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Abstract Aircraft design is a challenging process which is
constantly looking for developing new and lighter structural
components. The application of topology optimization tech-
niques is growing widespread in the aeronautical industry as it
has proven to be highly useful for saving important weight
amounts in recent aircraft designs. The objective of this re-
search is to obtain optimal and novel aeronautical architec-
tures through topology optimization while considering uncer-
tainty in loads and material properties. For this, a methodolo-
gy that combines the Sequential Optimization and Reliability
Assessment (SORA) with external optimization software has
been developed in order to perform Reliability-Based
Topology Optimization (RBTO). The methodology is then
compared against the classical way of obtaining novel archi-
tectures in aeronautical industry, which lie in the application of
Deterministic Topology Optimization (DTO) considering par-
tial safety factors in some data influencing the structural re-
sponses. The comparison drawsweight savings of up to 3% in
the examples proposed when applying RBTO which could be
highly significant in an aircraft structure. Moreover it has been
proven that when performing a RBTO approach the layout of
the final design can be different depending on the safety level
required, which may influence the next phases of aircraft de-
sign process.
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1 Introduction

Aeronautical industry is always seeking for new and novel
aircraft architectures as well as redesigning classical compo-
nents so as to address the next generation of aircrafts, which
tend to be lighter, cleaner and safer, making the application of
Deterministic Topology Optimization (DTO) techniques a
useful tool for reaching that target. This discipline has been
used for the last decade by most of the main aircraft compa-
nies, as Airbus (Grihon et al. 2004; Krog et al. 2004; Krog and
Tucker 2002), Bombardier (Buchanan 2007), Boeing (Wang
et al. 2011) or Embraer (Santos Iwamura and Rocha de Faira
A 2013), as well as by many researchers (Maute and Allen
2004; Maute and Reich 2006; Stanford and Ifju 2009;
Stanford et al. 2012; Stanford and Dunning 2014 or James
et al. 2014) due to its capacity to generate unconventional
structural architectures which are usually lighter than classical
ones. In aeronautical industry this new structural schemes are
generally later converted into manufactural structures through
a concept design definition and then re-tuned by applying size
and shape optimization techniques.

Topology optimization was used in the design of Airbus
A380, the largest commercial aircraft in the world, leading to
an overall weight savings of 1000 kg per aircraft. This was
mainly thanks to the redesign of the inboard inner and outer
fixed leading edge ribs and the fuselage door intercostals
(Grihon et al. 2004).Moreover, in Krog et al. (2004) newwing
box rib architectures were obtained through topology optimi-
zation using global and local approaches combining several
different formulations. These include the classical minimum
global compliance formulation and a mini-max global com-
pliance formulation, both with a volume fraction constraint, as
well as an alternative minimum weight with constrained com-
pliance formulation. More recently, Bombardier has also
employed topology optimization in the novel design of two-
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dimensional wing box ribs applying a minimum global com-
pliance with volume fraction constraint formulation. Then
they define the structural concept design from the topology
layout, which is finally re-tuned using size and shape optimi-
zation so as to provide a manufactural aircraft component
(Buchanan 2007). Boeing also applied this discipline to the
preliminary design of the wing leading-edge structure of the
787 Dreamliner, reaching to a 25–45 % lighter design com-
pared with the wing of the Boeing 777 (Wang et al. 2011).

Furthermore, aircraft design is a challenging process that
links several multidisciplinary areas and needs to take into
account several uncertain data to address the best possible
design, while accomplishing the restrictive safety targets im-
posed by international regulations. This leads to the imposi-
tion of safety factors during the whole design process that
sometimes are based on experience and lack of scientific ba-
sis, being a key aspect to be further studied. Uncertain data in
loads, material properties, manufacture processes, etc. need to
be included as random variables in the different aircraft design
phases, particularly during the preliminary stage where DTO
is employed.

Reliability-Based Topology Optimization (RBTO) com-
bines statistical and probabilistic design methods with topol-
ogy optimization, and is being used by several authors of
different research fields (Kang et al. 2004; Kim et al. 2007;
Kang and Luo 2009 or Dunning et al. 2011). This discipline
requires high computationally effort and may be unstable in
terms of convergence depending on the problem. RBTO tech-
niques are based on Reliability-Based Design Optimization
(RBDO) methods, which are currently applied to industrial
size and shape optimization problems (Youn et al. 2004; Zou
andMahadevan 2005; Kaushik 2007; Karadeniz et al. 2009 or
Hernandez et al. 2013). However RBTO has not yet been
applied in large three-dimensional models and thus it has not
been proven to work for real like aero-structures.

In this paper the Sequential Optimization and Reliability
Assessment (SORA) algorithm is implemented in an in-house
computational code that calls external optimization software
so as to perform complex industrial-like RBTO problems. The
SORA is one of the most efficient RBDO single-loop methods
as it offers robustness, suitability to complex structural sys-
tems and low computational effort compared against other
methods (Aoues and Chateauneuf 2010). The methodology
developed consists of combining the aforementioned in-
house computational code, which manages the whole process
and performs the reliability analysis, with commercial optimi-
zation software. This is later applied to real-like aeronautical
structures involving a large number of design variables and
degrees of freedom.

Topology of preliminary baseline models is crucial for the
upcoming design phases. Depending on the safety level re-
quired by the engineers, the RBTO process will provide

different structural layouts that would condition the next
phases of the aircraft design. Besides, RBTO based aircraft
designs may lead to lighter structures than those provided by
DTO as consequence of using the real distribution functions of
random variables instead of partial safety factors in the design
process. In this research we carry out a study between both
approaches to determine which is the most efficient in terms of
weight savings establishing a coherent comparison of results.

