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Abstract We investigate the occurrence of self-penalization
in topology optimization problems for piezoceramic-
mechanical composites. Our main goal is to give physical
interpretations for this phenomenon, i.e., to study the ques-
tion why for various problems intermediate material values
are not optimal in the absence of explicit penalization of
the pseudo densities. In order to investigate this effect
numerical experiments for several static and/or dynamic
actuator and sensor objective functions are performed and
their respective results are compared. The objective func-
tions are mean transduction, displacement, sound power,
electric potential, electric energy, energy conversion and
electric power.
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1 Introduction

The term topology optimization refers to a structural opti-
mization task. For every point within the design domain it
is determined by the pseudo density vector ρ if existence or
non-existence of material is more advantageous with respect
to a cost function.

This approach is termed the SIMP1 method, albeit one
uses this term for a whole family of methods that might
differ significantly from the ‘‘standard’’ SIMP approach.
We refer to our optimization also as SIMP, even when no
penalization is used. The term ersatz material approach
would be more appropriate but is not that commonly used.

SIMP, going back to Bendsøe (1989), is a well known
technique, not only in academics but also in industry.
The standard monograph for advanced SIMP optimization
is Bendsøe and Sigmund (2003), which includes several
extensions and applications and condenses a large set of
experience.

Looking at compliance optimization problems, it is
known that the optimal solution shows unphysical and not
easily interpretable intermediate or gray material if there are
no further measures taken.

To quantify the amount of intermediate material, a mea-
sure for grayness for the design vector ρ is defined as
follows

ggray(ρ) =
∫

�

4 ∗ (1 − ρ(x))ρ(x)dx, (1)

1Solid Isotropic Material with Penalization
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which normalizes the maximum grayness to one for ‘‘half
grayness’’, assuming |�| = 1, see e.g., Sigmund (2007).

There are of course a lot of methods known, e. g. penal-
ization and filtering, which get rid of these unwanted and
difficult to interpret values.

However, when considering topology optimization in
other contexts, the problems sometimes shows an intrinsic
penalization or self-penalization, as it is called by Sig-
mund, and the resulting optimal solutions only show a
small amount of grayness in the absence of penalization
and/ or filtering and volume constraint. This effect appears
to be first reported in Sigmund and Jensen (2003) for the
optimization of band gaps.

To the authors’ best knowledge, self-penalization of
piezoelectric material has explicitly only been described
by Rupp et al. (2009a, b). Dühring (2009) performed piezo-
electric topology optimization without volume constraints
and penalization but applied filtering. The authors mention
the issue first in Wein et al. (2008, 2009a).

Piezoelectric topology optimization is a multiphysics
problem with the pseudo density applied concurrently to
three or four material properties. It started with Silva and
Kikuchi (1999) where a homogenization approach has been
used. SIMP optimization of piezoelectric materials has been
done first in Kögl and Silva (2005). As we show in this
paper some of the respective material effects are counteract-
ing. There is an optimal pseudo density vector ρ∗, where
these counteracting effects are balanced in such a way that
no grayness occurs and self-penalization is observed.

Optimizing for the piezoelectric polarization, self-
penalization is known and analytically proven in Donoso
and Bellido (2009), but polarization is not considered within
this work.

We use a piezoelectric-mechanical transducer consisting
of a square piezoceramic plate attached to an elastic plate as
benchmark problem to discuss the topology optimization for
several objective functions. The actuator objective functions
are mean transduction as in Kögl and Silva (2005), displace-
ment e.g., by the authors in Wein et al. (2009a) and acoustic
sound power by the authors in Wein et al. (2009b). Further-
more, we investigate the sensor objective functions electric
potential and electric energy e.g., by the authors Wein
et al. (2009c), energy conversion factor applied in Zheng
et al. (2008) and electric power on the basis of an external
electrical circuit originating in Rupp et al. (2009b).

To ease the comparison of the optimizations, the static
formulation of the objective functions is applied when
it is possible. Note, that this has only limited practical
use from an engineering point of view. This especially
holds true for the sensor objective functions, where static
operation is merely of academic interest. For the design
of real world sensor applications electric power is of
interest.

For most objective functions we observe strong to mod-
erate self-penalization. Some objective functions exhibit
vanishing piezoelectric material in the absence of a volume
constraint. This effect is not due to rigid-body movement as
the elastic plate provides support.

The paper is organized as follows: Section 2 motivates
penalization, volume constraint and regularization based on
the classical elasticity compliance problem. Section 3 pro-
vides the applied optimization framework. The setup of
the investigated transducer is introduced in Section 4, the
mathematical modeling is given in Section 5. Section 6
explains (static) piezoelectric self-penalization. We then
present the objective functions for the numerical experi-
ments in Section 7. The numerical results are given in
Section 8. Lastly, Section 9 concludes with a summary. In
the Appendix the material data is given.

2 Implications of classical compliance optimization

As a motivation for the need of penalization the common
compliance problem in linear elasticity is recalled. The
review paper Sigmund and Petersson (1998) gives a good
insight.

A body with mechanical support is subject to an external
load (force), modeled by linear elasticity and numerically
solved via the finite element method. For each cell of the
finite element mesh the density/stiffness can be controlled
from full material to void material (e.g., air) via a scalar
variable ρe (pseudo density). The finite set of ρe represents
the design vector ρ.

