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Abstract The aim of this elementary reliability-based truss
topology example is to serve as a benchmark for check-
ing on the validity, accuracy and convergence of FE-based
numerical topology optimization methods. The above prob-
lem has been solved analytically by using an extension
of the optimal layout theory (Prager and Rozvany) and
the solution has been verified numerically by a first order
reliability approach (FORM) combined with a material
distribution method (SIMP).

Keywords Topology optimization - Probabilistic design -
Reliability based design - Benchmark problems -
Compliance design - Optimal layout theory

1 Introduction

It is well known that the optimal topology of perforated
plates in plane stress and bending, respectively, tends to that
of trusses and grillages, if the volume fraction of the plates
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approaches zero (e. g. Rozvany et al. 1985, 1987; Bendsoe
and Haber 1993; Allaire and Kohn 1993). This property
is often used for verifying the validity, accuracy and con-
vergence of numerical topology optimization methods by a
comparison with reliable benchmarks in the form of exact
analytical truss or grillage solutions.

A good truss benchmark example may involve a rela-
tively simple layout, although the corresponding numerical
perforated plate model is usually much more complicated,
involving many thousand elements. The goal of this paper is
to derive a reliable, analytical benchmark problem for prob-
abilistic or also called reliability-based topology optimiza-
tion (RBTO) where the geometry, material, and material
properties are uncertain and can be described via a proba-
bilistic stochastic model. Benchmark problems for this class
of topology optimization are particularly important, because
for this problem class exact solutions have not existed to the
authors’ knowledge and the necessary approximations used
in numerical methods may lead to large errors.

Whilst the present example is very simple, involving only
one probabilistic variable, extensions to more challenging
problems will be attempted in the future.

The problem studied in this paper was solved analyti-
cally by the first author already in 2007, and the results
briefly presented at two international conferences (Rozvany
2008a, b). The first author has shown that the proposed sym-
metric two-bar topology is optimal considering all possible
topologies. In this paper we show that the same results are
obtained by first order reliability method (FORM) assuming
a priori a two-bar truss topology. Furthermore we demon-
strate that integrating FORM into material-based topology
optimization (Maute and Frangopol 2003) leads to numeri-
cal results with layout and geometry (i. e. bar orientations)
similar to that derived analytically. Comparable results have
been obtained numerically by Silva et al. (2010).
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Fig. 1 Elementary benchmark
example

2 Problem statement

The general form of the considered problem class is as
follows.

minV =Y A;L;. (1)
i
subject to
Pr[C < K]> R, 2
F2L;
C = L2 3
ij AL 3)

where V = truss volume, A; = cross-sectional area of mem-
ber i, L; = length of member i, Pr = probability, C = total
compliance, K = limiting value of total compliance, R =
limiting value of probability, F; = force in member i and
E; = Young’s modulus of member i. We may add that a
compliance constraint may not be very meaningful in terms
of real world design requirements, but it is useful in bench-
mark problems for checking on various methods.

The particular example considered in this paper is shown
in Fig. 1a. The topology of a truss is to be optimized within
the design domain ABDG with potential supports along AB,
subject to a non-random vertical load of V = 300 and a
random horizontal load H, with a mean of zero and a nor-
mal distribution having a standard deviation of o = 100.
The truss volume is to be minimized for the conditions in
(1)—(3). It will be shown that the solution for the considered
problem is a symmetric two bar truss (as shown in Fig. 1b).
For simplicity, we assign a unit value to Young’s modulus.

3 Analytical derivation of the optimal topology
by means of the optimal layout theory
It is important to note that the proposed procedure, based on

an extension (Rozvany 1992) of the optimal layout theory
(Prager and Rozvany 1977), selects the optimal one out of
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an infinite number of possible topologies, using sufficient
conditions for optimality. It does not assume a priori that
the optimal topology is a two-bar system.

