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Abstract The paper is concerned with the sensitivity anal-
ysis of structural responses in context of linear and non-
linear stability phenomena like buckling and snapping.
The structural analysis covering these stability phenomena
is summarised. Design sensitivity information for a solid
shell finite element is derived. The mixed formulation is
based on the Hu-Washizu variational functional. Geometri-
cal non-linearities are taken into account with linear elastic
material behaviour. Sensitivities are derived analytically
for responses of linear and non-linear buckling analysis
with discrete finite element matrices. Numerical examples
demonstrate the shape optimisation maximising the smallest
eigenvalue of the linear buckling analysis and the directly
computed critical load scales at bifurcation and limit points
of non-linear buckling analysis, respectively. Analytically
derived gradients are verified using the finite difference
approach.

Keywords Sensitivity analysis - Solid shell - Structural
stability - Buckling and snapping - Eigenvalue buckling -
Direct computation of critical points

1 Introduction

The need for efficient structures making use of modern
materials with high specific stiffness and strength leading
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to filigree structures makes structural optimisation a popu-
lar tool. The vulnerability to stability phenomena and the
sensitivity to imperfections increases with the slenderness
of structures. Thus, Thompson (1972) called structural opti-
misation ’a generator of structural instability’. It might be
desirable to include the stability behaviour in the optimi-
sation problem. Two main tasks arise, (i) stability analysis
to cover the stability behaviour in the structural analysis,
(ii) the sensitivity analysis of appropriate quantities to pro-
vide the basis for efficient gradient based mathematical
optimisation schemes.

The structural analysis covering stability behaviour like
buckling and snapping can be categorised in linear and non-
linear buckling analysis, cf. Fig. 1, where references to cor-
responding sections are given. The linear buckling analysis
(LBA), also called eigenvalue buckling analysis, includes
the estimation of critical load levels based on eigenvalue
problems. Here, the eigenvalue gives information about
the critical load scale. The eigenvector gives information
about the buckling mode shape. Different eigenvalue prob-
lems can be set up by using information of one or two
states of the load-displacement diagram, see the standard
textbooks of Bathe (1996) and Wriggers (2008) for an
overview. The non-linear buckling analysis (NBA) includes
the full non-linear computation of the load-displacement
diagram. The development of continuation or path-follow-
ing methods enables the computation of load-displacement
curves far beyond critical points. Limitations of load or
displacement control methods are removed by simultane-
ous iteration on the load and displacement variables. So
called arc-length methods (Wempner 1971; Riks 1972;
1979) are very common in this context. They constrain the
arc-length within equilibrium iterations. Several improve-
ments including spherical, cylindrical, elliptical, and lin-
earised versions of arc-length control have been developed
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(Crisfield 1981; Ramm 1981; Schweizerhof and Wriggers
1986; Hellweg and Crisfield 1998). Alternatively work con-
trol method (Powell and Simons 1981; Bathe and Dvorkin
1983), generalised displacement control method (Yang and
Shieh 1990; Leon et al. 2014) or orthogonal residual pro-
cedure (Krenk 1995) have been proposed. A brief review
of non-linear solution techniques is given by Ritto-Correa
(2008) and Leon et al. (2011). Collateral measures can
detect the appearance of singular points within the contin-
uation methods. Different strategies for the computation of
singular points have been developed (Wriggers and Simo
1990; Fujii and Ramm 1997; Fujii et al. 2001). A direct
computation scheme in the framework of finite element
method was presented by Wriggers et al. (1988). The equi-
librium condition is extended with a constraint equation that
characterises the critical point. The consistent linearisation
leads to a Newton-type method that directly converges to the
critical point. A brief overview of the mentioned procedures
is given by Wagner (1991).

The optimisation is either based on the eigenvalue prob-
lem of the LBA or on the critical load scale determined
within the NBA, cf. Fig. 1, where references to correspond-
ing sections are given.

Design sensitivity analysis (DSA) provides gradient
information for mathematical optimisation. The total deriva-
tives of all objectives and constraints with respect to all
design variables are determined. Approaches to DSA are
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overall finite differences, analytical and semi-analytical
computation, see review articles by Tortorelli and Micha-
leris (1994) and van Keulen et al. (2005) for an overview.
The analytical DSA can be derived on a discrete or a vari-
ational basis. In the discrete approach, governing equations
are discretised and subsequently differentiated. Within the
variational approach, sensitivity information is derived on
the continuous level and discretised afterwards. Here, the
material derivative approach (Haug et al. 1986; Arora 1993)
and the domain parametrisation approach (Haber 1987; Tor-
torelli and Zixian 1993) are well known in the literature.
Our alternative approach is introduced by Barthold (2002),
where continuum mechanics is decomposed into physical
and geometrical parts. The subsequent variations can be
derived easily (Barthold et al. 2016).

Optimisation based on eigenvalue buckling analysis is
performed in many publications e.g. in shape (Khot et al.
1976; Khot 1983; Khot and Kamat 1985; Gu et al. 2000),
topology (Pedersen 2000; Achtziger and Kocvara 2008;
Lund 2009; Gao and Ma 2015) and material (Choi et al.
1982; Lindgaard et al. 2010; Lindgaard and Lund 2010)
optimisation. Weight minimisation with stability constraint
based on an eigenvalue problem and optimality criteria is
performed by (Khot et al. 1976) and (Khot 1983) for truss
structures. Later stability constraints have been regarded
based on non-linearly determined critical loads by Khot
and Kamat (1985). An overview on sensitivity analysis for
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eigenvalues especially for multiple eigenvalues is given by
Seyranian et al. (1994). Detailed computational procedures
for direct and adjoint approach to DSA regarding eigen-
value buckling are presented by Gu et al. (2000) for shape
optimisation.

The sensitivities for limit points from the non-linear
load-displacement diagram were derived by Wu and Arora
(1988). A modification applicable to bifurcation points is
presented by Noguchi and Hisada (1993). Design sensitivity
analysis for non-linearly determined arbitrary critical points
points (including limit and bifurcation points) is presented
by Reitinger et al. (1994a) and Reitinger et al. (1994b).
This gradient information are applied to topology optimisa-
tion by Kemmler et al. (2005). Handling bifurcation points
is in many cases more difficult. Thus, strategies have been
applied to try to cause a transition of bifurcation point buck-
ling to limit point buckling like it is presented for shell
structures by Kegl et al. (2008). Due to the singularity of the
tangent stiffness matrix in singular points, different inter-
polation schemes have been developed (Ohsaki and Uetani
1996; Kwon et al. 1999) to avoid the evaluation in the crit-
ical state. A survey on sensitivities of non-linear critical
states is given by Ohsaki (2005).

In many publications semi-analytical gradients are used
(Haftka 1993; Lund and Olhoff 1994; Hu 1994; Reitinger
et al. 1994b; de Boer and van Keulen 2000; Ozakga et al.
2003). Analytical gradients have been computed by Mateus
et al. (1997). Parente and Vaz (2003) applied analytical
approach to isoparametric displacement based finite ele-
ments. The variational approach to DSA was used for
the critical load factor estimated by an eigenvalue prob-
lem for linear structural systems by Haug et al. (1986)
and Haug and Rousselet (1980) and for non-linear struc-
tural systems by (Park and Choi 1990). Repeated eigen-
values were treated by (Choi et al. 1982). Kirikov and
Altus (2011) derived analytical gradients by functional
differentiation of the governing equations for beams and
plates. Choi (2007) presented a variational derivation of
the gradients based on the continuum formulation of sta-
bility for the geometrically linear case. However, in this
recent paper analytical gradients are derived for the discrete
solid shell finite element formulation. To the best of the
authors knowledge these analytical sensitivities for mixed
solid shell finite elements have not been presented in the
literature.

Additionally, the sensitivity to imperfections of the struc-
tural behaviour is of major interest for design purposes.
Imperfections are unavoidable differences between the real
physical structure and the analytical model. These dis-
crepancies can be geometrical, load, material or boundary
imperfections. Geometrical imperfections, which are devi-
ations of the perfect shape, can be realistic or worst case
imperfections. Worst case imperfections minimising the

critical load level can be found by solving an inverse prob-
lem using stability criteria (Deml and Wunderlich 1997;
El Damatty and Nassef 2001; Kristani¢ and Korelc 2008).
Another approach was presented by Gerzen and Barthold
(2013). The influence of design changes on the equilibrium
is represented by the pseudo load matrix for shape varia-
tions. This overhead of sensitivity information is analysed
by a singular value decomposition to detect design changes
with major influence on equilibrium.

Imperfections can be regarded in the optimisation prob-
lem. The most simple way is the optimisation of imperfect
structures with initial imperfections, see Reitinger (1994)
and Kemmler (2004). More costly is to include imper-
fection parameters in the optimisation model (Mréz and
Piekarski 1998; Ohsaki et al. 1998). A recurrence optimisa-
tion is presented by Lindgaard et al. (2010). An eigenvalue
maximisation finding the optimal fibre angle distribution
of laminated composites and a minimisation finding the
worst imperfections are performed alternating to achieve a
structure insensitive to imperfections. A simultaneous anal-
ysis and design procedure is presented by Ohsaki (2002).
Elishakoff and Ohsaki (2010) give an overview on hybrid
optimisation.