The compliance minimization problem then asks for a
minimal displacement of the load points in the direction of
the applied forces and the optimization problem is to find
the optimal vector of pseudo densities ρ. The solution to this
problem is trivial: full material. When the design variables
are defined from almost zero (void material) to one (full
material) it is easy to limit the amount of available material
(volume constraint). It can be shown that a unique solution
exists for this problem (also known as variable thickness
sheet problem) but most ρe will have intermediate values
(gray material) while only the lower and upper bound of ρe

has a direct physical interpretation.
A strategy is to penalize intermediate material and the

method suggested in Bendsøe (1989) is now referred to as
SIMP. However, penalization adds a new parameter p to
the optimization problem, which has to be chosen and a
new difficulty may arise with checkerboard like microstruc-
tures of the penalized solution. The reason is given by the
poor numerical approximation property of low order finite
elements (Diaz and Sigmund 1995). A common approach
to prevent checkerboards is sensitivity f iltering (Sigmund
1994), where the sensitivities of the objective function are
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averaged over the neighborhood. However, a fixed neigh-
borhood will result in different solutions for finer or coarser
finite element meshes. This effect is called mesh depen-
dency and is a hint to the non-existence of a solution. It
has been resolved by Sigmund via a geometric filter radius
r independent on the discretization (but dependent on the
model).

With the term SIMP one generally assumes the appli-
cation of the techniques described above and the method
has proven to be very efficient. Nevertheless one should be
aware that they imply the following issues:

− One does not solve any more the original compliance
problem with its nice convex properties.

− The choice of penalization method, penalization param-
eter p, filter method and filter parameter r results in
different optimal solutions. The problem is changed and
the solution applies only to an ersatz problem.

− Sensitivity filtering disturbs the sensitivities and an
external optimizer cannot stop on mathematical opti-
mality criteria as the KKT-condition.

− A volume constraint has a practical meaning for com-
pliance minimization (optimal stiffness/weight ratio).
However, for other problems with a bounded optimal
volume fraction, penalization would not work, if the
constrained volume coincides with the optimal volume.

The mathematical optimization problem has been
changed by adding penalization and volume constraint as
the original solution is not desired due to grayness. Similarly
some maximization problems show an undesired solution, if
the optimizer removes the mechanical support. This leads to
rigid-body movements resulting in very high objective val-
ues. A solution to this is to add compliance minimization
to the objective function (as with mean transduction and
energy conversion factor). While this ensures mechanical
support of the solution the following issues arise:

− Compliance minimization (stiffness maximization)
might counteract to the original objective function.

− By adding compliance a multicriteria optimization prob-
lem is formed which might require the choice of a
weighting parameter.

− Compliance minimization leads to gray solutions,
hence penalization and volume constraint might
become necessary.

In conclusion, we can state that it is very beneficial to not
be forced to take measures, which might change the prob-
lem drastically, to prevent the occurrence of grayness in the
solution.

3 Optimization framework

The purpose of this section is to shortly introduce the math-
ematical aspect of topology optimization via the SIMP
method. This chapter restricts itself to elasticity as the
extension to piezoelectricity is straight forward (Section 5).

We restrict ourselves to the time-harmonic case with the
static analysis as special case only. Therefore, complex vari-
ables have no explicit symbol. Furthermore, there is no
difference in the notation of continuous and discrete vari-
ables. The notation for non-scalar properties is bold, e.g., all
discrete solution vectors. Any variable explicitly dependent
on the design variable has a tilde.

The pseudo density ρmin ≤ ρe ≤ 1 is introduced for each
of the N elements of the optimization domain−−yielding
the optimization design vector ρ = (ρ1 · · · ρN )T . Via a
generic interpolation function μ(ρe) the ersatz material elas-
ticity tensor [̃c ] = μ(ρe)[ c ] and ersatz mass density ρ̃m =
ρe ρm is gained. It is common practice to use no interpola-
tion function for the latter. A usual interpolation function
for dynamic problems is RAMP (Rational Approximation
of Material Properties) μRAMP(ρe) = ρe

1+p(1−ρe)
and the

standard power law interpolation form μpower(ρe) = ρ
p
e for

(quasi) static cases with the penalization parameter p.
The finite element method (FEM) then leads to the local

finite element stiffness matrix k̃e = μ(ρe) ke and mass
matrix m̃e = ρeme.

Assuming a sinusoidal excitation, a Fourier transforma-
tion gives the steady state solution in the complex domain.2

With the Rayleigh element damping matrix ce = αKke +
αMme the element matrices are assembled to the global
system resulting in

S̃(ω) u(ω) =
(

K̃ + jωC̃ − ω2 M̃
)

u(ω) = f (ω), (2)

or K̃ u = f in the static case. The solution u depends
implicitly on ρ and a design independent load f is assumed
for simplicity. In the following the time dependence is not
denoted explicitly any more .

The following steps are taken from Jensen (2007a), see
also Sigmund and Jensen (2003) for the first published
application and Jensen (2007b) for more details.