2 Reliability-based topology optimization applying
the sequential optimization and reliability assessment

The general formulation of a RBTO problem can be expressed
mathematically as follows:

minF dkð Þ ð1:aÞ

subject to:

g j dk ; xkð Þ≤0 j ¼ 1;…;mð Þ ð1:bÞ
P Gi dk ; xkð Þ≤0½ �≤P f ;i i ¼ 1;…; nð Þ ð1:cÞ

where dk and xk are the deterministic design and random var-
iables for the k-esime optimization cycle, gj is the j-esime
deterministic constraint, Gi is the i-esime limit-state function,
P is the probability operator and denotes the probability that
has the limit-state function to be in a failure region, Pf,i is the
required probability of failure and m and n are the number of
deterministic and probabilistic constraints, respectively.

The main difference between RBTO and the traditional
DTO is that the uncertainty of some variables that influence
the structural responses is included as random variables in the
optimization process. First pieces of researches in this disci-
pline employed the Reliability Index Approach (RIA) by
Enevoldsen and Sorensen (1994) or Performance Measure
Approach (PMA) by Tu et al. (1999) for solving RBTO prob-
lems in a variety of scientific disciplines (Jung and Cho 2004;
Maute and Frangopol 2003 or Kim et al. 2006). Both algo-
rithms belong to the so-called double-loop methods as they
require an inner optimization loop to determine the probability
of failure for each structural configuration and an outer loop
that is the proper optimization problem. On the other hand,
Kharmanda et al. (2004) developed a sequential procedure with
three successive steps: sensitivity analysis, reliability index
evaluation and deterministic topology optimization based on
the traditional minimum compliance formulation with volume
fraction constraint. More recently, Silva et al. (2010) developed
a single-loop methodology able to consider either the failure of
different events in a component RBTO or the embracement of
all failure events in a systemRBTO, while Nguyen et al. (2011)
proposed a single-loop technique that considers the statistical
dependence between several limit-states.

908 C. López et al.



The methodology proposed is based on the RBDO al-
gori thm Sequential Optimization and Reliabil i ty
Assessment (SORA) developed by Du and Chen (2004)
as it belongs to the so-called decoupled methods. This
means that the algorithm separates the optimization prob-
lem from the reliability process avoiding nested loops,
making it highly combinable with external optimization
software and being suitable to perform complex structural
systems. Moreover, according to Aoues and Chateauneuf
(2010) the SORA has proven to be robust and accurate.
The methodology developed allows taking profit from the
capabilities of both the SORA and the external software,
including robustness, accuracy and the consideration of
uncertainty from the former as well as efficiency, accuracy
and low computational effort in solving large optimization
problems from the latter. Other well-known RBDO algo-
rithms, like RIA or PMA, would not be adequate because
the combination of external optimization software within
them would be troublesome from the point of view of
computational effort.

The aforementioned methodology consists of solving a se-
quence of deterministic topology optimizations, each follow-
ed by a reliability analysis that evaluates the probability of
failure of the optimal structure for the required limit-states,
until convergence. The deterministic optimization process is
carried out by external software and the reliability assessment
is performed through an efficient inverse Most Probable Point
(MPP) search algorithm. The MPP is defined as the most
probable value of the random variables when reaching the
limit-states of the structure Gi=0 and represents the nearest
point of this function to the mean values of the random vari-
ables in a standard and independent space (Choi et al. 2007).
This distance is the so-called reliability index β, which is
related to the probability of failure of the structure by the
following equation when the random variables are normally
distributed:

Pf ¼ Φ −βð Þ ð2Þ

Therefore, when there are several limit-state functions
Gi=0, there must be a MPPi associated to each one. The al-
gorithm used is the Hybrid Mean Value (HMV) by Youn et al.
(2003) which finds theMPPi in the standard and independent
space exploring the hyper-sphere with radius βT ( target reli-
ability index of the structure) and center in the mean values
(origin of the space), and determining the points where it is
tangent to each limit-state functionGi=0.Moreover, the HMV
is robust since it is suitable for both concave and convex limit-
state functions as it combines the Advanced Mean Value
(AMV) or the ConjugateMeanValue (CMV) algorithms, both
described in Youn et al. (2003). Figure 1 shows a flowchart of
the process.

3 Implementation of the methodology

The aim of this work is to develop a framework to solve
practical aeronautical RBTO problems embedding opti-
mization software within a RBDO algorithm implement-
ed in an in-house MATLAB (2013) code so as to com-
pute the probabilistic constraints when uncertainty is tak-
en into account in the optimization process. Some param-
eters that in a deterministic approach would be consid-
ered as fixed parameters are now considered as random
variables. This methodology excels in being capable of
applying such a relevant and helpful discipline as RBTO
in large structural models while maintaining the
robustness and accuracy of the algorithms employed as
well as competitiveness in terms of computational effort.
The deterministic optimization software employed is
Altair OptiStruct (2013) and was selected because it is
widely used in aeronautical companies as Boeing or
Airbus,. being employed in this research for performing
both deterministic optimizations and static analyses. The
RBDO algorithm implemented in MATLAB is the
SORA, which as discussed in section 2 is a decoupled
method that allows exploiting the strengths of the opti-
mization software to perform DTO while adding a reli-
ability analysis not available within it.