Of special interest for stability phenomena are thin-
walled shell structures. Many finite element formulations
have been developed due to the need for robust and efficient
analysis tools. An overview about shell finite element for-
mulations, which are popular due to efficiency and accuracy,
is given by Bischoff et al. (2004). The underlying element
formulation of this paper is a non-linear solid shell. This
robust mixed finite element was presented by Klinkel et al.
(2006) and Klinkel and Wagner (2008). Its design sensitivity
analysis, providing the pseudo load and sensitivity operators
for shape variations, was derived by Gerzen et al. (2013).

The outline of this paper is as follows. In Section 2 the
element formulation is presented in a compact form. Details
are presented in Appendix A. The eigenvalue problem of
the LBA and the direct computation scheme of the NBA
is compiled in Section 3. Specifics for solid shells are pre-
sented in Section 4. A static condensation to obtain a pure
displacement problem is included. The theoretical sensitiv-
ity information for single eigenvalues of LBA as well as for
single limit and bifurcation points of NBA with respect to
shape variations are summarised in Section 5. All quantities
of the sensitivity analysis are derived in a discrete analytical
way for the underlying solid shell finite element formulation
in Section 6. Multiple eigenvalues and critical points are not
considered. The smallest eigenvalue of the LBA and criti-
cal load scales of NBA are respectively used as objective for
shape optimisation under volume constraint. Imperfections
are out of the scope of this paper. The investigations are
restricted to static and quasi-static processes with conserva-
tive loading. Only linear elastic materials of St. Venant-type
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are employed. In Section 7 notes on the computational effort
are given. Section 8 shows illustrative numerical examples,
and Section 9 concludes the paper.

2 Structural analysis for solid shells

The solid shell finite element formulation which was pre-
sented by Klinkel et al. (2006) and Klinkel and Wagner
(2008) is adopted. A low order isoparametric eight noded
quadrilateral with trilinear shape functions is employed.
Static condensation will be performed to obtain pure dis-
placement based problems. Concepts of assumed natural
strains (ANS) and enhanced assumed strains (EAS) are
employed to treat different locking effects. The element has
24 displacement, 25 internal strain and 18 internal stress
degrees of freeom, see literature above for more details.
In these publications quantities for the structural analysis
by means of the physical residual and the tangent stiffness
operator have been provided. The notation was adjusted for
design sensitivity analysis by Gerzen et al. (2013). Here,
the sensitivity relations, by means of the material residual,
pseudo load operator and sensitivity operator, have been
derived for shape variations on a variational basis.

2.1 Variational relations

The solid shell formulation is based on the Hu-Washizu
variational principle. The three-field functional depends on
the state v and on the design X

M, X) = / (We(E) + 5 : (E - E))de
2R

—/u~bd9—/u~td1". ()

2r I'n

The generalised state function v = (u, S‘, E) is used to
reduce paperwork. It contains the displacement field u, the
assumed stress field S and the assumed strain field E. The
quantity E is the Green-Lagrangian strain measure derived
from the kinematics. b and ¢ are body and surface loads,
respectively. The first variation with respect to the state v
provides the weak form of equilibrium or physical residual

8,11(v, X)(8v) = 8,11 (v, X)(8u) + 8311(v, X)(85)
+8:M (v, X)(SE),
R(v, X; 8v) = R, (v, X; 8u) + Ry (v, X; 85)
+R5(v, X; 8E). 2)
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It can be written as a system of equations

Ry(v, X: du) = / (3E:S—5u-b>d9
£2r
—/8u~tdF:0,

Iy

R;(v, X;88) = /53:(E—E)d9=o,

2R
_ _ ow ~
R;(v, X:8E) = /SE: ( R —s> 4o = 0. 3)
Y
2R

The second variation of the energy functional with respect
to the state v or the linearisation of the weak form of
equilibrium yields the tangential stiffness

k(v, X; v, Av)
= kuu(v, X: 8u, Au) + k, (v, X; Su, AS)

kg (v, X 88, Au) + kg ;(v. X; E, AE)
+hz 5(v. X1 8E, AS) + kg z(v, X: 58, AE). )

Relation (4) contains the following parts

(
k= [ (-08:4E)dz. 5)

2.2 Discretised relations

The notation of discretised physical residual and tangent
stiffness has been shown by Gerzen et al. (2013) and only
the final results are repeated briefly. Some more details can
be found in Appendix A. Note that the assumed strain field
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is additively decomposed in two parts E = E + E. The
physical residual in discrete form reads

nel

Ry = AGu(f" = ),

nel

h _
RE = A (Bbo),

nel

RL = eél(éa;a; + sa2a?). (6)

nel

Here, A denotes the assembly over all elements ¢ =
e=1
1,2, ..., nel. The virtual displacements, stresses and strains

on element level are 8#,, 88,, dae, = [Sa;, 8«3]7, respec-
tively. The global vector containing all degrees of freedom
is 9 = [&, o, B]”. Note, that the enhanced assumed strain
field E, o? is presumed to be orthogonal to the independent
stress field (Klinkel and Wagner 2008) and corresponding
quantities vanish in the finite element formulation. Thus, the
tangent stiffness matrix in discrete form contains

h
ku,u

nel .
A](SueKeAue)v
e=
nel
- Al((SﬁeLeTAﬂe),
e=

h nel .
K, = AGBLcA).

A h _ nel LT

Kb o= ki o= A (=salClAB,),

h on nel _ 1

Ky = Kby = A (~8B,C.aab),

h _ 1h h h h
kg =kpptkppthkpptks; o

nel

= A](aa;AglAa; +dal(AZHT Aa?
e=

+8aA2 Aa! + 802AZ2 Ad2).

The incremental displacements, stresses and strains are
A, AB,, Ao, = [Accé, Aocg]T, respectively.
3 General remarks on analysis

An eigenvalue problem for LBA and a direct computation
scheme for NBA are presented.

3.1 Eigenvalue buckling
Different schemes to set up an eigenvalue problem for

LBA are known (Bathe 1996; Wriggers 2008). Here, the
generalised eigenvalue problem

(Km+ AKy) 9 =0 ®)

is solved. The decomposition of the tangent stiffness matrix
K,=Ku+K, ©))

is used. The subscript u denotes quantities after static
condensation only including displacement degrees of free-
dom. The stiffness matrix is decomposed into a material
K, and geometric part K, respectively. The material part
depends on the initial displacements and strains. A further
split in displacement independent and dependent parts is
avoided. The geometric part depends on the initial stress
state. The overall procedure of the LBA is shown in Algo-
rithm 1. It is possible to evaluate the eigenvalue problem
in arbitrary states A, # = [&,a, B]7. The choice of the
state can have a significant influence. The closer this state
is located at the critical point, the better fits the estima-
tion with the actual critical behaviour. Investigations by
Lindgaard and Lund (2010) show an example, where LBA
predicts bifurcation point buckling, the actual effect of NBA
is limit point buckling. In this example the overestimation
of the critical load scale is maximised within optimisa-
tion based on LBA. The actual critical load scale is hardly
changed. For states close to singular points determined by
non-linear structural analysis, Lindgaard et al. (2010) call
the eigenvalue buckling analysis non-linear buckling analy-
sis. The discrete quantities for LBA are summarised for the
underlying solid shell formulation in Section 4.1.

Algorithm 1 Linear buckling analysis

1: Determine state: A, v = [@, o, B]7
2: Evaluate matrices : K, and K
3: Solve eigenvalue problem:

(Km+ AK,) =10

4: Compute predicted critical load: AZ. = A - &

3.2 Direct computation of singular points

To determine the actual critical load level within the NBA
a direct computation of critical points is presented. Direct
computation means a Newton-type method which directly
converges towards singular points. Due to the fact, that the
starting point for the iteration procedure is important, it
can be combined with path-following methods and collat-
eral measures indicating the appearance of critical points.
In this paper a cylindrical arc-length procedure is used for
path-following, see survey given by Leon et al. (2011) for
an overview on non-linear solution schemes. If the eigen-
value with smallest magnitude of the eigenvalue problem
(24) becomes non-positive, indicating the loss of positive
definiteness of the tangent stiffness matrix, the direct com-
putation scheme is started. The direct computation scheme
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is based on an extended equation system. The physical
residual

R, = R™ —)\F, (10

is augmented with a constraint equation, that characterises
critical states, an overview is given by Wagner (1991). In
critical points the tangent stiffness matrix loses its posi-
tive definiteness. The smallest eigenvalue A of the standard
eigenvalue problem

(Ky—AI)¢p =0 (11)

becomes zero, which means that there are non-trivial solu-
tions for K¢ = 0. The pre-multiplication of the transposed
eigenvector yields the scalar valued constraint equation
¢" K ,¢ = 0, see right hand side of (12). In contrast to the
eigenvector of the eigenvalue buckling analysis ¢, ¢ refers
to the uncondensed stiffness matrix and thus it includes
entries corresponding to internal degrees of freedom, ¢ =
[D;, bg» @ ﬂ]T. The consistent linearisation of the extended
equation system reads

__[¢TI;(U¢]. 12)

The desired derivatives on the left hand side of (12)

are aﬁ” =K, and 8£“ = —F,. Additionally, the quan-

(¢ u¢)

tity vanishes for conservative loading. For the last
remalnlng quantity one can equivalently write