Sensitivity analysis gives the gradient of an objective
function J0(ρ, uR, uI ) where the solution vector is split into
real and imaginary part. In the following the dependencies
are skipped. Following the adjoint method two residuals are
added:

J = J0 + λT
1

(
S̃ u − f

) + λT
2

(
S̃∗u∗ − f ∗) ,

2With imaginary unit j and ω = 2π f .
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where λ1 and λ2 are fixed vectors, λ2 corresponding to the
complex conjugate system. One can find λ1 = λ∗

2 and the
final gradient results in

∂ J

∂ρe
= ∂ J0

∂ρe
+ 2 �

{
λT

e
S̃e

∂ρe
ue

}
, (3)

where it is sufficient to operate within the local element data
and λ = λ1 solves the adjoint equation

S̃ λ = −1

2

(
∂ J0

∂uR
− j

∂ J0

∂uI

)
. (4)

As mentioned in Section 1, penalization in elasticity
leads to checkerboard like structures, requiring regulariza-
tion like the Sigmund filter

S̃e

∂ρe
=

∑
i Hi

ρi
ρe

∂μ(ρe)
ρe

S̃e∑
i Hi

with the distance function Hi = rmin − dist(e, i).

4 Investigated piezoelectric transducer

Our piezoelectric transducer consists of a thin piezoelec-
tric patch attached to a thin elastic plate. The piezoelectric
layer represents the design domain. The mechanical sup-
port is provided by the elastic layer, which is not subject
to optimization.

In more detail, we use a square aluminum plate with a
length of 50 mm and a thickness of 100 μm. This plate is
covered with a piezoelectric ceramic layer (PZT-5A) 50 μm
thick. The displacement of the upper edges of the plate is
fixed in the x, y and z-direction. The electrodes on the upper
and lower side of the ceramic patch and a glue layer are
neglected in the physical model. A FEM simulation of the
setup for the inverse piezoelectric effect is shown in Fig. 1.

~ 

Γs Γopt

Γgnd Γhot

Ωm

Ωp

Fig. 1 The setup consists of an elastic plate �m with simple sup-
port �s and attached piezoelectric layer �p. Electric excitation by the
electrodes �gnd and �hot leads to bending

A full 3D formulation is used and we have confirmed numer-
ically that our approach is correct for the thin structures
using finite elements with quadratic ansatz functions.

The optimization problem is of 2 1/2 dimensions as the
piezoceramic design space is discretized by a single finite
element layer only.

The exact material properties are given in Appendix.

5 FEM formulation of the coupled problem

Kaltenbacher (2007) is used as reference for the follow-
ing formulations, where the ersatz material properties are
formed by applying the pseudo density without penalization

[̃cE
e ] = ρe [ cE ], [̃ee] = ρe [ e ], [̃εS

e ] = ρe [ εS]. (5)

The material law describing the piezoelectric effect is given
(using Voigt notation) by

σ = [̃cE ] S − [̃e ]T E,

D = [̃e ] S + [̃εS]E. (6)

For the supporting mechanical plate Hooke’s law is given
by

σ = [ cm] S. (7)

We use the following quantities:

E electric field intensity
D electric displacement field
σ Cauchy stress tensor (6 × 1)
S linear strain tensor (6 × 1)
[̃cE ] tensor of elastic moduli (6 × 6)
[̃εS] tensor of dielectric permittivities (3 × 3)
[̃e ] tensor of piezoelectric moduli (3 × 6)
[cm] tensor of elastic moduli (6 × 6)

[̃cE ] is defined at constant electric field and [̃εS] at constant
mechanical strain.

5.1 System of PDEs

We denote the displacements u = (ux uy uz)
T of the piezo-

electric layer and the mechanical plate by up and um ,
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respectively. Furthermore, we introduce the two differential
operators

B =
⎛
⎜⎝

∂
∂x 0 0 0 ∂

∂z
∂
∂y

0 ∂
∂y 0 ∂

∂z 0 ∂
∂x

0 0 ∂
∂z

∂
∂y

∂
∂x 0

⎞
⎟⎠

T

and

B̃ = ∇ =
⎛
⎜⎝

∂
∂x
∂
∂y
∂
∂z

⎞
⎟⎠ . (8)

Starting by using the piezoelectric setup as actuator, an
electric potential φl (30 V) is applied to electrode �hot (18)
and the strong formulation of the system of PDEs is given
as:

Find

up : �p → R
3, um : �m → R

3, φ : �p → R

fulfilling

BT
(
[̃cE

e ]B up + [̃ee]T B̃ φ
)

= 0 in �p, (9)

B̃T
(
[̃ee]B up − [̃εS

e ]B̃ φ
)

= 0 in �p, (10)

ρ̃mü − BT [ cm]B um = 0 in �m (11)

with the boundary conditions

um = 0 on �s,

nT
p [σp] = 0 on ∂�p \ �gnd, (12)

nT
m[σm] = 0 on ∂�m \ (�gnd ∪ �s), (13)

nT
p [σp] = −nT

m[σm] on �gnd, (14)

np = −nm on �gnd, (15)

up = um on �gnd, (16)

φ = 0 on �gnd, (17)

φ = φl on �hot, (18)

nT
p D = 0 on ∂�p \ (�hot ∪ �gnd). (19)

The normal vectors n are extended by additional zero value
where appropriate. Standard initial conditions are assumed.

