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Abstract This paper focuses on the stress-constrained topol-
ogy optimization of minimizing the structural volume and
compliance. A new method based on adaptive volume con-
straint and stress penalty is proposed. According to this meth-
od, the stress-constrained volume and compliance minimiza-
tion topology optimization problem is transformed into two
simple and related problems: a stress-penalty-based compli-
ance minimization problem and a volume-decision problem.
In the former problem, stress penalty is conducted and used to
control the local stress level of the structure. To solve this
problem, the parametric level set method with the compactly
supported radial basis functions is adopted. Meanwhile, an
adaptive adjusting scheme of the stress penalty factor is used
to improve the control of the local stress level. To solve the
volume-decision problem, a combination scheme of the inter-
val search and local search is proposed. Numerical examples
are used to test the proposed method. Results show the light-
weight design, which meets the stress constraint and whose
compliance is simultaneously optimized, can be obtained by
the proposed method.
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1 Introduction

In recent years, as a challenging problem, the stress-based
topology optimization has attracted great attention (Silva and
Cardoso 2017; Rong et al. 2016; Lopes and Novotny 2016;
Lee et al. 2016). The common approaches, which are used to
deal with the stress-based topology optimization problem, can
be classified into three categories: the local method, the global
method and the regional or block aggregation technique
(Deaton and Grandhi 2014). In the local method (Bendsøe
and Sigmund 2003; Pereira et al. 2004; Bruggi and Venini
2008; Verbart et al. 2016), the control of the stress level is
acted on each finite element in the design domain. The ε-
relaxation and qp-relaxation are proposed by Cheng and
Guo (1997) and Bruggi (2008) to handle the singularity phe-
nomenon of stress-based topology optimization, respectively.
However, due to a large number of finite element constraints,
the local method has a low computational efficiency (Collet
et al. 2016). The global method (Guilherme and Fonseca
2007; Qiu and Li 2010; Yoon 2014) utilizes a whole stress
measurement under considering all the local stress levels, and
therefore can effectively reduce the computational cost. Yang
and Chen (1996) propose the global stress measurement meth-
od based on the Kresselmeier Steinhauser (KS) function.
Duysinx and Sigmund (1998) propose the global stress mea-
surement method based on the p-norm and the p-mean. The
KS function is improved by Luo et al. (2013) through aggre-
gating the active and the passive local stress constraints.
Kiyono et al. (2016) propose a multi-p-norm formulation ap-
proach to further develop the global method. However, the
global method cannot ensure the maximum stresses are indeed
controlled locally (Deaton and Grandhi 2014; Guo et al. 2014)
and solving the stress-based topology optimization problem
may become unstable and parameter-dependent because of its
highly nonlinear behavior (Collet et al. 2016). By the

* Mi Xiao
xiaomi@hust.edu.cn

1 State Key Laboratory of Digital Manufacturing Equipment and
Technology, Huazhong University of Science and Technology,
Wuhan 430074, China

2 School of Mechanical and Mechatronic Engineering, The University
of Technology Sydney, 15 Broadway, Ultimo, NSW 2007, Australia

Struct Multidisc Optim (2018) 57:1163–1185
DOI 10.1007/s00158-017-1803-4

# Springer-Verlag GmbH Germany 2017

http://orcid.org/0000-0002-5544-9935
mailto:xiaomi@hust.edu.cn
http://crossmark.crossref.org/dialog/?doi=10.1007/s00158-017-1803-4&domain=pdf


combination of the local and global methods, the regional or
block aggregation technique (París et al. 2010; Holmberg et al.
2013) is developed. In this technique, the design domain is
divided into several sub-regions. The local method is per-
formed in each sub-region, and the global method is used to
combine all the stress constraints in different sub-regions into
a whole stress control. However, in order to control the stress
level of a structure, most of the existing stress-based topology
optimization methods may greatly sacrifice some other struc-
tural performances (such as the compliance of the structure) if
these performances are not considered in the optimization
(Xia et al. 2012).

As a typical stress-based topology optimization problem,
the stress-constrained topology optimization problem has
gained many attentions. When the structural stress level is
limited, how to deal with the structural volume is one of the
key issues. Generally, in many stress-constrained topology
optimization problems, the volume is usually predetermined
and used as a fixed constraint (Sigmund 2001; Wang et al.
2003; Zhang et al. 2015). Namely, the fixed allowable amount
of material is distributed to a design domain. Guo et al. (2011)
deal with the stress-related problem through the level set
method, in which the stiffness measure is included and a
global stress constraint and a volume constraint are
considered. Guo et al. (2014) investigate the stress-related
topology optimization involving multi-phase materials, in
which the compliance is considered as the objective function
and both the global stress level and the volume are regarded as
the constraints. De Leon et al. (2015) consider the stress-
constrained topology optimization for compliant mechanism
design, where the objective function is to minimize the dis-
placement in the output port subject to a global stress con-
straint and a volume constraint. However, in the stress-
constrained topology optimization, because the set of the vol-
ume constraint is primarily dependent on the subjective expe-
rience of designers, the volume constraint easily leads to the
violation of stress constraints (De Leon et al. 2015).
Additionally, it may cause either an over- or under-design,
even though the peak stress of the structure and compliance
have beenminimized (Lin and Sheu 2009). On the other hand,
the structural volume can be viewed as the objective function
in the stress-constrained topology optimization, namely the
stress-constrained volume minimization problem. Jr
Emmendoerfer and Fancello (2014) solve the problem of min-
imum mass with local stress constraints using the level set
method. Jeong et al. (2014) proposed a novel phase-field
method for stress-based shape and topology optimization
method, where the volume is minimized and the local stress
constraints are involved. Nevertheless, it is pointed out that the
use of the volume as the objective function in the stress-
constrained topology optimization may lower other structural
performances (such as the stiffness) if these performances are
not considered in the optimization (Lin and Sheu 2009). To

address the aforementioned issues, Collet et al. (2016) propose
an approach aiming at the minimization of the structural vol-
ume under the local fatigue constraints along with a global
enforcement on the overall compliance. Lin and Sheu (2009)
propose an adaptive volume constraint (AVC) algorithm for
the stress limit-based topology optimization. In this algorithm,
the amount of material during optimization is adjusted to sat-
isfy the maximum stress limit while simultaneously minimiz-
ing the compliance. The sensitivity analysis of stress con-
straints is avoided in this algorithm and the computational cost
is drastically reduced. However, the structural stress level is
actually not optimized in the AVC algorithm.

This paper focuses on the stress-constrained topology op-
timization of minimizing the structural volume and compli-
ance, namely the volume-compliance minimization. A light-
weight structure that meets the stress constraint is expected to
be obtained and its compliance is simultaneously optimized to
exclude the pathological structures with small stiffness. A new
method based on AVC and stress penalty is proposed.
According to this method, the stress-constrained volume-com-
pliance minimization problem is transformed into two simple
and related problems: a stress-penalty-based compliance min-
imization problem and a volume-decision problem. In the for-
mer problem, stress penalty is employed to control the local
stress level of the structure. Specifically, to achieve the stress
penalty, only the regions where the stresses are larger than the
allowable stress will be considered and its corresponding
stress level will be optimized. To solve the optimization prob-
lem, the parametric level set method (PLSM) with the com-
pactly supported radial basis functions (CSRBFs) (Luo et al.
2007; Luo et al. 2008) is employed. Additionally, an adaptive
adjusting scheme of the stress penalty factor is applied to
improve the control of the local stress level. For the volume-
decision problem, a combination scheme of the interval search
and local search is proposed to determine a suitable volume
fraction limit by comparing the structural maximum stress and
the allowable stress.

The remainder of this paper is organized as follows. In
Section 2, the formulation of stress-constrained topology op-
timization of minimizing the structural volume-compliance by
using the proposedmethod based onAVC and stress penalty is
provided, and how to solve the stress-penalty-based compli-
ance minimization problem and the volume-decision problem
is elaborated. Section 3 takes some numerical examples to test
the proposed method. Conclusions are given in Section 4.

