values of d. As stated in (18),

only all the reliability constraints Rhybrid
s; j* tlð Þ≥Rcriteria

j* (j∗ =

1, 2,…, l2) are satisfied, the current design d(k) can be a
feasible one; only two adjacent feasible solutions close
enough (|f(d(k)) − f(d(k − 1))| < ε, ε denotes a small quantity),

the optimal design can be gained. Obviously, from aspects
of time-varying issues, e.g. factors of residual strength and
stiffness degradation, assigning a relatively conservative
value of the threshold Rcriteria

j* may guarantee a higher

safety level of the optimization solution, which may not
be derived from the deterministic or the static reliability
optimization model. For better understandings, Fig. 5 illus-
trates a typical one-dimensional case.

It should be also indicated that the hybrid time-
dependent RBDO strategy described by (18) contains
two core segments: (1) the time discretization treatment
for limit-state function and the possibility calculation of
each passage failure event in analysis module; (2) the
criterion of the iterative paths for design parameters and
the robust model updating in optimization module, which
mainly affect the accuracy and efficiency of the design
procedure. Consequently, the choice of the optimization
algorithms is significantly important subjected to the
whole life cycle design for engineering structures.

Table 1 Relationship between
probability and possibility in
dealing with uncertainty issues

Probability Theoretical basis Objective Feature set Treatment means

Statistics Randomness Cantor Mapping

Information input Hypothesis Safety law Sample requirement

PDF/Higher moment Classical distribution Historical Large

Possibility Theoretical basis Objective Feature set Treatment means

Interval mathematics UBB uncertainty Convexity Enveloping

Information input Hypothesis Safety law Sample requirement

Bounds/Correlation Equal possibility Realistic Small
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3.2 The improved ant colony algorithm (ACA) based
on the iterative policy

The structural optimization incorporating reliability con-
straints under a mixed model of non-probabilistic static and
dynamic uncertainties presents a challenging subject with
complicated optimal iteration. Conventional algorithms are
computationally efficient in general, but often encounter two
critical problems that: (1) the optimal results may be sensitive

to the initial definition; (2) the differentiation calculations
have to be required. To overcome the algorithmic deficiencies,
several biologically evolutionary techniques have been devel-
oped. One of the most mature is the ant colony algorithm
(ACA).

Compared with traditional gradient-based approaches, the
ACA based on the iterative policy has remarkable global
search capability which originates from the inherent positive
feedback principle on one hand; on the other hand, continuous
information exchange between individuals forms its essence
of the distributed computation and further speeds up the evo-
lutionary process for ant colony. The core formula of ACA is
written as

τuv T þ Nð Þ ¼ ΨN ⋅τuv Tð Þ þ ∑
W

w¼1
Δτwuv T ; T þ Nð Þ ð19Þ

where τuv(T +N) and τuv(T) are respectively the pheromones
(be regarded as information broadcasted or communicated
within the ant system) from design location u to v at times
T +N and T, W denotes the total number of the colony, Δτwuv
T ; T þ Nð Þ represents the quantity of pheromone left on the
path u→ v by ant w, 1 − ΨN means the attenuation coefficient
(ΨN < 1). Here, let’s introduce the preference index PIwuv Tð Þ as
the transition possibility judgement for ant w from u to v, i.e.

PIwuv Tð Þ ¼
τuv Tð Þð Þα⋅ Euv Tð Þð Þβ
∑

s∈Ωm
d

τus Tð Þð Þα⋅Eus Tð Þ v∈Ωm
d

0 otherwise

8><
>: ð20Þ

where PIwuv Tð Þ determine the tendency of the population evo-
lution, Euv(T) stands for the heuristic information, α and β
indeed reflect the relative importance between pheromone ac-
cumulation and heuristic degree in route choice for ant colony
updation.