We can use this truss layout for checking on a perfo-
rated plate solution from a numerical, FE-based method
(e. g. SIMP, Bendsoe 1989; Zhou and Rozvany 1991). In the
latter the topology will appear with jagged boundaries (see
checkered part of Fig. 1b), which require postprocessing.

3.1 Reformulation of the problem for the optimal
layout theory

Since this problem is symmetric in the only random variable
(H), condition (2) is fulfilled if we consider the range of
values for the random variable:
—Hy < H < H), 4)
where the value Hy can be calculated from the inverse nor-

mal distribution cumulative probability function (also called
“quantile” or “probit”) function ®~! and R in (2):

Hyjo = &' <1+—R)

5 &)

In (5), (14 R)/2 is used, since the failure may occur at both
ends of the interval of (4). This implies (see Fig. 2)

R = ®(u+ Ho/o) — (1 — Ho/o)
= ®(u+ Ho/o) — (1 = ®(u+ Ho/0))

=2®(u+ Hp/o) — 1 (6)
from which with & = 0 follows (5).

For example, if we require a probability of R = 0.9999
(failure probability of PF = 10_4), then we have @~ ((1+
0.9999)/2) = 3.89 and hence
Hoy = 3.890 = 389 @)
in (4). This means that we can now consider an infinite num-
ber of alternative loading cases for the range of H-values in
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&(H,/0)—(1-®(H,/5)) 10

-H,/o

Fig. 2 Reason for relations (5) and (6)

(4) in deterministic design, and for that problem optimal-
ity criteria are available in extended versions (e. g. Rozvany
1992) of the Prager-Rozvany optimal layout theory (Prager
and Rozvany 1977).

3.2 Proof that only the load condition |H| = Hy
can be active in the reformulated problem

Considering the loads and member directions in Fig. 1, we
have from equilibrium

Y 2o v H 2+ 14 H \’
it 7 \2cosa | 2sina 2cosa  2sina

y2 H?
T 2cos?

: ®)
2sin
This implies that for a given truss layout an increase in the
absolute value of H always causes an increase in the value
of the compliance C in (3). Hence only the load conditions
with

H = +H €))
can be active for the worst compliance case.

3.3 Derivation of global optimal topology on the basis
of the Prager and Rozvany (1977) layout theory

For a globally optimal volume and any number of load con-
ditions with a compliance constraint, sufficient conditions
in the paper by Rozvany (1992) reduce to the following
static-kinematic optimality criteria (see also Rozvany et al.
1993).

The “real” strains for members with non-zero cross
section are given by

Fi

L= ik 10
Eik AE; ( )

where k denotes a load condition.

For global optimality, these real strains along truss mem-
bers must be embedded over the design domain in a plane
strain fields termed “adjoint” strain fields, such that

(for A; > 0) E; Z weh =1,
i

(for A; =0) E; Y vl < 1 a1
k

Moreover, the Lagrange multiplier v must be zero,

v =0 (12)

for any inactive load condition (for which the compliance
is smaller than its limiting value). This means that the
Lagrange multiplier is nonzero only for the two biggest
loads with H = ZHj. The second condition under (11)
refers to any line element in the design domain, along which
there is no truss member.

It is shown in the paper by Rozvany et al. (1993), that
the above global optimality conditions are fulfilled for the
considered skew symmetric problem by a two-bar truss with
the bar orientation

s = wcan [+ st - ) [, 13

where B is the angle between the vertical and the resultant
of H and V (see Fig. 1a). The relation in (13) is shown
graphically in Fig. 3.

The optimal volume of the truss is given by (Rozvany
et al. 1993)

Vopl =

CEcos?2a \cos2a  sinla

L?P? (cos2,3 N sinzﬂ) (14)
— |

o

o
” a,, :arctanJ(«/tanAﬂ+8tan2ﬂ—tanzﬂ)/4

45
4’()_
30
R=1
20 Y LB
o XS5
10 P =1
—L

10 20 30 40 50 60 70 8 90 p

Fig. 3 The relation between the angle of the critical load (3) and the
optimal bar angle (x)
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where L is the distance of the load H from the horizontal
support and P is the magnitude of the resultant of H and V.

