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Abstract

Dyrda and Prucnal gave a Hilbert-style axiomatization for the {A, Vv}-fragment of
classical propositional logic. Their proof of completeness follows a different approach
to the standard one proving the completeness of classical propositional logic. In this
note, we present an alternative proof of Dyrda and Prucnal’s result following the
standard arguments which prove the completeness of classical propositional logic.
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1 Introduction

It is well-known that classical propositional logic CL can be presented syntactically
in several ways, among them a Hilbert-style calculus. Let us denote the resulting
syntactic consequence by ¢ . The standard completeness theorem for classical logic
is the statement that for all I" U {¢} < Fm,

I'bepo <= Ik o,

where 2 is the two-element Boolean algebra. The standard completeness proof is as
follows. The implication =, the soundness theorem, is proved by what is normally
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qualified as routine checking. On the other hand, the implication < is proved by
contraposition. One assumes that I ¥¢ . ¢. Then, by the Lindenbaum’s Lemma there
exists a maximally consistent theory A suchthat I' € A and ¢ ¢ A. Now, one defines
the function #: Fm — 2 by putting, for any « € Fm, ha = 1 if and only if &« € A.
Next, using several properties of maximally consistent theories, one shows that 4 is
actually a homomorphism. Thus, this homomorphism is such that 2(1") € {1} and
ho # 1. Hence, it follows that I #5 ¢.

The {A, V}-fragment of classical propositional logic is defined by the matrix
(2, {1}), where 2 = ({0, 1}, A, V) is the two-element distributive lattice. This fragment
was studied by different authors, for instance [2, 4, 5, 7]. In [2] Dyrda and Prucnal
presented a Hilbert-style axiomatization for the {A, V}-fragment of classical logic.
The argument used to prove this completeness result does not follow the classical
arguments used in the standard completeness theorem of classical logic with respect
to some of its equivalent Hilbert-style axiomatizations.

We will try to explain shortly the arguments given in [2] by Dyrda and Prucnal to
prove the completeness theorem. Let Fpp be the syntactic consequence defined by the
Hilbert-style calculus proposed in [2]. The implication I" F ¢ = I Fpp ¢ is
proved by contraposition. It is assumed that I ¥pp ¢. Thus, they show that there is
a finite set U of formulas built from the variables appearing in ¢ and the connective
Vv such that ¢ Fpp x <= U Fpp x, for all x € Fm. So, there is @ € U such that
I" ¥pp «a. It is also proved that there is a set U; of formulas built from variables and
v such that I" Fpp x <= U Fpp g, for all formula x. Then, there exists a set
Y1 of variables such that Y; ¥pp o and Y1 Fpp y, for all y € I'. Now they define
the map v: Var — {0, 1} as follows: v(p) = 1 <= p € Y. Letv: Fm — 2
be the homomorphism extending the map v. Then, it is verified that D(I") € {1} and
V(@) # 1. Hence, I" 5 ¢. We refer the reader to [2] for the details missing.

Our aim is to present a proof of the completeness between the {A, V}-fragment
of classical logic and the Hilbert-style presentation given in [2] following the usual
arguments which prove the standard completeness of classical logic defined by the
matrix (2, {1}) and some of its Hilbert-style axiomatizations.

2 The Hilbert-style axiomatization and completeness for the
{A, V}-fragment of classical logic

In this note we follow the usual concepts and notations of algebraic logic. Our main
reference for algebraic logic is [3].

Let £ = {A, v} be an algebraic language of type (2, 2), and Fm the algebra of
formulas over this language and a denumerable set of variables. The {A, V}-fragment
of classical propositional logic, denoted by Sx v = (Fm, F=2), is defined by: for all
I, {¢} S Fm,

I' B3 ¢ < Vh € Hom(Fm, 2), h(I") € {1} implies h(p) = 1.

Now we introduce the Hilbert-style presentation given by Dyrda and Prucnal in [2].
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Let Spp = (Fm, Fpp) be the propositional logic defined in the usual “Hilbert-style”
with no axioms and with the following rules of inference:

RD oA"Y o

R2) p AY EY A

R3) ¢, v Fony

RY) ooV y

RS) pVvyYy =Y Vve

R6) pVpVY) oV

R7) oV WV )E(@VY)Vx

R (v VxFEeVHVX)

R oV WA F(@VI)A(RV X)
R10) (V)N (@VX)F@OV W AX)
RID) AWV ) E(@AY)V(PAX)
R12) pvolo

It is known that rules (R6), (R8) and (R11) are derivable from the others, see [1, 4].
Our aim is to show that the logics S v and Spp coincide following the standard
arguments proving that the classical logic, defined by some Hilbert-style presentation,
is complete with respect to the matrix (2, {1}) (see for instance [3,pp. 72-73]). To this
end, we need to prove that the logic Spp satisfies the Proof by Cases Principle (see
Proposition 2.3). First we need the following property of the logic Spp = (Fm, Fpp).