I (6" K.9)
v

9 (Kv) 0 (Kv$)

p=¢" (13)
v

¢T

The latter part is the directional derivative of the tangen-
tial stiffness in the direction of the vector ¢

%5’4’) = % [Ky(b+€9)],_, =5K,. (14)

This relation will be introduced on a variational basis and
discretised in Sections 4.3 and 4.4. The extended equation
system can be solved using a block elimination procedure
preserving the symmetry of the system matrices like it was
presented by Chan (1984). The vector ¢ has to be pro-
vided initially. One possibility is to solve the eigenvalue
problem (11). The choice of ¢ significantly influences the
iterative solution scheme. Within the iteration procedure it
can be updated by one step of the inverse iteration method.
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The overall procedure of the direct computation scheme is
shown in Algorithm 2, where the solid shell specifics are
already included. They are summarised in Section 4.2

Algorithm 2 Direct computation of singular points

1 b0 = Do Paos D)
2: Set: k = 0, convergence = false, maxit

3: while convergence = false and k < maxit do

4 Evaluate:

. Setinit.: Ao, Vg = [Vg, ag, ﬂO]T,

R (1), Fu, Ru(1), Ky (1)
R, =R} — 0 F,, K[ (iy)
5: Compute increments:

R, + K Aiig
KjAup
Al = A Alip + Ay,

Aoy, APy

Aup =K, 'F,, Adp = —

’

Aig = —K;'R,,
and seperately

6: Update state:
Up1 = g + Alig,
Al = Ak + Akg,

Qi = o + Aaty,
Bit1 = B + ABy

7: Compute:

¢,2k+1 = Ku_ld)ﬁk and seperately ¢0‘k+l’¢ﬂk+l

8: Check convergence:
R, (Vki1, A1) <TOL — convergence = true
Ry (g1, A1) Else —>k=k+1.

9: end while

4 Stability analysis for solid shells

The split of the tangent stiffness matrix for LBA is intro-
duced additionally to the representations by Klinkel et al.
(2006) and Klinkel and Wagner (2008). The linearisation of
the extended equation system for NBA is derived for the
underlying solid shell formulation.

4.1 Eigenvalue buckling

The generalised eigenvalue problem (8) is obtained by

nel nel nel

Kn=AK,, K,= AKg,0= Ag,. (15)
e=1 e=1 e=1

The eigenvalue problem is constructed from the decomposi-
tion of tangent stiffness matrix after static condensation and
only includes entries referring to displacement degrees of
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freedom. The material and geometric parts of the stiffness
on element level are

K, =L'c;TA.C]'L,,

K, =K., (16)
respectively. The eigenvalue problem can be constructed
with these element matrices known from (120) and the
abbreviation A, = Al! — A12(422)~142!,

4.2 Direct computation of singular points

The global quantities in uncondensed form of (12) are

nel nel .
K, = AKy. R, = AI(R;‘;‘—/\F%),
el el an

5K, = ASK,, ¢ = Ag,
e=1 ) e=1

Here, the uncondensed tangent stiffness matrix and the
physical residual R,, = (R‘v':t — ALF,,) on element level are

K., 0 o0 LT f.

| o Al A2 cT | a!
Boe=1o a2t a2 o | Re=a (19

L.—-C, 0 0 b,

with f, = fIt — 1 £ respectively. Element vectors are
known from (121). The variation of the tangent stiffness

matrix and the eigenvector on element level are

SK, 0 0 LT ba,
0 sAll 5412 0 By
8K, = g 8 , = |, (19
Ve 0 (SAgl (SAZz 0 ’ ¢L ¢O(% (19)
L, 0 0 0 bg,

respectively. Element matrices are known from (31). The
static condensation of (12) eliminates the internal degrees of
freedom and provides

K, —F, Aﬁ} [Ru]
=- . (20)
[Kg 0 }[Ax Ry

The assembly over all elements yields

R nel . nel .
Au = A Ad,, R}'= A f‘urf,
e=1 e=1
nel nel
_ ext T __ T
Fu = eél e K¢ - eéle)e’
nel
R, = AlRue (21

e

with the quantities on element level

it — gty LTe;TAC7 b+ LT C  a,.
Kj =) K. +¢p L.+ ¢; 5L, C;TAC. 'L,
Rue = ¢17;;Kve¢ve + ¢ge8Le,’TC;TA€C;1b€

+ ¢ 5L, C. " a,. (22)

This expression is restricted to Sz. Venant-type elasticity with
vanishing A, i, j = 1,2. A used abbreviation is a, =
ai —A iz(Agz)_laZ. The increments of mixed variables can
be computed with

Aal = €N (L A, + by,

Aol = —(A) (a2 + A} Aa)),

AB, = C;T (A A0l +a,). (23)
To provide an initial vector ¢ the eigenvalue problem (11)

can be solved. A previous static condensation yields the pure
displacement problem

(Ky— AI)¢; =0, (24)

which is equivalent to the uncondensed eigenvalue problem
(11) in singular points, but only an approximation if A # 0.
The remaining eigenvector contributions corresponding to
internal degrees of freedom can be computed with

$ur = C,' Loy,
b2 = —(A7) A7 §41,
¢p, = C, " Acgy (25)

on element level. The extended equation system (20) can be
solved using a block elimination scheme as

R, + KgAﬁR
KgAﬁF
Au = ANAagp + Aug. (26)

AL =

’

Aip = K, 'F,,

Aug = —K; 'R,

The increments of internal degrees of freedom are given by
(23). The eigenvector can be updated by one step of the
inverse iteration scheme

b, = K, 05, 7)

The subscript k denotes the current iteration step and
is introduced in the summarised procedure in Algorithm
2. The eigenvector contribution corresponding to internal
degrees of freedom is given by (25). With this direct compu-
tation scheme it is possible to accurately compute singular
points of the load-displacement diagram. The sensitivities
for limit and bifurcation points are presented in Section 5.3.

4.3 Variational relations

The third variation of the energy functional with respect to
the state v or directional derivative of the tangential stiffness
reads

t(v, X; 8, Av, Av) = 1,.,(v, X; du, Au, AS)
+1, S(v, X;éu, AS, Au)

+t; (v, X 88, Au, Au)
+tp (v, X; 8E, AE, AE). (28)
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Here, the quantities

. :AE);AE) a2 (29

are needed for the direct computation as a directional deriva-
tive in the direction of prescribed values Av, which contains
the eigenvector ¢ in discrete form.

4.4 Discretised relations

For the directional derivative of the tangent stiffness matrix
in the direction of the discrete values containing the eigen-
vector Ad = [Adl, Aa, Aﬂ]T = ¢, following terms are
needed

nel . R
A (GitedK Adre).
e=

nel
"= A@Ga.sLT AB,),
u e=1
h nel R
" = A (8B,8L.Al.),
N e=1

_ h h h h
=l et Tle s Tl

=
e}

nel
= Al(aagaA;‘Aa; + sl 8(AZHT Aa?
e=

+8a28AX Aal + 5025 A2 Aa?). (30)
The element matrices are

5K, = fHd.Qe, SL, = / NTPdg,,
-QRe -QRe
sAll = /N,TEUhNEdQe,
QRe
§AY = /MEU”NEdQE,
QRE
5AZ = fMgl'J’“MEdQe. 31)

2Re
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Ng,Np, Mg are known, see Gerzen et al. (2013)
or Appendix A. The third derivative of the strain
energy function scalar multiplied with discrete values

AAEh = NEAAO(; + MEAAOLS

h 83VVRe

~ =
= TR AR (32)
GE"dE" 9 E"

U

vanishes for materials of Sz. Venant-type. Finally, only the
matrices H and P are missing. The matrix

H --- Hys
Hgy --- Hgg
is needed to approximate
(ASE : §) = sal H A, . (34)

The submatrix H;; = diag[H;;, Hyy, Hyy1 € R¥3 for
the node combination 7, J is defined by the scalar

Anh\T . ~T pl
HIJ:<AS) B;;, with BIJ:TS B[] (35)
and

l I l l l l 17
B;; = [Bul By, Biy; Biuy, By BI-’ﬁ:I (36)
containing

i
By, = NiiNy1,

1
B[j2 = NI,2NJ,2’

v
B, = Z 411(1 +ELEN+EIEHNESNT 5,
L=i
B§j4 = Ni1Nj2+ NiaNy 1,
B, = %(1 — &N NS+ NESNT D)
F50+EINPND; + NENS D,
By, = %(1 —&D(NTLNT3 + NjsNG)
+%(1 +ENNFLNS S + NFSNG ). (37)
The term Agh = N SAAﬂe includes the discrete values
of assumed stresses in which the dirS(l:tional dAeArivatiAviz is
performed. Voigt notation yields AS = [AS)1, AS»,

AA§33, AAglz, AASB, AA§23]T. The matrix P is needed to
approximate

N N h
(55 : AAE) = 5B NT P Ai,. (38)
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It is not the pseudo load matrix here and reads

P = [Py,.., Pg] € R with
8

P; =) B;(da))" e RO (39)
J=1

and is composed of AAﬁe and Bj;. The displacement vec-
tor in which the directional derivative is performed A, =
[Adl, ..., Aa®)T € R is build by the subvectors Az! =
[Ady,, Aﬁjy, AﬁjZ]T € R3 containing the x-, y- and z-
components at nodes J. By is known from (35). Due to
symmetry the approximation of ASE : AS reads

~ AN\ I
(ASE:AS) = i, PTNsAB!. (40)

Here, all element quantities for eigenvalue buckling and
direct computation are provided.

