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Abstract In the structural dynamic optimization procedure,
many repeated analyses are conducted to evaluate vibration
performance of successively modified structural designs. A
new procedure for structural vibration (or eigenproblem)
reanalysis is developed based on iteration and inverse itera-
tion method with frequency-shift and linear combination
acceleration to reduce the high computational cost of
structure reanalysis. With a suitable frequency-shift factor,
the Frequency-Shift Combined Approximations (FSCA)
method allows to calculate higher modes accurately. Three
numerical examples are presented to demonstrate the accu-
racy of the proposed method. Excellent results can be ob-
tained in cases where large modifications are made and
higher modes are needed.

Keywords Frequency-shift combined approximations ·
Vibration reanalysis · Approximate analysis ·
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1 Introduction

Changes of structure are often necessary to satisfy pre-
determined demands in various design and optimization
problems, and in each step, structural response problems
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have to be solved in cases where limited modifications are
made in large structures. In structural dynamic optimiza-
tion, repeated vibration analysis with modifications is one of
the most costly computations. Many approximate and exact
reanalysis methods were intended to analyze structures
which are modified due to changes without the full com-
putation in design and optimization (Kirsch 2010; Kirsch
et al. 2007b). The need for efficient and accurate reanalysis
technique in modern structural design is crucial because the
design becomes more complex and large.

Structural reanalysis methods for linear static problems
have been well-developed since the 1970s (Arora 1976;
Phansalkar 1974). Combined Approximations (CA) method
developed by Kirsch is one of the effective methods (Kirsch
2000). Research of vibration reanalysis methods were well
discussed in the early 2000s (Chen and Rong 2002; Kirsch
and Bogomolni 2007; Chen et al. 2000). Kirsch re-deduced
the CA approach for eigenproblems (Kirsch 2003a). These
approximations are obtained by analyzing eigenproblems in
a reduced Krylov subspace composed of several approxima-
tion vectors. According to numerical examples, CA method
is efficient even in cases where the series of basis vectors is
diverges, but it is less suitable for calculating eigenproblems
with global large modifications or in cases where higher
eigenvalues are needed. Based on the CA method and the
Rayleigh quotient, an extended CA method of eigenprob-
lem reanalysis for large modifications was developed by
Suhuan Chen (Chen and Yang 2000). Epsilon algorithm
was first used for static displacement reanalysis as a accel-
eration approach in iteration (Wu et al. 2007), and then it
was applied in the eigenproblem reanalysis associated with
the Neumann series expansion (Chen et al. 2006). Based on
matrix inverse power iteration and CA method, a Modified
Combined Approximations (MCA) method for reanalysis of
dynamic problems with many dominant mode shapes was
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discussed by Geng Zhang (Zhang et al. 2009). Although the
methods for large structural modifications have been devel-
oped, reanalysis method, in cases where higher eigenvalues
are needed, has seldom been discussed yet.

In this study, a novel reanalysis method, the Frequency-
Shift Combined Approximations (FSCA) method, is devel-
oped for vibration reanalysis, and a new set of basis vectors
is calculated by the FSCA method. With the basis vectors, a
much smaller eigenproblem is solved, and then approximate
solution of the modified eigenproblem is achieved. The for-
mula of vibration reanalysis is shown in Section 2, and then
CA method and MCA method are given in Section 3. Two
Frequency-Shift Combined Approximations (FSCA) algo-
rithms are first presented and discussed in Section 4. Three
numerical examples with large modifications are demon-
strated for the accuracy of FSCA method, and the results
of FSCA method are compared with those of CA and
MCA approximations in Section 5. Conclusions are drawn
in Section 6.

2 Structural vibration reanalysis

The aim of vibration analysis is to find the free-vibration
frequencies and the modes of the system, which plays an
important role in the dynamic analysis. The solution of large
structural eigenproblem is one of the most costly compu-
tations in the vibration analysis. In many applications, not
all of the eigenvalues and corresponding eigenvectors of a
structure are needed. It is common for only the eigenvalues
which are largest or smallest in modulus to be required.

For an undamped structure with stiffness and mass matri-
ces K(0)

n×n
and M(0)

n×n
respectively, the equation of the first

m eigenproblems for structure is

K(0)

n×n
�(0)

n×m
= M(0)

n×n
�(0)

n×m
�(0)

m×m
(1)

K(0)

n×n
= UT

0
n×n

U0
n×n

(2)

where �(0)

m×m
and �(0)

n×m
denote the matrix of eigenvalues for

initial structure and the corresponding matrix of eigen-
vectors, n is the number of degrees of the structural free-
dom, U0

n×n
in (2) is an upper triangular matrix obtained with

Cholesky decomposition of K(0)

n×n
. In structural reanalysis

U0
n×n

can be given by the original analysis.