Proposition 2.1 Let ¢, Y, x € Fm. If ¢ F-pp ¥, then ¢ V x Fpp ¥ V x.

Proof Assume ¢ Fpp 1. In order to prove that ¥ V yx is derivable from ¢ V x, it is
sufficient to show that {y v x : ¥y € I'} Fpp a V x for each rule of inference I" - «
defining Spp.

RI) (@aAB)V xFppaVy:

L@np)Vx (Hyp)

2. (x Va) A (x Vv B) 1., (RS), (R9)

3.aVy 2., (R1), (R5)
R2) (@A B)V x Fpp (BAa)V x:

L@np)Vx (Hyp)

2. (x Va) A (x Vv B) 1., (RS), (R9)

3.xVa 2., (R1)

4. x vV B 2., (R2), (R1)

5.(x VB A (x Va) 4., 3., (R3)

6. (BAa)V x 5., (R10), (R5)

R3) vy, BV xtpp(@np)Vx:
Laviyx, BVvix (Hyp)
2.xVa,xVB 1., (RS)
3.(xva)A(x VA 2., (R3)

4. (@ AB)V x 3., (R10), (RS)

RA)a VvV x Fpp (@ V B)V x:
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Lavy (Hyp)
2. (x Va) Vv B 1., (RS), (R4)
3. (@V B)V x 2., (R8), (R5)

(AuxD)a VvV (BVa)tpp BVa:

Lav(BVa) (Hyp)
2.aV (VB 1., (RT),(RS)

3.8Va 2., (R6), (RS)
R) (Vv BV xtpp (BVa)Vy:
L.(@VvpB)Vx (Hyp)
2. (Vv B Vva)Vy 1., (R4)
B.av(BViaVy) 2., (R8), (RY)
4. (aVx)V(BV(aVy)3.(RY)
5.8V (xVy) 4., (Aux1)
6. (BVa)Vy 5., (R7)
R7) @V (BVY)Vxtpp (@VB)Vy)Vx:
L. (@v(BVy)Vix (Hyp)
2. av({(BVyY)VX) 1., (R8)
3. (avPBVUBVY)IVYX) 2., (R4)
4. xVv{avB)Vv(BVy)) 3., (R7), (RS)
5. xVv@vp)vBVvy) 4., (RT)
6. BVY)V(XV(xVp) 5., (R5)
7. (yvBVvVXV(xvp) 6., (R5)
8. (xVvvp)Vviyvp 7., (RS)
9. BV((xV(aVvB)Vy) 8., (R7), (RS)
10. BVa)V((xV(eVvB))Vy) 9., (R4)

1. (@VAV({(xV(@VB)VY) 10., (R5)
12. (VB V) V((xV(aVp)Vvy)ll, (RY)
13. (x V@@V B)V((xV(eVvp)Vy) 12, (RS

4. (x VeV B)Vvy 13., (R6)

15. (v B)Vy)Vy 14., (R8), (R5)
RY) @V (BAY)V xFpp (@VB)A@Vy)Vx:

L (@v(@BAy)VX (Hyp)

2. (xVa)yVv(BAY) 1., (R5), (R7)

3. (xVva) VB AWxVa)Vvy) 2., (RI)

4. (x Va)Vvp 3., (RI)

5. (x Va)Vy 3., (R5), (R])

6. xV(aVvp) 4., (R)

7. xV(a@Vy) 5., (R8)

8. (xVv@VvB)AKV(@Vy) 6,7, (R3)

9. xV({(aVvB) A@Vy)) 8., (R10)

10. (@ VB A(@V YY)V Y 9., (RS5)
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R10Y) ((@ v By AV y)) VxFpp (@V (BAY)V X:

L ((avp)A(@Vy)Vix (Hyp)

2.(x V(e vp)A(xVvavy) L, (R5), (RI)
3.5V (avp) 2., (R1)

4. x V(e Vy) 2., (R2), (R1)
5.(xva)vp 3., (R7)

6. (x Va)Vvy 4., (RT)
T.(x VayVB A({(x Va)Vy) 5., 6., (R3)

8. (xVa)V (BAY) 7., (R10)

9. (Vv (BAY))V 8., (R8), (RS)

RIZY(xVa)V x FppaVx:
. (@ vVa)Vv x (Hyp)
2.aV(xVy)l., (R8) O
3.aVy 2., (R6)

Corollary 2.2 Let ' U{p, x} € Fm. If I Fpp @, then I' V x btpp @ V x, where
vy ={yvyx:yerll

Proof 1t follows from the fact that the consequence relation Fpp is finitary, Proposi-
tion 2.1, and by the rules of inferences. O

Proposition 2.3 The logic Spp satisfies the Proof by Cases Principle. That is, for all
I'U{p, ¥, x} € Fm,

I'otppx & I''vFppx = I',¢ V¢ Fpp X.