5.1.1 Modeling of the direct piezoelectric ef fect

Using the system as a sensor, a traction (to be interpreted as
pressure) t is applied

nT
m[σm] = t on �opt (20)

changing the boundary of (13) to

nT
m[σm] = 0 on ∂�m \ (�gnd ∪ �s ∪ �opt). (21)

The electrodes �gnd and �hot represent equipotential
surfaces. In the sensor case the inhomogeneous Dirichlet
condition (18) for �hot changes to a weak constraint (Q
denotes the total charge on the loaded electrode)
∫

�hot

nT
m D d � = Q on �hot , (22)

which reduces to a single degree of freedom on �hot in the
discrete system applying nodal constraint conditions.

5.2 Discrete FEM formulation

In Kaltenbacher et al. (2006) the weak system for an elec-
trically excited piezoelectric system including the necessary
test space compatible for the adjoint equation can be found.
The element matrices k̃uu

e , k̃uφ
e , k̃φφ

e and m̃uu
e are computed

by the bilinear forms k̃uu
pq , k̃uφ

pq , k̃φφ
pq and m̃uu

pq as

k̃uu
pq = ρe

∫
�e

BT
p [ cE ]Bq d�,

k̃uφ
pq = ρe

∫
�e

BT
p [ e ]B̃q d�,

k̃φφ
pq = − ρe

∫
�e

B̃T
p [ εS]B̃q d�,

m̃φφ
pq = ρe

∫
�e

ρm NT
p Nq d�,

where N is the diagonal matrix of shape functions. The
global finite element system with ersatz material for the
piezoelectric layer results as
⎛
⎜⎝

Sumum K̃umup 0
K̃ T

umup
S̃upup K̃upφ

0 K̃ T
upφ

K̃φφ

⎞
⎟⎠

⎛
⎝um

up

φ

⎞
⎠ =

⎛
⎝0

f
q

⎞
⎠ . (23)

Note, that we use bold symbols as in the discrete system all
properties are large vectors or matrices.

Electrical (18) and mechanical (20) excitation contribute
to the right hand-side vector as q and f . A short form of
(23) with

û = (um up φ)T (24)

is given as

S̃ û = f̂ (25)

and for the static case as

K̃ û = f̂ . (26)
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Deriving the weak form of the adjoint equation shows,
that for the actuator case, the inhomogeneous Dirichlet
boundary condition (18) becomes a homogeneous Dirichlet
boundary condition in (4).

6 Self-penalization of piezoelectric material

6.1 Self-penalization in elasticity

The optimal topology for compliance minimization is full
material. Restricting the amount of available (ersatz) mate-
rial by a volume constraint shows a smooth (gray) ersatz
material distribution. There is no reason, why only full or
void material should be advantageous. This is different for
mechanism synthesis (Sigmund 1997), where the optimizer
constructs mechanisms like force inverters, grippers, . . . by
the use of bars and hinges. While these sub-structures need
to be of full material, void regions give space for move-
ment. Nevertheless, regions of intermediate material will
also appear.

This may change for dynamic problems. In Sigmund and
Jensen (2003), which gives also the base for the sensitiv-
ity analysis in Section 3, neither penalization nor a volume
constraint were required.

6.2 Balancing counteracting material effects

A major part of this work is the investigation of the mech-
anism resulting in piezoelectric self-penalization. For sim-
plicity we restrict ourselves to the static situation. The
inverse piezoelectric effect (actuator mode) is measured
by the mechanical displacement (32) and the direct piezo-
electric effect (sensor mode) is measured by the electric
potential (37) as both properties are the solution of the
physical model.

When we vary the pseudo density from void to full mate-
rial, it is clear that the system depicted in Fig. 1 becomes
stiffer with higher pseudo density, hence counteracting an
actor application. For a sensor application the material
laws (6) tell us that high stiffness, which means low bend-
ing/strain, results in low piezoelectric coupling and thus in
a small sensor effect. On the other side it is clear for the
piezoelectric coupling contribution that there is no actor
or sensor effect at all for void material. Hence, lower or
higher pseudo density have contrary effects and it is indeed
the combination of these contrary effects which results in
self-penalization as will be shown within this section. The
electrostatic contribution cannot be seen directly.

Next we perform an unphysical gedankenexperiment.
Consider the two plate system in Fig. 1 where each layer
is discretized by finite elements. For the piezoelectric layer
we reduce the vector of pseudo densities ρ to a scalar value

ρ, effectively treating every element contribution with the
same factor ρe = ρ. Furthermore, ρ is applied separately
to the piezoelectric material properties, for example [̃cE

e ] =
ρ [ cE ], [̃ee] = [ e ] and [̃εS

e ] = [ εS] to examine the stiffness
contribution or [̃cE

e ] = [ cE ], [̃ee] = ρ [ e ] and [̃εS
e ] = [ εS]

to examine the piezoelectric coupling.
Figure 2a visualizes the gedankenexperiment for the

static actor. The displacement decreases with increasing
pseudo density contribution to [ cE ], denoted by mech due to
higher stiffness . The piezoelectric coupling effect, denoted
by coupling behaves linearly and the electrostatic contribu-
tion, denoted by elec, has no effect. Applying the pseudo
density concurrently to all piezoelectric material proper-
ties, we get a superposition of the effects, which is clearly
not a mere superposition of the graphs. This is denoted
by mech+coupling+elec. Note, that coupling dominates
stiffening in this example.