Assuming that there are changes in the design, the eigen-
problem of the modified structure is expressed as follows:

K
n×n

�
n×m

= M
n×n

�
n×m

�
m×m

(3)

K
n×n

= UT
n×n

U
n×n

(4)

where K
n×n

= K(0)

n×n
+ �K

n×n
and M

n×n
= M(0)

n×n
+ �M

n×n
are the

global stiffness and mass matrices of the modified structure,
�K
n×n

and �M
n×n

are the stiffness and mass modification matri-

ces, �
m×m

and �
n×m

represent the matrix of eigenvalues and

the matrix of corresponding eigenvectors for the modified
structure, respectively. U

n×n
in (4) is an upper triangular

matrix obtained with Cholesky decomposition of K
n×n

.

3 CA and MCA method

3.1 CA

In the CA method (Kirsch 2003b), the matrix of eigenvec-
tors �

n×m
is assumed to be approximated by a linear com-

bination of preselected s basis vectors, and a subspace with
basis vectors is formed as follows:

R
n×s

=
[

r(1)

n×1
, r(2)

n×1
, · · · , r(s)

n×1

]
(5)

where s is the number of basis vectors r(i)

n×1
, i = 1, 2, · · · , s,

and R
n×s

is the matrix formed by basis vectors.

The basis vectors is given by (6) and (7).

r(i+1)

n×1
= − K(0)−1

n×n
�K
n×n

r(i)

n×1
, i = 1, 2, · · · , s (6)

r(1)

n×1
= K(0)−1

n×n
M

n×n
ϕ

(0)
k

n×1
, k = 1, 2, · · · , m (7)

Using (2), Cholesky decomposition of K(0)

n×n
can be obtained

with the original analysis, calculation of r(i+1)

n×1
involve only

forward and backward substitutions. We first solve for z
n×1

by the forward substitution

UT
0

n×n
z

n×1
= − �K

n×n
r(i)

n×1
, i = 1, 2, · · · , s (8)

Then r(i+1)

n×1
is calculated by the backward substitution

U0
n×n

r(i+1)

n×1
= z

n×1
, i = 1, 2, · · · , s (9)

Similarly, the r(1)

n×1
is calculated from

UT
0

n×n
U0
n×n

r(1)

n×1
= M

n×n
ϕ

(0)
k

n×1
, k = 1, 2, · · · , m (10)

The stiffness matrix K
n×n

and mass matrix M
n×n

are condensed

as (11), respectively.

KR
s×s

= R
n×s

T K
n×n

R
n×s

MR
s×s

= R
n×s

T M
n×n

R
n×s

(11)



Vibration reanalysis using frequency-shift combined approximations 237

where KR
s×s

and MR
s×s

denote condensed stiffness matrix and

mass matrix, respectively.
The modified analysis equations are approximated by a

small eigenproblem of (12) with a new unknown y1
s×1

.The

kth eigenvector ϕk
n×1

can be calculated by (13).

KR
s×s

y1
s×1

= λ1 MR
s×s

y1
s×1

(12)

ϕk
n×1

= y1 r1
n×1

+ y2 r2
n×1

+ · · · + ys rs
n×1

= R
n×s

y1
s×1

(13)

3.1.1 Gram–Schimidt orthogonalizations
of the approximate modes

To improve the accuracy of the results in the higher
mode shapes calculation, the r(i+1)

n×1 is orthogonalized by
r(1)

n×1
, · · · , r(i)

n×1
, using the expression below (Kirsch et al.

2007a).

r̄(i+1)

n×1
= r(i+1)

n×1
−

m∑
k=1

αk ϕ
(0)
k

n×1
(14)

where r̄(i+1)

n×1
is the normalized vector. The coefficients αk

are obtained from the condition

ϕ
(0)
k

n×1

T
M

n×n
r̄(i+1)

n×1
= 0 (15)

ϕ
(0)
k

n×1

T
M

n×n
ϕ

(0)
j

n×1

= δk j , k, j = 1, · · · , m (16)

where δk j is the Kronecker delta. Premultiplying (9) by

ϕ
(0)
k

n×1

T
M

n×n
. Equation (17) is obtained

αk = ϕ
(0)
k

n×1

T
M

n×n
r(i+1)

n×1
(17)

3.1.2 Gram–Schimidt orthogonalizations
of the basis vectors

Numerical errors might occur in case of the basis vectors
are linearly dependent. To improve this, Gram–Schimidt
orthogonations are used to generate a new set of orthogo-

nal basis vectors r̃(k)

n×1
, (k = 1, · · · , s). The normalized basis

vector is determined by (18) and (19).

r̃(1)

n×1
=

∣∣∣∣r̄(1)

n×1

T
M

n×n
r̄(1)

n×1

∣∣∣∣
−1/2

r̄(1)

n×1
(18)

r̃(k)

n×1
= r̄(k)

n×1
−

k−1∑
j=1

(
r̄(k)

n×1

T
M

n×n
r̃( j)

n×1

)
r̃( j)

n×1
(19)

3.1.3 Shift of the basis vectors

With the shift of the basis vector, the accuracy of higher
modes can be improved. A shift μ is defined in CA method,

and the modified eigenvalue
�

λ and stiffness matrix
�

K are
expressed as

�

λ = λ − μ (20)

�

K
n×n

= K
n×n

−μ M
n×n

= K0
n×n

+
(
�K
n×n

−μ M
n×n

)
(21)

where �K
n×n

−μ M
n×n

is regarded as the new modification �
�

K
n×n

,

and the sift μ is defined by (22) in each iteration.