2 Stress-constrained topology optimization
of minimizing the structural volume-compliance

To obtain a lightweight structure that meets the stress con-
straint and whose compliance is simultaneously optimized,
the corresponding stress-constrained volume-compliance
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minimization topology optimization problem can be formulat-
ed as (1) according to the PLSM based on the CSRBFs.

min F ¼ G Φð Þ; J u;Φð Þ½ �T
s:t: a u; v;Φð Þ ¼ l v;Φð Þ; u ∂Ωj ¼ u0;∀v∈U

ςσ≤σv;max≤σ
βi;min≤βi≤βi;max

ð1Þ

where G(Φ) is the volume of the structure and J(u,Φ) is the
compliance measurement. u and v denote the real displace-
ment field and the virtual displacement field, respectively.U is
the space of kinematically admissible displacement fields.
u|∂Ω = u0 denotes the displacement constraint on the structural
boundary.Φ is the level set function andΦ =φβ in the PLSM,
where φ is the matrix of the shape function of the CSRBFs
and β is the vector of the design variable βi. βi is the expan-
sion coefficient at the ith knot in the PLSM. σv and σ are the
von Mises stress and the allowable stress, respectively. ς is the
tolerance factor. The structural maximum stress σv , max is ex-
pected to be near σ to make good use of materials and reduce
the use of materials. βi , min and βi , max are the lower and upper
bounds of the design variable. The state equation for the elas-
tic continuum structures is given in the weak form of a(u,
v,Φ) = l(v,Φ). The bilinear function a(u, v,Φ) and the bilinear
operator l(v,Φ) are defined as:

a u; v;Φð Þ ¼ ∫ΩεT uð ÞDε vð ÞH Φð ÞdΩ ð2Þ
l v;Φð Þ ¼ ∫ΩpvH Φð ÞdΩ þ ∫Ωτvδ Φð Þ ∇Φj jdΩ ð3Þ
where ε stands for the strain field, and D denotes the elastic
stiffness. p and τ are the structural volume force and boundary
traction, respectively. H(Φ) is the Heaviside function (Wang
et al. 2003; Allaire et al. 2004). δ(x) is the Dirac function,
namely the derivative of the Heaviside function. In this
paper, the following smoothed approximation of the
Heaviside function H(x) and the Dirac function δ(x)
are used (Wang et al. 2003).

H xð Þ ¼
μ x < −Δ

3 1−μð Þ
4

x
Δ

−
x3

3Δ3

� �
þ 1þ μ

2
−Δ≤x < Δ

1 x≥Δ

8><
>: ð4Þ

δ xð Þ ¼
3 1−μð Þ
4Δ

1−
x2

Δ2

� �
xj j≤Δ

γ xj j > Δ

8<
: ð5Þ

where Δ is the different value which is used to describe the
width of numerical approximation. Both μ and γ are small
positive numbers to avoid singularity.

According to the method based on AVC and stress penalty,
the stress-constrained volume-compliance minimization prob-
lem in (1) is transformed into two simple and related prob-
lems: the stress-penalty-based compliance minimization

problem and a volume-decision problem. In the former prob-
lem, the stress penalty is conducted and considered in the
objective function. The compliance and the stress level are
optimized simultaneously under the volume constraint.
Meanwhile, the volume fraction limit will be determined and
adjusted by solving the volume-decision problem to control
the structural volume. Specifically, an initial volume fraction
limit is predetermined. After solving the stress-penalty-based
compliance minimization problem, an optimal structure can
be obtained. Then, in the volume-decision problem, after the
comparison of the maximum stress of the current optimal
structure and the allowable stress, the volume fraction limit
is adjusted by a certain method. The adjusted volume fraction
limit will be transferred back to the stress-penalty-based com-
pliance minimization problem. The above solving process will
be repeated until the optimal lightweight design is obtained,
which meets the stress constraint and whose compliance is
simultaneously optimized. The details of the stress-penalty-
based compliance minimization problem, the volume-
decision problem and the whole solving process will be elab-
orated in the following sections.

2.1 Stress-penalty-based compliance minimization
topology optimization

2.1.1 Problem formulation

According to the PLSM based on the CSRBFs, the stress-
penalty-based compliance minimization problem can be for-
mulated as follows:

min J u;Φð Þ ¼ ∫Ω
1

2
εT uð ÞDε uð Þ 1þ αHobj σv−σ

� �� �
H Φð ÞdΩ

s:t: a u; v;Φð Þ ¼ l v;Φð Þ; u ∂Ωj ¼ u0;∀v∈U
G Φð Þ ¼ ∫ΩH Φð ÞdΩ≤V ∫ΩdΩ
βi;min≤βi≤βi;max

ð6Þ

where J u;Φð Þ is objective function of the stress-penalty-
based compliance minimization problem, and α is a stress
penalty factor. V is the volume fraction limit and will be ad-
justed by solving the volume-decision problem to control the
structural volume, which will be discussed in Section 2.2.

From (6), it can be seen that the objective function consists
of two parts: the compliance and a penalty of the stress which
is larger than the allowable stress. Although this way of con-
trolling the stress level by the objective function instead of the
constraint belongs to the local method mentioned in the
Introduction Section, it can avoid the huge computational bur-
den due to a large number of stress constraints in the existing
local methods. The stress penalty factor α controls the weight
of the penalization, which is of vital importance for control-
ling the maximum stress because it makes the stress that is
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larger than the allowable stress play a prominent role during
the optimization. Specifically, only the structure in the region
where the corresponding stress is more than the allowable
stress will be optimized by the penalty of the stresses in the
objective function. Accordingly, the local stress level of the
whole structure is controlled. To make the objective function
and its sensitivity differentiable and continuous, the Heaviside
function is introduced. The approximate Heaviside function
Hobj(⋅) and its derivative δobj(⋅) are defined as

Hobj xð Þ ¼
0 x < −Δobj

3

4

x
Δ

−
x3

3Δ3

� �
þ 1

2
−Δobj≤x < Δobj

1 x≥Δobj

8>><
>>: ð7Þ

δobj xð Þ ¼
3

4Δ
1−

x2

Δ2

� �
xj j≤Δobj

0 xj j > Δobj

8<
: ð8Þ

whereΔobj is the different value inHobj σv−σð Þ for controlling
the local stress level. When Δobj increases, the band of tran-
sition becomes wider and smoother. However, it causes that
the penalization will be conducted when σv > σ−Δobj.

2.1.2 Sensitivity analysis

In this paper, the optimality criteria (OC) method (Bendsøe
1995; Sigmund 2001), which is a gradient-based method, is
used to solve the stress-penalty-based compliance minimiza-
tion problem in (6). The sensitivity analysis for this problem is
required and described in this section.

For convenience of description, it is set that ke =BTDB and
Ce = BTDTVDB, where B is the strain-displacement matrix
and V is an auxiliary matrix and used to solve the von Mises
stress and estimate plane stress, which is given by

V ¼
1 −

1

2
0

−
1

2
1 0

0 0 3

2
6664

3
7775 ð9Þ

Then the objective function in (6) and the bilinear function
in (2) can be rewritten as

J u;Φð Þ ¼ ∫Ω
1

2
uTBTDBu 1þ αHobj σv−σ

� �� �
H Φð ÞdΩ

¼ ∫Ω
1

2
uTkeu 1þ αHobj σv−σ

� �� �
H Φð ÞdΩ

ð10Þ
a u; v;Φð Þ ¼ ∫ΩuTBTDBvH Φð ÞdΩ ¼ ∫ΩuTkevH Φð ÞdΩ ð11Þ
where Hobj σv−σð Þ can be simplified to Hobj uTCeuð Þ1=2−σ

� �
through the PLSM and the relaxation method based on the
stress (Duysinx and Bendsøe 1998).