For the sensor case, depicted in Fig. 2b, all material prop-
erties contribute nonlinearly, the stiffness contribution is not
even monotonous with a maximum displacement for pseudo
density around 0.4. The electrostatic contribution dominates
here, especially at the lower limit of the pseudo density, due
to maximal bending.

Considering the range of feasible pseudo density between
ρmin and 1 in Fig. 2a and b the best response for the
concurrent application of the design variable occurs at the
bounds of the pseudo density. Hence no grayness appears
and we observe self-penalization. Intermediate optimal den-
sity occurs when the balance of the superposition of the
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(a) Actuator mode with electric excitation by 30 V
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Fig. 2 In the sense of a gedankenexperiment, the design domain �p
is modeled by a single design variable ρ which is varied from ρmin to
ρlarge > ρmax. ρ is applied separately to [ cE ], [ εS], [ e ]
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Fig. 3 Sensor and actuator modes for different ratio of plate and
piezoelectric layer thickness applying extreme ρ

counteracting material effects does not result at the bounds
of the pseudo density.

For the actor mode, there is no electrostatic contribution,
only a (strictly) monotonous decreasing displacement for
increasing ρ and a linear increasing displacement for the
piezoelectric coupling due to the induced strain. Hence, the
superposition of these effects is necessarily monotonous or
convex.

The standard system in Fig. 1 represents just a single
combination of possible geometries and materials. This can
be overcome when, again in the sense of a gedankenexper-
iment, extreme values for the pseudo density are allowed.
This is depicted in Fig. 3 for the concurrent application of
ρ � 1 to all material properties. The response of the actor
mode is indeed convex and a bounded optimal pseudo den-
sity ρmin < ρ∗ρmax for a maximal displacement exists. For
the sensor mode the numerical experiment in Fig. 3 shows
a strictly monotonous decreasing electric potential. Hence,
the maximal response corresponds with a minimal pseudo
density which is unbounded.

Generalizing from the setup of the gedankenexperi-
ment with a single design variable to multi design case
ρmin ≤ ρe ≤ 1, we expect for the static electric poten-
tial (37) vanishing piezoelectric material as the optimum is
unbounded. For the mechanical displacement (32) grayness
might appear as the optimum is bounded. Both conclusions
are numerically confirmed with the numerical results in
Sections 8.4 and 8.2.

6.3 Balancing resonance and canceling strains

For dynamic topology optimization one might assume, that
resonating structures will perform good, independent of the
actual actor or sensor objective function. Indeed. this is not
the case with piezoelectricity, as here strain cancellation
might occure, especially for several structural resonance
modes (Erturk et al. 2009). Figure 4 explaines the effect
with a cut through the system in Fig. 1, the excitation actu-
ally is the result of an eigenfrequency analysis. No electric

(a) No electrodes (b) With electrodes

Fig. 4 Electric potential induced by harmonic mechanical displace-
ment to the system (Fig. 1). If there were no electrodes as in (a) local
compression and expansion results in electric potential of opposite sign
within �p but also at the surfaces �gnd and �hot. With electrodes (b),
the electric potential averages both on �gnd and �hot to zero

potential can be measuerd at the electrodes in sensor mode
and in actor mode the vibrational pattern cannot be excited.

In Wein et al. (2009a) it is shown that the optimizer is
able to generate close to resonance vibrational patterns by
distributing full and void material to regions of opposite
strains.

7 Objective functions

Within this section, we discuss the different objective func-
tions used in Section 8.

7.1 Mean transduction

There exists a wide range of publications, where the mean
transduction has been used. It can be applied to both the
direct and inverse piezoelectric effect. We refer to Kögl and
Silva (2005).

The mean transduction gives a measure for ‘‘. . . the con-
version of electrical into elastic energy and vice versa’’. It
is based on two load cases and choosing the load cases prop-
erly, the maximization of the transduction corresponds to
the maximization of the displacement with respect to the
load cases. Defining a static load case a as charge Qa 	= 0
and fa = 0 and static case b as fb 	= 0 and Qb = 0,
the mean transduction computes (using the FE formulation
according to (23)) as

Jtransd = φT
b K̃ T

uφua + φT
b K̃φφφa . (27)

The gradient can be derived from the two load cases with-
out the need to solve an adjoint equation and is given with
notation (25) as

∂ Jtransd

∂ρe
= −ûT

a
∂ K̃
∂ρe

ûb.

Note, that Qa and fb are design independent and there-
fore constant. We are not aware of a formulation of mean
transduction with design dependent pressure and charge
density.
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In the original work, the whole domain is design domain
and elastic compliance minimization is added to ‘‘avoid the
structure becoming overly flexible’’ as

J = w ln Jtransd − (1 − w) ln Jmech; 0 ≤ w ≤ 1, (28)

requiring a volume constraint for the compliance minimiza-
tion and penalization.

