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Abstract

The goal of this paper is to present a collection of properties of the set of atoms and the
set of finite injective tuples of atoms, as well as of the (finite and cofinite) powersets of
atoms in the framework of finitely supported structures. Some properties of atoms are
obtained by translating classical Zermelo—Fraenkel results into the new framework,
but several important properties are specific to finitely supported structures (i.e. they do
not have related classical Zermelo—Fraenkel and related non-atomic correspondents).
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1 Approaches related to finitely supported structures

The theory of finitely supported algebraic structures named finitely supported math-
ematics (abbreviated as FSM) represents an alternative framework for characterizing
infinite structures, hierarchically defined by involving some basic elements named
atoms and by emphasizing only a finite number of characteristics. More exactly, in
FSM we associate to each object a finite family of basic elements which is called its
“finite support” [1]. As an intuitive example, in a lambda-calculus interpretation, the
finite support of a lambda term modulo «-equivalence is represented by the set of all
“free variables” of that term; these variables are those who are really important in
order to characterize the term, while the other (bound) variables can be renamed (by
choosing new names from an infinite family of names) without affecting the essential
properties of the lambda-term. This means that we can obtain an infinite family of
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lambda-terms starting from an original one (by renaming each time its bound vari-
ables), but in order to characterize this infinite family of lambda-terms it is enough to
analyze the finite set of free variables of the original term.

Regarding finitely supported structures, the following approaches are known:

— The permutation models of ZFA set theory were developed in 1930s by Fraenkel,
Lindenbaum and Mostowski in order to prove the independence of the axiom of
choice from the other axioms of Zermelo—Fraenkel set theory with atoms (ZFA),
where atoms in ZFA are elements with no internal structure obtained by modifying
ZF axiom of foundation. We mention Fraenkel basic and second models, and
Mostowski ordered model [9]. The ZFA universe is described as the von-Neumann
cumulative hierarchy v(A) of sets involving atoms from the set of atoms A:

- vo(A) =¥

— Ve4+1(A) = A + o (v, (A)) for every non-limit ordinal o (we require that an
ordinal does not have atoms among its elements)

— Vi (A) = Uy vy (A); (A alimit ordinal);

— V(A) = Ugyis an ordinalVa (A),

where + is the disjoint union of sets, and ¢ (X) is the powerset of X.

— Fraenkel-Mostowski (FM) axiomatic set theory was defined in [5] to properly
model the syntax of formal systems involving variable binding operations. It is
inspired by Fraenkel basic model, i.e. model N1 in [8]. However, FM, ZFA and
ZF set theories are independent axiomatic set theories. All of these theories are
described by independent axioms, and all of them have distinct models. Axioms of
FM set theory (see Definition 2.9 in [1]) are the ZFA axioms over an infinite set A
of atoms with an additional axiom of finite support claiming that any element has
to be finitely supported according to a hierarchically constructed group action of
the group of all permutation of atoms defined as below. Formally, an element x
in a ZFA set is finitely supported if there exists a finite family S € A such that
any permutation of atoms that fixes S pointwise also leaves x invariant under
the canonical group action - recursively defined on the class v(A) of all ZFA
sets by 7 -a = w(a) ifaisanatomand 7w - x = {w - y|y € x}ifxisa
ZFA set. Since they have no internal structure, atoms can be used to represent
names in syntax. The finite support axiom is motivated by the fact that syntax
can only involve finitely many names. Any atom outside the finite support of an
element corresponds to the concept of ‘fresh name for bound variables’. Binding
is modelled by a certain concept of FM abstraction generalizing the notion of
a-abstraction in the A-calculus.

A model of axiomatic FM set theory is represented by the von-Neumann cumula-
tive hierarchy FM 4 defined as follows:

- FMo(A) = ¥;
- FMy11(A) = A+ prs(FMy(A)) for every non-limit ordinal o;

— FM; (A) = Uy ) FMy(A); (whenever A is a limit ordinal);
— FM 5 = Uy is an ordinal ' My (A),
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where p ¢, (X) represents the family of those subsets of X that are finitely supported
as elements of ¢ (X) under the restriction of - on g (X). Thus, an FM set (i.e. an
element in the FM universe FM ) is an hereditary finitely supported ZFA set under
the action -. Furthermore, FM 4 is a model of FM set theory, but it is not a model of
ZFA; more details regarding the relative consistency of FM set theory with respect
to ZFA set theory can be found in [5]. Thus, we have:

ZFA
EM

— ZF is formed by the empty set # and all non-atomic sets (hierarchically con-
structed over ¥) which are obviously empty supported;

— FM is formed by all the atoms, all ZF sets and all hereditary finitely sup-
ported atomic sets under the action - (where an ‘atomic’ set is defined as a set
containing atoms somewhere in its structure);

— ZFA is formed by all ZF sets, all the atoms and all atomic sets (possibly non-
finitely supported).