In this research two different approaches have been pro-
posed depending on the baseline Finite Element Model
(FEM):

– CASE I: The baseline FEM is a preliminary structural
design. The topology optimization is only performed in
a specific domain embedded in the baseline FEM. The
objective of this approach is to optimize the layout of
selected components within a larger aeronautical
structure.

– CASE II: The baseline FEM is not a preliminary struc-
tural design and the initial model is the complete
topology design region. The objective of this ap-
proach is to find novel architectures from a prefixed
domain.

The design variables d are the relative material densities in
all finite elements and the random variables x are the load
multiplier factors and the Young’s modulus of the material.
The strategy followed is to minimize the volume of the design
region subject to probabilistic constraints over compliance
values. Since the compliance of the structure is associated to
a load case, in this work the number of load cases concords
with the number of limit-state functions, so there will be a
Most Probable Point (MPP) of failure associated to each one.
Below it is presented an explanation of the strategy followed
for each case.
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3.1 CASE I

In this case the compliance of the preliminary design for each
load case Ci

U is taken as the reference value for the probabi-
listic constraints in the upcoming RBTO problem. It is obtain-
ed through a previous static analysis of the baseline structure.
The goal is to obtain a design as stiff as the preliminary one
when uncertainty is included in the problem. Therefore the
formulation of the RBTO problem can be expressed mathe-
matically as:

minV dkð Þ ð3:aÞ

subject to:

P Ci dk ; xi;k
� �

> CU
i

� �
≤Pf ;i i ¼ 1;…; nð Þ ð3:bÞ

where xi,k is the MPP vector with the values of the random
variables for the i-esime load case in the k-esime iteration
of the SORA process, V is the volume of the design region,
Ci is the i-esime compliance value obtained in the RBTO
process, Ci

U is the compliance upper limit obtained in the
static analysis for the i-esime load case and n is the number
of load cases and therefore the number of limit-state func-
tions considered.

3.2 CASE II

The initial design is exactly the prefixed topology design re-
gion therefore there is not a proper initial structure. Then a
previous DTO process is performed in order to find a prelim-
inary structural scheme. The formulation of this DTO problem
consists of minimizing the volume subject to VonMises stress
constraints, and is expressed as:

minV dkð Þ ð4:aÞ

subject to:

σ dkð Þ≤σmax ð4:bÞ
where σ is the Von Mises stress at each element, and σmáx is
the maximum admissible Von Mises stress. The DTO is
solved using Altair OptiStruct following a SIMP approach.

The compliance of the resulting structural layout Ci
U is

taken as the reference value for setting the probabilistic con-
straints in the upcoming RBTO problem. Now the target is the
same as in CASE I, that is, to obtain a design as stiff as the
preliminary structural scheme provided by the DTO when
uncertainty is taken into account. The mathematical formula-
tion of this RBTO problem is:

Fig. 1 Flowchart of the
decoupled RBDO method
employed
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minV dkð Þ ð5:aÞ

subject to:

σ dk ; xi;k
� �

≤σmax ð5:bÞ

P Ci dk ; xi;k
� �

> CU
i

� �
≤Pf ;i i ¼ 1;…; nð Þ ð5:cÞ

where Ci is the i-esime compliance value of the RBTO and Ci
U

is the compliance upper limit obtained from the previous DTO
defined in Eq. (4) for the i-esime load case.

These formulations allow obtaining optimal-weight
structural architectures while maintaining a required level
of stiffness that is defined for each particular problem.
The authors believe that these approaches fit better with
practical aeronautical problems than the classical mini-
mum compliance with volume fraction constraint. The lat-
ter approach needs to impose as a constraint a maximum
fraction of the initial volume that is usually chosen by the
engineer based on his experience or intuition, while the
formers avoid any decision making as these constraints
are obtained from a reference design. In contrast to other
approaches, both cases require to perform preliminary
tasks (a static analysis in CASE I and a DTO in CASE
II) so as to set the probabilistic constraints limits Ci

U.
The MATLAB code manages the entire process according

to the flowchart of Fig. 2. DTO and the reliability analysis are
performed in an iterative process until convergence. For the
reliability analysis a target reliability index βT is considered.

The code starts by the execution of the optimization soft-
ware so as to reach the initial deterministic solution obtaining
the compliance of the optimal structure Ci(ui,k). In this initial
optimization process the random variables are set to their
mean values. After that, the iterative process of the reliability
assessment is started following the steps of the HMV algo-
rithm needed to achieve the MPP of the random variables
which will take part in the next optimization cycle.

The first step of the HMValgorithm requires transforming
vector xi to the standard and independent space ui by
employing the well-known transformation:

ui;k ¼ xi;k−μ0
i;x

σ0
i;x

ð6Þ

where μ ' i and σ ' i are the mean and standard deviation values
that define the equivalent Normal distribution of the random
variables x, i is the i-esime load case and k is the k-esime
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Fig. 2 Flowchart of the SORA
method implemented in the
MATLAB code using the HMV
algorithm for the reliability
analysis

Fig. 3 Three-dimensional view of the aircraft wing structure
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iteration of the HMV algorithm (Youn et al. 2003). As the
values of vector xi initially take their mean values, this corre-
sponds to ui,0=0. Afterwards, the limit-state functions need to
be calculated as stated below:

Gi ui;k
� � ¼ 1−

Ci ui;k
� �

CU
i

¼ 0 ð7Þ

being Ci(ui,k) the compliance obtained during the previous
optimization cycle and Ci