3.4 Check on optimality by other methods

In addition to global proof via layout theory, in this rather
remarkable paper (Rozvany et al. 1993) optimality of the
solutions was also checked by the co-authors (Zhou and
Birker) numerically by using a dense grid of potential truss
members and by optimizing a perforated plate by means
of SIMP (Bendsoe 1989, Zhou and Rozvany 1991). Also,
for the given topology (two-bar truss), the optimal angle
was derived from the Kuhn-Tucker condition. All solu-
tions derived by three different authors have shown a com-
plete agreement. For this reason, “reliability” of the above
analytical solutions is fairly high.

3.5 Example

Let us assume a probability value of R = 0.9973. Then, as
in Section 2, we have by (5)

®1((1 4 0.9973)/2) = Hy/o = 3.0. (15)

For this case we have V = H = Hy = 300 and then
for B = 45° the relation (12) gives « = 35.264° and a
non-dimensional volume of 3.375. Both can be used for ver-
ifying results by FE-based numerical probabilistic topology
optimization methods.

3.6 Extensions to nonzero mean values

For the time being, this will be illustrated only by a trivially
simple example. Consider again the problem in Fig. 1a, but
with H = 0, and a random vertical force V with normal
distribution having a mean value of © = 200 and a standard
deviation of o = 100. Let us calculate the probability value
associated with a maximum vertical load of V = 300 =
n+o.

Firstly, the optimal topology for the considered vertical
load is extremely simple, (see Fig. 4), it is actually a special
case of the one in Fig. 1, for § = 0. Since in this example the
mean value is nonzero, we do not have both failures at the
same distance from the center of the probability distribution
(as in Section 6). For an upward load we reach the same
compliance at V. = —300 = pu — 50. The corresponding
probability is:

R = &(1) — ®(—5) = 0.841344745 — 0.000000287
= 0.841344458. (16)

@ Springer
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Fig. 4 Simple topology optimization problem with non-zero mean
value for the load

It will be seen that the critical upward load has very little
effect on the probability (only in the seventh digit).

For the above problem with the probability in (16), the
vertical load V = 300 and a given compliance (C), we get
the cross sectional area

L
A—9

=—¢ (17)

A general expression for calculating the probability for any
limit V{ on the vertical load

R=o((Vo— /o) = (=(Vo+pn)/0)), (18)

which gives the result in (16). If we neglect the often very
small second term in (18), then we get

Vo= (@ '(R) + po. (19)

4 Analytical reliability-based optimization
considering a priori a two-bar truss topology

Here we solve the layout problem of Fig. 1 by integrating the
probabilistic compliance constraint via the first order relia-
bility method. This approach leads to the identical result as
the layout theory presented above but it assumes a priori
that the solution is a two-bar truss of unknown inclination
o. While less general than the layout theory, we present
this approach as it is based on the same formulation as
the majority of numerical methods for solving probabilis-
tic topology optimization problem (see Section 5). Further
we note that for the present problem with only one random
variable FORM predicts exactly the probability of failure
(Fig. 5).
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0.7

do=1/9

Fig. 5 Contour lines of objective (thin colored lines) and constraint F = 0 (bold black line) for varying K (first row) for fi = 0 and 6 = 1/3, and

varying o (second row) for K =20 and n=0

We restate the optimization problem (1)—(3) for a two-bar
truss topology as follows:

. 2L Amax A
min ———
Ao cos(a)
sit. P(C<K)>R

b1
O<a< — (20)

0<x<l1;
- = 2

where the cross-sectional area is defined as: A = ApaxA.
Note the length the truss is L/ cos(). For a two-bar truss
the compliance C is:

2 2
L <V+H> o

C =
2 E Amax A cos(a) \cos?(a)  sin®(x)

where the vertical load V is deterministic and the horizontal
load H is Gaussian, i.e. H = N(u, o).
The optimization problem can be re-written as follows:

. A
min
Lo cos(a)
sit. P(F<0)<1—-R

O§A§1;0<a<% (22)

where the failure criterion F is defined as:

F:K—C:ZEKAmax
VZL
—— ——
K
1 1 (H/V)?
A cos(ar) \ cos?(a)  sin(a)

— k-

1 1 H? ’3
A cos(a) <cosz(cx) + sinz(oz)) @9

with H = H/V = N(ji,6) with i = u/V, 6 = o/V.
K is a non-dimensional maximum compliance and H is a
non-dimensional horizontal load.