— Nominal sets were studied in [11] (and several earlier papers of A. Pitts) as an
alternative approach to non-standard axiomatic FM set theory. They can be well
defined both in ZF and in FM frameworks. In ZF, a nominal set is a classical ZF set
equipped with an action of the group of permutations of a certain fixed countable
set A (formed by elements whose internal structure is irrelevant) having the addi-
tional property that any element is finitely supported (in the sense of Definition 1).
The definition of nominal sets also makes sense in the FM framework by replacing
the fixed ZF set A with the set of atoms in ZFA (this is possible because the internal
structure of the elements of A is ignored). In FM framework, a nominal set is a
set constructed according to the FM axioms with the additional property of being
empty supported (invariant under all permutations) with respect to the action -
defined on the class FM 4. This is because nominal sets need to be closed under
the group actions with who they are equipped (meaning that the nominality requires
empty-supportness at the following order stage in an hierarchical construction).
Furthermore, we proved in [1] that those nominal sets defined in the FM universe
are logical notions in Tarski’s sense. By allowing the atoms to have an internal
structure, nominal sets and several extensions are used in various areas related to
computer science [4,11].

— Admissible sets introduced in [2] as being defined over an arbitrary collection of
atoms are also related to finitely supported structures. The hereditary finite sets
used to describe ‘Gandy machines’ [6] are particular examples of admissible sets.
The FM sets represent a generalization of hereditary finite sets because any FM
set is an hereditary finitely supported set.
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2 Constructing the theory of finitely supported structures

In order to develop FSM, we use nominal sets (extending the requirement that the
set of atoms is countable) which by now on will be called invariant sets motivated
by Tarski’s approach regarding logicality (i.e. a logical notion is defined by Tarski
as one that is invariant under the one-to-one transformations of the universe of dis-
course onto itself). There is no major technical difference regarding FSM and nominal
(related to basic definitions); conceptually, the nominal approach is related to com-
puter science applications, while our approach is on the foundations of mathematics
and experimental sciences by studying the consistency and inconsistency of various
results within the framework of atomic sets with finite support. In FSM we study the
finitely supported subsets of invariant sets together with finitely supported relations
(order relations, functions, algebraic laws etc); thus, FSM is a theory of aromic alge-
braic structures defined according to the finite support requirement which states that
any logical construction should be finitely supported under a canonical permutation
action defined under the rules in Proposition 2 (e.g. FSM analyzes finitely supported
monoids, finitely supported groups, finitely supported partially ordered sets, finitely
supported fuzzy sets etc). The definition of FSM is consistent with respect to ZF
set theory by adjoining an infinite ZF set A (formed by basic elements, i.e. elements
whose internal structure is ignored) and imposing the additional requirement of ‘being
finitely supported’ for all constructions that involve elements of A. Alternatively, A
can be replaced by the set of atoms in ZFA (this is because we did not require a certain
internal structure for the elements of the fixed ZF set A) and FSM will correspond to
FM axiomatic set theory (without any restriction regarding the countability of the set
of atoms).

Intuitively, FSM contains both the family of ‘non-atomic’ (ordinary) ZF structures
(which are hierarchically constructed over ¥, and so they are trivially invariant) and the
family of ‘atomic’ structures (hierarchically constructed from ¢ and from the fixed ZF
set A) which have to be finitely supported under the canonical permutation action that
is hierarchically constructed (using Proposition 2) from the basic permutation action
on A defined by (7, a) — m(a). Our main question is if a classical ZF result can
be adequately reformulated by replacing ‘non-atomic structure’ with ‘atomic finitely
supported structure’ in order to remain valid in FSM. We can easily remark that not
every ZF result can be directly reformulated in terms of atomic finitely supported
objects. This is because, given an invariant set X, there could exist some subsets
of X which fail to be finitely supported. A related example is represented by the
simultaneously infinite and coinfinite subsets of A.

In order to reformulate a general ZF result into FSM, the proof of the related FSM
result should not brake the principle that any structure has to be finitely supported,
which means that the related proof should be internally consistent in FSM and not
retrieved from ZF. Thus we always need to verify if the proof of such a result in
FSM employs only finitely supported structures, even in the intermediate steps. Our
proving techniques follow those in the permutation models of set theory, being adapted
to group actions and invariant sets. We present below two general methods of proving
that a certain structure is finitely supported.
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The constructive method for supports means to provide a hierarchical step-by-
step construction of the support of a certain structure by employing the supports of
the sub-structures of a related structure.