μk =
r̃(k−1)

n×1

T
K

n×n
r̃(k−1)

n×1

r̃(k−1)

n×1

T
M

n×n
r̃(k−1)

n×1

(22)

3.2 MCA

In the MCA method (Zhang et al. 2009), the CA method is
modified by using the columns of the subspace basis given
by following recursive process (23) and (24) instead of (6)
and (7).

T1
n×m

= K−1
n×n

M
n×n

�(0)

n×m
(23)

T j
n×m

= K−1
n×n

M
n×n

T j−1
n×m

, j = 2, 3, · · · , s − 1 (24)

where �(0)

n×m
and Ti

n×m
, i = 1, 2, · · · , s − 1 are the matrix of

eigenvectors corresponding to the first m smallest eigen-
values in modulus and matrices of basis vectors, respec-
tively. Cholesky decomposition of K

n×n
by (4) is first needed,

and then calculations of (23) and (24) involves forward and
backward substitutions similarly to the (8), (9) and (10).
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The matrix of subspace basis is expressed as follows:

R
n×m(s+1)

=
[
�(0)

n×m
, T1

n×m
, T2

n×m
, · · · , Ts−1

n×m

]
(25)

The Gram–Schimidt orthogonalizations of subspace basis
vectors are used in MCA method according to the process
in Section 3.1.2.

4 FSCA method

A new approximate method, the FSCA method, which is
developed based on the iteration and inverse iteration
method (Gourlay and Watson 1973) with frequency-shift
and linear combination acceleration, is first proposed in this
work as an efficient reanalysis method.

4.1 Algorithm 1

To evaluate the matrix of eigenvectors �
n×m

, postmultiplying

(3) by �−1
m×m

, then (26) is given.

K
n×n

�
n×m

�−1
m×m

= M
n×n

�
n×m

(26)

To improve the iteration method, (26) is translated with a
frequency-shift factor μ. Subtracting (26) on both sides with
μ−1 K

n×n
�

n×m
gives

K
n×n

�
n×m

�−1
m×m

−μ−1 K
n×n

�
n×m

= M
n×n

�
n×m

−μ−1 K
n×n

�
n×m

(27)

Equation (27) is transformed into another formation as
follows:

�
n×m

=
(

M
n×n

− μ−1 K
n×n

)−1
K

n×n
�

n×m

(
�−1
m×m

− μ−1 I
m×m

)

(28)

Precisely, given �(i)
n×m

, one can compute �(i+1)

n×m
by solving

iterative formula as (29).

�(i+1)

n×m
=

(
M

n×n
− μ−1 K

n×n

)−1
K

n×n
�(i)
n×m

(
�−1
m×m

− μ−1 I
m×m

)

(29)

To accelerate the convergence of �(i+1)

n×m
, assuming that a

linear combination of �(i)
n×m

, where i = 0, 1, · · · , s − 1,

is closer to the exact solution than �(i)
n×m

. The linear com-

bination acceleration is shown as follows:

�c
n×m

= a0 �(0)

n×m
+ a1 �(1)

n×m
+ a2 �(2)

n×m
+ · · · + as−1 �(s−1)

n×m

= a0 �(0)

n×m
+ a1

(
M

n×n
− μ−1 K

n×n

)−1

× K
n×n

�(0)

n×m

(
�−1
m×m

− μ−1 I
m×m

)

+ a2

((
M

n×n
− μ−1 K

n×n

)−1
K

n×n

)2

× �(0)

n×m

(
�−1
m×m

− μ−1 I
m×m

)2 + · · ·

+ as−1

((
M

n×n
− μ−1 K

n×n

)−1
K

n×n

)s−1

× �(0)

n×m

(
�−1
m×m

− μ−1 I
m×m

)s−1

=
[
�(0)

n×m
,
(

M
n×n

− μ−1 K
n×n

)−1
K

n×n
�(0)

n×m
,

((
M

n×n
− μ−1 K

n×n

)−1
K

n×n

)2
�(0)

n×m
, · · · ,

((
M

n×n
− μ−1 K

n×n

)−1
K

n×n

)s−1
�(0)

n×m

]

×

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a0 I
m×m

a1

(
�−1
m×m

− μ−1 I
m×m

)

a2

(
�−1
m×m

− μ−1 I
m×m

)2

...

as−1

(
�−1
m×m

− μ−1 I
m×m

)s−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= R
n×ms

X
ms×m

(30)

where ai , i = 1, 2, · · · , s − 1 are defined as undetermined
relaxation factors in linear combination. R

n×ms
and X

ms×m
are

given by (31) and (32), respectively.