U the limit constraints values. As
discussed before, Ci

U is obtained depending on the problem
case (CASE I or CASE II). Next, the gradients of the limit-
state functions respect to the random variables are obtained
through a forward finite difference process expressed by

∇Gi ui;k
� � ¼ Gi ui;kþhð Þ−Gi ui;kð Þ

h , where h is the step size which
is set up as a 1 % of the current value of ui,k. This requires
several evaluations of the optimal structural compliance after
slight perturbations of the random variables. The compliance
values are obtained through static analyses of the optimal
structural model that are performed in Altair OptiStruct.
These gradients are necessary to obtain the normalized
steepest descent direction αi,k at the current MPP ui,k, which
is defined as follows:

αi;k ¼ −
∇Gi ui;k

� �

∇Gi ui;k
� ��� �� ð8Þ

being∇Gi the aforementioned gradients of the limit-state func-
tions respect to the random variables.

The upcoming ui,k+1 is obtained following the HMValgo-
rithm, being necessary to define a function type criterion to
distinguish whether the limit-state function is concave or con-
vex in that particular point. This criterion is expressed by:

ξi ¼ αi;k−αi;k−1
� �

⋅ αi;k−1−αi;k−2
� � ð9Þ

If ξi>0, the limit-state functionGi=0 is convex, and if ξi≤0
the function is concave. For convex limit-state functions or
while k<3, the next point ui,k+1 is obtained as:

ui;kþ1 ¼ βT ⋅αi;k ð10Þ

Otherwise, if the function is concave and k≥3, the next
point ui,k+1 is obtained by combining the steepest descent
directions of the three previous iterations with an equal
weight, meaning that the algorithm advances in the direction
of the diagonal ofαi,k,αi,k−1,αi,k−2 with a modulus of βT. This
is expressed as:

ui;kþ1 ¼ βT ⋅
αi;k þ αi;k−1 þ αi;k−2

αi;k þ αi;k−1 þ αi;k−2
�� �� ð11Þ

Once ui,k+1 is obtained, the algorithm returns to (7) to com-
pute a new Gi(ui,k+1). This iterative process reaches conver-
gence when condition (12) is fulfilled:

Gi ui;kþ1

� �
−Gi ui;k

� ��� ��≤ε ð12Þ

where ε is the maximum convergence criterion value. The
flowchart of the HMV algorithm implemented in the
MATLAB code to solve the reliability analysis loop is shown
in the right side of Fig. 2.

After convergence of HMV algorithm the point ui,k+1 is
saved as the MPP ui

MPP associated to the i-esime limit-state
function, and thus the vector of random variables xi,k+1 can be
calculated from (6).

The vector xi,k+1 represents the MPP in the original space,
and it is used in the upcoming k+1 deterministic optimization
cycle. The convergence criterion is defined as the difference of
the structural volume in two consecutive iterations:

Vkþ1−Vkj j≤ε ð13Þ

4 A method for coherent comparison
between deterministic and reliability-based topology
optimization

In the engineering community it is accepted that probabilistic
approaches are more realistic than the deterministic ones be-
cause the former add the fact that some properties of the de-
sign process have not fixed values, so they should be dealt
with as random variables. In that regards probabilistic ap-
proaches are a better representation of reality.

Comparison between deterministic and probabilistic opti-
ma is an important issue that deserves to be studied. In every
optimization problem if, after a deterministic optimum is ob-
tained, a RBDO is carried out considering the set of loads and
material properties as random variables having as mean values
the ones used as fixed parameters in the deterministic ap-
proach, the volume of the material obtained in the RBDO will
be greater than the obtained in the deterministic. But this com-
parison is not fair. To check if the RBDO produces heavier or
lighter structures a proper comparison must be made. In this
research we compare DTO and RBTO.

It is well known that in real problems engineers use in the
design the nominal or characteristic load values amplified by a
safety coefficient. This coefficient is a way to take into ac-
count uncertainties in the expected values of the load. That
means that the deterministic design is not fully safe, there is a
probability of failure but the designer does not know it.
Finding this probability of failure is a way to create a coherent
comparison between DTO and RBTO. The approach taken in
this research is the following:

1. Assume that any load Pi and the Young’s modulus E of
the structure are random variables defined by their mean
value μand standard deviation σ.

2. Carry out a DTO problem using as values of Pi and E the
following expressions:
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Pi ¼ μP;i þ σP;i⋅αP;i E ¼ μE þ σE⋅αE ð14Þ

These expressions are only valid when the variables follow
a Normal distribution. If the random variables are not normal-
ly distributed (uniform, Log-Normal, etc.), their distributions
should be transformed to multivariate normal distributions as
stated in Nataf (1962) or Rackwitz and Fiessler (1976) before
using (14) in order to obtain the statistical moments of the
equivalent Normal distribution (μ ', σ ').

The output of this step will be a value of the deterministic
optimum VDTO.

3. Perform a reliability analysis considering a set of con-
straints as limit-state functions to find out the probability
of failure of the design obtained in step 2 using the ran-
dom distribution of Pi and E. When any of the random
variables is not normally distributed, the Rackwitz and
Fiessler transformation must be established in each itera-
tion of the reliability analysis loop so as to obtain the
equivalent statistical moments (μ ', σ ') for each design
point. As a result, a Pf,i

DTO will be obtained for the i-esime
constraint.

4. Carry out a RBTO considering Pi and E as random vari-
ables with the former density functions and imposing the
same probability of failure Pf,i

DTO obtained in step 3. As
exposed in step 3, (μ ', σ ') must be obtained in each iter-
ation of the reliability analysis if any of the random

variables of the problem does not follow a Normal distri-
bution. The output of this formulation will be the volume
VRBTO.