The S-finite support principle states that for any finite set S C A, anything that
is definable (in higher-order logic) from S-supported structures using S-supported
constructions is S-supported. This is a refinement of equivariance principle form [11]
allowing to prove boundedness properties for supports [1]. However, the formal appli-
cation of this method overlaps sometimes on the constructive method described above.

In this paper we present a large collection of properties of the set of atoms, of its
(finite or cofinite) powerset and of its (finite) higher-order powerset in FSM. In Sect. 4
we proved that atomic sets have many specific FSM properties (that are not translated
from ZF). We structured these specific properties into five subsections presenting the
relationship between atomic and non-atomic sets, specific (Dedekind-)finiteness prop-
erties of atomic sets, specific (order) properties of cardinalities in FSM, surprising fixed
point properties of self mappings on the (finite) powerset of atoms, and the inconsis-
tency various choice principles for specific atomic sets. Other properties of the atoms
are obtained by translating classical (non-atomic) ZF results into FSM, by replacing
‘non-atomic object’ with ‘atomic finitely supported object’ (Sect. 5). Furthermore, in
Sect. 6 we proved that the powerset of atoms satisfies some choice principles such
as Prime Ideal Theorem and Ultrafilter Theorem although these principles are gener-
ally not valid in FSM (as proved in [1]). Ramsey’s Theorem for the set of atoms and
Kurepa’s Antichain Principle for powerset of atoms also hold, and admit constructive
proofs.

3 Finitely supported sets: formal properties

Let A be a fixed infinite ZF set formed by elements whose internal structure is not
taken into consideration, which will be named the set of atoms. Actually, atoms are
entities that can be checked only for equality, being considered as basic entities for
a higher-order construction. Furthermore, we will prove that there does not exist a
finitely supported bijection between A and an ordinary (non-atomic) ZF set, and so
we cannot associate to A a certain ZF cardinality (such as countable, uncountable,
etc); thus, we just say that the atoms form an infinite set without any specifications
regarding its cardinality.

A transposition in FSM is a function (ab) : A — A defined by (a b)(a) = b,
(ab)(b) = a, and (ab)(n) = n for n # a, b. A (finite) permutation of A in FSM
is a bijection of A generated by composing finitely many transpositions. We denote
by Sa the set of all finite permutations of A. Actually, the finite permutations of A
are those bijections of A that leaves unchanged all but finitely many atoms of A.
However, as proved in [1], any finitely supported bijection of A would be necessarily
a finite permutation of A. Thus, the notions ‘permutation (bijection) of A’ and ‘finite
permutation of A’ coincide in FSM.
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Definition 1 Let X be a ZF set.

1. An Sa-action on X is a function - : S4 x X — X having the properties that
Id - x=xandnw-(n'-x)=@ron’)-xforallm,n’ € 4 and x € X, where Id
is the identity mapping on A. An S4-set is a pair (X, -) where X is a ZF set, and
-: 84 x X — X isan Sy-action on X.

2. Let (X, -) be an S4-set. We say that S C A supports x whenever for each w €
Fix(S) we have m - x = x, where Fix(S) = {m|n(a) = a,VYa € S}. The
least finite set supporting x (which exists according to Proposition 1) is called
the support of x and is denoted by supp(x). An empty supported element is called
equivariant; this means that x € X isequivariantifandonlyifm-x = x,Vmr € Sy4.

3. Let (X, -) be an S4-set. We say that X is an invariant set if for each x € X there
exists a finite set Sy C A which supports x.

Proposition 1 [1] Let X be an Sp-set and let x € X. If there exists a finite set
supporting x (particularly, if X is an invariant set), then there exists a least finite
set supporting x which is constructed as the intersection of all finite sets supporting x.

Proposition 2 [1] Let (X, -) and (Y, ©) be S4-sets.

1. The set A is an invariant set with the Sa-action - defined by m - a := mw(a) for all
7w € Sy and a € A. Furthermore, supp(a) = {a} for each a € A.

2. If x € X is finitely supported, then 1 - x is finitely supported with supp(w - x) =
7 (supp(x)) for any w € S4.

3. An ordinary ZF set X constructed without involving atoms is necessarily a trivial
invariant set, i.e a set endowed with the S action (7, x) — x.

4. The set S is an invariant with the S a-action - defined by w -0 := mwoo o ~! forall
7w, 0 € Sa, where o represents the usual composition of functions. Furthermore,
supp(c) = {a € A|o(a) # a} foreacho € Sy.