Although the ACA as mentioned before have advantages
for better robustness and efficiency when tackling with con-
ventional optimization issues, for the proposed RBDO prob-
lems with multi-extremum features, it still easily falling into

Fig. 5 Illustration for the
meaning of the hybrid time-
dependent RBDO via a typical
one-dimensional case

Fig. 6 Procedure for the proposed time-dependent RBDO method based
on the improved ant colony algorithm (ACA)
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awkward situation of local optimum precisely because the
information interaction among all the ant individuals must
be executed in each updating step. In response to these cir-
cumstances, an improved ACA which fuses the local-global
search strategy is investigated in this section to overcome the
bottleneck of convergence instability confronting with the
RBDO problems under the mixture of time-invariant and
time-variant uncertainties. The detailed operating procedure
can be illustrated in Fig. 6, in which the choice of the search
policy for every ant relies on the comparative result between
the preference index PIwuv Tð Þ and the set threshold P0, i.e.

if PIwuv Tð Þ > P0→τuv T þ 1ð Þ > τuv Tð Þ→Global search
else→Local search

ð21Þ

It can be found that the improved ACAmodel may observ-
ably enhance the proportion of local optimization, and to a
certain extent, the information sharing and exchange in global
optimization is weakened.

Additionally, what needs to be particularly stressed is that
any iterative algorithm has its own feasibility and limitation.
The amount of uncertain information, the complexity of the

structures, and the requirements of accuracy and efficiency are
the core factors in appropriate choices.

3.3 Implementation of the developed RBDO methodology

In this section, the analysis and design process based on the
proposed hybrid RBDO methodology will be again
unscrambled, and the specific treatments are handled as fol-
lowing steps.

(1) Construct the physical model extracted from practical
structural problems and then determine the expression
of the time-varying limit state G(t);

(2) Establish optimal formulations (as shown in (18)) with
consideration of non-probabilistic static and dynamic un-
certainties, namely, provide definitions of design vari-
ables d, uncertain parametersX andY(t), objective func-
tion f(tl,X

c,Yc(t), d), and reliability constraints

Rhybrid
s; j* tlð Þ; j* ¼ 1; 2;…; l2;

(3) Initialize values of d to conduct structural analysis for inte-
gral service life, and further obtain the measures of hybrid

reliability Rhybrid
s; j* tlð Þ; j* ¼ 1; 2;…; l2 mathematically;

(4) Utilize the improved ant colony algorithm (ACA) to
complete the digital simulation of the structural design,
from which the getting optimum relies on the level of
hybrid time-dependent reliability from each iteration and
the health conditions of particles in ant-cycle system;

(5) Verification and validation of all analysis and de-
sign results.

In order to smoothly realize the optimal solution, several
auxiliary means are also needed: a) uncertainty quantification

Fig. 7 Schematic diagram for classical non-probabilistic static reliability method obtained by Gj* tð Þ ¼ Rj* tð Þ−S j* tð Þ

Fig. 8 Schematic diagram for the finite plate structure with edge crack
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analysis of static variables and dynamic processes via the lim-
ited experimental data; b) uncertainty propagation analysis
based on methods of the series expansion and the finite dif-
ference; c) hybrid time-dependent reliability computation de-
duced by the numerical simulations; d) the RBDO accom-
plishment for large-scale structures through the instrumental-
ity of the surrogate model.

4 Comparisons among the safety factor-based design,
the instantaneous RBDO, and the proposed hybrid
time-dependent RBDO

In fact, from the perspective of engineering applicability, one
more universal design strategy (differed from the RBDO con-
cepts) named as the safety factor-based design is widely used
at present, in which the optimal formulation reads

find : d
min f d;Xcð Þ
s:t: gi* d;Xcð Þ≤0; i* ¼ 1; 2;…; l1

nsafej* ¼
Rc

j* d;Xð Þ
Scj* d;Xð Þ ≥n

criteria
j* ; j* ¼ 1; 2;…; l2

ð22Þ

where the safety factor nsafej* is obtained by the ratio between

mean values of the allowable response Rc
j* d;Xð Þ and the real

response Scj* d;Xð Þ, ncriteriaj* means the threshold. Apparently,

once the time-varying uncertainty effects are taken into ac-
count, the safety factor is commonly turned out to be the ratio

under the most dangerous moment nsafe→ min
0< t ≤ tl

nsafej* tð Þ
n o

.

