
Struct Multidisc Optim (2014) 49:199–207
DOI 10.1007/s00158-013-0971-0

RESEARCH PAPER

A strain based topology optimization method for compliant
mechanism design

Euihark Lee · Hae Chang Gea

Received: 12 March 2013 / Revised: 31 May 2013 / Accepted: 29 June 2013 / Published online: 27 July 2013
© Springer-Verlag Berlin Heidelberg 2013

Abstract The Energy based topology optimization method
has been used in the design of compliant mechanisms for
many years. Although many successful examples from the
energy based topology optimization method have been pre-
sented, optimized configurations of these designs are often
very similar to their rigid linkage counterparts; except using
compliant joints in place of rigid links. These complaint
joints will endure large strain under the applied forces in
order to perform the specified motions which are very unde-
sirable in a compliant mechanism design. In this paper,
a strain based topology optimization method is proposed
to avoid a localized high strain of the compliant mecha-
nism design, which is one of the drawbacks using strain
energy formulation. Therefore, instead of minimizing the
strain energy for structural rigidity, a global effective strain
function is minimized. This is done in order to distribute
the strain within the entire mechanism while maximizing
the structural rigidity. Furthermore, the physical program-
ming method is adopted to accommodate both flexibility
and rigidity design objectives. Design examples from both
the strain energy based topology optimization and the strain
based method are presented and discussed.
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1 Introduction

Structure designers often consider rigidity as one of the
important design requirements. However, a flexible struc-
tural member may bring in additional functionalities. A
compliant mechanism is one of the best examples. The main
characteristic of compliant mechanisms is to transform
force, motion, or energy using their flexible structural mem-
bers. Compliant mechanisms replace hinges used in the
rigid body mechanisms for lower manufacturing and assem-
bly cost while achieving similar performance. They also can
be miniaturized and used in MEMS or embedded structures
(Ananthasuresh and Kota 1996; Sigmund 2001; Frecker
2003; Ananthasuresh and Howell 2005). The most popular
design method for compliant mechanisms is the energy
based topology optimization (Howell and Midha 1993;
Ananthasuresh et al. 1994a, b; Sigmund 1997). Various
applications for compliant mechanism designs using the
energy based topology optimization have been reported in
literature (Larsen et al. 1997; Kikuchi et al. 1998; Yin and
Ananthasuresh 2002; Luo et al. 2005, 2008).

Since a compliant mechanism works as both a mech-
anism as well as a structure, two contradictory func-
tionalities – flexibility and rigidity – must be consid-
ered simultaneously. For the flexibility design objective,
maximizing a selected nodal displacement (mutual poten-
tial energy) is employed; for the rigidity design objec-
tive, minimizing the mean compliance strain energy) is
commonly used. To accommodate both design objectives,
the solution requires a multi-objective optimization for-
mulation. Various formulations which combine these two

mailto:euihark@rci.rutgers.edu
mailto:gea@rci.rutgers.edu


200 E. Lee, H. C. Gea

Fig. 1 Energy based compliant
mechanism design: compliant
gripper I (Yin and
Ananthasuresh 2001: a).
displacement inverter (Jung and
Gea 2004: b). compliant gripper
II (Lin et al. 2010: c)

design objectives have been proposed and many success-
ful examples have been presented (Frecker et al. 1997;
Nishiwaki et al. 1998; Saxena and Ananthasuresh 2000;
Pedersen et al. 2001; Jung and Gea 2004) However, con-
figurations of many optimized compliant mechanisms are
very similar to the rigid link mechanisms just replacing
joins connector with compliant members (Pedersen et al.
2001) as shown in Fig. 1. It is obvious that these com-
pliant members will endure large strain under applied
force in order to perform the specified motions. The large
strain in particular areas are very undesirable in compliant
mechanism design since it could cause structural failure.
Moreover, there are always problems on the solution con-
vergence although various forms have been used in com-
bining both flexibility and rigidity such as weighted sum
and ratios.

In this paper, a strain based topology optimization
method is proposed to produce optimal compliant mech-
anism. Minimizing a global effective strain function is
implemented for the rigidity design objective. Further-
more, the physical programming method (Messac 1996;
Messac and Ismail-Yahaya 2002; Lin et al. 2010) is
adopted to accommodate both flexibility and rigidity design
objectives.

The remainder of this paper is organized as follows:
first the energy based topology optimization for compliant
mechanisms is reviewed followed by the problems asso-
ciated with this formulation. In Section 3, the proposed
strain based topology optimization method is presented and
the implementation of physical programming in the multi-
objective optimization problem is described. Then, solution
procedures including sensitivity analysis is derived. Finally,
comparisons of design examples from both the energy based
topology optimization and the strain based method are
presented and discussed.