5. The Cartesian product X X Y is also an S4-set with the S4-action ® defined by
T, y)=@@-x,mroy)forallmr € Sqyandallx € X,y € Y. If (X, ) and
(Y, ©) are invariant sets, then (X X Y, ®) is also an invariant set.

6. The powerset p (X) ={Z | Z C X}isalso an Sa-set with the S s-action x defined
bynxZ ={m-zlz€ Z}forallw € Sy, and all Z C X. For each invariant
set (X, -), we denote by g rs(X) the set formed from those subsets of X which are
finitely supported according to the action * . (9 fs(X), * |, (x)) is an invariant
set, where |pﬂ( X) represents the action * restricted to © rs(X).

7. Thefinite powerset of X pfin(X) = {Y C X | Yfinite} and the cofinite powerset of X
$eofin(X) ={Y C X | X\Yfinite} are Sp-sets with the Sp-action * defined as in
item 6. If X is an invariant set, then both £, (X) and cofin(X) are invariant sets.

Definition 2 Let (X, -) be an invariant set. A subset Z of X is called finitely supported
if and only if Z € pf;(X) with the notations from Proposition 2. A subset Z of X is
uniformly supported if all the elements of Z are supported by the same set S (meaning
that Z itself is supported by ).

Since S4 is a torsion group (i.e. Vr € Sy, In € N such that 7" = Id), a subset Z
of an invariant set (X, -) is finitely supported by aset S C Aifandonlyif -z € Z for
all z € Zand all T € Fix(S). Not any subset of an invariant set is finitely supported.
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Proposition 3 We have o ¢5(A) = ©fin(A) U Pcofin(A).

Proof We know that, if B C A and B is finite, then B is finitely supported by B
with supp(B) = B.If C € A and C is cofinite, then C is finitely supported by A\C
with supp(C) = A\C. However, if D C A is neither finite nor cofinite, then D is
not finitely supported. Indeed, assume by contradiction that there exists a finite set of
atoms S supporting D. Since S is finite and both D and its complementary Cp are
infinite, we can take a € D\S and b € Cp\S. Then the transposition (a b) fixes S
pointwise, but (a b) x D # D because (a b)(a) = b ¢ D; this contradicts the assertion
that S supports D. Therefore, o5 (A) = ©fin(A) U pcofin(A). O

According to Proposition 3, for any fixed finite set S C A, there are only finitely
many subsets of A supported by S, namely the subsets of S and the supersets of A\S;
therefore g r;(A) does not have an infinite uniformly supported subset. A related result
is presented in Theorem 1(2).

Since functions are particular subsets of a Cartesian product of two sets, we have
the following results.

Definition 3 Let X and Y be invariant sets.

1. A function f:X — Y is finitely supported if f € prs(X x Y). The set of all
finitely supported functions from X to Y is denoted by Y Xs.

2. Let Z be a finitely supported subset of X and T a finitely supported subset of Y. A
function f: Z — T is finitely supported if f € pr;(X x Y). The set of all finitely
supported functions from Z to T is denoted by TfZS.

Proposition 4 [1] Let (X, -) and (Y, ©) be two invariant sets.

1. YX (ie. the set of all functions from X to Y) is an Sp-set with the S-action
%S4 x YX - YX defined by (n% f)(x) = o (f(r~" - x)) forall w € Sy,
f e YX and x € X. A function f:X — Y is finitely supported in the sense
of Definition 3 if and only if it is finitely supported with respect the permutation
action .

2. Let Z be a finitely supported subset of X and T a finitely supported subset of Y. A
function f:Z — T is supported by a finite set S C A if and only if for all x € Z
andallw € Fix(S)wehavew -x € Z, t o f(x) e T and f(w - x) = 1w o f(x).

Two invariant sets X and Y are called equipollent if there exists a finitely supported
bijection f: X — Y. The cardinality of X is defined as the equivalence class of all
invariant sets equipollent to X, and is denoted by | X|. On the family of cardinalities
we can define the equivariant relation < by: |X| < |Y| if and only if there is a
finitely supported injection f: X — Y. It is not difficult to prove that < is an order
relation. The reflexivity is obvious. The transitivity is also easy because whenever
there exist a finitely supported injection f: X — Y and a finitely supported injection
g : Y — Z, there also exists an injection g o f : X — Z that is finitely supported by
supp(f) U supp(g). The antisymmetry is a consequence of Lemma 3. Note that the
relation < extended to FSM sets that are not necessarily invariant is also an equivariant
order relation (the proof uses the similar arguments as above and the remark that
whenever X, Y are FSM sets and f: X — Y is a finitely supported injection, we have
thatw % f : mx X — wx Y defined by (x % f)(7w - x) = 7 - f(x) Vx € X is a finitely
supported injection which proves the equivariance of <).
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4 Specific properties of the atoms in FSM

The set of atoms, its powerset, the family of its (finite) subsets and the family of all
finite injective tuples of atoms have some specific properties in FSM.