R
n×ms

=
[
�(0)

n×m
,
(

M − μ−1K
)−1

K�(0)

n×m

,

((
M − μ−1 K

n×m

)−1K
)2

�(0), · · · ,
((

M − μ−1 K
n×m

)−1
K

)s−1
�(0)

]
(31)
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X
ms×m

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

a0 I
m×m

a1

(
�−1
m×m

− μ−1 I
m×m

)

a2

(
�−1
m×m

− μ−1 I
m×m

)2

...

as−1

(
�−1
m×m

− μ−1 I
m×m

)s−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(32)

We consider �
n×m

= �c
n×m

in (3). Premultiplying (3) by

R
n×ms

T , the condensed eigenproblem can be expressed as

follows:

R
n×ms

T K
n×n

R
n×ms

X
ms×m

= R
n×ms

T M
n×n

R
n×ms

X
ms×m

�
m×m

(33)

The matrices R
n×ms

T K
n×n

R
n×ms

and R
n×ms

T M
n×n

R
n×ms

are sym-

metric and are much smaller than the matrices K
n×n

and M
n×n

in size, respectively. Rather than computing the exact solu-
tion by solving the large n×n eigenproblem in (3), we solve
the smaller ms×ms system in (33) for X

ms×m
and �

m×m
firstly,

and then evaluate the approximate matrix of eigenvactors
by (34). The matrix of the first m eigenvalues of the n × n
eigenproblem is given by �

m×m
.

�
n×m

= R
n×ms

X
ms×m

(34)

4.2 Algorithm 2

Equation (3) is translated with a frequency-shift factor μ.
Subtracting (3) on both sides with μ M

n×n
�

n×m
gives

K
n×n

�
n×m

− μ M
n×n

�
n×m

= M
n×n

�
n×m

�
m×m

− μ M
n×n

�
n×m

(35)

Premultiplying (35) by
(

K
n×n

− μ M
n×n

)−1
, then (36) is given.

�
n×m

=
(

K
n×n

− μ M
n×n

)−1
M

n×n
�

n×m

(
�

m×m
− μ I

m×m

)
(36)

Given �(i)
n×m

, �(i+1)

n×m
can be computed by solving iterative

formula as (37).

�(i+1)

n×m
=

(
K

n×n
− μ M

n×n

)−1
M

n×n
�(i)
n×m

(
�

m×m
− μ I

m×m

)
(37)

Assuming that a linear combination of �(i)
n×m

, where i =
0, 1, · · · , s − 1, is closer to the exact solution than �(i)

n×m
, the

linear combination acceleration is presented as follows:

�c
n×m

= b0 �(0)

n×m
+ b1 �(1)

n×m
+ b2 �(2)

n×m
+ · · · + bs−1 �(s−1)

n×m

= b0 �(0)

n×m
+ b1

(
K

n×n
− μ M

n×n

)−1

× M
n×n

�(0)

n×m

(
�

m×m
− μ I

m×m

)

+ b2

((
K

n×n
− μ M

n×n

)−1
M

n×n

)2

× �(0)

n×m

(
�

m×m
− μ I

m×m

)2 + · · ·

+ bs−1

((
K

n×n
− μ M

n×n

)−1
M

n×n

)s−1

× �(0)

n×m

(
�

m×m
− μ I

m×m

)s−1

=
[
�(0)

n×m
,
(

K
n×n

− μ M
n×n

)−1
M

n×n
�(0)

n×m
,

((
K

n×n
− μ M

n×n

)−1
M

n×n

)2
�(0)

n×m
, · · · ,

((
K

n×n
− μ M

n×n

)−1
M

n×n

)s−1
�(0)

n×m

]

×

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b0 I
m×m

b1

(
�

m×m
− μ I

m×m

)

b2

(
�

m×m
− μ I

m×m

)2

...

bs−1

(
�

m×m
− μ I

m×m

)s−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

= R
n×ms

X
ms×m

(38)

where bi , i = 1, 2, · · · , s − 1 are defined as undetermined
relaxation factors in linear combination. R

n×ms
and X

ms×m
are

given by (39) and (40), respectively.

R
n×ms

=
[
�(0)

n×m
, (K − μM)−1 M�(0)

n×m
,

((
K − μ M

n×m

)−1
M

)2
�(0), · · · ,

((
K − μ M

n×m

)−1
M

)s−1
�(0)

]
(39)
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X
ms×m

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

b0 I
m×m

b1

(
�

m×m
− μ I

m×m

)

b2

(
�

m×m
− μ I

m×m

)2

...

bs−1

(
�

m×m
− μ I

m×m

)s−1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(40)

A much smaller ms×ms system is solved in (33) for X
ms×m

and �
m×m

firstly, and then the approximate matrix of eigen-

vactors is evaluated by (34).

4.3 FSCA considerations

4.3.1 Frequency-shift considerations

For the purpose of improving the accuracy of the higher
modes calculation and eliminate the numerical errors, the
approximate modes and basis vectors are recalculated
using Gram–Schimidt orthogonalizations in FSCA method
according to the process in Sections 3.1.1 and 3.1.2.