7.2 Displacement

The direct control of the displacement in linear elasticity
is known as mechanism synthesis (Sigmund 1997) for the
static case and wave guiding (Sigmund and Jensen 2003) in
dynamics. A subset of the global solution vector û is cho-
sen with a diagonal selection matrix Lu having ones and
zeros such that the displacement of �opt in Fig. 1 is maxi-
mized in z-direction. To differentiate from further selection
matrices, the index denotes the selected property from the
multiphysics vector û. The objective function with û∗ being
the conjugate complex of û is given as

Ju = ûT Lu û∗ = 〈
Lu û, û

〉
.

To denote more clearly that the displacement u from û (24)
is used in the formulation we write

Ju = uT Lu u∗ = ûT Lu û∗, (29)

where the bar in Lu denotes a sub-matrix of Lu. The
gradient of (29) computes as

∂ Ju

∂ρe
= 2 �

{
λT ∂ S̃

∂ρe
û

}
, (30)

where the adjoint equation (4) becomes

S̃ λ = −Lu û∗. (31)

Most structural resonance modes have perfect strain can-
celing. Hence, the implicit objective is to resemble such
vibrational patterns without strain canceling or to generate
additional vibration patterns, see Wein et al. (2009a). In the
static case Ju reduces with the selection vector lu to

J st
u = ûT lu, (32)

and the gradient to λT ∂ K̃
∂ρe

û with the adjoint equation K̃ λ =
−lu.

7.3 Sound power

The coupled acoustic problem is not covered in (23). It
needs to be extended by the acoustic domain by including
the Helmholtz equation

1

c2

∂2ψ

∂t2
− �ψ = 0, (33)

solving for the scalar acoustic potential ψ with c the speed

of sound and the Laplace operator � = ∂2

∂x2
i

= B̃T B̃ with

the gradient operator B̃ defined in (8). See Kaltenbacher
(2007) for the transmission and interface conditions. The
sound power Pac over a surface �opt is given as

Pac = 1

2

∫
�opt

�{pa v∗
n} d�, (34)

with the complex sound pressure pa and v∗
n the complex

conjugate of the normal particle velocity. The linear system
solves for ûψ which includes the discrete solution vector ψ

of scalar acoustic potentials in addition to û (24). In Wein
et al. (2009b) the objective function

Jsound = ω2ψT Lψ ψ∗ = ω2 ûT
ψ Lψ û∗

ψ (35)

has been applied under acoustic far field conditions and
compared with ω2 Ju, which can also be derived from Pac

under a more relaxed assumption. Many structural reso-
nance modes represent acoustic short circuits so that the
optimizer has to find new resonating patterns (including the
handling of canceling strains).

7.4 Electrical potential

This sensor problem, utilizing the direct piezoelectric effect,
optimizes analogously to the displacement (29) the electric
potential φ via

Jφ = φT Lφ φ∗ = ûT Lφ û∗. (36)

The corresponding static formulation is

J st
φ = φT l

φ = ûT lφ (37)

As φ is a solution of the PDEs, this is a natural objective
function in mathematical terms, but for engineering prac-
tice only of limited use (see numerical results). The system
is excited by a pressure (as mechanical inhomogeneous Neu-
mann boundary condition (20)) and �hot has to fulfill (22).
Hence, one just selects the master node (according to the
implementation of the constraint condition) by Lφ or lφ ,
respectively.

7.5 Electric energy

The electrostatic energy is given as

Jelec = 1

2
φT K̃φφ φ. (38)

The same boundary conditions are applied as in the case of
Jφ . The gradient is given as

∂ Jelec

∂ρe
= 1

2
φT ∂ K̃φφ

∂ρe
φ + λT ∂ S̃

∂ρe
û, (39)
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where λ solves S̃ λ = −K̃φφ φ.

7.6 Energy conversion

Energy conversion has been used in the context of piezo-
electric energy harvesting in Zheng et al. (2008) as

Jη = Welec

Wtotal
= Jelec

Jelec + Jmech
, (40)

with Jmech = 1
2 uT K̃uu u (also known as compliance) anal-

ogously to (38). The model in the original paper is a
cantilever with a static force applied to the tip. The whole
domain is design domain and penalization and a volume
constraint is used. The difference of Jelec against Jη in the
context of energy harvesting is subtle. For scenarios with
vibrational excitation via prescribed displacements the avail-
able mechanical energy can be considered large compared
to the output electric energy. What is indeed interesting is a
property of Jη described in Weller (2009). Maximizing Jη

involves the minimization of the compliance Jmech. Weller
showed that the optimizer may even sacrifice Jelec for the
sake of stiffer material. So Jη implicitly includes a stiffening
part with the same effect as the explicit stiffening in the
original mean transduction formulation (28) which is crucial
when the whole domain is design domain.