However, the assignment for nsafej* tð Þ is essentially

based on the mean value assumption so that the influences
of the parametric dispersion on structural analysis and
design cannot be quantitatively evaluated. Moreover, the
value of ncriteriaj* , which directly affects the final results of

optimization, should not be arbitrarily assumed under var-
ious cases in engineering, especially in different uncer-
tainty environments. With a view to breaking through
the above difficulties, the instantaneous RBDO model as
a means of supplementation emerges as the times require.
It becomes

find : d
min f tl;Xc;Yc tð Þ; dð Þ
s:t: gi* t;Xc;Yc tð Þ; dð Þ≤0; i* ¼ 1; 2;…; l1

min
0< t ≤ tl

Rinstantaneous
s; j* tð Þ

n o
¼ min

0< t ≤ tl
Pos Gj* t;X;Y tð Þ; dð Þ > 0

� 	� �
≥Rcriteria

j* ; j* ¼ 1; 2;…; l2

ð23Þ

where Rinstantaneous
s; j* tð Þ is called as the instantaneous reliability.

It is easy to understand that the quantity of Rinstantaneous
s; j* tð Þ

could be computed by “freezing” time in the limit state and
using classical non-probabilistic static reliability method (as
illustrated in Fig. 7).

Nevertheless, compared with the hybrid time-
dependent RBDO investigated in this paper, the methods
of the safety factor-based design and the instantaneous
RBDO both take time independence as the premise when
establishing the safety constraints in optimal formulas.

Fig. 9 Equivalent transformation
of the external load

Table 2 Parametric
characteristics of the plate
structure

C β P (kN) a(N) (mm) acr (mm) n

Cc = 4.77 × 10−9 βc = 1.12 Pc = 500 by (26) and (25) acr ∈ [170, 180] 2.06
Cr = 3% ×Cc βr = 3% × βc Pr = 5% × Pc

where Cc , βc , and Pc as well Cr , βr , and Pr are respectively the mean values and the radii of characteristic
parameters C, β, and P
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That being said, the latter two design policies both take
structural health conditions within a fixed time (even
though the period of greatest risk) as the guidance, but
never judiciously consider the continuity in time series
for safety estimation of existing structures. Accordingly,
the validity and feasibility of these two optimization

results may not be fully guaranteed embarked from the
life cycle designing theory. It should be also noted that
solely in mathematical terms, the value of the time-

dependent Rhybrid
s; j* tlð Þ is commonly less than the instanta-

neous one of min
0< t ≤ tl

Rinstantaneous
s; j* tð Þ

n o
, i.e.,

Rhybrid
s; j* tlð Þ≤ min

0< t ≤ tl
Rhybrid
s; j* t; tlð Þ

n o
¼ min

0< t ≤ tl
1−Phybrid

f ; j* t; tlð Þ
n o

≤1− max
0< t ≤ tl

Pos Gj* t;X;Y tð Þ; dð Þ≤0� 	� �
≤ min

0< t ≤ tl
Rinstantaneous
s; j* tð Þ

n o

ð24Þ

where Rhybrid
s; j* t; tlð Þ ¼ 1−Phybrid

f ; j* t; tlð Þ ¼ Pos ∀τ∈ t; tl½ �;f Gj*

τ ;Xð ;Y τð Þ; dÞ > 0g. That is to say, the optimal results
based on the presented RBDO model will be on the
conservative side but more accordant with the actual
situation than the ones derived from the instantaneous
RBDO method. It is obvious that structural design with-
out accurate safety checking mechanism is of no value
indeed, and hence the significance of our work is self-
evident in terms of the physical meaning. The following
numerical examples will further demonstrate the usage
and rationability of the developed design strategy
aiming at the engineering practice.

5 Numerical applications

This section describes the detail of two numerical applications
for demonstrating the effectiveness and validity of the pro-
posed hybrid time-dependent RBDO technique: (1) the first
example is oriented to the light weight design for a plate with
initial crack, and the time-dependent reliability analysis is
based on the prediction of the crack propagation life; (2) the
second example is subjected to a complicated wing structure
of reusable aircraft X-37B, in which the static uncertainty
factors (the material characteristics) and the time-varying un-
certainty effects (aerodynamic loads of the whole flight ballis-

Fig. 10 Iteration of objective function given by the hybrid time-
dependent RBDO with different values of Rcriteria