With this procedure VDTO and VRBTO can be fairly com-
pared as they are a pair of results having the same probability
of failure. Therefore a parameter sr coined as saving ratio can
be defined as:

sr ¼ VRBTO

VDTO ð15Þ

If sr<1 that means that the reliability base optimization is
more efficient that the deterministic one, as it needs less vol-
ume of material to accomplish the same probability of failure
for a determined limit-state. In the following application ex-
amples this approach has been used to show the performance
of the RBTO.

5 Application examples

In order to illustrate the effectiveness of the methodology de-
scribed in section 3 and to establish a fair comparison between
DTO and RBTO as stated in section 4, two large FEMs with
around half-million degrees of freedom have been chosen.
The first is a 3D shell aircraft wing and the second is a 3D
solid aircraft tail-fuselage.

Fig. 4 Applied loads in the
aircraft wing structure

Reliability-based topology optimization of aeronautical structures 913



5.1 Aircraft wing

The aircraft wing model (Fig. 3) is defined as an assembly of
two plates joined by three spars and eight ribs, building a
120816 four-node shell element mesh. The wing root is
clamped to the fuselage, and its dimensions are:

– 1219.2 mm of root chord
– 744.22 mm of tip chord
– 152 mm height
– 2463 mm of span
– 26.56° of sweep angle
– 4 mm of ribs and skin thicknesses
– 3 mm of spar thicknesses

The material considered in the ribs is aluminum with a
Young’s modulus of Er=71000 MPa, while for the spars and
skin is aluminum with Young’s modulus of Es=69000 MPa.
Both materials have a density of ρ=2.7·10−6 kg/mm3.

We consider five different loads expressed in MPa and
contained in four load cases. The first load case is constituted
by fuel and self-weight loads. Fuel loads are applied only from
the wing root to Rib 4 simulating the fuel storage, including
both the hydrostatic pressure pushing Rib 4 and a constant
pressure of Q=−0.02 MPa in gravity direction applied in the
bottom skin. Moreover, there are three different lift cases, each
constituting one of the remaining load cases. The first is a
pure-lift load L1(ξ) where pressure is applied in the bottom
skin following (16):

L1 ξð Þ ¼ ka �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � S2−ξ2

p

bmed
ð16Þ

where ξ is the longitudinal local axis of the wing. Moreover, S
is the span of the wing and bmed is its average transversal
dimension, both measured in mm. The lift profile coefficient
ka is obtained through (17):

Lift ¼ π � S2 � ka
4

ð17Þ

being Lift the total lift over the wing, which is defined through
a critical load case of the aircraft. Based on previous experi-
ence, James et. al (2014) used a 2·gmaneuver flight load case
which corresponds to Lift=2·Weight and that is employed in
this work. The second L2(ξ,η) and third L3(ξ,η) lift-loads are
defined as a combination of the pure-lift defined in (16) and a
torsional load, simulating that the lift is greater in the frontal
part of the wing and lower in the rear part and vice versa. They
are modelled as pressure loads and obtained through (18).

L2 ξ; ηð Þ ¼ 0:85 � ηþ L1 ξð Þ ð18:aÞ
L3 ξ; ηð Þ ¼ −0:85 � ηþ L1 ξð Þ ð18:bÞ
where η is the transversal local axis of the wing. Figure 4
shows an overview of the loads acting in the wing and
Table 1 presents a summary of the four load cases applied in
this model. The load cases have been defined as equivalent
static loads because topology optimization is usually per-
formed in early design stages where the target is to find novel
architectures that are later converted to detailed structural
components.

The random variables considered in the problem are the
loads P by means of the load multiplier factors of each load
case ϕi and the Young’s modulus of the material E, both fol-
lowing a Normal distribution whose mean and standard devi-
ation values are presented in Table 2.

As exposed in section 4, to perform the DTO we do not
employ the mean values of the random variables. Instead we
use the design values which are obtained from (14) applying a
factor of αP=αE=1.5. However, this procedure is general and
we could use any value of α.

The design region considered in the wing is the seven inner
ribs internal framework. The outer rib is not considered within
the design region as the wing must be a closed box. The DTO
problem consist ofminimizing the volume of the aforementioned

Table 2 Mean and standard deviation values of the random variables

Random variable Type of distribution μ σ

Ribs Young’s modulus (Er) Normal 71,000 3550

Load multiplier factor (ϕi) Normal 1.0 0.05

Table 1 Summary of load cases applied in aircraft wing

Load
case

Loads multiplier factors

Self-
weight

Fuel
(Q)

Lift 1
(L1 (ξ))

Lift 2
(L2 (ξ,η))

Lift 3
(L3 (ξ,η))

LC 1 1.0 1.0

LC 2 1.0

LC 3 1.0

LC 4 1.0

DTO safety faactors RBTO ( Tβ 1,...i iβ= = , 4 ) 

Fig. 5 Comparison between wing structural layout of DTO and RBTO
(βT=βii=1,…,4)
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internal framework, which must be as stiff as the one of the
preliminary structural design as exposed in section 3 (CASE I).
The compliance values obtained from the static analysis of the
preliminary design are:C1

STAT=8.74⋅102mm/N,C2
STAT=1.76⋅103

mm/N,C3
STAT=1.94⋅103mm/N andC4

STAT=1.87⋅103mm/N. The
problem is expressed mathematically as:

minV ð19:aÞ

subject to:

Ci≤CSTAT
i i ¼ 1;…; 4 ð19:bÞ

where V is the total volume of the design region, i is the
considered load case,Ci is the compliance of the design region
for each load case and Ci

STAT is the upper constraint
compliance.