Proof Since Fpp is finitary, it is sufficient to prove a weaker version of the Proof by
Cases Principle. We prove that

oFppx & YlFppx = @V bpp x.

Assumethatg Fpp x and ¥ Fpp x.By Proposition2.1, wehavethat oV Fpp x Vi
and ¥ V x Fpp x V x. From rules (R5) and (R12), we obtain that x vV ¢ Fpp x.
Hence, ¢ vV ¥ Fpp x. O

Now we are ready to present a standard proof of the following result of complete-
ness.

Theorem 2.4 The logics Spp and S v coincide. That is, for all I’ U {¢} € Fm,
I'bpp o < I F3 0.

Proof The implication from left to right (soundness), is a routine proof. Now we
prove the other implication. First, without loss of generality we can assume that I is
a theory of the logic Spp. Suppose that I" ¥pp ¢. Then, there exists a theory A of
Spp such that I' € A, ¢ ¢ A, and A is maximal among all the theories of Spp not
containing ¢ (see for instance [3,Lemma 1.43]). Now we define the map #: Fm — 2
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as follows: for every « € Fm, h(a) =1 <= « € A. We need to show that / is a
homomorphism. Let o, € Fm. Since A is a theory, it follows by rules (R1) and (R3)
thata AB € A < «, f € A.Hence, h(a A B) = h(a) Ah(B). Now, by rules (R4)
and (R5), wehave thatifa € Aorf € A, thenaVvp € A.Then,h(x) = lorh(B) =1
implies 2(« v B) = 1. Now assume that h(« v 8) = 1. Thatis, o vV § € A. Suppose
that A(«) # 1 and h(B) # 1. Thus o, B ¢ A. Let A, and Ag be the theories of Spp
generated by A U {«} and A U {8}, respectively. By the maximality of A, we obtain
that ¢ € A, and ¢ € Ag. Thus we have that A, o« Fpp ¢ and A, 8 Fpp ¢. Then,
by Proposition 2.3, it follows that A, « V 8 Fpp ¢. Since @ V B € A, it follows that
A Fpp ¢, a contradiction. Hence, we prove that h(« vV 8) = 1 implies that h(«) = 1
or h(f) = 1. Thus, we obtain that h(a vV 8) = 1 <= h(a) = 1 or h(B) = 1. Then
h(a Vv B) = h(a) v h(B). We have proved that #: Fm — 2 is a homomorphism such
h(I') € {1} and h(¢) # 1. Hence I" ¥3 ¢. m]

Another standard alternative proof of the completeness between the {A, V}-
fragment of classical logic and the Hilbert-style axiomatization given in [2], following
alsousual arguments, is possible. This proof makes explicit the role of the Lindenbaum-
Tarski algebra. We sketch the proof and left the details to the reader. Suppose that
I ¥pp ¢, and assume that I is a theory. Then:

1. We consider the binary relation A(/") on Fm defined as follows:
(0, ) e A(I') < I',atpp B and I, B Fpp a.

2. A(I') is a congruence on Fm. Apply the Proof by Cases Principle.

The quotient algebra Fm/ A (I") is a distributive lattice. It is also necessary to apply

the Proof by Cases Principle.

[l e I'JA(I")ifand only if o« € I.

I'/A(I') =@ or I'/A(I") is a proper filter of Fm/A(I").

There exists a prime filter 7 of Fm/A(I") such that I'/A(I") € F and [¢] ¢ F.

The map f: Fm/A(I') — 2 defined by f([o]) = 1 <= J[a] € Fisa

homomorphism.

8. Let v: Fm — 2 be the homomorphism given by v(«) = f([«]). Hence v(I") €
{1} and v(¢) = 0. Therefore, I" 3 ¢.

(O8]

N s

The relation A(I") is known as the Frege relation of I relative to Spp and the
quotient algebra Fm/ A (I") is named the Lindenbaum-Tarski algebra, see for instance
[5, 6].
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