Table 3 Optimal results obtained
by the hybrid time-dependent
RBDO strategy

Rcriteria Woptimal (mm) Toptimal (mm) Aoptimal (mm2) Loss weight ratio

0.9 164.5 9.3 1529.85 20.32%

0.99 160.4 9.7 1555.88 18.97%

0.999 142.2 11.0 1564.20 18.53%

where Woptimal , Toptimal , and Aoptimal respectively denote the optimal design variables and minimum objective
function

Fig. 11 Comparisons of the three optimization models under given
design allowable value Rcriteria = 0.999
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tic trajectory) are particularly studied. The two engineering
cases are solved by three design policies as above mentioned,
and their optimization results are reported and discussed in the
following statements.

5.1 A finite plate structure with edge crack

As the first example, we consider a finite 20Cr2Ni4A plate
(widely used in structural engineering) containing one edge
crack (a0 = 5mm) as shown in Fig. 8. This plate is subjected to
an alternating load P at distance e = 60mm from central axis.
The original width and thickness of the structure are respec-
tively W = 160mm and T = 12mm. Here, the effect of the ex-
ternal load is equivalent with the composition between the
tensile case and the pure bending (as illustrated in Fig. 9),
and the stress amplitude Δσ is given by

Δσ ¼ P
WT

þ Pe
6W2T

ð25Þ

Associated with the loading effect of P, the initial crack are
expanding consciously until reach the failure threshold. It is
indeed a typical dynamic fracture mechanics problem. In ac-
cordance with the classical the Paris-Erdogan model, ones get

da Nð Þ
dN

¼ Cβn Δσð Þn πa Nð Þð Þn2 ð26Þ

where a(N) means the crack length after N fatigue load cycles,
da Nð Þ
dN stands for the crack growth rate, C, β and n are property

parameters. As is noted in (26), the value of da Nð Þ
dN relies on the

current scale of a(N), and the whole procedure of the crack
extension has remarkable time accumulation effect. Denote by
acr the design allowable, and the failure judgement can be
clearly expressed as a(N) ≥ acr.

Owing to the uncertainties existed in material proper-
ties and loading conditions, C, β, P as well as acr are all
assumed as interval variables, and a(N) is defined as an
interval process. The details of the static and dynamic
uncertainty characteristics are summarized in Table 2.

Therefore, the hybrid time-dependent reliability Rhybrid
s

Nð Þ can be measured as

Rhybrid
s Nð Þ ¼ 1−Pos ∃Ni≤N ;G Nið Þ ¼ acr−a Ni;C;β;P;W ; Tð Þ≤0f g

ð27Þ

where Ni corresponds to the discrete time of alternating
load P, N = 1 × 106 means the integral service life, G(Ni) is
the time-varying limit state. Thus, the following optimi-
zation formulation can be obtained as

Table 4 Optimal results obtained
by different design schemes Design schemes (Rcriteria =

0.999)
The initial
design

The hybrid time-
dependent RBDO
design

The
instantaneous
RBDO design

The safety
factor-based
design

Woptimal (mm) 160 142.2 153.3 152.0

Toptimal (mm) 16 11.0 10.1 10.2

Aoptimal (mm2) 1920 1564.20 1548.33 1550.40

Loss weight ratio – 18.53% 19.36% 19.25%

Safety
lev-
el

minimize : nsafe

N ið Þ
minimize :

Rinstantaneous
s
Nið Þ

Rhybrid
s Nð Þ

Absolutely
safe

1.5542 1.2176 1.2176

0.99993 0.99908 0.99908

0.9992 0.9648 0.9648

where nsafe (Ni) and Rinstantaneous
s Nið Þ respectively denote the indexes of safety factor and instantaneous reliability

under Ni load cycles

Table 5 Computational efforts of
different design optimization
models

Start-ups of
simulation

Computation
time

Computer configuration

The hybrid time-dependent RBDO
design

102 55.296 s CPU: Intel ® Core ™ i7–3770;
RAM: 16G

The instantaneous RBDO design 74 32.9744 s

The safety factor-based design 66 28.9212 s
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find : W ; T
min Α ¼ W ⋅T
s:t: Rhybrid

s N ;C;β;P; acr; a Nið Þ;W ; Tð Þ≥Rcriteria
ð28Þ

in which W and T are treated as basic design variables, the
section area A is considered as the optimal objective func-
tion (weight loss as the goal), different allowable values
of reliability constraints are Rcriteria = 0.9, 0.99, 0.999.
Figure 10 shows the iterative procedures of the objective
function, and the ultimate optimal results are listed in
Table 3. For comparison’s purpose, the instantaneous
RBDO design and the safety factor-based design are fur-
ther carried out under the case of Rcriteria = 0.999.
Corresponding details are illustrated in Fig. 11, Tables 4
and 5.