7.7 Electric power

Jφ , Jelec and Jη share the problem, that an external elec-
tric circuit detunes the resonance frequency of the system.
This is described in Rupp et al. (2009b), where an exter-
nal electrical circuit is attached to the system, which can
even be subject to optimization. For the discussion below
we restrict ourselves to a given external Ohmic resistance R.
The objective function

Jpower = 1

2R
φT Lφ φ∗ (41)

is similar to Jφ (36), the difference is within the algebraic
system S̃R, where the resistor R is included (Wang et al.
1999) between the electrode nodes φgnd and φhot as

− jω
1

ω2 R

(+1 −1
−1 +1

)(
φhot

φgnd

)
=

(
0
0

)
. (42)

8 Numerical results

In this section we discuss the optimization results of our
setup consisting of the aluminum plate with a piezoelec-
tric layer (see Fig. 1). The design domain is restricted to
the piezoelectric layer and we perform the optimization for
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Fig. 5 Load cases a (electric charge) and b (nodal force) for the mean
transduction Jtransd (27) applied to a set of models with different sizes
of �p

the different objection functions as discussed in the previous
section.

8.1 Mean transduction

We observe a slow convergence for Jtransd (27) towards
a vanishing piezoelectric patch. This means that the opti-
mizer produces a circular and centered patch with gradually
decreasing radius. At the end a cluster of just a few non-void
elements are left with densities close to void (ρmin).

In order to validate this result, we perform a parameter
study on a set of models, where the area of the piezoelectric
layer becomes increasingly smaller. No void ersatz material
is applied but different geometries. Two load cases (elec-
tric charge of 1 μC and nodal force of 1 N in z-direction at
the plate center) are applied. Figure 5 shows, that for load
case a with a constant electrical charge, displacement and
electric potential increase due to an increase of the charge
density (unbounded in the limit). Load case b with a force
applied to the center, shows similar to Fig. 2b an increase of
displacement and potential due to less stiffening (bounded).
The mean transduction Jtransd value coincides by definition
with the displacement for the charge load case.

It needs to be emphasized, that we did not investigate
mean transduction in conjunction with additional objective
functions as it is done in literature. Self-penalization cannot
arise in the case of vanishing material for the unconstrained
problem.

8.2 Displacement

For the static case we use (32) as objective function and
vary the thickness of the supporting plate �m from 15 μm
to 200 μm. Figure 6 displays the obtained optimal volumes
and the corresponding grayness. The grayness is extremely
low for most thickness relations with ggray ≤ 0.02 with an
exception for a plate thickness around 40 μm (Fig. 6b). The
volume fraction varies within 60−70% over the different
thickness ratios.
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(a) 15 µm (b) 40 µm (c) 100 µm
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Fig. 6 Static displacement maximization by J st
u (32) for different

elastic plate thicknesses

For the dynamic case, we use (29) as objective
function and perform optimizations for several hundred
single-frequencies in the range of 20−2,300 Hz. Here, the
resulting structures have volume fractions from ≈40−100%
as shown in Fig. 7. The difficulty for the optimizer is to bal-
ance the vibrational patterns between resonance and strain
cancellation (Wein et al. 2009a) with varying success from
frequency to frequency−−explaining the discontinuity of
the grayness in Fig. 7. Nevertheless the grayness if for all
cases below 0.1.

At least for the considered models distinct self-
penalization can be observed for both static and dynamic
case. It shall be noted, that for the same objective function
but within elasticity this has been observed in Sigmund and
Jensen (2003).

8.3 Sound power

Optimizing for the sound power Jsound (35) requires the
optimizer to balance resonance, compensation of canceling
strains and acoustic short circuits. For a frequency range,
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Fig. 7 Dynamic displacement maximization by Ju (29) applied for
several hundred mono-frequency optimizations, taken from Wein et al.
(2009a)
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Fig. 8 Volume fraction and grayness optimizing for the sound power
Jsound (35) taken from Wein et al. (2009b)

where acoustic far field conditions hold, the volume frac-
tion and grayness are shown in Fig. 8. The optimal volumes
range from 20−90%. In addition to Wein et al. (2009b) we
did not start from full material but from a configuration
deduced from the displacements of a structural eigen-
frequency analysis. Compared to dynamic displacement
maximization resonance could be generated for almost all
frequencies−−resulting in moderate self-penalization with
grayness below 0.1 for most frequencies.

8.4 Electric potential

The sensor problems are excited by mechanical pressure of
1 N/m2. The optimization problems for the electric potential
φ in Jφ (36) and J st

φ (37) are with respect to the mathe-
matical structure identical to the displacement optimization
problems (29) and (32).
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Fig. 9 Several hundred mono-frequent optimizations for dynamic
potential Jφ as objective function. a Shows that several optimizations
failed
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(a) 15 µm (b) 40 µm (c) 100 µm
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Fig. 10 Electrostatic energy maximization by Jelec (38) for different
elastic plate thicknesses

For J st
φ the optimizer removes the piezoelectric material

as in the case of the mean transduction (see also Fig. 2b
obtained by our simple numerical experiment). Lowest
stiffness results in maximal strain which couples to the
highest electric field, see (6).

In the dynamic case, we use Jφ as the objective func-
tion. Here, we observe that for the quasi-static excitation
frequencies the same effect of vanishing material occurs.
The performed dynamic optimization appears to be not very
robust (Fig. 9a) and at least for the performed numeri-
cal experiments one cannot speak of self-penalization for
electric potential maximization.

For a real-world experiment it would be difficult to mea-
sure the high potential of the resulting vanishing topology
as the electric charge is also vanishing.