In this section, the shape derivative (Choi and Kim 2005;
Haug et al. 1986; Wang and Wang 2004) and the adjoint
method are employed. The Lagrangian is defined as

Ψ ¼ J u;Φð Þ þ a u; v;Φð Þ−l v;Φð Þ þ λ G Φð Þ−V ∫ΩdΩ
� �

ð12Þ

where λ is a Lagrangian multiplier for the volume constraint.
According to the linearity of the admissible displacement
field, a(u, v,Φ) = l(v,Φ) and it is regarded as an Equation for
solving the displacement field rather than defining a con-
straint. The shape derivative of the Lagrangian over the time
is shown by

∂Ψ
∂t

¼ ∂J u;Φð Þ
∂t

þ ∂a u; v;Φð Þ
∂t

−
∂l v;Φð Þ

∂t
þ λ

∂G Φð Þ
∂t

ð13Þ

where the derivatives ∂ J u;Φð Þ
∂t , ∂a u;v;Φð Þ

∂t , ∂l v;Φð Þ
∂t and ∂G Φð Þ

∂t are
given by

∂J u;Φð Þ
∂t

¼ ∫Ωu˙
T
keu 1þ αHobj uTCeu

� �1.2
−σ

 ! !
H Φð ÞdΩ

þ ∫ΩuTkeuαδobj uTCeu
� �1.2

−σ

 !
1

2
uTCeu
� �−1.2

u˙
T
Ceu

 !
H Φð ÞdΩ

þ ∫Ω
1

2
uTkeu 1þ αHobj uTCeu

� �1.2
−σ

 ! !
δ Φð Þ ∂Φ

∂t
dΩ

ð14Þ
∂a u; v;Φð Þ

∂t
¼ ∫Ωu˙

T
kevH Φð ÞdΩ þ ∫ΩuTkev

˙ H Φð ÞdΩ

þ ∫ΩuTkevδ Φð Þ ∂Φ
∂t

dΩ ð15Þ

∂l v;Φð Þ
∂t

¼ ∫Ω pv˙ þ div τv˙ n
� �� �

dΩ

þ ∫Ω pvþ div τvnð Þð Þδ Φð Þ ∂Φ
∂t

dΩ ð16Þ

∂G Φð Þ
∂t

¼ ∫Ωδ Φð Þ ∂Φ
∂t

dΩ ð17Þ

The weak form of the state equation can be obtained by
collecting all the terms that contain v̇ on the right side of (13)
and making their sum to be zero, that is

∫ΩuTkev
˙ H Φð ÞdΩ ¼ ∫Ω pv˙ þ div τv˙ n

� �� �
dΩ ð18Þ

The adjoint equation, which is used to solve v, can be ob-
tained by collecting all the terms that include u̇ on the right
side of (13) and letting their sum to be zero, that is

∫Ωu˙
T
kevH Φð ÞdΩ þ ∫Ωu˙

T
keu 1þ αHobj uTCeu

� �1.2
−σ

 ! !
H Φð ÞdΩþ

∫ΩuTkeuαδobj uTCeu
� �1.2

−σ

 !
1

2
uTCeu
� �−1.2

u˙
T
Ceu

 !
H Φð ÞdΩ ¼ 0

ð19Þ
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Ignoring the body force and noticing that only boundaries
based on the homogeneous Neumann boundary condition
subject to optimization (Xia et al. 2012), the shape derivative
of the Lagrangian can be gained by substituting (18) and (19)
into (13), that is

∂Ψ
∂t

¼ ∫Ω
1

2
uTkeu 1þ αHobj uTCeu

� �1.2
−σ

 ! !
δ Φð Þ ∂Φ

∂t
dΩ

þ ∫ΩuTkevδ Φð Þ ∂Φ
∂t

dΩ þ λ∫Ωδ Φð Þ ∂Φ
∂t

dΩ

ð20Þ

Using the CSRBFsΦ(x, t) =φ(x)β(t), (20) can be rewritten as

∂Ψ
∂t

¼ ∑
N

i¼1
∫Ωγ u; v;Φð Þφi xð Þδ Φð Þ dβi tð Þ

dt
dΩ ð21Þ

where φi(x) is the shape function of the CSRBFs, and γ(u, v,Φ)
is given by

γ u; v;Φð Þ ¼ 1

2
uTkeu 1þ αHobj uTCeu

� �1.2
−σ

 ! !

þ uTkevþ λ ð22Þ

The above equation can be expanded as

∂Ψ
∂t

¼ ∑
N

i¼1
γ1

T dβi tð Þ
dt

þ ∑
N

i¼1
γ2

T dβi tð Þ
dt

ð23Þ

where γ1 and γ2 are defined as:

γ1 ¼ ∫Ω
1

2
uTkeu 1þ αHobj uTCeu

� �1.2
−σ

 ! !
þ uTkev

 !
φi xð Þδ Φð ÞdΩ

ð24Þ
γ2 ¼ λ∫Ωφi xð Þδ Φð ÞdΩ ð25Þ

On the other hand, the shape derivative of the Lagrangian
can be obtained by using the chain rule, that is

∂Ψ
∂t

¼ ∑
N

i¼1

∂J u;Φð Þ
∂βi tð Þ

þ λ ∑
N

i¼1

∂ G Φð Þ−V ∫ΩdΩ
� �

∂βi tð Þ

0
@

1
A dβi tð Þ

dt

ð26Þ

Then the design sensitivity for the objective function and
the volume constraint can be obtained by comparing the cor-
responding terms in (23) and (26), that is

∂J u;Φð Þ
∂βi tð Þ

¼ ∫Ω
1

2
uTkeu 1þ αHobj uTCeu

� �1.2
−σ

 ! !
þ uTkev

 !

φi xð Þδ Φð ÞdΩ

ð27Þ

∂ G Φð Þ−V ∫ΩdΩ
� �

∂βi tð Þ
¼ ∫Ωφi xð Þδ Φð ÞdΩ ð28Þ

Finally, the stress-penalty-based compliance minimiza-
tion problem in (6) can be solved via the gradient based
method. The OC method and the bisection method are
used to update the design variables β i(t) and the
Lagrange multiplier λ in this paper, respectively. It is
worth noting that the OC method and its related KKT
conditions used in this manuscript are similar to those
utilized in the work by Luo et al. (2008). A brief intro-
duction about them will be given in Section 2.3.4.
Additionally, the terminal condition for the stress-
penalty-based compliance minimization problem is given
by

J
k
−J

k−1

J
k−1

������
������ < ξ &

σk
v;max−σk−1

v;max

σk−1
v;max

�����
����� < ζ ð29Þ

where J
k
and σk

v;max are the values of the objective func-

tion and maximum stress of the optimal structure after kth
iterations, respectively. Both ξ and ζ are a small positive
number.

2.2 Combination scheme for volume-decision

The volume-decision problem is shown in (30). In this prob-
lem, the volume fraction limit will be determined and trans-
ferred to the stress-penalty-based compliance minimization
problem in (6) in order to obtain a lightweight design.

min V
s:t: ςσ≤σv;max≤σ

ð30Þ

The volume-decision problem is solved by the means
of automatically modifying the volume fraction limit
after comparing the structural maximum stress σv , max

and the allowable stress σ. In this paper, a combination
scheme of the interval search and local search is pro-
posed to determine a suitable volume fraction limit.
Specifically, the interval search scheme is used to nar-
row the search range of the feasible volume fraction
limit and find a suitable volume fraction limit interval,
in which the local search scheme is utilized to find the
final volume fraction limit. The detailed introduction of
the two methods will be provided in the following
sections.

2.2.1 Interval search scheme

In this paper, the interval search step is set to 0.1, which can
ensure the obvious changes of the structure and its maximum
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stress after each change of the volume constraint. The volume
fraction limit is changed according to the following scheme:

V
iþ1

¼ V
i
þ 0:1; σiv;max > σ

V
i
−0:1; σi

v;max≤σ

8<
: ð31Þ

where σi
v;max is the maximum stress of the optimal structure

with Vi
after the ith change of the volume constraint.

In order to gain a suitable volume fraction interval and
further determine the final volume fraction limit, the terminal
condition of the interval search scheme is set as

σ∈ σi−1
v;max;σ

i
v;max

h i
;V

i−1
> V

i

σ∈ σi
v;max;σ

i−1
v;max

h i
;V

i−1
≤V

i

8><
>: ð32Þ

When the terminal condition is satisfied, the suitable vol-
ume fraction interval will be obtained. But it is worth noting
that the volume fraction interval obtained is

0;max Vi−1
;Vi

� �h i
or min Vi−1

;Vi
� �

; 1
h i

rather than

Vi−1
;Vi

h i
. This is because the maximum number of iteration

after each change of the volume constraint is set in the opti-
mization to prevent too much iterations. The final structure

with the volume fraction limit Vi
may be not the correspond-

ing optimal structure, and its maximum stress may be smaller
or bigger. Thus, the final volume fraction limit can merely be

determined as 0;max Vi−1
;Vi

� �h i
when Vi−1

> Vi
, or

min Vi−1
;Vi

� �
; 1

h i
when Vi−1≤Vi

.