From the results in Figs. 10 and 11, Tables 3, 4 and 5, the
following points can be summarized:

(1) Compared with the original design, better weight loss
effects can be obtained for the plate structure based on
the hybrid time-dependent RBDO strategy (the reduction

effect may reach about 20%), as expected. In other
words, our work can effectively reduce the redundancy
of the initial scheme.

(2) The optimal value of section area A given by the present-
ed model increases as Rcriteria increases. A more rigorous
requirement of time-varying safety (Rcriteria : 0.9→
0.999) inevitably leads to a lower economic result

(Aoptimial
Rhybrid
s Nð Þ : 1529:85 mm

2→1564:20 mm2 ).

(3) As is manifested in Fig. 11 and Table 4, even though
the iterative processes are slightly different, there
have nearly the same optimums for objective func-
tion from the instantaneous RBDO model and the
safety factor-based model, that means the theoretical
compatibility can be verified by the numerical
results.

(4) Table 5 indicates that different scales of computational
efforts are required by three optimization models.
Herein, the developed time-dependent approach needs
the largest, the instantaneous one the second, and the
safety-factor model requires smallest (28.9212 secs→
55.296 secs).

Fig. 12 Schematic diagram for
the complex hypersonic wing
structure (X-37B)

Table 6 Properties of the time-
invariant and time-variant
uncertainties for the hypersonic
wing structure

Interval variables: EAl, μAl, ETi, and μTi

EAl ∈ [65, 75] GPa, μAl ∈ [0.32, 0.36], ETi ∈ [96.3, 117.7] GPa, μTi ∈ [0.27, 0.33]
Interval process: patm(t) t ∈ [0, tl], tl = 2500 s

pcatm tð Þ ¼ 0:105t; 0 < t≤1500sf 0:00417t2−12:5t þ 9525; 1
500s < t≤ tl

pratm tð Þ ¼ 3%� pcatm tð Þ

ρpatm t1; t2ð Þ ¼ e− 2:5� t1−t2j jð Þ � cos t1−t2ð Þ

where pcatm tð Þ, pratm tð Þ, and ρpatm t1; t2ð Þ respectively stand for the mean value function, the radius function, and the

coefficient function of the interval process patm(t)
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(5) Last and the most important, the main innovation of this
study lies in that is to take full account of the static and
dynamic uncertainty issues (particularly the time-varying
dependency) of the RBDO design. By the contrast of the
three optimization policies, it is not difficult to under-
stand that our work can improve the safety performance
under cyclic loading conditions much more obviously

(Rhybrid
s Nð Þ : 0:9648→0:9992 ) and only a quite small

price of structural weight may be sacrificed (the addition
ofAoptimal is about 15mm2). Therefore, in the perspective
of maintenance cost, the design results obtained by the

hybrid time-dependent RBDO method are more useful
and more consistent with the reality.

Apparently, considering that the crack growth problem in
this example is indeed a monotonic one over time, results of
the reliability analysis given by either the instantaneous model
or the hybrid time-dependent model mainly relies on the ulti-
mate response conditions near N = 1 × 106. Under such cir-
cumstances, the analysis process can be simplified but the
time-dependency effect is not obvious owing to the single-
crossing essence. For better embody the effectiveness of the
proposed methodology, a more complicated case with

Fig. 13 Procedure for the proposed hybrid time-dependent RBDO of the wing structure

Table 7 Optimal results obtained
by different design schemes Design schemes

(Rcriteria
1 ¼ Rcriteria

2 ¼ 0:999
)

Safety level Design variables
(mm)