5 Sensitivity analysis for stability quantities

To include the estimated critical load scale of the LBA
(Seyranian et al. 1994) or the actual critical load scale of the
NBA (Wu and Arora 1988; Reitinger 1994; Reitinger et al.
1994b) into a mathematical optimisation framework, gradi-
ent information for these quantities is summarised in this
section.

5.1 Introduction to sensitivity analysis

The discrete finite element problem for non-linear solid
shell and its linearisation read

R,(3(s),s) =0 and K,AdD = —R,, 41)

respectively. Sensitivity analysis predicts state variations 6v
caused by design variations &s. The total variation of the
physical residual reads

SR, = 8,R, + 8, Ry = K,8v + PySs, (42)

where P, is the pseudo load matrix. For solid shells these
matrices include parts corresponding to displacement and
internal strain and stress degrees of freedom denoted by the
subscript v. They are derived by Gerzen et al. (2013) for
shape variations, see Appendix B. These relations can be
used to determine the effect of design modifications on an
arbitrary objective

aJ dJ aJ dJ
dJ =| — - —K P ds=|—+ —8,|ds. (43)
as ov as v

The sensitivity matrix S, is used to determine total deriva-
tives of the eigenvalue of LBA (46) including (47) and the
critical load scale of NBA (55), which are derived in the
following sections.

5.2 Sensitivity analysis for eigenvalue buckling analysis

The sensitivity information of the eigenvalue A by means of
total derivatives with respect to an arbitrary design variable
s is needed. Applying the product rule on the eigenvalue
problem (8) yields

dK,, dA dK,
+ — Kg+A— 7

ds ds ds
d
+ (K + AK,) <5 = 0. (44)

Pre-multiplication by the transposed eigenvector @’ yields

r(dKn  dAL | dK,
P \Tas T as e ds )¢

de
+o (Km—i-AK ) — -
0

-0, (45)

where the under-braced quantity vanishes due to symme-
try of the tangent stiffness and its parts, cf. (8). Reordering
provides the total derivative of the eigenvalue
dK dK

o' | == +4—L)oe
dA ds ds
—_— = . (46)
ds 0T Ky

Central quantities of interest are the total derivatives of
the material and geometric stiffness

dK, 3K, 0K,da 0K, do
ds —  ds i ds do ds’
dK 0K, 0K,d
£ ¢ s 4B (47)
ds os op ds

They are presented with respect to the arbitrary design vari-
able s, but needed as derivatives with respect to the vector
of FE-nodal coordinates X. The material part of the tan-
gent stiffness matrix depends on the displacement state &
and on the design X. For the restriction on materials of Sz.
Venant-type the dependency of the internal strain degrees
of freedom o vanishes. The geometric part of the tangent
stiffness matrix depends on the initial stress 8 and on the
design X. The partial derivatives of the discrete matrices
K, and K, from (47) are derived analytically in Section 6.
The derivative of the state 9, including & and B, with respect
to design X can be identified as sensitivity matrix, which
was derived by Gerzen et al. (2013), cf. Appendix B.

5.3 Sensitivity analysis for non-linear buckling analysis

The critical point (., A¢-) which can be computed with the
direct computation scheme from Section 3.2 is characterised
by

R, (ber (X), her(X), X) = 0,

Ky(0er (X)), 2er (X), X)9(X) = 0. (48)
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The derivative with respect to an arbitrary design variable s
yields

dber drer  OR

K - F L =0,
Y ds Y ds + as
OK, db, 9K, 9
K,— =0, 49
( v ds + s >¢+ s “9)

for conservative loading with 3f .
cr
eigenvector yields

= 0. Pre-multiplying the

o7 K, Ler dvc, TR, d)w TaR o
8K dd aK a¢
d’T( aﬁv d;r s >¢+¢T =0 (50)

The well-known distinction of limit and bifurcation points

= 0 — bifurcation point
# 0 — limit point

¢TFU{ 1)

enables a case differentiation. For limit points reordering of
(50); yields

dre  ¢T
ds o'F

; (52)

due to the fact that ¢’ K, vanishes in critical points. For
arbitrary critical (bifurcation and limit) points reordering
(49); yields

doe, _K: 'F, dA c,_KvlaR
ds ds as
Plugging this condition into (50), and reordering yields

T (0K, 713R _ 0K,
d)\cr_(b (‘AK as 3&‘)¢

ds - (bTaK”K 1FU¢

(33)

(54

Like presented by Reitinger (1994), rearranging (54) yields
—13R, _ 3K,
dAer ¢T (‘SKZ;KU : ds as ¢>
ds ¢"SK'K'F,

, (55)

where §K ,, (Av = ¢) is the directional derivative of the tan-
gent stiffness matrix in the direction of the eigenvector ¢.
A known quantity is § K, see Sections 4.3 and 4.4. Cen-
tral quantity of interest is the derivative of the uncondensed
tangent stiffness matrix K, with respect to the design vari-
able 5. The sensitivity matrix S, = —K! 331§" for direct
approach to DSA is summarised in Appendix B. Missing

quantities for analytical derivatives are shown in Section 6.

6 Sensitivity equations for solid shells

Gradient information for LBA and NBA are derived within
this section for the solid shell finite element formulation.
Quantities to be derived are the partial derivatives of the tan-
gent stiffness matrix with respect to state and design. The
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derivatives of the condensed material and geometric stiff-
ness (47) as well as the partial derivative of the uncondensed
stiffness matrix included in (55) are shown explicitly.

6.1 General remarks

To avoid third order tensors the post-multiplication of the
eigenvectors ¢ and ¢ is considered respectively

(K@) 0(Kue) 0(Kyue)
ax o da

0(Kgp) 03(Kg0)
ax B

0KP) (56)
X

where the eigenvectors are assumed to be state and design
independent. The matrix vector product of the material
and geometric stiffness with the eigenvectors ¢ and ¢ is
obtained respectively by the assembly over all elements

nel

Kng = AKyo.. (57)
el

Ko = AKyp.. (58)
nel

K¢ =61§]K,,e¢e. (59)

To depict the derivatives of material, geometric and uncon-
densed stiffness in an appropriate and compact form avoid-
ing index notation a special product is introduced. For any
7, x,y € N, B € R®Y, ¢ € RY and d € R* the mapping
P is defined as

PRV x RY x RY — R¥*

(B,¢)g — E (60)
with
y
0B,
Ey = —lkk, i=1,.,z, I=1,.,x. 61)
P ad;

The special product P introduced by Gerzen et al. (2013)
is generalised. For any z,x,y € NT, M € RV, T ¢
RY***24 and V € R* the mapping P is defined as follows

PRIV x Ry><)c><24 % RY —s sz24
with
y o oX k=1, ..., z,
an = Z Z Mlelmn Vma 1 24 (63)

=1 m=1
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6.2 Shape variations

The partial derivatives with respect to design by means of
the vector of FE nodal co-ordinates X from (56) are derived
in this section.

6.2.1 Shape variations of material stiffness
The derivative of the third quantity of (56) is obtained using

product rule as

1
0Kn®) A (50T
=i = APl e,

+a2P(Le, 9,) g,

+e1 P4, B) g,

—a1P(4,%, B)) %,

—a3P(A7', B3) 4.

+asP(A7, By) g,

—P(C; . Bo) 3,

~02P(C. B3 3. ). (64)

using the abbreviations

ﬂl (A22 ]A2]C LE¢@7

B, = C;TAC; 1Lewe, =L’c,;7,
B;=C.'Loo,, ar= LL,TC;TAeCe_l,
B, = L.o,, =LTCc;TA? AP (65)

The first desired quantity reads

P B s, = [ (BTNsB:) D

g

+/P(BT, 9, NLﬂ2> e,
2R

_/P(B{Tg‘, Ts, Tg‘NSﬂz) e
R
+ [ (BD 5 15'Nss) asee. (60)
Q2R

The only unknown part is

((B ) k., 1N5ﬁ2) — F e R 67)
with

Fi1 --- Fyg

Fgy --- Fgg

which is build by submatrices
Fi; =diag[Fi;, F17, F17), Fry=BYNEB;;.  (69)

Note that F is not the deformation gradient here. The second
quantity of (64) reads

75(Le,(0e),5(6 = /(NgB(oe) D ds2,
r

/73 NT, (17, Bgoe) 82,

- / P(NST Ty", (Ts), TgTBme)dfze

+‘/(N5T~TET(BL¢6)’X€> d2,.  (70)
£2r

Here, the only unknown part is

(Bro.) g = [(BL19,) g, - (Brso,) g 1€ R™* (71)

containing (Br1¢,) 3 € R®*3 with

T
(BL19.) , = [e1 €2 €3 eq €5 €] (72)

(M1.1N7).
e = goeT(NI 2NT)
(

and

T
1_‘pe

i

C

-

T

es = ¢! 1+ £1EH 1+ EEINFWNDHT),

=i

T+ NN, (73)

o=l

1
es = 50! ((1 —52)<N,’?1<N§)T + NE(NB)T)

+U+EYNPNDYT + NP NDD)),

1
es = 501 (1= EHNAHWNDHT +NHEHT

+(1+EHWNEINT + Nf3(N2C)T)).