2.2.2 Local search scheme

For the local search scheme, the volume fraction limit is
changed according to the following scheme:

V
iþ1

¼
V
i
þmin 1:25� V

0
� σi

v;max−σ

σ

������
������;max

0:1

2 j ; 0:002

� �0
@

1
A; σiv;max > σ

V
i
−min 1:25� V

0
� σiv;max−σ

σ

������
������;max

0:1

2 j ; 0:002

� �0
@

1
A; σiv;max≤σ

8>>>>>><
>>>>>>:

ð33Þ

where j denotes the jth change of the volume constraint after
the local search scheme is conducted. From (33), it can be seen
that the change of the volume constraint is related to the initial
volume constraint of the whole optimization and the relative
deviation between the current maximum stress and the allow-
able stress. Near the end of the optimization, the maximum

stress is approaching the target value and the term 1:25� V0

� σi
v;max−σ

� ���� =σj dominates the change of the volume con-

straint. The maximum change of the volume constraint is lim-
ited and gradually changed by the bisection method (Kaw
et al. 2011). The constant 0.002 is set to avoid a small change
of the volume constraint because a slight change of the struc-
ture and its maximum stress will cause more optimization
iterations to obtain the final topological structure.

To obtain the lightweight structure which meets the stress
constraint, the terminal condition of the local search scheme is
set as (34). It is also used as the termination judgment for the
stress-constrained topology optimization with AVC and stress
penalty.

ςσ≤σv;max≤σ ð34Þ

2.3 Numerical implementation

2.3.1 Adaptive adjusting scheme of the stress penalty factor

The stress penalty factor α in (6) has a significant effect
on the topology optimization results. If the stress penalty
factor is set too small, it will be difficult to effectively
control the local stress level. And the structural maxi-
mum stress may be larger than the allowable stress and
the volume fraction limit will be increased, which can
easily lead to a local optimum. On the contrary, if the
stress penalty factor is set too large, the optimization will
become unstable due to the abrupt change of the objec-
tive function during the optimization. In this paper, an
adaptive scheme is used to adjust the value of the stress
penalty factor. When the maximum stress keeps stable
and the stress constraint is still not satisfied, the stress
penalty factor will be increased. It is defined as

α ¼ αþ 1; if
σkv;max−σk−1v;max

σk−1v;max

 !
≤ξ&

σkv;max−σk−2
v;max

σk−2v;max

 !
≤ξ&σkv;max > σ

ð35Þ

where σk
v;max is the maximum stress of the optimal struc-

ture after kth iterations.

2.3.2 Compactly supported radial basis function

In this paper, the following CSRBF with C2 smoothness (Luo
et al. 2008; Wendland 1995) is applied in the PLSM

φi xð Þ ¼ max 0; 1−ri xð Þð Þ4
n o

4ri xð Þ þ 1ð Þ ð36Þ
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where r is the radius of support and usually defined in a 2D
Euclidean space by

ri xð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x−xið Þ2 þ y−yið Þ2

q
dmI

ð37Þ

where dmI = 3.5 in this paper.

2.3.3 Finite element method

As in most topology optimization methods, the finite element
method (FEM) with structured four-node bi-linear elements is
employed in the displacement analysis to enhance the compu-
tational efficiency, and the ersatz material model is adopted for
FEM analysis (Zhang et al. 2015; Wang et al. 2015).
Therefore, the Young’s modulus of the eth element can be
interpolated by

De ¼ 1

Ve
∫ΩeH Φð ÞdΩ


 �
D; e ¼ 1; 2;…; n ð38Þ

where Ωe represents the region covered by the e
th element, Ve

is the area of the eth element and n is the number of the ele-

ments. 1
Ve
∫ΩeH Φð ÞdΩ

h i
can be regarded as the density of the

eth element.
In order to calculate the equivalent stress for the artificial

weak material around the boundary, the following stress cri-
terion (Duysinx and Bendsøe 1998) is applied.

σh i ¼ σv

ρq
¼ ρp

ρq
uTCeu
� �1.2 ð39Þ

where 〈σ〉 is the equivalent stress for the ersatz material model,
ρ is the density of the element, p is the penalty factor of the
density and q is the penalty factor for the equivalent stress.
According to the work by Choi and Kim (2005), p = q.

It is worth noting that the X-FEM approaches (Guo
et al. 2016) and body-fitted adaptive mesh techniques
(Liu and Korvink 2008) can be employed in the pro-
posed method to remove the artificial weak material and
further improve the accuracy of the stress calculation
since the clear boundaries of the structure can be ex-
plicitly described in the PLSM.

2.3.4 Optimality criteria method

In order to solve the stress-penalty-based compliance minimi-
zation problem shown in Section 2.1, the OC method is ap-
plied. For the optimization problem in (6), after introducing

Lagrange multipliers λ1 and λ2, the Lagrangian Ψ is re-
constructed as

Ψ ¼ J u;Φð Þ þ λ G Φð Þ−V ∫ΩdΩ
� �

þ λ1 βi;min−βi

� �
þ λ2 βi−βi;max

� � ð40Þ

The Kuhn-Tucker conditions can be obtained according to
its stationary conditions:

∂J u;Φð Þ
∂βi tð Þ

þ λ
∂ G Φð Þ−V ∫ΩdΩ
� �

∂βi tð Þ
−λ1 þ λ2

¼
¼ 0 if βi;min≤βi≤βi;max

≥0 if βi < βi;min

≤0 if βi > βi;max

8<
:
G Φð Þ−V ∫ΩdΩ≤0
λ G Φð Þ−V ∫ΩdΩ
� �

¼ 0; λ≥0

8<
:
βi;min−βi≤0
λ1 βi;min−βi

� � ¼ 0; λ1≥0

�
βi−βi;max≤0
λ2 βi−βi;max

� � ¼ 0; λ2≥0

�

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

ð41Þ

Assuming that the design variables are active, the station-
ary condition is again given as follows

∂J u;Φð Þ
∂βi tð Þ

þ λ
∂ G Φð Þ−V ∫ΩdΩ
� �

∂βi tð Þ
¼ 0

G Φð Þ−V ∫ΩdΩ≤0
λ G Φð Þ−V ∫ΩdΩ
� �

¼ 0; λ≥0

8<
:

8>>>>><
>>>>>:

ð42Þ

Then an efficient heuristic updating scheme based on the
Kuhn-Tucker conditions is applied (Luo et al. 2008). Its iter-
ation pattern for the design variables is designed as

β kþ1ð Þ
i ¼ D kð Þ

i β kð Þ
i ð43Þ

where β kð Þ
i is the design valuable at kth iteration and D kð Þ

i is
defined as

D kð Þ
i ¼ ∂J u;Φð Þ

∂β kð Þ
i tð Þ

.
max μ;λ kð Þ

∂ G Φð Þ−V ∫ΩdΩ
� �

∂β kð Þ
i tð Þ

0
@

1
A

0
@

1
A
ð44Þ

where μ is a very small positive constant and used to remove
the zero terms. The design sensitivities are shown in (27) and
(28). The following scheme is given by considering the lateral
constraints

β kð Þ
min≤β

kþ1ð Þ≤β kð Þ
max ð45Þ

where β kð Þ
min ¼ 2min β kð Þ

i

n o
and β kð Þ

max ¼ 2max β kð Þ
i

n o
.
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Finally, the updating scheme of the OC method is given as

~β
kþ1ð Þ
i ¼

max 1−mð Þ~β
kð Þ
i ; ~β

kð Þ
min

� 
; if D kð Þ

i

� �ζ
~β

kð Þ
i ≤max 1−mð Þ~β

kð Þ
i ; ~β

kð Þ
min

� 

D kð Þ
i

� �ζ
~β

kð Þ
i ; if

max 1−mð Þ~β
kð Þ
i ; ~β

kð Þ
min

� 
< D kð Þ

i

� �ζ
~β

kð Þ
i

< min 1þ mð Þ~β
kð Þ
i ; ~β

kð Þ
max

� 
8>><
>>:

9>>=
>>;

min 1þ mð Þ~β
kð Þ
i ; ~β

kð Þ
max

� 
; if D kð Þ

i

� �ζ
~β

kð Þ
i ≥min 1þ mð Þ~β

kð Þ
i ; ~β

kð Þ
max

� 

8>>>>>>>>>><
>>>>>>>>>>:

ð46Þ

where ~β
kð Þ
i , ~β

kð Þ
min and

~β
kð Þ
max are the regularized design variable

and lateral limits ranging from 0 to 1. ζ is the damping factor
andm is the move limit. Other more detailed description about
the OC method can be referred to the work by Luo et al.
(2008).