Mt

(kg)
Weightloss
ratio

Ts Wr Wb

The initial design Absolutely safe 3 35 25 601.64 –

The hybrid time-dependent
RBDO design Rhybrid

s;stress tlð Þ ¼ 0:9993 Rhybrid
s;disp

tlð Þ ¼ 0:9992

2.5 14.4 18.4 549.88 8.6%

The instantaneous RBDO
design min

0< t ≤ tl
Rinstantaneous
s tð Þ� �

=Rs

tlð Þ ¼
0:9992=0:8684→stressf

0:9995=0:9027→disp

1.8 11.2 14.9 505.28 16.02%

The safety factor-based
design min

0< t ≤ tl
nsafestress tð Þ

n o
¼ 1:2506

→Rhybrid
s;stress tlð Þ ¼ 0:8922

2.0 12.1 15.5 520.45 13.49%

min
0< t ≤ tl

nsafedisp tð Þ
n o

¼ 1:2538

→Rhybrid
s;disp tlð Þ ¼ 0:9190

where min
0< t ≤ tl

nsafestress tð Þ
n o

and min
0< t ≤ tl

nsafedisp tð Þ
n o

are respectively the minimal safety factors corresponding to the

strength and stiffness criterions during the whole trajectory history t ∈ [0, tl]
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response oscillation (multi-crossing) characteristics should be
further explored.

5.2 A complex wing structure of reusable aircraft X-37B

The hypersonic wing structure, as a core part of reusable ve-
hicle, must meet high-level safety requirements during inte-
gral flight ballistic trajectory, and its stress and deformation
conditions in harsh service environment are always the major
concerns in structural design. In this example, the wing struc-
ture is based on X-37B (as illustrated in Fig. 12), and it is
consist of aluminum alloy skin, titanium alloy ribs and beams,
composite honeycomb sandwiches. The region which con-
nects to fuselage is imposed by fixed constraints, and the
aerodynamic loads determined by engineering algorithms act
on each node of skin surface.

For the complexity of the X-37B system, the influences of
the static and the dynamic uncertainty factors on mechanical
behaviors are extremely apparent. In this case, assuming that
structural parameters of alloy materials (EAl, μAl, ETi, μTi) are
interval variables and the atmosphere pressure patm(t) (the key
point for solution of aerodynamic loads) is interval process (as

listed in Table 6), the developed hybrid time-dependent
RBDO model based on the strength and stiffness criterions
(G1 tð Þ ¼ 250MPa− max

i¼1;2;…
stressi tð Þj j and G2 tð Þ ¼ 150mm−

max
i¼1;2;…

dispi tð Þj j ) can be constructed in which structural mass

Mt is deemed to be the optimization objective, the thickness of
skin Ts as well as the width of ribs and beams (Wr andWb) are
taken as design variables, i.e.

find : Ts;Wr;Wb

min Mt Ts;Wr;Wbð Þ
s:t: Rhybrid

s;stress tl;EAl;μAl;ETi;μTi; patm tð Þ; Ts;Wr;Wbð Þ≥Rcriteria
1

Rhybrid
s;disp tl;EAl;μAl;ETi;μTi; patm tð Þ; Ts;Wr;Wbð Þ≥Rcriteria

2

ð29Þ

With given Rcriteria
1 ¼ Rcriteria

2 ¼ 0:999, the optimization pro-
cedures from (29) as well as the other two provided design pol-
icies can be achieved by combinations of multiple softwaremod-
ules (as shown in Fig. 13), and their optimal results are further
summarized in Table 7. Figure 14 shows the iterative histories of
Mt. It can be indicated that: for one thing, the proposed optimi-
zation technology still has excellent ability in fast solution and
robust convergence when dealing with the life cycle design for
large-scale complicated structures (only 46 iteration steps to con-
verge); for another, owing to that the more reasonable treatments
for quantification and estimation of the static and dynamic un-
certainties are involved into structural design procedure (as listed
in Table 6), more reliable optimization results can be obtained in
this paper (the weight loss ratio achieves about 8.6%), and to a
certain extent, the safety risk originating from the scheme defects
may be reduced or even avoided in practical engineering

(Rhybrid
s;stress tlð Þ ¼ 0:9993 and Rhybrid

s;disp tlð Þ ¼ 0:9992 ).