When the optimum design is reached, a reliability analysis
using the First Order Reliability Method (FORM) is performed
in order to obtain the probability of failure of the structure for
each limit-state function using the random distributions of P and
E. The limit-state functions for all load cases are defined as (7).
As a result, a set of probability of failures is obtained, which
corresponds to β1=3.60, β2=3.39, β3=4.01 and β4=3.47.

Afterwards, the RBTO problem is performed as explained
in section 3 (CASE I). The target of this problem is to obtain a
design whose internal framework is as stiff as the one of the
preliminary design when uncertainty is contemplated in both
loads P and Young’s modulus E. We impose the same proba-
bility of failure obtained in the previous reliability analysis so
as to make a right comparison between DTO and RBTO ap-
proaches. The mathematical formulation of the latter is:

minV ð20:aÞ

subject to:

P Ci > CSTAT
i

� �
≤Pf ;i i ¼ 1;…; 4 ð20:bÞ

Table 4 Summary results of the set of RBTO in the aircraft wing

Load case RBTO (βT=2) RBTO (βT=3) RBTO (βT=4)

Obj. function (mm3 ) 6.11·101 7.16·101 8.64·101

Initial volume frac. (%) 37.8 44.3 53.4

MPP self weight 1.09 1.13 1.17

MPP fuel loads 1.01 1.02 1.05

MPP lift 1 1.09 1.13 1.19

MPP lift 2 1.09 1.14 1.18

MPP lift 3 1.09 1.14 1.18

MPP young’s M.(MPa) 6.88·104 6.66·104 6.8·104

Fig. 7 Side and three-dimensional views of the aircraft tail-fuselage

Table 3 Summary results of the comparison DTO vs. RBTO in the
aircraft wing

Load case DTO safety
factors

RBTO
(βT=βii=1,…,4)

sr

Obj. function (mm3 ) 7.90·101 7.69·101 0.97

Initial volume frac. (%) 48.9 47.6

Value/MPP self weight 1.15 1.16

Value/MPP fuel loads 1.15 1.02

Value/MPP lift 1 1.15 1.15

Value/MPP lift 2 1.15 1.18

Value/MPP lift 3 1.15 1.16

Value/MPP young’s M.(MPa) 6.57·104 6.71·104

RRBTO ( Tβ = 2 ) 

RBTO (( 4Tβ = ) 

RBTO ( Tβ 3= ) 

Fig. 6 Wing structural layouts of different RBTO approaches (βT=2,
βT=3 and βT=4)
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Figure 5 shows the results obtained from both DTO and
RBTO, hiding the top skin of the wing so as to provide a clear
view of the wing ribs (design region). Table 3 shows a clear
comparison between both approaches, obtaining a saving ratio

of sr=0.97 as the RBTO draws a 3 % lower volume than DTO
for the same probability of failure.

In addition we perform a set of RBTO cases for different
safety targets of

Table 5 Loads applied to the aircraft tail-fuselage FEM

Load case Loads in vertical tail plane (N and N ·mm) Loads in rear fuselage (N )

Fx Fy Fz Mx My Mz Fx Fy Fz

LC 1 0 −1·105 0 2.5·108 0 1.5·108 0 −8·103 −12·103

LC 2 0 1·105 0 −2.5·108 0 −1.5·108 0 8·103 12·103

LC 3 −1·104 0 −1·105 0 4·108 0 0 0 −28·103

LC 4 1·104 0 1·105 0 −4·108 0 0 0 28·103

LC 5 2·104 0 1·105 0 −5·108 0 −8·103 0 8·103

LC 6 −2·104 0 −1·105 0 5·108 0 −8·103 0 −8·103

DDTO safety faactors RBTO ( Tβ 3.83= ) 

Fig. 8 Comparison between
DTO with safety factors and
RBTO (βT=3.83) layouts
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βT=2, βT=3 and βT=4, which corresponds to probabilities
of failure of Pf=2.27⋅10−2, Pf=1.35⋅10−3 and Pf=3.17⋅10−5

respectively. As expected, requesting a higher reliability
brings an increase in the member size of the structure, but also
to some changes in the structural layout, being the latter con-
sequence difficult to predict using only engineering judgment.
Figure 6 and Table 4 show the results obtained.

5.2 Aircraft tail-fuselage

The three-dimensional tail-fuselage model is composed by
two non-concentric tail cones connected, with greater radios
of 2.1 and 1.75 m and lower radios of 1.75 and 0.45 m, re-
spectively. Both parts are merged in the junction and the
whole model length is 10 m. All degrees of freedom are
constrained in the front part of the fuselage, and two set of
loads are applied in the rear part: those transmitted by the
vertical tail plane (VTP) and horizontal tail plane (HTP) to
the fuselage and those corresponding to the rear fuselage tail
cone. The model is discretized by 68136 eight-node solid
elements which represent the design region, 7824 four-node
shell elements that simulate the external skin of the fuselage,
and 18 rigid elements that simulate the load transmission from
the VTP, HTP and tail cone to the fuselage. A three-
dimensional and a side view of the FEM are shown in
Fig. 7, as well as a zoom of the rear part for a clear view of
the load transmission to the fuselage.