4.1 Numerical study

The nature of the problem can be studied numerically eval-
uating the probability of failure by Monte Carlo Simulation
(MCS). Figures 6 and 7 show the contour lines of objective
and constraint for R = 0.9999. The angle « is plotted on the
horizontal axis and the cross-sectional area factor A on the
vertical axis. The results are based on MSC with 10° sam-
ples. The plots show that the feasible domain shrinks as K
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0.8r h
0.7r h
0.6r h
0.5r h
0.4r h

03t —— Mcs 1

—— FORM

10 20 30 40 50 60 70 80

Fig. 6 Comparison of MCS and analytical evaluation of probability of
failure: constraint contour for R = 0.9999 (the two curves are so close
that they are indistinguishable in this plot)

decreases and the standard deviation i increases. The plots
further suggest that the optimum angle is not affected by the
value of K but by .

4.2 Analytical evaluation of probability of failure

The probability of failure P(F < 0) can be evaluated ana-
lytically by determining the most probable point (MPP) of
failure in the standard normal space u:

H=j+du (24)

where the MPP is defined by: F(u*) = 0. The failure
probability is then

P(F <0) =2 &(—u") (25)

Fig. 7 Contour plot of objective and constraint with optimum solution
marked by red square

@ Springer

where @ is the cumulative distribution function of the stan-
dard normal distribution. The factor 2 in the above equations
is due to the symmetry of the problem.

The MPP u* is the solution of the following problem:

(i + Gu*)?

sin?(@)

_ 1 1
F=k- A cos(a) (cosz(a) ) =0 @6

ut = i |:sin(oz)\/15 A cos(a) — ; - /1:| (27)
o cos“(a)

The analytical and MSC results for o = 0, 0 = 1/3, and
K = 20 are compared in Fig. 6. Note the excellent agree-
ment between MSC and analytical prediction of the failure
probability.

4.3 Analytical solution of optimization problem

The analytical solution of the MPP problem allows re-
writing the optimization problem as follows:

. A
min
Lo cos(a)

1—R
st ut> ! (—)
2

0<i<l:0<a<2> (28)

Note that 1 (158) = & =1 (1) (see (5)). The associated

Lagrange function is:
1-R
q)—l T ok
y[ ( 2 ) “}

0<y (29)

LG ay) = cos(a)

b
0<xr<1; 0<o¢<5;

42

%opt

28 1 1 1

10°
1R

Fig. 8 Optimum angle in dependence of required reliability level
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Fig. 9 Optimum angle in dependence of standard deviation of hori-
zontal load

Substituting the expression (22) for u*, the Lagrange func-
tion is:
A

L ay) == cos(a)

cosZ(a)

(30)

+ y{Q—sin(a)\/K A cos(a) —

where  is definedas Q = & &~! (#)—Hl and is identical
to tan B (see Fig. 1 and Section 3.3).

Assuming that the constraint is active at the optimum, the
optimality conditions yield the following equations:

and with u* = =1 (152 and (27)

A= ! ( o + : ) (33)
K cos(a) \sin®(e)  cos?(a)
Combining (32) and (33) yields:
o =cos”! (\/5) (34)
where ¥ is the solution of
2(522—1)192+(4—S22)19—2=0 (35)
The solution of interest of the above equation is
2 2

-4 v/ 8

V= p T AVA (36)

4(B*-1)

Accounting for the identity 2 = tan 8, one can easily show
that this result is identical to the solution in (13). Also note
the analytical result is in agreement with the observations
made earlier in Fig. 5: the optimum angle is not a function
of the allowable compliance K; only the optimum cross-
section depends on K. The optimum angle depends on the
stochastic parameters of the horizontal load and the required
reliability level.