Compared with the first example, the time-dependency in-
fluences originating from high maneuverability settings in tra-
jectory control are more pronounced, so that the peak re-
sponses (displacement and stress) may recur during the whole
service cycle. In this case, the superiority of the proposed
method, which reflects in fine safety evaluation, will be more
prominent. Of course, it is undeniable that with respect to this
complex wing structure, the hybrid time-dependent RBDO
method requires higher resource consumption of computation
(over 36 h worked by multicore servers, as summarized in
Table 8). That is to say, in practical engineering, we must keep
a good balance between the efficiency and precision when
dealing with large-scale optimization problems.

6 Conclusions

Due to the particular advantage of uncertainty management in
structural design, more academic researches and engineering
applications have paid attention to the RBDO strategies in

Fig. 14 Comparisons of the three optimization models under given
design allowable values Rcriteria

1 ¼ Rcriteria
2 ¼ 0:999

Table 8 Computational efforts of different design optimization models

Start-ups
of
simulation

Computation
time

Computer
configuration

The hybrid
time-dependent
RBDO design

331 36.079 h CPU: 32×Intel Xeon
E5-2690 V4;
RAM: 128G

The instantaneous
RBDO design

245 26.133 h

The safety
factor-based
design

208 22.048 h
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recent decades. However, the reliability constraints in most of
the current models are usually static without accounting for
product lifecycle issues. Additionally, considering that the
sample limitation of time-varying uncertainty in practical en-
gineering, some other approaches based on the random pro-
cess theory may also no longer be feasible.

In view of the above-mentioned facts, a new non-
probabilistic time-dependent RBDO method under the mix-
ture of static and dynamic uncertainties is proposed by com-
bination of the interval mathematics and intelligent optimiza-
tion algorithms. By virtue of the first-passage ideas, the reli-
ability analytic model corresponding to the mixed uncer-
tainties of interval variables and processes is firstly
established, and the improved ant colony algorithm is then
employed to the optimization procedure to ensure the iterative
efficiency and convergence. Furthermore, by introducing the
general concepts of the safety factor-based design, the instan-
taneous RBDO design, the compatibility analysis among
these three optimization policies is further discussed. To sev-
eral specific problems, the given hybrid time-dependent
RBDO model can accomplish the optimization more effec-
tively in case of the safety requirement, which may provide
reliable theoretical support for engineering practice.

The main innovation points and academic contributions
are: (1) a novel index of structural reliability under the mixture
of non-probabilistic time-invariant and time-variant uncer-
tainties is defined and solved mathematically; (2) by improv-
ing the traditional ACA, a feasible technique of hybrid time-
dependent RBDO is conducted and verified by complex en-
gineering cases; (3) the compatibility among the presented
hybrid time-dependent RBDO model, the instantaneous
RBDO model and the safety factor-based model is further
demonstrated.

It must be stressed that the purpose of the paper is not to
suggest a replacement of the current technologies of RBDO
theory, but may be a viable alternative. Furthermore, the hy-
brid time-dependent reliability analysis applying to structural
design optimization in complex system is still in its prelimi-
nary stage, and some important issues remain unsolved, such
as the difficulties in dealing with the sensitivity analysis for
multi-source time-variant uncertainties, the time-dependent
reliability evaluation with joint-upcrossing rates, and the
multi-objective RBDO design issues, etc. The relative studies
will be developed in our future work.
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Appendix A

(a) Firstly, the common approach for determination of the
smallest parametric set (i.e., one hyper-rectangular
‘box’ in essence) containing multi-dimensional sample
data is discussed. In consideration of the case that the
uncertain parameters αl (l = 1, 2,…, s) constitute an s-
dimensional parametric space, and we have limited infor-
mation corresponding to these parameters, manifested by
a set containing S sample points, namely,

α Sð Þ
l ¼ al 1ð Þ;αl 2ð Þ;…;αl Sð Þf g. Thus, the expression

of the transformation matrix reads

T θð Þ ¼ δ1;δ2;⋯;δsð Þ ð30Þ
whereθ = (θl) (l = 1, 2,…, s − 1) denotes the vector of rotation
angles related to the original coordinate space, and