The material of the structural model is aluminum, with a
Young’s modulus of E=74000 MPa. The tail fuselage of an
aircraft is a region exposed to many different loads as it re-
ceives the loads acting in both the VTP and HTP. Therefore, a
set of six load cases have been chosen as a representative
sample of all load cases acting in a commercial aircraft tail
fuselage model. The load cases considered in this example are
symmetric in pairs respect to the x-z plane of the aircraft, and
are represented in Table 5.

Uncertainty is considered in the applied loads and material
properties, becoming the random variables of the problem,
and whose mean and standard deviation values are presented
in Table 6. The load values for each load case are multiplied
by a factor ϕi, which is the true random variable. The Young’s
module E follows a Log-Normal distribution and the load
multiplier factors ϕi follow a Normal distribution.

As explained in section 3 (CASE II), a preliminary design
is obtained performing a DTO process because the baseline
model is not a proper structure, being the whole 3D domain

exactly the design region. This preliminary design is
employed to obtain the compliance needed to set the stiffness
constraints of both DTO and RBTO approaches so as to com-
pare them. The loads and material properties employed in this
preliminary DTO are the mean values of the random variables
exposed in Table 6, so this approach will be named as DTO-m
from now on. This DTO-m problem is formulated mathemat-
ically as minimizing the volume of the tail-fuselage region
subject to Von Mises stress constraints:

minV ð21:aÞ

subject to:

σ≤300MPa ð21:bÞ
where V is the total volume of the tail fuselage and σ is the Von
Mises stress in each element. Once solved the compliance of the

Table 7 Summary results of the comparison DTO vs. RBTO in the
aircraft tail fuselage

Load case DTO safety
factors

RBTO
(βT=3.83)

sr

Objective function (mm3) 4.93·109 4.81·109 0.97

Initial volume frac. (%) 5.81 5.67

Value/MPP load case 1 1.15 1.19

Value/MPP load case 2 1.15 1.19

Value/MPP load case 3 1.15 1.12

Value/MPP load case 4 1.15 1.12

Value/MPP load case 5 1.15 1.15

Value/MPP load case 6 1.15 1.15

Value/MPP young’s M. (MPa) 6.83·104 7.15·104

RRBTO ( Tβ = 2 ) 

RBTO (( 4Tβ = ) 

RBTO ( Tβ 3= ) 

Fig. 9 Three-dimensional view of different RBTO (βT=2, βT=3 and
βT=4) layouts

Table 6 Mean and standard deviation values of the random variables

Random variable Type of distribution μ σ

Young’s modulus (E) Log-normal 74,000 3700

Load multiplier factor (ϕi) Normal 1.0 0.1
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optimal structure is obtained for all load cases. In fuselage to-
pology optimization problems it is usual to obtain the informa-
tion about the weighted compliance of the structure (Niemann
et al. 2013) instead of the single compliances for each load case,
because as discussed before the number of load cases may be
elevated and it may be troublesome to handle. The weighted
compliance is defined as the weighted sum of the single com-
pliances for all load cases, and is expressed as follows:

WC ¼
Xn

i¼1

wi � Ci i ¼ 1;…; nð Þ ð22Þ

where wi are the weighting factors considered for the i-esime
load case. In this particular example all load cases are equally
pondered.

Therefore, the only limit-state function in this problem is
associated to the weighted compliance of the tail fuselage, and
is expressed as:

G ¼ 1−
WC

WCDTO ¼ 0 ð23Þ

whereWC is the weighted compliance obtained in the upcom-
ing RBTO analyses,WCDTO is the weighted compliance of the
preliminary DTO-m design and G=0 is the limit-state func-
tion. The weighted compliance obtained from the DTO-m is:
WCDTO=4.56⋅107 mm/N.

Next we perform the comparison between the DTO and
RBTO approaches. In the DTO the design values of the loads
and material properties are obtained from (14) applying a fac-
tor of αP=αE=1.5, although the procedure is general for any
value of α, as stated in section 4. Before using (14), in this
example the random distribution of the Young’s module E has
to be converted from a Log-Normal to an equivalent Normal
using the Rackwitz and Fiessler (1976) transformation. Once
the DTO is completed, the probability of failure of the struc-
ture for the limit-state function defined in (23) is computed
using the random distributions of P and E. Therefore a reli-
ability analysis using the First Order Reliability Method
(FORM) is performed and a reliability index of β=3.83 is
obtained, which corresponds to a probability of failure of
Pf=6.41⋅10−5 that will then be imposed in the RBTO.

Afterwards the RBTO problem imposing βT=3.83 is per-
formed applying the methodology explained in section 3
(CASE II). The target of the RBTO is to obtain a design as
stiff as the structural scheme provided by the preliminary

Table 8 Summary results of the set of RBTO in the aircraft tail fuselage

Load case RBTO
(βT=2)

RBTO
(βT=3)

RBTO
(βT=4)

Objective function (mm3) 3.94·109 4.33·109 4.90·109

Initial volume frac. (%) 4.64 5.10 5.77

MPP load case 1 1.09 1.14 1.20

MPP load case 2 1.09 1.14 1.20

MPP load case 3 1.07 1.10 1.12

MPP load case 4 1.07 1.10 1.12

MPP load case 5 1.08 1.12 1.15

MPP load case 6 1.08 1.12 1.15

MPP young’s M. (MPa) 7.25·104 7.21·104 7.16·104

RRBTO ( Tβ = 2 )  

RBTO (( 4Tβ = ) 

RBTO ( Tβ 3= ) 