2 Energy based topology optimization for compliant
mechanism

Consider a topology optimization problem setting for a
compliant mechanism design, the applied forceFin to the
design domain � will drive the output node producing a
disireable displacement in the direction of Uout as shown

in Fig. 2, where. � represents entire design domain, �s

denotes solid areas and �v is areas without material.
To consider the flexibility of the compliant mechanism,

the displacement at output point can be formulated as the
mutual potential energy (MPE):

MPE = UT � (1)

where U is the displacement vector and � is a unit vector
that can be viewed as a dummy load. At the same time, the
rigidity of the design is evaluated by the strain energy (SE)
which can be expressed as:

SE = 1

2
UT KU (2)

where K is a global stiffness matrix of the design.
Since both flexibility and rigidity should be accommo-

dated for the complaint mechanism design, two objective
functions, maximizing mutual strain energy and minimizing
strain energy, are needed. However, the compliant mech-
anism may also have localized large strain at compliant
joints, if the traditional minimizing strain energy formula-
tion is used. To perform the desired function as a mecha-
nism, these compliant joints will suffer from localized large
strain when external forces are applied. We will discuss the
causes of this localized large strain in the next section. Then,
our proposed solutions will be presented in Section 3.

To find the optimized solution in topology optimiza-
tion, the Solid Isotropic Microstructure with Penalty (SIMP)
(Bensøe 1989) material model is usually implemented. In

Fig. 2 Schematic representation of a topology optimization formula-
tion for compliant mechanism
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Fig. 3 Penalty function in SIMP model

the SIMP model, Young’s modulus E is defined as a func-
tion of artificial material density. It is formulated as

E(x) = f (x)E0, f (x) = xp, P > 1 (3)

where x is the artificial material density of each element
and has a range as 0 ≤ x ≤1. p is a penalty coefficient of
material, which is greater than 1 to provide penalty on the
stiffness of the material, E0 is Young’s modulus of the base
material, and f (x)is the penalty function. Graphs of penalty
function are plotted under different penalty coefficient
values in Fig. 3.

Since Young’s modulus of SIMP model represents mate-
rial properties of each element, the total strain energy can be
formulated as a summation of element strain energy. From
(3), the element stiffness matrix can be defined as a func-
tion of material density since ki = f (xi)k

0
i , where k0

i is the
element stiffness matrix with base material. Then, then ele-
ment strain energy can be described as a function of material
density as shown in (4)

SE = 1

2
UT KU = 1

2

∑
uT

i kiui = 1

2

∑
f (xi)u

T
i k0

i ui

(4)

where ue represents the element displacement vector and ke

is the element stiffness matrix.
Although minimizing the strain energy can improve the

structural rigidity, the strain energy in (4) actually reveals
a major defect on local strain because strain energy is
determined by not only strain but also material density.
Considering an element with very large strain but relatively
low artificial material density such as in red line range in
Fig. 3, the impact of the large strain will be washed out
significantly by the penalty function f (x) if p is larger
than 1. Therefore, the optimizer will not try to reduce the
large strain, and the material density of that element will be
reduced to zero even though it has large strain. As a result,
the strain will be transferred to the neighbor elements, and
the neighbor elements will have higher strain than before.
Hence, the optimal solution could be a high rigidity but
localized large strain.

3 Strain based topology optimization method
for compliant mechanism

To overcome the drawbacks of the energy based topology
optimization formulation for compliant mechanism design,
a strain based topology optimization method is presented
in this section. The problem formulation of the proposed
method will be discussed first and then the sensitivity is
derived. Finally, the implementation of the physical pro-
gramming method for multi-objective optimization formu-
lation for compliant mechanisms is presented.

3.1 Problem formulation

As we discussed in the previous section, the penalty func-
tion in (4) will distort the solution by discounting the
localized large strain if the artificial material density is rel-
atively small in the same element. In order to accurately

Fig. 4 Class function: class 1 (the rigidity function) and class 2 (the flexibility function)
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Fig. 5 Flowchart for strain based topology optimization for compliant
mechanism design

account for the local strain we propose the effective strain as
an objective function for structure rigidity since the effective
strain allows any three dimensional stain state to be repre-
sented as a single positive strain value. The effective strain
can be decomposed with displacement with stiffness matrix
as shown in (5).