The advantage of the shift factor is that more accuracy
results are obtained. When the frequency response of large
car-body structures are calculated using component mode
synthesis, higher modes are usually needed (Ichikawa and
Hagiwara 1996). In FSCA method, to improve the accu-
racy of higher modes calculation, the highest mode vector
is chosen to generate the frequency shift factor.

μ(i+1) =
ϕ

(i)
m

n×1

T
K

n×n
ϕ

(i)
m

n×1

ϕ
(i)
m

n×1

T
M

n×n
ϕ

(i)
m

n×1

(41)

where ϕ
(i)
m

n×1
, i = 0, · · · , s − 1 is the highest mode in the i th

iteration. Considering the increasing computational cost for
μ(i+1) calculations, the Rayleigh quotient (42) is chosen for
the frequency-shift factor in FSCA method instead of (41).
The numerical examples in Section 5 demonstrate that the
frequency-shift factor is effective.

μ =
ϕ

(0)
m

n×1

T
K

n×n
ϕ

(0)
m

n×1

ϕ
(0)
m

n×1

T
M

n×n
ϕ

(0)
m

n×1

(42)

4.3.2 Basis vectors considerations

In MCA method, the most costly computation is calculat-
ing the Cholesky decomposition of K

n×n
, when K

n×n
is sparse

and symmetric, the algebraic operations number of which

requires
m

2

n∑
i=1

rU
i

(
rU

i + 3
)
, where rU

i denotes the number of

nonzero elements in the i th row of U in (4) without the diag-

onal elements (Rose 1972). The inverse of
(

M
n×n

− μ−1 K
n×n

)

in Algorithm 1 and
(

K
n×n

− μ M
n×n

)
in Algorithm 2 of FSCA

method are calculated based on the Cholesky decomposition
of K(0)

n×n
, which can be given from the initial analysis by (2).(

M
n×n

− μ−1 K
n×n

)−1
in Algorithm 1 is calculated similar

to
(

K
n×n

− μ M
n×n

)−1
in Algorithm 2 with deformation

(
M

n×n
− μ−1 K

n×n

)−1 = − μ
(

K
n×n

− μ M
n×n

)−1
(43)

where
(

K
n×n

− μ M
n×n

)−1
is received from the Neumann

series expansion
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(44)

The Neumann expansion is convergent only if ρ
(

K(0)

n×n

−1

×
(
μ M

n×n
− �K

n×n

))
< 1. Epsilon algorithm is used to

improve the convergence even if the Neumann expansion
is divergent, and the epsilon algorithm can yield a sufficient
result after only a few order iterations (Chen et al. 2006).
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The basis vectors of Algorithm 1 are received as follows.
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where ϕ
(i)
j

n×1

denotes the j th eigenvectors in the i th iteration,

i = 0, · · · , s − 1, bi , j = 1, m.
Let s0

n×1
, s1

n×1
, s2

n×1
, · · · be the partial sum of the sequence

s0
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= −μK(0)
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, t = 1, 2, · · · (46)

The following iterative is constructed with the sequence
s0

n×1
, s1

n×1
, s2

n×1
, · · · to obtain the iterative table in the epsilon

algorithm. Using (2), Cholesky decomposition of K(0)

n×n
has

been obtained with the original analysis, calculation of st
n×1

involves only forward and backward substitutions.

ε
(r)
−1

n×1

= 0

ε
(r)
0

n×1
= sr

n×1

ε
(r)
k+1
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= ε
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+
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ε

(r+1)
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(r)
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r, k = 0, 1, · · · (47)

The definition of the inverse of a real vector is given by
Roberts (1996)

u
n×1

−1 =
u

n×1

u
n×1

T u
n×1

(48)

Table 1 The epsilon iterative table

0 0 0 0 0 0 · · ·
s0 s1 s2 s3 s4 · · ·

ε
(0)
1 ε

(1)
1 ε

(2)
1 ε

(3)
1 · · ·

ε
(0)
2 ε

(1)
2 ε

(2)
2 · · ·

ε
(0)
3 ε

(1)
3 · · ·

ε
(0)
4 · · ·

The epsilon algorithm is used to generate basis vectors
with Table 1, where the sequence of the partial sum
s0

n×1
, s1

n×1
, s2

n×1
, s3

n×1
, s4

n×1
and ε

(t)
k

n×1
are listed. Only the entries

ε
(t)
2k

n×1
with even subscript indices in the table are useful for

extrapolation. It should be noted that the ε
(t)
4 can usually

converge to the exact solution (Chen et al. 2006).
The basis vectors of Algorithm 2 are received as follows.
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The sequence st
n×1

is obtained with (50).
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4.3.3 Efficiency considerations

The efficiency of reanalysis by the FSCA method, com-
pared with CA method and MCA method, can be measured
by the number of algebraic operations, which is possible
to relate the computational effort to the bandwidth of the
stiffness matrix, the number of basis vectors considered, and
so on.
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Table 2 Computational cost comparison of CA, MCA and FSCA