The quantities three to six of (64) corresponding to virtual
and incremental strains are

PAll By 5 = f (VE€"Negs) Dag, (74)
2r
+f73(NL, (T, € NE;S3>

R

+/73(N£(j’h, T%, NLﬂ3) dse

R
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-n 6.2.2 Shape variations of geometric stiffness
PARB) 5 = f (NEC"MeB,) Da, (75)
2 The derivative with respect to design of the geometric
" / D (NL’ (T )7 éh My ﬂl) 40 stiffness is given by one quantity which reads
2r (K nel nel
- ( f‘P) AP(Ke,(oe)X = A/adf? (80)
—i—/P(NEC . Tu, MLﬂ1> i¥e; 0X  e=l
2
It contains the matrix
pa? MTC‘hN ) Do a=1la',.. a7 e R, (81)
E EB; e (76)
Ok which is composed in
~h
+/P MEC", T, N.B;) d2 8
( E E 3) e a; = Z(pgalj e R3XZ4, with a; €R1X24,
2x J=1
T T N
+f7>(ML, @7, E'Nebs) a2e / <<Sh> B”>Dd9
2r
£2r
oyt
. + [P (L) a7 B ) e
PUR )y = [ (MEC Mep)Da2. D o
2 T
R . —/P<(Sl> ", (To)T, BI]) ds2..  (82)
+ [ P (ML, )", €"MeB,) . s

£2r
+f7> (M,’Qéh, T, MLﬂl) 42,
2r

All quantities are known here. The last two quantities of (64)
read

PC; . B2 i, = / (NENsB,) Dag.
R

+ /P (Ng, o, NLﬂz) s, (78)

g

+ /P (N{, (T9)7, N5ﬁ2> a2

2r
and

PCpo) g = [ (VINeBs) Dac.

2r

+ /P(N{, 197, NE,B3> a2, (19

g

+ fP<N§, T%, NLﬂ3) dse

2R

where no new quantities appear.
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Quantities which are not explicitly mentioned by Gerzen
et al. (2013) are Sh NL,Be, and ¢, = [(pl,. ,q)e]T

containing ¢! = [¢*7, ¢}’ , 93’17, cf. Appendix A and B.

6.2.3 Shape variations of uncondensed stiffness

The derivative with respect to design of the uncondensed
stiffness matrix includes quantities needed for geometric
and material part in a slightly modified way. The desired
derivative reads

nel
d(K,9)
5 = A& i) 5,

+P(LL 98,) %,
+P(Le, i) 3,
+P(A,", ¢, 3,
+P(A4,%, $a) j,
+P(A7', $ay) 3,
‘FP(A?’ ¢a5)’5(e
~P(Ce. 98,) z,
~P(Ce.tbul) 1.)- (83)

Implementation is straight forward compared to geomet-
ric and material parts, further details are omitted.
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6.3 State variations

The partial derivatives with respect to state by means of
the vectors of FE-nodal displacements # and internal stress
degrees of freedom B from (56) are derived in this section.
The dependency on strain degrees of freedom & vanishes for
materials of Sz. Venant-type.

6.3.1 State variations of material stiffness

The derivative with respect to the displacement degrees of
freedom of the material stiffness reads

nel

8(Km(p) _ A

2 = A (0PLepo i, +PLLBG,) (B

Here, the first quantity on element level is
PLe. 0.) .4, = /73 (NT, A, we) 492, (85)
2r

The third order tensor A € R®*?**24 js composed of sub
tensors of third order A;; € R6*3%3 The symbolic relation
reads

A ..o Agg
A= ot |, with Ajy =By Q1. (86)
Agy ... Agg
With the transposed relation AiTjk = Aji, the second
quantity from (84) reads
P B, = [ P(L T Nops) a2 (87

2r
6.3.2 State variations of geometric stiffness

The derivative with respect to the stress degrees of freedom
of the geometric stiffness reads

nel nel

d(K _
IEKe®) _ Ap(K,, 0,5 = A/ddﬂg. (88)
ap e=1 ¢ e=l
2R
It contains the matrix
d=1[d', .. d%" e R¥*<18, (89)
which is composed in
8
di=Y ¢/B[;NseR>"® =123 (90)
J=1

7 Benefits of analytical approach to DSA

To motivate the computation of analytical gradient infor-
mation, two comparisons are conducted. First, the ratio of

computation times between structural analysis and analyti-
cal sensitivity analysis is observed. Second, the computation
times of analytically and semi-analytically derived gradient
information on element level is evaluated.

7.1 Comparison to overall finite differences

The computational time of one structural analysis is #,.
Here, structural analysis means the determination of the
objective, which is the eigenvalue of the LBA (8) or the
directly computed critical load scale (cf. Algorithm 2) of
NBA. The computational time of one sensitivity analysis
is t;. Sensitivity analysis means the computation of gra-
dient information on analytically derived basis including
complete assembly of total derivatives of the LBA (46)
and NBA for limit (52) and (55) bifurcation points, respec-
tively. The overall finite difference (OFD) method provides
information of the desired total derivatives by e.g. forward
difference approximation. For ndv design variables, ndv
additional function evaluations are needed to compute the
desired gradient with OFD. Thus, the computation time
of gradients with OFD approch is approximately IPFD ~
ndv - t,. For the central difference approximation twice as
much function evaluations are needed and the computation
time doubles. If

ndv > tg/tg, 1)

the analytically computed gradients save computational
time compared to the OFD approach with forward finite dif-
ference approximation. For both examples (the cantilever
in Section 8.2 and the deep arch in Section 8.3) the struc-
tural analysis for LBA includes three Newton iterations
and the solution of the eigenvalue problem. Ratios are
ts/ta = 3.1306 and t; /1, = 2.46874 for the cantilever and
arch example, respectively. For NBA the structural analysis
includes eight (for the cantilever example, three for the arch
example) steps of path-following with 29 Newton iterations
overall (for the cantilever example, 14 for the arch exam-
ple) and a direct computation with eight (for the cantilever
example, three for the arch example) iterations. Ratios of
computation time are f;/f, = 0.0200 and ¢,/f, = 0.6409
for cantilever and arch examples, respectively. Due to high
effort for path-following, OFD approach is way more time
consuming. A further speed up for sensitivity analysis is
reached by using previously determined quantities e.g. the
factorised stiffness matrix. This is not done here.

7.2 Comparison to semi-analytical approach
All needed quantities on element level are the partial deriva-
tives from (56) and the pseudo load matrix derived by

Gerzen et al. (2013), cf. Appendix B. The computational
time to determine these quantities for one finite element is
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t¢. Within the semi-analytical (SA) approach these quanti-
ties are determined by finite difference approximation from
evaluations of physical residual and tangent stiffness matrix
on element level. The computational time for the evalua-
tion of the physical residual and tangent stiffness matrix
for one finite element is #;. Partial derivatives are needed
with respect to 24 nodal co-ordinates, 24 displacement
components and 18 stress degrees of freedom for the under-
lying solid shell formulation. For forward finite difference
approximation n, = 24 + 24 4+ 18 = 66 additional evalu-
ations of the physical residual and tangent stiffness matrix
are needed for each finite element. The computation time
for sensitivity quantities on element level is approximately
t5A¢ ~ n, - t¢. With the ratio ¢/t = 15.320 and

ng
/e

the computation of partial derivatives on element level with
SA approach increases the computation time on element
level by a factor of 4. For the examples in Section 8 the
computation time on element level is about 50 % to 70 % of
total computation time for the analytical DSA. This semi-
analytical approach is used to verify the derived quantities
on element level. To reduce paperwork only the comparison
to OFD approach is presented in the paper, see Sections 8.2
and 8.3.

= 4.308 (92)

8 Numerical examples

The presented sensitivity information is used for two shape
optimisation examples in Sections 8.2 and 8.3 after the
structural optimisation framework is briefly summarised in
Section 8.1.

8.1 Structural optimisation framework

The optimisation framework includes a short overview on
used mathematical algorithm and optimisation techniques.
The optimisation problem to be solved reads

J(s) = m%x s.it. g(s) <0, s <s <s* (93)
seR”

The objective J is the smallest eigenvalue of the LBA
(8) or the first critical load scale from direct computation
(Algorithm 2) within NBA. The inequality constraint g is
introduced to constrain the volume of the structure. Lower
and upper bounds for design variables s are s’ and s¥,
respectively. For an overview on structural optimisation see
e.g. Baier et al. (1996). Following the concept of design
velocity fields, the arbitrary mapping

X = W(s) (94)
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is defined. The FE-nodal co-ordinates X are defined as a
function of the vector of design variables s. Here, the vec-
tor of design variables s includes the parameters of the
computer aided geometric design (CAGD) description of
the geometry based on Bézier patches, see Farin (2002)
for details. Derivatives with respect to design variables can
be computed from derivatives with respect to FE-nodal
co-ordinates X by chain rule

00 003X 20,y ©95)

s 09X 0s 99X

where the latter quantity Q is the design velocity fields
matrix. For details on the concept of design velocity fields
see Choi and Kim (2005a, b). The non-linear optimisation
problem is solved using sequential quadratic programming
(SQP). A BFGS-approximation (named after Broyden-Flet-
cher-Goldfarb-Shanno) of the Hessian avoids the compu-
tation of higher order derivatives. For an overview on
non-linear optimisation techniques see (Nocedal and Wright
2006).