2.3.5 Solving process of stress-constrained topology
optimization for minimizing the structural volume-compliance

In this paper, the original stress-constrained topology optimiza-
tion for minimizing the structural volume-compliance is trans-
formed into a stress-penalty-based compliance minimization
problem and a volume-decision problem according to themeth-
od based on AVC and stress penalty. Stress penalty is consid-
ered in the objective function and used to control the local stress
level of the structure in the stress-penalty-based compliance
minimization problem. The combination scheme of the interval
search and local search is proposed to solve the volume-
decision problem. Figure 1 illustrates the flowchart of themeth-
od based on AVC and stress penalty for solving the stress-
constrained volume-compliance minimization problem. As
seen in Fig. 1, it can be observed that the whole solving process
consists of two stages. For a succinct representation, a jointly
introduction is presented as follows. The interval search
scheme is used in stage 1 from Step 1 to Step 9, and the local
search scheme is employed in stage 2 from Step 10 to Step 16.

Step 1: Define the topology optimization problem, including
the definition of the design domain, loading and
boundary conditions. Set an allowable stress limit
and an initial volume constraint, and initialized the
design structure.

Step 2: Carry out the finite element analysis for the current
structure. Calculate and record the compliance and
the maximum stress of the optimized structure in the
current iteration.

Step 3: Calculate the derivatives of the objective function
and the volume constraints over expansion coeffi-
cients by using (27) and (28).

Step 4: Update the expansion coefficients and the level set
function according to the OC method.

Step 5: If the terminal condition (Criterion A) for the PLSM
based on CSRBFs in (29) is met or the maximum
number of iterations after each change of the volume
constraint is reached, record the relevant data about
the current structure and go to Step 8; otherwise, go
to the next step.

Step 6: If the criteria (Criterion B) for the adaptive adjusting
scheme of the stress penalty factor in (35) is sat-
isfied, go to the next step; otherwise, go back to
Step 2.

Step 7: Adjust the stress penalty factor by using the adaptive
adjusting scheme in (35) and go back to Step 2.

Step 8: If the terminal condition (Criterion C) of the interval
search scheme in (32) is not satisfied, go to the next
step; otherwise, go to Step 10.

Step 9: Adjust the volume fraction limit by using the interval
search scheme in (31) and go back to Step 2.

Step 10: Re-initialize the topology optimization problem
as the one when the volume fraction limit is
equal to the upper bound of the current volume
fraction interval. Accordingly, all the data and
the structure are reset to the corresponding ones
recorded in the Step 5. Then adjust the volume
fraction limit by using the local search scheme
in (33).

Step 11: Carry out the finite element analysis for the current
structure. Calculate and record the compliance and
the maximum stress of the optimized structure in
the current iteration.

Step 12: Calculate the derivatives of the objective function
and the volume constraints over expansion coeffi-
cients by using (27) and (28).

Step 13: Update the expansion coefficients and the level set
function according to the OC method.

Step 14: If the terminal condition (Criterion A) in (29) is met
or the maximum number of iterations after each
change of the volume constraint is reached, go to
the next step; otherwise, go back to Step 11.
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Step 15: If the terminal condition (Criterion D) of the local
search scheme in (34) is not satisfied, go to the next
step; otherwise, stop and the optimal topological
structure is obtained.

Step 16: Adjust the volume fraction limit by using the local
search scheme in (33) and go back to Step 11;

It can be seen fromFig. 1 that Steps 2–5 and 11–14 are used to
solve the stress-penalty-based compliance minimization problem
in (6), while the interval search scheme and the local search
scheme are conducted with Steps 8–9 and Steps 15–16 to deal
with the volume-decision problem in (30), respectively.

3 Numerical examples

In this section, numerical examples are shown to demonstrate
the validity and effectiveness of the proposed method for the
stress-constrained volume-compliance minimization problem.
Meanwhile, the effects of the stress penalty factor, the differ-
ent value Δobj and the allowable stress σ on the optimization
results are analyzed and discussed. For all the examples, the
Young’s elasticity modulus is 200GPa for solid materials and
0.001 for void materials. The Poisson’s ratio is 0.3.
Additionally, the large stresses in the vicinity around the
points of the concentrated forces are ignored in the stress
measure.

3.1 L-shape beam

The topology optimization of a 2D L-shape beam shown in
Fig. 2 is selected to verify the validity of the proposedmethod.

A mesh of 100 × 100 elements for the L-shape beam is
employed. The top of the structure is fixed, and a concentrated
force F = 200kN is loaded at the top position of the structural

right side. In this example, the initial volume fraction limit V0

= 0.5. The allowable stress is set to 130 MPa. The adaptive
adjusting scheme of the stress penalty factor is conducted with
the initial stress penalty factor α0 = 5. The different valueΔobj

are set to 5. ς is set to 99% in (34) for the terminal condition of
the local search scheme.

According to the method based on AVC and stress
penalty, the stress-constrained volume-compliance mini-
mization problem of the L-shape beam can be transformed
into two problems: the stress-penalty-based compliance
minimization problem and a volume-decision problem.
According to (6), the stress-penalty-based compliance
minimization problem of the L-shape beam can be formu-
lated. By using the combination scheme of the interval
search and local search, the volume-decision problem

Fig. 2 Design domain of the L-shape beam
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C met?

Adjust volume 
constraint using  
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Re-initialize the problem and 
adjust the volume limit using 

local search scheme
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Fig. 1 Flowchart of the method
based on AVC and stress penalty
for solving the stress-constrained
topology optimization
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can be solved. According to the solving process shown in
Fig. 1, the optimal structure of the L-shape beam is ob-
tained. The initial configuration of the L-shape beam for
the optimization is given in Fig. 3. Figure 4 illustrates the
intermediate designs, optimal design and their corre-
sponding maps of the von Mises stress. The convergence
histories of the objective function, volume fraction, com-
pliance and maximum stress are shown in Fig. 5.

From Fig. 4, it can be found that the structures with smooth
and clear boundaries are obtained during the optimization due to
the application of the PLSM. As seen in Fig. 5(b), the volume
fraction limit value is reduced at several iterations after the im-
plementation of the interval search and local search schemes.
Then, the solid materials in the structure need to be removed to
satisfy the volume constraint, which causes the objective, com-
pliance and maximum stress increase rapidly at these iterations
(as seen in Fig. 5(a), 5(c) and 5 (d)). When the volume fraction

limit V2 ¼ 0:3, the maximum stress of the structure is
115.15 MPa at the 455th iteration. While the maximum stress

of the structure with the volume fraction limit V3 ¼ 0:2 is
151.75MPa at the 607th iteration, which is larger than the allow-
able stress. Thus, the volume interval search in Stage 1 of the
proposed method is finished after 607 iterations, and the suitable
volume fraction interval is determined as [0, 0.3]. Then the to-
pology optimization problem is re-initialized as the one when the
volume fraction limit is equal to 0.3, which causes the abrupt
increase of the volume fraction at the 608th iteration in Fig. 5(b).
The optimal structure is generated after the following 301 itera-
tions by using the volume local search in Stage 2 of the proposed
method. The compliance of the optimal structure is 41,096.27
and its maximum stress is 129.71 MPa, which meets the stress
constraint. The optimal volume fraction is 0.17426. Compared

with the initial volume fraction limit V0 ¼ 0:5, the volume frac-
tion is decreased by more than 60%. Hence, it is illustrated that
the stress-constrained volume-complianceminimization problem
can be effectively solved by the proposed method. A lightweight
structure that meets the stress constraint is obtained and its com-
pliance is simultaneously optimized.

Comparatively, without considering the stress constraint
and the stress penalty, i.e., α = 0 in (6), the topology optimi-
zation for minimizing the compliance of the L-shape beam
with the unchanged volume fraction limit V ¼ 0:5 is present-
ed to demonstrate the effectiveness of stress penalty in (6) on
controlling the local stress level. Its optimal design is shown in
Fig. 6. The maximum stress is 156.90 MPa and appears at the
inner corner of the structure with the stress concentration.
While as shown in Fig. 4(a), the design with the volume frac-

tion limit V0 ¼ 0:5 after 151 iterations by the proposed meth-
od with stress penalty has a quite different structure, especially

Material distribution Stress distribution

Material distribution Stress distribution

Material distribution Stress distribution

Material distribution Stress distribution

(a)

(b)

(c)

(d)

Fig. 4 Material and stress distributions for the stress-constrained volume-
complianceminimization problem of the L-shape beam at different iterations:

(a) step 151 with volume fraction limit V0
= 0.5; (b) step 303 with volume

fraction limit V1
= 0.4; (c) step 455 with volume fraction limit V2

= 0.3; (d)
step 908with the final volume fraction limitV = 0.17426 (the optimal design)

Material distribution            Stress distribution

Fig. 3 Material and stress distributions for the initial configuration of the
L-shape beam
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at the inner corner of the L-shape beam. Its maximum stress is
125.14MPa, which is lower than the allowable stress. Thus, it
is demonstrated that stress penalty in (6) can effectively con-
trol the stress level when α > 0.