ε2 = εT D0ε
T = uT

i Cui = uT
i k0

i ui

E0
(5)

where C is a positive definite dimensionless matrix, and
D0 is a strain stress relation matrix without Young’s modu-
lus. Composition of displacement vectors and C matrix can
be used to define the effective strain as ε (Jung and Gea
2004). The equation shows that the effective strain does not
include penalty function in the form. Therefore, the effec-
tive strain is a direct indicator of strain, the rigidity design
objective of the compliant mechanism can be replaced by
a minimized global effective strain. The formulation of

Fig. 6 Design domain and boundary condition for compliant gripper I

Fig. 7 Optimal design: the strain energy based formulation (top), and
the strain based formulation (bottom)

compliant mechanism design is described with effective
strain term in (6).

Minimize:
n∑

i=1
ε2
i , Maximize: UT �

Subject to KU = F

V (X) =
N∑

i=1
xivi ≤ V 0

X = {x1, x2, · · · , xN } , x ≤ xi ≤ x̄

(6)

3.2 Physical programming

Considering both flexibility and rigidity simultaneously
requires multi-objective optimization formulations and both
of the weighted-sum and the fraction formulations expe-
riences numerical and convergence problems. A physical

Fig. 8 Strain energy comparison: the strain energy based formulation
(top), and the strain based formulation (bottom)
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Fig. 9 Full gripper design: the
strain energy based formulation
(left), and the strain based
formulation (right)

programming (Messac 1996) framework is implemented
in this study. One of the advantages of physical program-
ming is that it can incorporate designers’ preference by
specifying desirability ranges. This is particularly important
in the compliant mechanism design because the flexibility
function and the rigidity function have completely differ-
ent numerical orders and different sensitivity with respect
to design variables. The physical programming method can
remove the problems by defining proper class functions
with suitable desirability.

Based on the effective strain energy formulation and the
physical programming method, the strain based topology
optimization problem can be defined as a summation of
functions of the effective strain and the mutual potential
energy as follows:

Minimize F1

(
n∑

i=1
ε2
i

)
+ F2

(
UT �

)

Subject to KU = F

V (X) =
N∑

i=1
xivi ≤ V 0

X = {x1, x2, · · · , xN } , x ≤ xi ≤ x

(7)

whereF1 and F2 are two class functions in the physical
programming method. In our study, F1 is a preference
function representing the benefits of the smaller value of
global effective strain, and F2 representing the benefits of
larger value of output displacement. Both class functions
are shown in Fig. 4. The choices of ranges between f 0 and
f ∗ on both class functions are pre-defined by the designer.
In this way, optimization algorithm can process both of
the flexibility and rigidity at the equal levels and provide
satisfactory solutions.

3.3 Sensitivity analysis

One of the most important tasks in topology optimization
is evaluating the sensitivity of functions with respect to
design variables. In this paper, two class functions are used
to design the compliant mechanism. The first one is a func-
tion of the global effective strain, and the second one is the

mutual potential energy. The sensitivity of the mutual poten-
tial energy has been studied by many researchers. In this
section, our focus is on the sensitivity analysis of the global
effective strain function.

From (5), the sensitivity of f1 can be expanded as the
following:

d

dxi

(
n∑

i=1

ε̄2
i

)
= d

dxi

(
n∑

i=1

uT
i Cui

)
(8)

Since ui is difficult to differentiate and the gradient of C is
zero, the sensitivity of the effective strain cannot be derived
directly. To derive the sensitivity of the effective strain, we
introduce the virtual stiffness matrix k1

i which is filled with
the material density of one. By using the linear relations of
k1
i = E0C, the (8) can be converted as

d

dxi

(
n∑

i=1

uT
i Cui

)
= d

dxi

(
n∑

i=1

uT
i k1

i ui

E0

)
= d

dxi

(
UT K1U

E0

)

= 1

E0

dUT

dxi

K1U (9)

The derivative of K1 is zero since the material density of
K1 is constant. The K1U is actually the loading vector gen-
erated by the imposed displacement field in the new system.
If we applied this loading vector as the applied force to the
original system, we will have a system governing equation
as KV = K1U . Substituting the KV into (9) and applying the

Fig. 10 Design domain and boundary condition for compliant
gripper II
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Fig. 11 Compliant gripper II:
the optimized design (top), the
deformed shape (middle), and
the strain energy distribution
(bottom)

derivative results of the original system, K ′U+KU’= 0, we
arrive at the following expression:

d

dxi

(∑
ε̄2
e

)
= 1

E0

dUT

dxi

K1U = − 1

E0
UT dK

dxi

V (10)

Since the sensitivity of effective strain is derived in (10), the
sensitivity of objective function in (7) can simply derived
using chain rule. Once the sensitivity is obtained, a gradient
based optimization method such as the Generalized Convex
Approximation (Chickermane and Gea 1996) can be used to
generate the optimal configures.