8.2 Cantilever

The first example is the sizing of the cantilever depicted in
Fig. 2. The U-profile is well known for limit point buck-
ling. Sensitivity relations for LBA (46) and the reduced
form for limit points of NBA (52) are applied for shape
optimisation in this example. The cantilever is clamped at
the right hand side (x = Om) and loaded at the upper left
corner of the profile at the left hand side (x = 36m) of
Fig. 2. Its profile thicknesses t}i, t; and 1, are allowed to

[ | 36m
t? - 1 h | 6.05m
' H b | 2.025m
1 t? 0.075m
h i t'lf 0.075m
: ty | 0.075m
1 ZLy E | 107MN/m?
tl I T |
f v | 0.33
ty b FE-mesh | 36 x2x6x1x1

Fig. 2 Mechanical system and model data
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vary over the length. The initial value for all thicknesses is
0.075m. For each thickness, eight parameters (design vari-
ables) define the CAGD description of the geometry based
on Bézier patches in global x-direction. With three thick-
nesses 24 design variables describe the cross section of the
cantilever continuously over the length. The upper bound
for the thicknesses is 0.1m, the lower bound is 0.05m.
The volume of the structure is not allowed to increase,
only the material distribution is changed. The optimisation
is perfomed maximising the minimum eigenvalue of the

(C) NBA of Acp-optimised design, Ac,r = 355.33

= 01 ‘ ‘ <
- to
;
3 f
=
+ 005 L i L h "
0 6 12 18 24 30 36
z-co-ordinate [m]

(d) Thickness distribution of A-optimised design

77 = 0.100 77 = 0.099 4 = 0.050

t,, = 0.068 t,, = 0.059 t,, = 0.100

¢ = 0.100 ¢, = 0.079 t = 0.050

(e) Scaled cross sections at z-co-ordinate 0m, 12m, 24 m

and 36 m of A-optimised design

Fig. 3 Results for cantilever

LBA (A-optimised) and maximising the critical load scale
of NBA (A.--optimised), respectively. The LBA is evalu-
ated in the state A, 0 = [&, a, B]7, which is obtained by
applying a load of F = 1MN. Results of structural opti-
misation are shown in Fig. 3 on page 16. The optimisation
data is shown in Fig. 3f. The smallest eigenvalue increases
from 323.59 to 485.66 for A-optimised design. The crit-
ical load scale of NBA increases from 268.90 to 355.33
for A.--optimised design. To judge the optimisation results,
the non-linear load-displacement diagrams are shown in

500 T T T T 1
450 ]
== 400 1
=
< 350 1
300 1
eigenvalue A
—&— critical laodscale A..
250 . . , | |
0 2 4 6 8 10 12
iteration number
(f) Optimisation data
400 T T T . T
300 [ 1
: 0-0-0-0-0-0-¢ A
5
S 200 [ 1
8
k]
3
2
—e— \-u (initial design)
100 ¢ A-u (A-optimised design)
—&— \-u (A -optimised design)
© limit point
0 . . | | .
0 0.5 1 1.5 2 25 3
displacement —u. [m]
(g) Load-displacement diagram
— 0.1 u T T !
£
= L NS - ==ty
2 S - ~ —
) ~em - N 1
= Sl \
*~ 0.05 . =
0 6 12 18 24 30 36

z-co-ordinate [m)]

(h) Thickness distribution of A.,-optimised design

t7 = 0.100
t, = 0.074
th =0.053

(1) Scaled cross sections at z-co-ordinate 0 m, 12 m, 24 m
and 36 m of A.,-optimised design
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Table 1 Comparison of analytical and OFD approach for limit point
buckling

: [[VACFD_v A]| VAP — Vi ||
perturbation var T Vael
3.75 x 1073 1.24546640 x 1072 4.03737054 x 10~
7.5 % 1074 495142104 x 10~ 2.32337545 x 1073
7.5 %x 1073 6.72173641 x 107°© 9.24273366 x 1077
7.5 %x 1076 473733088 x 1073 7.17922417 x 106
7.5 x 1077 4.22639593 x 10~4 6.31988167 x 1073
7.5 x 1078 4.06009635 x 1073 8.94009710 x 10~*
7.5 %x 1079 3.97724902 x 1072 1.34894643 x 1072

Fig. 3g. The actual critical load scale of A-optimised design
is with 329.56 below the critical load scale of the A -
optimised design. Figure 3d shows the thickness distribution
over the length of the A-optimised structure where the co-
ordinate x = Om denotes the clamped end of the cantilever
and x = 36m denotes the loaded end of the cantilever. Cor-
responding scaled cross sections are depicted in Fig. 3e. The
material distribution differs compared to the XA..-optimised
design in Fig. 3h with corresponding scaled cross section in
Fig. 3i. The most significant difference is the distribution
of the web thickness t,,, which reaches the upper bound for
A-optimised design but the lower bound for A..-optimised
design at loaded end of the cantilever.

To verify derived gradient information from (46) and
(52) the gradients of the objective functions are computed
by OFD approach (V ACFP, VAE),FD) with central finite dif-
ference approximation for the initial design with thickness
perturbation of 7.5 x 1073m to 7.5 x 10~"m. The analyt-
ically computed gradients with respect to 24 shape design
variables are V A and V., respectively. Relative errors are
depicted in Table 1 and Fig. 4. The truncation criteria for
equilibrium iterations is in the order of 10~ for the norm
of the physical residual vector. Thus, it does not make sense
to choose the order of perturbation for finite difference
approximation smaller than this order due to numerical dif-
ficulties. If the order of perturbation is chosen to rough finite

-3
1 x 10 . ‘
[[VACFD v A||
— 08F " [VAOFD| 7
= VAP _V .||
o —h— H o o
= I T NI~ NOFD|] -
£ 06 IVAZFD]]
(0]
2 04t 1
©
e
0.2F J
0 . . & f
108 107 106 107 104 1078 1072

perturbation of design variables [m]

Fig. 4 Comparison of analytical and OFD appoach to DSA for limit
point buckling
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Fig. 5 Mechanical system and model data

difference approximation again becomes more inaccurate.
The best approximation of analytically derived gradients
can be achieved with perturbation of design variables in the
order of 10™* to 10> for this example.

8.3 Deep arch

The second numerical example is the deep arch depicted
in Fig. 5. This example is well known for bifurcation point
buckling and limit point buckling.

Sensitivity relations for LBA (46) and the general form
for NBA (55) are applied for shape optimisation in this
example. The analytical approach to DSA is verified in
Fig. 6. The arch is hinged at both ends. A point load is
applied at the top of the arch. The initial structure has a
width in paper direction of w = 10m. For optimisation,
this width is allowed to change continuously. Ten parame-
ters (design variables) define the CAGD description based
on Bézier patches, which only allow symmetric structures.
Lower and upper bounds for the width are 3m < w <
30m. Again A- and A..-based optimisation is performed
with fixed amount of material. Only the distribution of w
is optimised. The load-displacement diagram of the initial
structure is shown in Fig. 7g on page 18. Far below the
limit point a bifurcation point is located. Data points of sec-
ondary equilibrium paths are not connected by solid lines.
For optimisation only the bifurcation point is regarded. The

-3
g X107 . ;
HVAOFD7VAH
70.8» HVAOF‘DH 1
6 0.6 HV)‘(?'FD7V)‘(‘J'H i
s [[VAQFP|
[0
2 04+
(0]
°
02+t
0 L .
10°® 10 1072 10°

perturbation of design variables [cm]

Fig. 6 Comparison of analytical and OFD approach to DSA for
bifurcation point buckling
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Fig. 7 Results for deep arch

limit point or mode switching does not play a role. The
optimisation data is depicted in Fig. 7e. The LBA is eval-
uated in the state A, 9 = [&, &, 8]7, which is obtained by
applying a load of F = 1kN. Within the A-based optimi-
sation, the initial value of the objective 370.93 is increased
up to 439.79. The eigenvalue from A..-optimised design
(438.76) is as expected below this value, but only slightly.
Within the X.--based optimisation the critical load scale is
increased from 339.60 to 413.60. The actual critical load
scale of A-optimised design (411.34) is again only slightly
below this value.