8.5 Electrostatic energy

Using the electrostatic energy Jelec (38) includes the mate-
rial itself in the objective function and varying plate thick-
ness results in volume fractions from 60−75% (Fig. 10d).
Interesting is the occurrence of a checkerboard structure for
very thin plates (Fig. 10a). This has not been observed for
any other objective function. Self-penalization is moderate.
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Fig. 11 Static energy conversion Jη for varying supporting plate
thickness

(a) J for 20 µm plate (b) Jpower , R=100 Ω (c) Jpower R=1000 Ω

Fig. 12 a Shows the optimization result for static energy conversion
Jη (40) for a supporting plate thickness of 20 μm. b, c Show the opti-
mization results for electric power Jpower (41) at 1,500 Hz with external
resistor R = 100 � and R = 1,000 �, respectively

8.6 Energy conversion

The energy conversion Jη (40) adds a compliance minimiza-
tion problem to the pure electrical energy (38) maximiza-
tion. The additional stiffening results in higher volumes
(65−87%) and significantly more grayness (0.13−0.30).
However, it has also a regulating effect and the obtained
optimal solutions vary smoothly by the plate thickness ratio
(Fig. 11). In Fig. 12a, we can observe the additional
stiffening effect for a thin supporting plate of 20 μm.

8.7 Electric power

The optimization results for electric power Jpower (41) sig-
nificantly differs from the equivalent objective formulation
Jφ , which is due to the different linear system matrix S̃R

instead of S̃. There is no more vanishing piezoelectric
material and the volume fractions result in the range of
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Fig. 13 Several hundred mono-frequency optimizations for the elec-
tric power Jpower for fixed external resistors R = 100 � and R =
1,000 �. Resulting topologies for 1,500 Hz are shown in Fig. 12b
and c
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15−75%. Self-penalization depends on the external resis-
tor and occurs only for certain frequency regions. So the
general effect of piezoelectric self-penalization as reported
in Rupp et al. (2009b) cannot be confirmed strictly. But
while topology optimization there has also been performed
for a constant external resistor, the major part and the con-
clusions refer to the concurrent optimization of the circuit.
This is reported to significantly increase the optimization
result and might also lead to stronger self-penalization
Fig. 13.

9 Conclusions

For our investigations of a piezoelectric-mechanical com-
pound we have demonstrated topology optimization based
on the SIMP method of the piezoceramic layer without any
restrictions. We have investigated several sensor and actua-
tor objective functions in static and/or time harmonic formu-
lation. For the static investigations we have varied the ratio
of the thickness of the supporting elastic plate and piezo-
ceramic layer (the latter kept constant). For time-harmonic
experiments several hundred mono-frequency optimizations
in the range up to several eigenfrequencies are performed.
The resulting grayness measured by (1) and the volume
fraction are observed.

From the numerical experiments we can clearly con-
clude a distinct self-penalization in the case of displace-
ment maximization both for the static and dynamic case.
Strong to moderate self-penalization could be observed
for acoustic sound pressure maximization and a bit less
for energy conversion and electric power maximization (at
constant external Ohmic resistor). Furthermore, the two
static objective functions−−mean transduction and electric
potential−−resulted in vanishing piezoelectric material.

For dynamic optimization the obtained optimization
result can have a strong dependence on initial design and/or
excitation frequency. We observed that the self-penalizing
effect is stronger for better final objective values.

For real world piezoelectric sensor and actuator design,
applying explicit grayness penalization might then be nec-
essary when the implicit self-penalization is not strong or
reliable enough. There exists a wide range of methods,
e.g., applying (1) as constraint as suggested e.g., in Stainko
(2006) or black-and-white filters (Sigmund 2007). But this
is outside the scope of this investigation.

Acknowledgments The authors gratefully acknowledge the funding
of the German Research Council (DFG) by the DFG Priority Pro-
gram 1253 ‘Optimization with Partial Differential Equations’ through
grants DFG06-381 and partially support within the framework of its
‘Excellence Initiative’ for the Cluster of Excellence ‘Engineering of
Advanced Materials’ at the University of Erlangen-Nuremberg.

The authors would like to thank the anonymous reviewers for the
helpful comments.

Appendix: Material properties

The applied piezoelectric material is lead zirconate titanate
PZT-5A with the following properties (in Voigt notation):
mass density 7.75025 kg/m3, damping tan δ = 0.015 at
1,000 Hz, stiffness in GPa cE

11 = cE
22 = 126, cE

13 = 79.5,
cE

23 = cE
22 = 84.1, cE

44 = cE
55 = cE

66 = 23, coupling in
N/C e15 = e24 = 17, e31 = e32 = −6.5, e33 = 23.3,
permittivity in 10−8 F/m εS

11 = εS
22 = 1.51, εS

33 = 1.27.
The supporting aluminum plate has the following

isotropic properties: Poisson’s ratio ν = 0.34, Young’s
modulus E = 70.7 GPa, mass density 2.7 kg/m3, damping
tan δ = 0.03 at 1,000 Hz.

For an accurate simulation model it might be necessary to
determine the piezoelectric coupling coefficients by inverse
methods as in Rupitsch and Lerch (2009).
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