3.1.1 Effects of the stress penalty factor on optimization results

To analyze the effects of the stress penalty factor on optimi-
zation results, the stress-constrained volume-compliance min-
imization problem of the L-shape beam is further solved under
different stress penalty factors without the adaptive adjusting

scheme. Comparison of optimization results is given in
Table 1.

When α = 0 in (6), the topology optimization of the L-
shape beam is conducted to obtain a structure with the mini-
mum compliance, and it do not have the ability to control the
local stress level. As α increases, the compliance will increase
due to the change of the structure with the minimum compli-
ance. While the maximum stress will decrease because stress
penalty is gradually enhanced and the local stress level can be
effectively controlled till the stress constraint is satisfied.
Therefore, if α is set too small, the penalty of stresses that
are larger than the allowable stress is not enough and the
maximum stress will be still larger than the allowable stress.
Then, the volume fraction limit is increased during the
volume-decision by the combination search scheme. Finally,
a local optimal design will be obtained. It can be seen from
Table 1 that an appropriate design cannot be obtained when
α = 5. This is because sometimes more usage of materials may
induce more severe stress concentration (Guo et al. 2014).
Namely, even though the volume is increased during the op-
timization, the stress concentration still exists at the inner cor-
ner of the L-shape beam and the maximum stress is larger than
the allowable stress. When α = 10, a better design is obtained,
which is close to the design obtained by the proposed method

Material distribution            Stress distribution

Fig. 6 Material and stress distributions for the compliance minimization
problem of the L-shape beam with the unchanged volume fraction limit
V ¼ 0:5
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Fig. 5 Iterative histories for the
stress-constrained volume-
compliance minimization
problem of the L-shape beam: (a)
objective; (b) volume fraction; (c)
compliance; (d) maximum stress
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with the adaptive adjusting scheme of α. The stress constraint
is satisfied. Nevertheless, the compliance is a little larger.
When α = 15, though the stress constraint is met, the final
volume fraction limit is larger than the ones when the adaptive
adjusting scheme ofα is conducted and α = 10. Figure 7 gives
the structure obtained by the proposed method with α = 15 at
the 127th iteration under the current volume fraction limit

V0 ¼ 0:5. Compared with the optimal structure shown in
Fig. 6, it can be found that the stress penalty factor (α = 15)
makes a great change of the structure at the beginning of the
optimization to prevent the stress concentration, particularly at
the inner corner of the L-shape beam, and then these structural
characteristics will be retained in the final design.
Additionally, if α is set too large, the optimization will be
unstable due to the abrupt change of the objective function,

and then a local optimum will be easily obtained. Therefore, it
is demonstrated that the adaptive adjusting scheme of the
stress penalty factor is effective.

3.1.2 Effects of the Δobj on optimization results

To analyze the effects of Δobj in (7) and (8) on optimization
results, the stress-constrained volume-compliance minimiza-
tion problem of the L-shape beam is further solved under
different values of Δobj. In order to make sure there is only
one parameter for discussion, the adaptive adjusting scheme
of the stress penalty factor is not applied and α is set to 10.
Comparison of optimization results is given in Table 2.

Δobj controls the width of the transition band of the Heaviside
function in stress penalty, and an inappropriate Δobj may cause
the violation of the stress constraint. If it is set too small, the
objective function in (10) and its sensitivity in (27) will be nearly
equivalent to the discontinuous functions, which will lead to the
great abrupt change of the penalty item and the generation of a
local optimum during the optimization. For example, set
Δobj = 1, the structure obtained by the proposed method at the

46th with the volume fraction limit V
0
= 0.5 is given in Fig. 8(a).

Its maximum stress is 133.86 MPa and larger than the allowable
stress. Actually, this structure is a local optimum because it can
be found from Fig. 4(a) that the maximum stress of the L-shape

beamwith the volume fraction limit V0 ¼ 0:5 can be lower than
the allowable stress. Then the volume fraction limit should be

Table 1 Comparison of optimization results obtained by the proposed method for the L-shape beam under different stress penalty factors

Optimal results Adaptive ( 0=5) =5 =10 =15

Volume fraction 0.17426 1.0000 0.17405 0.20527

Compliance 41096.27 11484.19 42078.14 39238.62

Maximum stress (MPa) 129.71 148.39 129.92 129.23

Material distribution

Stress distribution

α α αα α

Material distribution            Stress distribution

Fig. 7 Material and stress distributions for the stress-constrained
volume-compliance minimization problem of the L-shape beam at the
127th iteration with the unchanged stress penalty factor α = 15 and

current volume fraction limit V0 ¼ 0:5
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increased to 0.6. The structure obtained by the proposed method
withΔobj = 1 at the 198th iteration with the volume fraction limit

V1
= 0.6 is given in Fig. 8(b). Its maximum stress is 128.30MPa,

lower than the allowable stress. Accordingly, the volume interval
search in Stage 1 of the proposed method is finished, and the
volume local search is conducted. From the results withΔobj = 1
in Table 2, it can be seen that an acceptable design with the
optimal volume fraction 0.19913 is obtained due to the continual
change of the volume fraction limit by the local search scheme.
Therefore, the proposed combination search scheme for volume-
decision is helpful in avoiding a local optimum to some degree.
On the other hand, ifΔobj is set relatively large, such as 5 and 10,
the penalty item will become smoother in the neighborhood
around the stress point where the stress value is equal to the
allowable value. From Table 2, it can be observed that good
designs can be obtained when Δobj is set to 5 and 10.
However, Δobj should not be set too large, otherwise (6) will

be nearly equivalent to the compliance minimization topology
optimization problem and the stress level cannot be effectively
controlled. From Table 2, it can be found that an appropriate
design cannot be obtainedwhenΔobj= 120. The stress constraint
is not satisfied without the effective control of the stress level.
Therefore, the drawback of the proposedmethod is that a suitable
value ofΔobj in stress penalty needs to be predetermined by the
designers according to the specific optimization problems and
their design experience.

3.1.3 Effects of the allowable stress on optimization results

To analyze the effects of the allowable stress on optimization
results, the stress-constrained volume-compliance minimiza-
tion problem of the L-shape beam is further solved under
different allowable stresses. During the optimization, the
adaptive adjusting scheme of the stress penalty factor is

Table 2 Comparison of optimization results obtained by the proposed method for the L-shape beam under different Δobj and α = 10

Optimal results obj=1 obj=5 obj=10 obj=120

Volume fraction 0.19913 0.17405 0.17912 1.0000

Compliance 35636.67 42078.14 42757.52 11484.19

Maximum stress (MPa) 129.07 129.92 129.60 148.39

Material distribution

Stress distribution

Δ Δ Δ Δ

Material distribution Stress distribution Material distribution Stress distribution

(a) (b)

Fig. 8 Material and stress distributions for the stress-constrained volume-compliance minimization problem of the L-shape beam with Δobj = 1 at

different iterations: (a) step 46 with volume fraction limit V0 ¼ 0:5; (b) step 198 with volume fraction limit V1 ¼ 0:6
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conducted and Δobj is set to 5. Comparison of optimization
results is given in Table 3.

From Table 3, it can be seen that all the problems under
different allowable stresses can be solved by the proposed
method. As the allowable stress increases, the final volume
of the L-shape beam is reduced. Due to the compliance-based
term in the objective function in (6), the structural compliance
is optimized to exclude the pathological structures with small
stiffness. From the material distributions in Table 2, it can be
observed that the optimal designs under different allowable
stresses have the same topological structure. It is worth noting
that when the allowable stress is set to 170MPa, stress penalty
is not always active at the beginning of the optimization be-
cause the maximum stress of the structure with the initial

volume fraction limit V0
= 0.5 is lower than 170 MPa, which

can be inferred from the stress distribution in Fig. 6. As the
volume fraction limit decreases, the maximum stress is in-
creased and stress penalty becomes active. Through the pro-
posed method, a lightweight design that meets the stress con-
straint is obtained, and its compliance is simultaneously
optimized.

3.1.4 Effects of the initial structural configuration
on optimization results

To analyze the effects of the initial configuration on optimiza-
tion results, the stress-constrained volume-compliance

minimization problem of the L-shape beam is further solved
under different initial configurations. Compared with the ini-
tial configuration in Fig. 3, two different initial configurations
A and B are employed and shown in Fig. 9. All the parameters
have the same values as those for the initial configuration in
Fig. 3 and its corresponding optimization in Fig. 4. The inter-
mediate designs, optimal design and their corresponding maps
of the von Mises stress are given in Figs. 10 and 11,
respectively.