(c) LBA of A-opt. design, A = 439.79

eigenvalue A
—&— critical loadscale A,

load factor A [-]

2 4 6 8 10 12 14 16
iteration number
(e) Optimisation data
1000
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-200 1 | @ limit point
O bifurcation point
-400 : : 4 :
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displacement —u,, [cm]

(g) Load-displacement diagram

In this example different objective functions yields sim-
ilar results as can be seen from the material distribution
shown in Fig. 7f. Here § = —17.5° and & = 90° denote
the right supported end and the top of the arch, respectively
(cf. Fig. 5). Due to symmetry of the structure only one half
of the system is described. The load-displacement diagram
of A- and A.,-optimised designs are quite similar as well as
can be seen in Fig. 7g. The bifurcation point for both struc-
tures is above the bifurcation point of the initial structure,
due to the fact that the optimisation is based on bifurca-
tion point buckling. The limit point buckling has not been
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Table 2 Comparison of analytical and OFD approach for bifurcation
point buckling

; IVACP v 4| IVASFP — Vi ||
perturbation Svar o e
5% 107! 1.12401009 x 10~* 1.00426594 x 1073

5% 1072 1.17275596 x 1076 1.26732674 x 1076
5% 1073 2.08813580 x 10~° 4.99373405 x 10~°
5% 107 1.73749733 x 1073 5.48431999 x 1072
5% 1073 2.19441440 x 1074 5.72580154 x 10~4
5%x107° 1.07237917 x 1073 7.18255070 x 1073
5% 1077 1.87896375 x 1072 6.57229743 x 1072

regarded, thus the limit point load is decreased in both cases.
To verify derived gradient information from (46) and (55)
the gradients of the objective functions are computed by
OFD approach with central finite difference approximation.
relative errors are given in Table 2 and Fig. 6 for perturba-
tions of design variables from 5 x 10~! to 5 x 10~"m. For
this example the perturbation in the order of 1072 to 1073
yields best approximation of analytically derived gradients.

9 Conclusion

The structural analysis covering stability effects has been
summarised for solid shell finite elements. LBA and NBA
is included. Sensitivity information for the eigenvalue of the
LBA has been derived for discrete finite element equations
of the solid shell formulation. Sensitivity information for
critical load scales of NBA are derived for limit and bifur-
cation points. The optimisation based on LBA and NBA is
compared in two numerical examples covering limit point
and bifurcation point buckling.

For future work, the influence of imperfections is of
major interest and should be included in the optimisation
procedure. The approach of Gerzen and Barthold (2013)
seems to be promising for this purpose, due to the fact
that no iterations are needed to obtain imperfection. The
imperfections are computed from quantities that are avail-
able within the optimisation procedure. For the numerical
examples presented only single critical points needed to be
regarded. Thus, no attention was payed to mode switching,
which is an important issue for the treatment of arbitrary
structures.
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Appendix A: Structural analysis for solid shells

A brief summary of the element formulation presented by
Klinkel et al. (2006) and Klinkel and Wagner (2008) for
structural analysis is given. Additional sensitivity quanti-
ties by means of the pseudo load and sensitivity matrices
presented by Gerzen et al. (2013) and (Gerzen 2014) are
summarised as well. The shell continuum $2z is divided

in element domains £2g., which can be expressed with the
nel

assembly over all elements 2z = Axl.QRe. A low order he-
e=
xahedral solid shell element is build. Isoparametric trilinear

approximations of geometry and displacement field result
in an eight node solid shell element with three displacement
degrees of freedom per node. The superscript / indicates the
field variables after discretisation. The subscript e indicates
quantities on element level.

A.1 Approximation of kinematic quantities

Geometry, displacements and its variations are interpolated
in the same manner

h _ v h _ a1 h _ ~
X"=NX,, u'=Nu, and éu" = Ndu,. (96)
The discrete nodal coordinates, displacements and varia-
tions are arranged in the vectors X, € R**! 7, ¢ R***!

and 8@, € R**!, respectively. The shape functions for the
nodes/ =1,2,...,8

1
Ny = +E1EN1 +EFEH U + 5787, 97)

with —1 < & I < 41 are organised in the interpola-
tion matrix N = [Ny, ..., Ng] with the submatrix N; =
diag[Ny, Nj, N]. The Cartesian coefficients of the Green-
Lagrangian strain tensor E are ordered in the vector E =
[E11, Ep, E33,2E17,2E73, 2E23]T in Voigt notation. The
covariant basis vectors in discrete form are

G} =N,X., gl =NiX,+i.), (98)
with N ; containing the derivatives of the shape functions
with respect to the convective coordinates &'. The necessary

derivatives of the shape functions with respect to the global
coordinates

ON;
X

70N,

e 99)

~ 16! GGl

can be computed.
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A.2 Approximation of strains and their variations.

The local convective strain components are approximated
with

h
E; =
B 1c,h h ]
?(g}zl - G}lll)

' 3(82 —Gp)
X%
z T+ EENU+E76D)5(e5; — GFy)
=1

(8?2 - Glfz)
L —€)(gB - GB) + (1 + £ (gD — GD))
L —eheh -6+ 1 +EY¢ES -GS |

(100)

The corresponding strains are computed via ANS interpola-

tion. A transformation to Cartesian coordinates
-T

E'"=T "E! (101)

can be done using the transformation matrix T ET. It is
defined via Tg = T (a, b) witha =2,b =1 and

i ()?  (i3)?
(1) (Un)? (Ja3)?
7| ) Un)? Un)?

bJi1J21 bJ12Jon b1z ...
bJi1J31 bJiaJsy b33 ...
bJr1J31 bJxnJip bixJis ...

aJiJiz aJiJi3 aJi12J13
aJaJxn aJ s aJypJr
aJzJ3 aJsJz3 aJsJsz

o Jndn + Ji2dar Jindes + Jizdar Jiadas + Ji3de

oJdnds + Ji2dz Jindss + Ji3dz Jiadsz + Ji3 3

a3+ I3 Jo1d33 4+ Ja3d3r Jad3z + a3 U3
(102)

and Jiy = e; - GZ. The vectors Gﬁ are the well known con-
vective tangent vectors and e; are the orthogonal unit base
vectors of Cartesian space. On element level the approxima-
tion of the virtual and incremental Green-Lagrangian strains
reads

SE" = Bsi,, AE" = BAil,, (103)
respectively. For the approximation the interpolation matrix
reads

B = TETBL with By =[By1, ..., Brgl. (104)
The submatrix B at I-th node is given by
Brr = [BilvB%IvBil’Bil’BsLl’Bgl]T (105)

B!, = NiighT,
Bi, = Nia@gh'.
iv
1
Bj, =) (1 +&E)1 +&E)N[e5".
L=i
B, = Nii(gh" + Niagh?,

B}, = %((1 —EHWNE @D + N5 eDHT)
F3 NP D + NP,
BY, = 3001~ EH(Viad) + N e
+%((1 +EHWNEEHT + N @EHT). (106)

The superscripts A, B, C, D denote collocation points of
assumed natural strain (ANS) interpolation for the treatment
of transverse shear locking A = (—1,0,0), B = (0, —1, 0),
C = (1,0,0) and D = (0, 1, 0) in convective coordinates
&', To overcome curvature thickness locking the collocation
pointsi = (—1,—1,0),ii = (1, —1,0),iii = (1, 1,0) and
iv = (—1,1,0) in convective coordinates Ei are chosen.
They are denoted with superscript L = i, ii, iii, iv. Details
on how to choose these collocation points can be found in
Klinkel et al. (2006) and references therein. Due to the ANS
interpolations from now on the element formulation is not
isotropic any more and £* denotes the thickness direction.
The quantity ASE : S from the linearisation of the weak
form (120) is approximated in the following way The first
quantity K, is obtained by the discretisation of

G- Gig
(ASE : S =sal Gad,, G = : (107)
Gsi - Gsg
given by the submatrices G;; = diag[G;y, Gy, Gyy] for
the node combination /, J defined by the scalar

T
G”:<S) By (108)
The required matrix By is known from (35).
A.3 Approximation of assumed strain fields
The strain tensor E is additively decomposed
E=E+E=E'G;®G;+E;G' ®G. (109)

The components of the strain fields E and E are interpo-
lated in local convective co-ordinates and transformed to
Cartesian coordinates using Voigt Notation. The transfor-
mation of the contravariant components E'J is done by the
transformation matrix T = T (a, l;) witha = 1, b = 2,
cf. (102). The approximation of the strain field in vector
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notation is

E"=Ngpa!l, a«leR® Ng=TIN, (110)
with
Nr=[I N NI (111)

Quantities evaluated at the centre of the element are denoted
with the superscript 0. I € R%*® is the identity matrix. The
interpolation matrices in natural coordinates are

[E36%630 0 0 7]
00 5351530
< 00 00 O
N=100 0o 3 (112)
00 00 O
00 00 0 |
and
€20 0 0 0 0 0 7
0000 00
Q_ 00&-1%-2%-15200
N=100000 00 (113)
00000 £20
(00000 0 &]

Klinkel et al. (2006) call E the enhanced assumed strain
field. Its covariant components are interpolated and trans-
formed to Cartesian space using the relations

E"=Mpa?, o eR with Mp = TyM (114)
and
_ detd? oy (115)
M= ety S

J = [Gh, Gg, Gé’]T is the Jacobian matrix. The interpola-
tion matrix for the enhanced assumed strain field in natural
coorinates reads

relele2 0 0 0 0 O
0 0 £2¢&'¢20 0 0
_ 0 0 0 0 53 5153 %-253
M = 0 0 0 0 0 0 0 (116)
0O 0 00 0 0 0
L0 0 0 0 0 0 0 |

The interpolation of the total strain can now be expressed as

E" = Npa! + Mpo?. (117)

Derivatives of strain energy function yield the 2nd Piola-
Kirchhoff stresses and the material matrix

AW . 3?’w
§h= ke gt o SR (118)
oE JE OF

respectively.
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A.4 Approximation of assumed stress fiels
The interpolation of the stress field S reads

! 18 0

S =NsB,, B.,cR”® with Ng=T¢N;. (119)
The same procedure is used for the virtual stresses 85" and
the incremental stresses AS". The transformation to global
co-ordinates is done by the transformation matrix T(S) =
T (a,b) witha = 2, b = 1. The superscript O denotes quan-
tities evaluated at the element centre. The transformation
matrix T is given by (102).