Fig. 12 Frontal view of different RBTO (βT=2, βT=3 and βT=4) layouts

RRBTO ( Tβ = 2 ) 

RBTO (( 4Tβ = ) 

RBTO ( Tβ 3= ) 

Fig. 11 Bottom view of different RBTO (βT=2, βT=3 and βT=4) layouts

RRBTO ( Tβ = 2 ) 

RBTO (( 4Tβ = ) 

RBTO ( Tβ 3= ) 

Fig. 10 Top view of different RBTO (βT=2, βT=3 and βT=4) layouts
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DTO-m when uncertainty is taken into account. The formula-
tion of this RBTO problem is:

minV ð24:aÞ

subject to:

σ≤300MPa ð24:bÞ
P WC > WCDTO
� �

≤P f ð24:cÞ

The results obtained from the comparison between DTO
and RBTO are shown in Fig. 8, hiding the skin of the fuselage
and displaying only the design region formed by the solid
elements in order to show clearly the structural layouts.

Table 7 shows a clear comparison between both ap-
proaches, obtaining a saving ratio of sr=0.97 as the RBTO
draws a structural scheme of a 3 % lower volume than the
obtained from the DTO, having both the same probability of
failure against a determined limit state.

Moreover, a set of additional RBTO cases have been per-
formed for target reliability indexes of βT=2, βT=3 and βT=4
corresponding to probabilities of failure of Pf=2.27⋅10−2, Pf=
1.35⋅10−3 and Pf=3.17⋅10−5, respectively. The results obtain-
ed for these RBTO approaches are shown in Figs. 9, 10, 11
and 12.

In this example it can be observed that requesting a higher
reliability leads to a substantial change in the structural layout,
being a worthy remarkable aspect that may influence the next
phases of the aircraft design process. Besides, this change in
the layout is associated to a significant volume increase be-
cause as expected, requiring a higher reliability index takes to
heavier designs. Table 8 shows a summary of the results ob-
tained in the set of RBTO analyses.

6 Computational facilities

The examples developed have been solved in a high perfor-
mance cluster (HPC) with 768 computing cores, a theoretical

peak performance of 5.1 TFLOP’s and a physical memory of
1.8 TB. Table 9 shows a summary with the computational
effort in terms of iterations, while Table 10 shows the compu-
tational time in minutes for all examples. In addition the com-
putational time to run a single static analysis to obtain the
compliance of the structure is about 100 seconds in the wing
example and around 120 seconds in the tail-fuselage example.
All the cases have been run employing 4 cores of the HPC and
assigning a physical memory of 8 GB to each.

In terms of computational time, the aircraft wing took a
maximum time of about 15 hours for βT=3, while the three-
dimensional tail aircraft fuselage took a maximum time of
approximately 42 hours for βT=3 and βT=4. In the rest of
cases the range of time is about 8 hours for the aircraft wing
and about 25 hours for the aircraft tail fuselage. It is noticeable
that performing a RBTO analysis for such complex structural
models takes an average of approximately ten to twenty times
than solving the DTO in the same example.

7 Conclusions

This paper has proposed a methodology that allows
performing large topology optimization problems while tak-
ing into account the uncertainty presented in both loads and
material properties. This methodology has proven to be robust
and efficient as it worked for different 3D structural models
and the computational effort spent was acceptable regarding
the time that commercial software needs to perform the clas-
sical deterministic topology optimization. Furthermore, the
Sequential Optimization and Reliability Assessment algo-
rithm has proven to be successfully implementable with com-
mercial software that performs deterministic optimization due
to its uncoupled formulation and the auspicious results obtain-
ed. To summarize, this research demonstrated that reliability-
based topology optimization can be successfully applied to
industry-like aircraft structural models as a further step to
classical topology optimization.

Table 10 Summary of
computational time Example DTO RBTO (βT=2) RBTO (βT=3) RBTO (βT=4)

Aircraft wing 59 minutes 513 minutes 989 minutes 518 minutes

Aircraft fuselage 144 minutes 1692 minutes 2532 minutes 2547 minutes

Table 9 Summary of the
computational effort counted in
iterations

Example Loop DTO RBTO (βT=2) RBTO (βT=3) RBTO (βT=4)

Aircraft wing Optimization 49 iter. 143 iter. 236 iter. 150 iter.

Reliability – 168 iter. 336 iter. 168 iter.

Aircraft fuselage Optimization 81 iter. 241 iter. 416 iter. 363 iter.

Reliability - 48 iter. 96 iter. 72 iter.
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Besides, a comparison between Reliability-Base Topology
Optimization and Deterministic Topology Optimization has
been made, concluding that the former is a more efficient tool
to implement in preliminary design phase as it leads to lighter
structural architectures than the latter considering the same
probability of failure. Regarding this, RBTO may achieve
structures with a higher safety level if the volume is set to be
the same as the obtained in the deterministic approach.

In the first example it can be seen that the differences be-
tween different safety targets are mainly focused in the appear-
ance of new members when establishing a higher level of
uncertainty, as well as the fattening of the members obtained
in the deterministic optimization. This concludes that when
requiring a higher safety factor in the reliability-based optimi-
zation, the amount of material needed to accomplish the con-
straints increases.

Moreover, it is noticeable that in the second example the
structural schemes obtained through deterministic and
reliability-based topology optimization are different depend-
ing on the level of uncertainty considered, which lead to sub-
stantially different novel architectures. This gives an idea of
how important is to define the safety level required in the
preliminary stages of aircraft design so as to continue with
the design process from the best initial architecture.
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