In Fig. 7 we plot the contours of the mass and mark
the solution of the optimization problem for R = 0.9999,
K =20, /i =0and & = 1/3. In Figure 8 we show how
the optimum angle varies with R for i = 0 and 6 = 1/3.
Figure 11 presents the optimization results for varying the
standard deviation of the horizontal load for R = 0.9999.

5 Material distribution (SIMP) based topology
optimization

aL 2 _
Y O=v= K cos2(a) sin(a) \/ KA cos(a) — cos2(e)  In this approach, the geometry of the structure is described
a1 by its material distribution in the design domain. To allow
G for a smooth transition between solid and void states we
interpolate the material properties by SIMP. To mitigate the
% 0 = 1 (32) mesh dependency of the optimization results and checker-
da K cos3(a) (cos?(a) — sin2 (@) boarding the material distribution is parameterized via nodal
Fig. 10 Optimum material
distribution for varying
probabilities of failure
(a) PF=10" (b) PF=10" (c) PF=10"
(a) PF=10"° (b) PF=10"° (c) PF=10"
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Fig. 11 Comparison of analytical and numerical optimization results;
solid line—analytical solution; circles—material-distribution based
topology optimization

densities and smoothed by a Sigmund-type filter (Sigmund
and Petersson 1998).

The probabilistic design constraint is integrated into the
formulation of the optimization problem via the Perfor-
mance Measure approach (PMA). The reader is referred
to Lee and Kwak (1987), and Tu et al. (1999), for details
about PMA, and Maute and Frangopol (2003), for its inte-
gration into material-based topology optimization. Note that
for the present benchmark problem with only one random
variable the PMA sub-problem can be solved analytically.
The topology optimization problem is solved by the Method
of Moving Asymptotes (MMA) (Svanberg 1987).

The computational design domain is a 5 x 1 rectangle
discretized by 240 x 48 bi-linear plane stress elements of
thickness + = 1. The load is applied at the center of the
upper edge; the lower edge is clamped. The Young’s modu-
lus of the bulk material is set to £y = 1, the Poisson ratio to
v = 0, and the density to pg = 1. The vertical load is V =
100. Below we present results for a mean value of the hori-
zontal load of ;& = 0 and a standard deviation of 6 = 1/3.
The maximum compliance is set to K = 10°. The optimiza-
tion process is initialized with a uniform density distribution
of p = 1/3 (Fig. 9).

Table 1 Comparison of analytical and numerical optimization results

Probability of ~ Load ratio Optimal angle Optimal angle
failure (1-R) Q =tanp (analytical) (mat.-distr. based)
1072 1.7756 33.8599 ~34.5

1073 1.6305 36.0832 ~37.7

10~ 1.4724 37.4898 ~38.4

103 1.2969 38.4792 ~38.0

10-° 1.0968 39.2210 ~38.6

1077 0.8586 39.8015 ~394

@ Springer

Numerical optimization results for a range of required
maximum failure probabilities PF are shown in Fig. 10 and
compared with the analytical results in Fig. 11 and Table 1.
In agreement with the layout theory presented in Section 3
the optimized density distributions describe a two-bar truss.
The inclination angle of the bars also agrees well with the
analytical results. The small differences between numeri-
cal and analytical results can be contributed to differences
between the bar model and the finite element approximation
of the plane stress model.

6 Conclusions

We have introduced and analyzed a simple benchmark prob-
lem for reliability based topology optimization. The prob-
lem was solved analytically by optimal layout theory. The
solution was confirmed by reliability based optimization
assuming a two-bar truss topology. The analytical results
were closely matched by material distribution (SIMP) based
topology optimization results.
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