The flowchart of the strain based topology optimization
method for compliant mechanism design is described in
Fig. 5. Firstly, a FEM analysis (KU = F) is performed.
Based on the resulting displacement field (U), the adjoint
force (K1U) is used to evaluate the adjoint displacement
vector, V . Then, the sensitivity of F1 can be obtained using
(10). Furthermore, the sensitivity evaluation of F2 can be

easily obtained by applying dummy load (�) to the system.
Once the sensitivity evaluation is completed, the material
distribution is updated using a gradient based optimization

Fig. 12 The full gripper design of example 2
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Fig. 13 Design domain and boundary condition for displacement
inverter

algorithm. This iterative process is repeated until the design
is converged.

4 Design example

In this section, the design examples of the strain based topol-
ogy optimization for complaint mechanism are presented.
First, the optimal designs of the strain energy based formu-
lation and the strain based formulation are compared and
discussed using a compliant gripper example. Then, two
additional examples are presented to demonstrate the pro-
posed method. In all examples, the material properties are
Young’s modulus E0 = 100Pa, Poisson’s ratio υ = 0.3.

Fig. 14 Displacement inverter:
the optimized design (top), the
deformed shape (middle), and
the strain energy distribution
(bottom)
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4.1 Compliant gripper I

In this example, complaint gripper design problem is stud-
ied. The device is fixed at the bottom and external force
is applied downward at the upper left corner as shown in
Fig. 6. The design objective is to generate a compliant grip-
per that produces a downward motion at the lower right
corner. Both the strain energy based and the strain based
formulations are used, and their solutions are presented in
Fig. 7. The main difference of these two solutions is on the
left side of the designs. The strain energy based formulation
produces a straight member below the force and the strain
based formulation generates a curved member.

To examine the impact of these two different designs,
strain energy distributions of both solutions are plotted in
Fig. 8. One can easily find that some localized high strain
regions are found in the straight member but the strain
energy is greatly reduced for the curved member. This result
matches with our derivations very well.

In addition to the lower strain energy, the output displace-
ment of the solution from the strain based method is 22 %
larger than that from the strain energy based method. It is
because the solution from the strain based method has larger
leverage on the right side of the structure. The full gripper
designs are shown in Fig. 9 again for comparison.

4.2 Compliant gripper II

The second example is another gripper design. The design
domain is very similar to that of the first gripper but
boundary conditions are very different as shown in Fig. 10.

The upper left corner is fixed and the bottom is only con-
strained in the y-direction due to the symmetric condition.
The force is applied at the lower left corner toward right and
the desired output displacement is a downward motion at the
lower right corner.

The optimal topology configuration of the gripper prob-
lem and its deformed shape is shown in Fig. 11. The
deformation configuration obviously shows that the optimal
design of gripper provides proper mechanism according to
the problem specifications. Strain energy of each element
are also plotted to demonstrate that the strain energy is well
distributed. The full gripper design is illustrated in Fig. 12.

4.3 Displacement inverter

In the third example, a displacement inverter is studied.
Because of the symmetric conditions, only half of the design
domain is modeled. The force is applied at the upper left
corner and the displacement is expected to be produced at
the lower right corner towards left as shown in Fig. 13.

The optimized design and its deformed shape with strain
energy distribution are illustrated in Fig. 14. Once again, the

Fig. 15 Displacement inverter optimization design for full design
domain

strain is well distributed as we expected. From the defor-
mation figure, it is clear that the deformation of the optimal
design can afford displacement inversion motion when force
is applied to downward direction at left top corner. The
strain energy distribution plot also shows that the optimal
design using strain based formulation does not have high
concentrated strain energy. The full inverter is shown in
Fig. 15.

5 Conclusion

In this paper, the strain based topology optimization method
for compliant mechanism is presented. Instead of the strain
energy used in common topology optimization formula-
tion, a global effective strain functional is implemented for
maximizing the rigidity of compliant mechanism design.
This new formulation can reduce localized high strain in
compliant joints generated by the strain energy based for-
mulation. Drawbacks from the weighted sum and the frac-
tion methods are eliminated by the implementations of the
physical programming method. Numerical examples further
demonstrated the advantages of the proposed method for
compliant mechanism design.
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