As seen in Fig. 10, under the initial configuration A, the
final design is obtained after 993 iterations. The compliance,
volume fraction and maximum stress of the optimal structure
are 41,627.39, 0.17998 and 129.57 MPa, respectively. As
shown in Fig. 11, under the initial configuration B, the final
design is obtained after 1350 iteration. The compliance, vol-
ume fraction and maximum stress of the optimal structure are
39,326.22, 0.20635 and 129.95 MPa, respectively. From
Figs. 4, 10 and 11, it can be found that the structural topologies
of the intermediate designs are different, but the structural
topologies of the final designs are the same under three differ-
ent initial configurations. For the three final designs, their
shapes are a little different, which lead to different structural
performances. However, their compliances, volume fractions
and maximum stresses are close. Besides, all their structural
volumes decrease largely and all the stress constraints are
satisfied. It means lightweight designs, which meets the stress
constraint and whose compliance is simultaneously opti-
mized, can be obtained under different initial configurations

Table 3 Comparison of optimization results obtained by the proposed method for the L-shape beam under different allowable stresses

Optimal results =110MPa =130MPa =150MPa =170MPa

Volume fraction 0.22169 0.17426 0.14767 0.13164

Compliance 40561.80 41096.27 51761.49 51485.95

Maximum stress (MPa) 109.24 129.71 149.43 169.71

Material distribution

Stress distribution

σ σ σ σ
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by the proposed method. Therefore, the results show that, to
some extent, the proposedmethod can alleviate the problem of
dependency of the initial configuration which is the inherent
problem of the PLSM (Luo et al. 2008).

3.1.5 Different loading condition for the L-shape beam

For the L-shape beam shown in Fig. 2, the stress-constrained
volume-compliance minimization problem is studied when
the concentrated force F is loaded at the middle point of the
structural right side (seen in Fig. 12). The values of all the
parameters are not changed. The initial volume fraction limit

V0
= 0.5 and the initial configuration of the L-shape beam in

Fig. 3 is also employed in this example. Figure 13 shows the
corresponding initial stress distribution. The proposed method
are used to deal with this problem. Figure 14 illustrates the
intermediate designs, optimal design and their corresponding
stress distributions. The convergence histories of the objec-
tive, volume fraction, compliance and maximum stress are
shown in Fig. 15.

From Fig. 15, it can be observed that the compliance and
maximum stress change rapidly after each change of the vol-
ume fraction limit constraint, leading to the oscillation of the
iterative curves. After 645 iterations, the volume interval
search in Stage 1 of the proposed method is finished. The
optimal structure is generated after the following 763 itera-
tions by the volume local search in Stage 2 of the proposed
method. The compliance of the optimal structure shown in
Fig. 14(d) is 41,807.28 and its maximum stress is
129.65 MPa which meets the stress constraint. The optimal
volume fraction is 0.17866. Compared with the initial volume

fraction limit V0
= 0.5, the volume fraction is decreased by

more than 60%. In order to further verify the effectiveness of
stress penalty in the (6), we conduct the compliance minimi-
zation topology optimization (namely α = 0 in (6)) for the L-
shape beam under this load case with the unchanged volume
fraction limit V ¼ 0:5. Its optimal design and the correspond-
ing stress distribution are shown in Fig. 16. It can be seen that
there is stress concentration at the inner corner. The maximum
stress is 158.63 MPa, more than the allowable stress.
Compared with this design, the structure obtained by the

Material distribution Stress distribution

Material distribution Stress distribution

Material distribution Stress distribution

Material distribution Stress distribution

(a)

(b)

(c)

(d)

Fig. 10 Material and stress distributions for the stress-constrained
volume-compliance minimization problem of the L-shape beam under
initial configuration A at different iterations: (a) step 58 with volume

fraction limit V0
= 0.5; (b) step 210 with volume fraction limit V1

=

0.4; (c) step 362 with volume fraction limit V2
= 0.3; (d) step 993 with

the final volume fraction limit V = 0.17998 (the optimal design)

Material distribution Stress distribution Material distribution Stress distribution

(b)(a)

Fig. 9 Material and stress distributions for two different initial configurations of the L-shape beam: (a) initial configuration A; (b) initial configuration B
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proposed method with the volume fraction limit V0
= 0.5 in

Fig. 14(a) has smoother boundary at the inner corner. The
stress concentration is eliminated, and the maximum stress
125.65 MPa is lower than the allowable stress. Therefore, it
is demonstrated once again that the proposed method is effec-
tive to solve the stress-constrained volume-compliance mini-
mization problem.

3.1.6 Computational efficiency of the proposed method

The CPU cost of the proposed method is almost equal to that of
solving the stress-penalty-based compliance minimization prob-
lem under the volume constraint, because solving the volume-
decision problem is only a process of judgment and assignment
which takes very little time. For the stress-penalty-based com-
pliance minimization problem, stress penalty is used for the
control of the local stress level, which is an added term in the
objective function instead of the constraints. This can avoid a

large number of finite element constraints in conventional local
methods for controlling the stress level. On the other hand, the
CPU time per iteration of the stress-penalty-based compliance
minimization optimization under the volume constraint is close
to that of the global stress method. For example, for the L-shape
beam in Fig. 2, on average, the proposed method takes 18.55 s
per iteration, while the global stress method (i.e., the p-norm
method) takes 17.63 s per iteration. Therefore, the proposed
method combines the advantages of the local and global stress
methods, namely the effective control of the local stress level
and the high solving efficiency. However, during solving the
stress-constrained topology optimization of minimizing the
structural volume-compliance by the proposed method, the vol-
ume constraint needs to be constantly adjusted to find an appro-
priate volume fraction limit, which leads to more iterations.
Nevertheless, compared with the local stress method, when a
great number of finite elements are involved during the optimi-
zation, the proposed method may take a lower CPU cost for the
whole solving process. Under this case, the effect of the itera-
tions on the CPU cost is smaller than that of the number of finite
elements.

Material distribution Stress distribution

Material distribution Stress distribution

Material distribution Stress distribution

Material distribution Stress distribution

(a)

(b)

(c)

(d)

Fig. 11 Material and stress distributions for the stress-constrained
volume-compliance minimization problem of the L-shape beam under
initial configuration B at different iterations: (a) step 222 with volume

fraction limit V0
= 0.5; (b) step 374 with volume fraction limit V1

= 0.4;

(c) step 526 with volume fraction limit V2
= 0.3; (d) step 1350 with the

final volume fraction limit V = 0.20635 (the optimal design)

Fig. 12 L-shape beam under another load case

Material distribution Stress distribution

Fig. 13 Material and stress distributions for the initial configuration of
the L-shape beam under another load case
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3.2 Squared plate

In this section, the topology optimization of a 2D squared
plate shown in Fig. 17 is selected to verify the effectiveness

of the proposed method. This example emulates the fracture
mode I of a squared plate with length L1 = 80 and fracture
length L2 = 40. A concentrated force is applied to open the
fracture, which produces high stresses at the fracture tip (Jr
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(d)

(c)

(b)

(a)Fig. 15 Iterative histories for the
stress-constrained volume-
compliance minimization
problem of the L-shape beam
under another load case: (a)
objective; (b) volume fraction; (c)
compliance; (d) maximum stress

Material distribution Stress distribution

Material distribution  Stress distribution

Material distribution Stress distribution

(a)

(b)

(c)

(d)

Material distribution Stress distribution

Fig. 14 Material and stress distributions for the stress-constrained
volume-compliance minimization problem of the L-shape beam at
different iterations under another load case: (a) step 229 with volume

fraction limit V0
= 0.5; (b) step 343 with volume fraction limit V1

=

0.4; (c) step 443 with volume fraction limit V2
= 0.3; (d) step 1408

with final volume fraction limit V = 0.17866 (the optimal design)
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Emmendoerfer and Fancello 2014). A mesh of 80 × 80 ele-
ments for the squared plate is employed, but only the right
symmetric part of the plate was applied with a mesh of 40 × 80
elements in the optimization due to the symmetry of the struc-

ture. In this example, the initial volume fraction limit V0
= 0.4.

The allowable stress is set to 130 MPa. The adaptive adjusting
scheme of the stress penalty factor is conducted with the initial
stress penalty factor α0 = 5, and the different valueΔobj is set
to 5. ς is set to 99% in (34) for the terminal condition of the
local search scheme.