Operations Approximate multiplicationsa

CA MCA FSCA

R ms

(
n +

n∑
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rU0
i

)
m
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aThe approximate multiplications are indicated by the parameters, where m, s, t and n are the numbers of the eigenvalues, the basis vectors, partial
sum of the sequence in epsilon algorithm and degrees of the structural freedom respectively; rU0

i and rU
i denote the numbers of nonzero elements

in the i th row of U0 and U in (2) and (4) without the diagonal elements respectively; cK
i and cM

i show the numbers of the nonzero elements in the
i th column of K and M

We list the approximate multiplications operations of the
CA, MCA and FSCA method in Table 2, and the operation
counts for numerical examples are list in Tables 7 and 10.

5 Numerical examples

To demonstrate the accuracy of the FSCA method, three
numerical examples with different types of elements, mass-
spring elements, beam elements, shell elements and solid
elements, are presented.

5.1 Spring-mass system

The example of spring-mass system shown in Fig. 1 is con-
sidered for illustrative purpose. The parameters of the initial
system and changes are given as follows:

mm
k k

m m m m mm m m m m
k k k k k k k k k

21

1 2

3 5 7 9 114 6 8 10 12

3 4 5 6 7 8 9 10 11 12k

Fig. 1 System of mass-spring

Initial system:
ki = 1, i = 1, 2, · · · , 12
mi = 1, i = 1, 2, · · · , 12

Changes:
k j = 2, j = 2, 4, · · · , 12
m j = 2, j = 2, 4, · · · , 12

Given the first three eigenvectors of the initial system,
with calculation, μ = 0.3598 is chosen for the frequency
shift factor in FSCA. The first three eigenpairs of the
modified structure and comparisons with the exact results
are shown in Tables 3 and 4, which are achieved by the
Algorithms 1 and 2 respectively. The exact solution is ob-
tained by running simulations with MATLAB. Approxi-
mate eigenproblems are solved with the parameters s = 2
and s = 3, respectively. The operation counts for it is
found that excellent results for eigenpairs can be got with
the FSCA method.

5.2 Forty-storey structure

The example of a 40-storey frame structure, which has
been calculated by another reanalysis method in Chen et al.
(2006), is given to demonstrate the accuracy of FSCA
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Table 3 Mode shapes of
spring-mass system using FSCA
Algorithm 1

Mode 1 2 3

Case s = 2 s = 3 Exact s = 2 s = 3 Exact s = 2 s = 3 Exact

Eigenvector 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

1.494 1.493 1.493 1.443 1.440 1.441 1.341 1.342 1.342

2.400 2.439 2.440 1.935 1.980 1.981 1.171 1.174 1.174

2.842 2.896 2.897 2.072 2.133 2.133 0.901 0.904 0.904

3.665 3.732 3.733 1.863 1.933 1.933 −0.208 −0.209 −0.209

4.054 4.125 4.126 1.652 1.718 1.719 −0.729 −0.732 −0.732

4.738 4.800 4.802 0.866 0.882 0.882 −1.311 −1.315 −1.315

5.043 5.105 5.107 0.417 0.411 0.411 −1.395 −1.398 −1.398

5.510 5.580 5.582 −0.585 −0.627 −0.627 −0.680 −0.678 −0.678

5.704 5.780 5.781 −1.060 −1.109 −1.109 −0.213 −0.210 −0.210

5.935 6.024 6.026 −1.777 −1.811 −1.811 0.857 0.858 0.858

6.012 6.106 6.108 −2.029 −2.054 −2.054 1.257 1.256 1.256

Eigenvalue 0.013 0.013 0.013 0.119 0.118 0.118 0.317 0.317 0.317

Table 4 Mode shapes of
spring-mass system using FSCA
Algorithm 2

Mode 1 2 3

Case s = 2 s = 3 Exact s = 2 s = 3 Exact s = 2 s = 3 Exact

Eigenvector 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

1.494 1.493 1.493 1.443 1.441 1.441 1.341 1.342 1.342

2.400 2.439 2.440 1.935 1.980 1.981 1.171 1.174 1.174

2.842 2.896 2.897 2.072 2.132 2.133 0.901 0.904 0.904

3.665 3.732 3.733 1.863 1.933 1.933 −0.208 −0.209 −0.209

4.054 4.125 4.126 1.652 1.719 1.719 −0.729 −0.732 −0.732

4.738 4.800 4.802 0.866 0.881 0.882 −1.311 −1.315 −1.315

5.043 5.105 5.107 0.417 0.410 0.411 −1.395 −1.398 −1.398

5.510 5.580 5.582 −0.585 −0.627 −0.627 −0.680 −0.678 −0.678

5.704 5.780 5.781 −1.060 −1.108 −1.109 −0.213 −0.210 −0.210

5.935 6.024 6.026 −1.777 −1.810 −1.811 0.857 0.858 0.858

6.012 6.106 6.108 −2.029 −2.054 −2.054 1.257 1.256 1.256

Eigenvalue 0.013 0.013 0.013 0.119 0.118 0.118 0.317 0.317 0.317

method for global large modifications. The frame struc-
ture is modeled by beam elements as shown in Fig. 2. The
parameters of the structure are as follows. The Young’s
modulus of the material is E = 2.1 × 1011 Pa; the mass
density is ρ = 7.8 × 103 kg/m3; the height and width of
the cross-section of the vertical beams are H1 = 0.8 m, and