δl ¼ 0l−2
~δl

� 

ð31Þ

where 0l − 2 means a column vector with l − 2 zero items, ~δl is
deduced by

~δl ¼

−sinθl−1
cosθl−1cosθl

⋮
cosθl−1sinθl⋯sinθs−2cosθs−1
cosθl−1sinθl⋯sinθs−2sinθs−1

0
BBBB@

1
CCCCA ð32Þ

By utilizing of the transformation matrix T(θ), each point

of the original sample set α Sð Þ
l will be modified and be further

rewritten as β Sð Þ
l (from α-space to β-space). In order to deter-

mine the smallest interval set to envelope full samples, the
boundary laws of the s-dimensional ‘box’ should be examined
by

β−βcj j≤βr ð33Þ

where the center vector βc ¼ βc
1;β

c
2;⋯;βc

s

� 	T
and the semi-

axis vector βr ¼ βr
1;β

r
2;⋯;βr

s

� 	T
. The components βc

l and
βr
l are given by

βc
l ¼

1

2
max
S

β Sð Þ
l

� �
þmin

S
β Sð Þ
l

� �� �
and βr

l

¼ 1

2
max
S

β Sð Þ
l

� �
−min

S
β Sð Þ
l

� �� �
ð34Þ

Accordingly, the hyper-volume of the ‘box’ as enclosed in
(33) is obtained by

Structural optimization oriented time-dependent reliability methodology under static and dynamic uncertainties 1549



Vhyper ¼ ∏
s

l¼1
2βr

l

� 	s ð35Þ

which is a func t ion of the ro ta t ion angles θ l .
Consequently, it can be defined that the best interval set
or the hyper-rectangle among all possible boxes is the one
which contains all given sample points and processes the
minimum volume, i.e.,

V*
hyper ¼ min

θ*
Vhyper θ1; θ2;…; θs−1ð Þ ð36Þ

Certainly, once the minimum V*
hyper is gained, the optimal

design parameters θ*l may actually reflect the correlationship
between the uncertain variables αl and αl + 1.

(b) In terms of a specific interval process Yj(t), the cor-
relation properties between Yj(t1) and Yj(t2) with any
instant times t1 and t2 are what we really concerned.
Hence, the above optimization procedure can be sim-
plified and be executed by following steps:

i ) Co l l e c t a l l t h e s am p l e c u r v e s y Sð Þ
j tð Þ ¼

y j t; 1ð Þ; y jðt; 2Þ;…; y jðt; SÞ
n o

and conduct the time-

discretization operation with small increment Δt as

y Sð Þ
j t1ð Þ ¼ y j t1; 1ð Þ; y j

�
t1; 2

�
;…; y j

�
t1; S

�n o
ð37Þ

and

y Sð Þ
j t2ð Þ ¼ y j t2; 1ð Þ; y j

�
t2; 2

�
;…; y j

�
t2; S

�n o
ð38Þ

where t1 = j1Δt and t2 = j2Δt (j1, j2 = 1, 2,…).

ii) Construct a two-dimensional sample space (Yj(t1)-
Yj(t2)) originating from (37) and (38), and accomplish
the aforementioned optimization solution to get the
smallest rotary rectangular domain (as illustrated in

Fig. 1), with rotation angel θ*j t1; t2ð Þ and the two

semi-axes βr
j t1ð Þ and βr

j t2ð Þ.
iii) By virtue of the characteristic parameters of the

smallest interval set, the covariance function CovY j

t1; t2ð Þ can be given by

CovY j t1; t2ð Þ

¼
βr
j t1ð Þ

� �2
− βr

j t2ð Þ
� �2

3
⋅sinθ*j t1; t2ð Þ⋅cosθ*j t1; t2ð Þ ð39Þ

Then, the auto-correlation coefficient function ρj(t1, t2) ar-
rives at

ρ j t1; t2ð Þ ¼ CovY j t1; t2ð Þ
Y r

j t1ð Þ⋅Y r
j t2ð Þ ð40Þ

iv) By traversing all values of counting indexes j1 and j2,
properties of autocorrelation of the interval process vec-
tor Yj(t) can be eventually confirmed.
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