To provide a reference for the stress-constrained volume-
compliance minimization topology optimization, the compli-
ance minimization topology optimization is conducted for this
squared plate with the unchanged volume fraction limit
V ¼ 0:4. The initial configuration of the squared plate for
the optimization is given in Fig. 18. Figure 19 shows the
optimal design with the minimum compliance. It can be seen
that stress concentration exists and high stresses appear at the
fracture tip. The maximum stress is 173.69 MPa, which is
more than the allowable stress.

In the following, the stress-constrained volume-compliance
minimization problem of the squared plate is solved by the
proposed method according to the solving process in Fig. 1.
The initial structural configuration in Fig. 18 is employed.
Figure 20 illustrates the intermediate designs, optimal design
and their corresponding stress distributions. The convergence

histories of the objective function, volume fraction, compli-
ance and maximum stress are shown in Fig. 21.

As shown in Fig. 21, the oscillation of the iterative curves
exists during the optimization around the 400-600th iterations.
This is because the current volume fraction limit is too small,
causing the instability during the optimization. The Stage 1 in
the proposed method to search a suitable volume interval is
finished after 621 iterations. Then, the topology optimization
problem is re-initialized and the volume constraint is reset for
the local search scheme. The instability of the optimization is
avoided, and the optimal structure with smooth and clear
boundaries is obtained after 795 iterations. The final compli-
ance is 17,856.39 and the final volume fraction is 0.17139.
The volume of the squared plate is decreased by more than
50%. Compared with the compliance minimization design
shown in Fig. 19, the final design obtained by the proposed
method eliminates the stress concentration at the fracture tip.
Meanwhile, its maximum stress is 128.94 MPa and the stress
constraint is satisfied. Thus, it is demonstrated the proposed
method are effective to obtain a lightweight structure that
meets the stress constraint and whose compliance is simulta-
neously optimized.

Material distribution Stress distribution

Fig. 19 Material and stress distributions for the compliance
minimization problem of the squared plate with the unchanged volume
fraction limit V ¼ 0:4

Material distribution Stress distribution

Fig. 18 Material and stress distributions for the initial configuration of
the squared plate

Fig. 17 Design domain of the squared plate

Material distribution Stress distribution

Fig. 16 Material and stress distributions for the compliance
minimization problem of the L-shape beam under another load case
with the unchanged volume fraction limit V ¼ 0:5
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3.3 Two-bar truss

In this section, the topology optimization of a 2D two-bar truss
shown in Fig. 22 is chosen to verify the effectiveness of the
proposed method in case of the optimal design with no stress
concentrations. A mesh of 40 × 80 elements for the two-bar
truss is employed. The left side of the structure is fixed, and a
concentrated force F = 400kN is loaded at the middle position
of the structural right side. In this example, the initial volume

fraction limit V0
= 0.3. The allowable stress is set to 130 MPa.

The adaptive adjusting scheme of the stress penalty factor is
conducted with the initial stress penalty factor α0 = 5. The
different value Δobj are set to 5. ς is set to 99% in (34) for
the terminal condition of the local search scheme.

The stress-constrained volume-compliance minimization
problem of the two-bar truss is solved by the proposedmethod
according to the solving process in Fig. 1. The initial structural
configuration in Fig. 23 is employed. Figure 24 illustrates the
intermediate designs, optimal design and their corresponding
stress distributions. The convergence histories of the objective
function, volume fraction, compliance and maximum stress
are shown in Fig. 25.

After 455 iterations, the optimal design with the minimum
volume and homogeneous stress level is obtained, whose to-
pology is the same as the one obtained by the compliance-
based topology optimization. This is easily understood

because the stress design and the compliance design are al-
most the same when the geometric constraint is not active
according to the work by Pedersen (2000). The compliance,
volume fraction and maximum stress of the optimal structure
are 10,189.44, 0.078125 and 129.05 MPa, respectively. The
volume of the two-bar truss is decreased by more than 70%,
and the stress constraint is satisfied. Therefore, it is demon-
strated that the proposed method is also effective in case of the
optimal design with no stress concentrations.

4 Conclusions

The research focuses on the stress-constrained topology opti-
mization of minimizing the structural volume-compliance. A
new method based on AVC and stress penalty is proposed.
According to this method, the original stress-constrained vol-
ume-compliance minimization problem is transformed into
two simple and related problems: the stress-penalty-based
compliance minimization problem and the volume-decision
problem. In the former problem, stress penalty is conducted
and used for the control of the local stress level, which is
considered as an added term in the objective function instead
of the constraint. This can avoid a large number of finite ele-
ment constraints in conventional local methods for controlling
the stress level. To solve the stress-penalty-based compliance

(a)

(b)

(c)

(d)
Material distribution Stress distribution Material distribution Stress distribution

Material distribution Stress distribution Material distribution Stress distribution

Fig. 20 Material and stress distributions for the stress-constrained volume-
compliance minimization problem of the squared plate at different iterations:

(a) step 112 with volume fraction limit V0
= 0.4; (b) step 177 with volume

fraction limit V1
= 0.3; (c) step 319 with volume fraction limit V2

= 0.2; (d)
step 795with the final volume fraction limitV = 0.17139 (the optimal design)
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minimization problem, the PLSM with CSRBFs is used.
Additionally, an adaptive adjusting scheme of the stress pen-
alty factor is employed to improve the control of the local
stress level. To solve the volume-decision problem, a combi-
nation scheme of the interval search and local search is put
forward. Specifically, the interval search scheme is used to
narrow the search range of the feasible volume fraction limit
and rapidly find a suitable volume fraction limit interval. And
then the local search scheme is employed to determine the

optimal volume fraction limit which will be transferred to
the stress-penalty-based compliance minimization problem.
Numerical examples are presented to test the proposed meth-
od. Results indicate that by using the proposed method, a
lightweight structure that meets the stress constraint can be
obtained and its compliance is simultaneously optimized.

For the proposed method, two parameters (α and Δobj)
have a great influence on optimization results and should be
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(a)
Fig. 21 Iterative histories for the
stress-constrained volume-
compliance minimization
problem of the squared plate: (a)
objective; (b) volume fraction; (c)
compliance; (d) maximum stress

Fig. 22 Design domain of the two-bar truss

Material distribution Stress distribution
Fig. 23 Material and stress distributions for the initial configuration of
the two-bar truss
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Fig. 25 Iterative histories for the
stress-constrained volume-
compliance minimization
problem of the two-bar truss: (a)
objective; (b) volume fraction; (c)
compliance; (d) maximum stress
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Material distribution Stress distribution Material distribution Stress distribution

Material distribution Stress distribution Material distribution Stress distribution

Fig. 24 Material and stress
distributions for the stress-
constrained volume-compliance
minimization problem of the two-
bar truss at different iterations: (a)
step 48 with volume fraction limit

V0
= 0.3; (b) step 142 with

volume fraction limitV1
= 0.2; (c)

step 259 with volume fraction

limit V2
= 0.1; (d) step 455 with

the final volume fraction limitV =
0.078125 (the optimal design)
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set up during the optimization, besides some necessary param-
eters for the PLSM, the OC method and the definition of the
optimization problem, such as the radius of support, move
limit and allowable stress. The adaptive adjusting scheme of
the stress penalty factor is used to choose an appropriate stress
penalty factor in this paper. According to the numerical exper-
iments, the value ofΔobj is suggested to be set to 2.5% to 10%
of the allowable stress to ensure the stability of the optimiza-
tion and obtain a good solution.

However, some shortcomings exist in the proposed meth-
od. It is worth noting that solving the volume-decision prob-
lem in (30) might be more complicated due to the nonlinear
relationship between the stress level and structural volume
under different structural topologies and local shapes.
Though it is illustrated that the proposed method can obtain
some acceptable structures in the numerical examples, the
local search scheme in (33) for the volume-decision problem
does not consider the above nonlinear relationship and should
be improved in further work. In addition, to improve the com-
putational efficiency, the finite element method with struc-
tured four-node bi-linear elements and the ersatz material
model are used in the displacement analysis in this paper.
However, it is poor to accurately describe and analyze the
small local structure, especially when the structural volume
becomes small and the size of small local structure is close
to or even smaller than the mesh size. As part of further work,
the X-FEM approaches and body-fitted adaptive mesh tech-
niques can be used to address this problem and ensure the
accuracy of the stress calculation and the computational effi-
ciency of the FEM analysis.
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Research Program of China [grant number JCKY2016110C012]; and the
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