m30

m20

m30 m30 m30

1 10– 11 20– 21 30– 31 40–

Fig. 2 Forty-storey frame with 202 nodes and 357 elements

W1 = 0.8 m; the corresponding values for horizontal beams
are H2 = 0.6 m and W2 = 0.6 m.

In computations, the parameter modifications are given
by

H21 = 2.5H2, W21 = 2.5W2 (1–10 stories)

H22 = 2H2, W22 = 2W2 (11–20 stories)

H23 = 1.5H2, W23 = 1.5W2 (21–30 stories)

H24 = H2, W24 = W2 (31–40 stories)

Given the first 10 eigenvectors of the initial 40-storey
structure, with calculation, μ = 185.3567 is chosen for the
frequency shift factor in FSCA. The solutions of the first
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Table 5 Eigenvalues
comparison of 40-storey
structure using CA and MCA

Mode CA MCA Exact

s = 2 Error (%) s = 3 Error (%) s = 2 Error (%) s = 3 Error (%)

1 0.150 2.740 0.147 0.685 0.146 0.000 0.146 0.000 0.146

2 2.378 1.798 2.348 0.514 2.336 0.000 2.336 0.000 2.336

3 9.009 2.189 8.910 1.066 8.816 0.000 8.816 0.000 8.816

4 14.300 0.982 14.207 0.325 14.161 0.000 14.161 0.000 14.161

5 42.633 31.791 41.883 29.472 32.349 0.000 32.349 0.000 32.349

6 50.120 5.645 48.624 2.491 47.456 0.030 47.442 0.000 47.442

7 52.799 1.766 52.093 0.405 51.885 0.004 51.883 0.000 51.883

8 170.231 30.768 150.693 15.759 134.335 3.193 130.187 0.007 130.178

9 175.550 12.140 158.237 1.080 157.285 0.472 156.547 0.001 156.546

10 402.180 67.204 324.184 34.777 320.039 33.054 274.527 14.133 240.533

Table 6 Eigenvalues
comparison of 40-storey
structure using FSCA

Mode FSCA Algorithm 1 FSCA Algorithm 2 Exact

s = 2 Error (%) s = 3 Error (%) s = 2 Error (%) s = 3 Error (%)

1 0.146 0.000 0.146 0.000 0.146 0.000 0.146 0.000 0.146

2 2.338 0.086 2.336 0.000 2.338 0.086 2.336 0.000 2.336

3 8.823 0.079 8.816 0.000 8.823 0.079 8.816 0.000 8.816

4 14.171 0.071 14.161 0.000 14.171 0.071 14.161 0.000 14.161

5 32.482 0.411 32.349 0.000 32.482 0.411 32.349 0.000 32.349

6 47.693 0.529 47.443 0.002 47.693 0.529 47.443 0.002 47.442

7 51.908 0.048 51.883 0.000 51.908 0.048 51.883 0.000 51.883

8 131.874 1.303 130.178 0.000 131.874 1.303 130.178 0.000 130.178

9 156.582 0.023 156.546 0.000 156.582 0.023 156.546 0.000 156.546

10 310.463 29.073 240.641 0.045 310.463 29.073 240.641 0.045 240.533

10 eigenvalues of the modified frame are shown in Tables 5
and 6, which are obtained by the CA method (with Gram–
Schimidt orthogonalizations and shift of the basis vectors),
MCA method (with Gram–Schimidt orthogonalizations),
FSCA method and exact solution. The exact solution is
obtained by solving a 1,212 × 1,212 eigenproblem with
MATLAB. In cases where s = 2 and s = 3, approxi-
mate solutions are obtained by solving 20 × 20 and 30 ×
30 eigenproblems for the first 10 eigenpairs with CA, MCA
and FSCA methods respectively. The operation counts for
CA, MCA and FSCA methods are list in Table 7. With com-

Table 7 Operation counts comparison of 40-storey structure using
CA, MCA and FSCA

Operations CA MCA FSCA

s = 2 1.753E+06 3.378E+06 2.129E+06

s = 3 3.350E+06 5.147E+06 4.297E+06

parison, it is found that the entire solution for s = 3 with the
FSCA method is almost exact. Especially, results of higher
eigenvalues with FSCA method are better than those of the
CA and MCA method.