A.5 Element matrices and vectors

Element matrices are
K, = /Gd.Qe,
QRL’
L, = /NgBdQe,
QRe
C, = ngNEdsze,
2Re
~h
fN,@C NEgdQ,,
~h
A2 = /Ngc Mg d$2,,

MLC"Nydg..

QRL’
A% = /Mgé”MEdQe
QRe

(120)
and element vectors are
: ~h
fint = /BTS ds2.,
-QRe
o= / Nde.Qe+/NTtdFe,
-QRe Ff;
- ~h
al = /Ng(sh—s )dQe,
-QRe
a* = /Mgshdsze,
QRe
b, = / NT (Eh — Eh) 42, (121)
2Re
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Appendix B: Sensitivity analysis for solid shells with I =1, ..., 8 . Submatrices are
. . e . 1 11 g2
Quantities for design sensitivity analysis by means of the —H (/) = [H H ] (127)
pseudo load and sensitivity matrices derived by Gerzen et al. )
(2013) are summarised briefly. with
. . [ 2J1N11 2J12N12 2J13N1 3]
B.1 Variational relations 0 0 0
11 0 0 0
For the. computation of total derivatives oflo.bj.ectives and H = JiNj1b JnNjab Jy3Nypsb (128)
constra%nts after (43) pseudo load and §en51t1Ylty operatc?r J1N11b JaNjab J33Nypsb
are desired. The pseudo load operator is obtained as vari- 0 0 0
ation of the physical residual with respect to the design B N
and
P = 6xRy + 0xR; + 8xR; = py + ps + ps: (122) _Hlllz H1122 H1132_
with the partial derivatives 0 0 0
0o 0 o0
H?=| " pn 1 0 (129)
Pu(v, X 6u, 8X) = /(5 E: S—5u~b) Divs X df2 Haj) Has Mg
T Hgy Hsy Hs;
$2r |0 0 O
4 / (8X((SL,E) S+ 8,E : axs> ae, including
2R
12 _
ps(v, X; 85, 5X) = /as . (E — E) DivéX d2 Hlllz = JulNiza+ JiaNpa,
2r H{5 = JuNj3a+ Ji3Nja,
. _ H} = JiaNpsa + Ji3Npaa,
+/8X(5S:(E—E)) 0. 1132 124V1,3 134V1,2
9 Hyi = JoiNio + JnNp,
_ _ [OWg - H4122 = JL1N;3+ J3Nyp g,
(v, X;8FE,6X) = SE : — — S ) DivéX d§2
P ) / ( oE > IV H4132 = JnNj3+ J3Np 2,
2
N _ oWe . H5112 = J31N12 4+ J2Nyp g,
+/5x <5E : (87 - S)) de. (123 g2 = J3Np5 + J33Np,
o Hg3 = JnNi3+ J33Nio, (130)
B.2 Discretised relations
H(I) = [H21 H22] (131)
For the discretisation of the pseudo load matrix, derivatives )
of transformation matrices and strains as well as the approx- with
imation of a divergence are desired. The term DivéX is T 0 0 0 7
approximated with 2J21N11 2J0N12 2J23N 3
; X 0 0 0
(DivéX)"'=Dés X, (124) g2 _— 132
JiiNp1b J12Nj2b Ji13Np3b (132)
and 0 0 0
D=ld ..dsl. d;=INyy Nio Npslo o (125) L SsiNLb TN JisNisb
The derivative of the transformation matrix T from (102) and
with respect to X, is denoted with T e RO*6x [ts 0 0 0
coefficients are 22 1y22 22
Hyi Hyy Hy;
y — gl _7 _ o 0 O
’]rljkl(l) = Hlj(l), ki(l) =31 -2, H2 — Hflz Hfzz H4232 (133)
. 2
Tijkyy == H (D),  ka(I) =31 —1, 0 0 0
Tijisry = H (D), k3(I) =3I, (126) | H? HZ HZ |
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including

H2212 = Jo1Nj2a + JoNja,
HE = JiNisa+ JaNpaa,
H35 = JpNisa+ J3Njaa,
Hflz = JuNi2+ Ji2Nyp 1,
Hfgz = JuuNi3+ JiaNyp 1,
Hj5 = JiaNi3+ Ji3Np 2,
HEl = J3iNia+ JaNi ),
HE = J3iNi3 + JNp .

HE = J5Nis+ JiaNpo, (134)
and finally
H () =B H?] (135)
with
B 0 0 0 7
0 0 0
2J31N11 2J32Np2 2J33Np 3
H31 = ’ ’ ) 1
0 0 0 (136)
J1uNp1b J12Ny2b Ji3Nj3b
| 21N 1b J22Ni2b Ja3Np3b |
and
0 0 0
0 0 0
H32 H32 H32
32 31 32 H33
H =131 5% g (137)
32 732 32
o e e
L Hgy Hgy Hgy
including
H3312 = J31Nj2a + J32Np 14,
H3322 = J31N13a + J33N) 14,
H3} = JNpsa+ J3Npaa,
H5312 = JiNi2+ Ji2Nr 1,
15[5322 = JuuN13 + Ji3Ny 1,
H3} = JioNps+ Ji3Npo,
H6312 = Jo1N12+ JoNp 1,
H = JuNis+ JNpy,
HZS = JnNi3+ JaNpo. (138)

The transposed T7 is defined as ’H‘iTj « = Tjir. The deriva-
tives of applied transformation matrices read for the stresses
Tg = T(ab) witha = 2, b = 1 and for strains
Tg = T(a, l;) with @ = 1, b = 2. Note that the notation
means le % = T;jr. The derivative of the transforma-
tion matrix T, with respect to X, is Ty € ROX6x24

With (TM)l.ij = (Tp)ijx the derivative (TM)’)A(k can be

@ Springer

computed with J = [G1G2G3] and J* = [G)GIGY]
resulting in

Twu) 3, = (((JO)T : J?f(k -J J’Xk>(Tg)T

0
0\—T (O~T 0\—T ’J |
—(Ty) " (Ts) 4, (Ts) ) T (139)
The scalar product (- : -) is applied to matrices, as it is

defined for tensors. The computation of J 0}} and J % is
i :

straightforward, details are omitted here. The first derivative
of local strains E’i with respect to X, is (E}i),f( =Q =

[Q, .... Qg] with
;=001 0. 013. Q4. Qs5. Q161" (140)
and
0, = NI,l(u{ql)T,
0, = Nio@h)’,
v l
Qi3 =) ;U +EEHI+EEIN@h)T
L=i
Q4 = Npih)" + N’
1
Q5 = S (1= EHWNL @B + Niy@D)
+U+EYWNP @D” + NP,
1
Q15 = 5 (1= ENWNL@H + Ni@y)")
+(1+EHWNE,@HT + N@HD)). (141)
B.3 Sensitivity and pseudo load matrices
The parts of the pseudo load are approximated as
Py =8, P8X,, pi=35"PLsX.,
ph = 512“’11’%5)26 +8E" P48 X, (142)
with matrices
~h
P, = [ (B"S"-N"b)Ddg.
2g,
+ [ G+P(B", TS, N.B,) dS2.
2R,
~h
— P(B{Tgl, Ts, T5'S ) ., (143)
2r,
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pe — / (Ng(Eh - Eh)) Dde,

N
2R,
~h
+ / P (NI @7, E" - E") ae.
2R,
= / P (N, TS, Nial) dg,
2R,
+ / NiT T Qds2,
2R,
= / P(NSTST, 1§, 15T EL) d..  (144)
2R,
_ e _ ~h
P, _Q{e (NE(S S ))Dd.Qe
+ [P (N{, (T, (8" - S")) 42,
2R,
+ [ P(NEC, TY, Nial) dg, (145)
2R,
+ [ P(NEC, Ty, Ma?) a2,
2r,
— [ P(NL, T, N.B,) ds2.
2k,
and
P, = [ (MpS")Ddg.
2R, _
+ [ (P(MT", T}, $")) ds2.
2R,
- 146
+ P (MEC, 19, Nial) dg. (146)
Re
+ [ P(MEC, Ty, Ma?) dg..
2r,

The pseudo load and sensitivity matrices P, and S, are
obtained by assembly over all finite elements of

nel nel
P.=AP. $,=As. (147)
e= e=
of the element quantities
P Sy
P<, Se.
Pe = Pg s Se = SeE (148)
Pg S %

respectively. To compute the sensitivity matrix their relation

P,=-K,S,. (149)
is used. Static condensation yields
P,=-K,S, (150)

with

r.=Ar, (151)
ol

and the element quantity

Py, =P, +L[C;TAC P+ LIC P (152)

using the abbreviation P = P4 — A(A7) ™' P¢. After
solving the unknown displacement sensitivities, the sensi-
tivities of stresses and strains can be calculated on element
level as follows

% = C; (LS, + P9,

e __ __(A22\-1 21 ge
Sf = (f; ) EP% +eAe 5%,
§§ = C.T(ASS + PY).

(153)
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