5.3 Truck body structure

The eigenproblem reanalysis of the truck body, as shown in
Fig. 3, is given to demonstrate the accuracy of the FSCA
method for large scale eigenproblems. The truck body con-
tains 1,896 shell and solid elements, 1,944 nodes and 11,664
degrees of freedom. The Young’s modulus of the material is
E = 2.1×1011 Pa; the mass density is ρ = 7.8×103 kg/m3;
the Poisson’s ratio is 0.3. The modified departments and
modifications of the truck body are signed in Fig. 4.

Given the first 10 eigenvectors of the initial 40-storey
structure, with calculation, μ = 5556.28 is chosen for the
frequency shift factor in FSCA. The solutions of the first
10 eigenvalues of the modified frame are shown in Tables 8
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Fig. 3 Finite elements of
truck body

Fig. 4 Modifications of
truck body

Table 8 Eigenvalues comparison of truck body structure using CA and MCA

Mode CA MCA Exact

s = 2 Error (%) s = 3 Error (%) s = 2 Error (%) s = 3 Error (%)

1 2,109.230 0.296 2,110.962 0.379 2,104.169 0.056 2,101.929 −0.051 2,102.998

2 2,319.562 0.967 2,313.362 0.697 2,298.836 0.065 2,296.452 −0.039 2,297.347

3 3,069.043 2.968 3,058.389 2.611 3,067.528 2.917 3,014.099 1.125 2,980.570

4 3,934.580 4.679 3,917.500 4.225 3,879.646 3.218 3,826.605 1.807 3,758.693

5 4,206.710 2.480 4,194.648 2.186 4,189.857 2.069 4,148.948 1.073 4,104.919

6 4,948.793 2.608 4,906.022 1.721 4,843.812 0.431 4,829.321 0.130 4,823.031

7 5,602.917 1.720 5,597.002 1.613 5,536.897 0.522 5,523.064 0.271 5,508.161

8 6,574.567 3.025 6,514.324 2.081 6,388.396 0.108 6,370.479 −0.173 6,381.520

9 6,737.592 1.531 6,728.482 1.394 6,725.250 1.345 6,704.913 1.039 6,635.975

10 6,900.797 2.940 6,793.204 1.335 6,920.674 3.236 6,719.630 0.237 6,703.710

Table 9 Eigenvalues comparison of truck body structure using FSCA

Mode FSCA Algorithm 1 FSCA Algorithm 2 Exact

s = 2 Error (%) s = 3 Error (%) s = 2 Error (%) s = 3 Error (%)

1 2,104.654 0.079 2,103.543 0.026 2,105.074 0.099 2,103.359 0.017 2,102.998

2 2,297.302 −0.002 2,297.165 −0.008 2,297.457 0.005 2,297.212 −0.006 2,297.347

3 2,993.305 0.427 2,992.280 0.393 2,995.105 0.488 2,990.811 0.344 2,980.570

4 3,771.077 0.329 3,768.619 0.264 3,773.918 0.405 3,767.069 0.223 3,758.693

5 4,114.149 0.225 4,112.934 0.195 4,114.825 0.241 4,109.371 0.108 4,104.919

6 4,825.410 0.049 4,824.222 0.025 4,824.649 0.034 4,823.659 0.013 4,823.031

7 5,514.430 0.114 5,513.798 0.102 5,513.727 0.101 5,512.780 0.084 5,508.161

8 6,376.649 −0.076 6,373.980 −0.118 6,374.035 −0.117 6,371.160 −0.162 6,381.520

9 6,703.915 1.024 6,682.446 0.700 6,756.713 1.819 6,643.717 0.117 6,635.975

10 6,786.453 1.234 6,703.226 −0.007 6,703.707 0.000 6,702.848 −0.013 6,703.710



246 T. Xu et al.

Table 10 Operation counts comparison of truck body structure using
CA, MCA and FSCA

Operations CA MCA FSCA

s = 2 1.219E+08 7.106E+09 1.727E+08

s = 3 1.892E+08 7.198E+09 3.358E+08

and 9, which are obtained by the CA method (with Gram–
Schimidt orthogonalizations and shift of the basis vectors),
MCA method (with Gram–Schimidt orthogonalizations),
FSCA method and exact solution. The exact solution is
obtained by solving an 11,664 × 11,664 eigenproblem with
MATLAB. The operation counts for CA, MCA and FSCA
methods are list in Table 10. It is found that results of higher
eigenvalues with FSCA method are better than those of the
CA and MCA method.

6 Conclusion

In this study, a new reanalysis technique, the FSCA method
has been developed for vibration reanalysis with respect to
improve the solution accuracy in case where global large
modifications are made and higher modes are needed. Three
numerical examples are shown for the demonstrations of
accuracy in this work. It can be seen that the accuracy
approximate solutions, especially for higher modes, were
achieved with FSCA method with large changes and for
large scale eigenproblems.

When general optimization problems are considered, a
lot of research has been performed to reduce the compu-
tational cost in repeated analysis of modified structures. It
is expected that the FSCA method could reduce the overall
computational cost in problems where repeated analysis is
needed.
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