4.1 Connections with non-atomic sets

Theorem 1 Regarding functions between atomic and non-atomic sets we have:

1. If X is an infinite ordinary (non-atomic) ZF set, then for any finitely supported
function f : A — X and any finitely supported function g: X — A, Im(f) and
Im(g) are finite. As a direct consequence, there are no finitely supported injective
mappings and no finitely supported surjective mappings between A and X.

2. There are no finitely supported injective mappings f:prs(A) — X org : X —
2 rs(A) between o rs(A) and an infinite ordinary (non-atomic) ZF set X. As a
direct consequence, when X = N), ps(A) has no finitely supported countably
infinite subset.

3. There does not exist a finitely supported surjective mapping f: X — ©rs(A) from
an infinite ordinary (non-atomic) ZF set X onto ©s(A), but there exists a finitely
supported (equivariant) surjective mapping f:prs(A) — N from o rs(A) onto
the set of all natural numbers N.

4. A function f: A — X between A and an ordinary (non-atomic) ZF set X is finitely
supported if and only if there exists x € X such that {y € A | f(y) # x} is finite.

In this case, supp(f) ={y € A | f(y) # x}.

Proof 1. Let us consider a finitely supported mapping f: A — X. Let let us fix an
element b € A with b ¢ supp(f). Such an atom b exists because A is infinite,
while supp(f) is finite. Let ¢ be an arbitrary element from A\supp(f). Since
b ¢ supp(f), we have that (bc) fixes every element from supp(f), i.e. (bc) €
Fix(supp(f)). However, supp(f) supports f, and so, by Proposition 4, we have
f{bc)a)) = (bc)yof(a) = f(a)foralla € A (with o wedenoted the necessarily
trivial S4-action on X). In particular, f(c) = f((bc)(b)) = f(b). Since c has
been chosen arbitrarily from A\supp(f), it follows that f(c) = f(b), for all
¢ € A\supp(f). If supp(f) = {a1,...,an}, then Im(f) = {f(apD}U---U
{f(a)}U{f(b)},and so Im(f) is finite (because it is a finite union of singletons).
Let g: X — A be a finitely supported function. Assume by contradiction that
I'm(g) isinfinite. Pick any atoma € I'm(g)\supp(g) (such an atom exists because
supp(g) is finite). There exists an x € X such that g(x) = a. Now pick any atom
b € Im(g)\(supp(g) U {a}), The transposition (a b) fixes supp(g) pointwise, and
sog(x) =g((ab)ox) = (ab)-g(x) = (ab)(a) = b, contradicting the fact that g
is a function. Thus Im(g) is finite.

2. Suppose by contradiction that there is a finitely supported injection f: o r3(A) — X.
Since there also is an equivariant injection a +— {a} from A into g r;(A), this
contradicts the statement in item 1 that there is no finitely supported injection
from A to X.

Furthermore, we prove by contradiction that there does not exist a finitely supported
injective mapping g : X — grs(A). Suppose that there is a finitely supported
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injection g : X — grs(A). Then g(X) is an infinite family of subsets of A with the
property that all the elements of g(X) are supported by the same finite set supp(g).
This is because X is trivially invariant, and so & x g(x) = g(7 ¢ x) = g(x) for all
x € X and all # € Fix(supp(g)). However, there are only finitely many subsets
of A supported by supp(g), namely the subsets of supp(g) and the supersets of
A\supp(g).

3. Suppose, by contradiction, that there exists a finitely supported surjective map-

ping f: X — gprs(A). Obviously, one can define a finitely supported surjection
s : prs(A) — A as below. Let us fix an atom x € A. We define s by s(X) =
o0 X om0ty s s spored by s = bl
Then, s o f is a finitely supported surjection from X onto A which contradicts
item 1.
We prove now that there exists a finitely supported surjective mapping h :
2 rs(A) — N. Define h(B) = |supp(B)|,VB € gpys(A). Let us consider the
equivariant family (X;);>1 where each X; is the set of all i-sized subsets of A.
Since A is infinite, it follows that each X;,i > 1 is non-empty. Furthermore,
h(@) = h(A) = 0 and for any fixed n € N* we have h({aj,...,a,}) =
lsupp(ai, ...,a})| = Hai1,...,an}| = n, for all {ay,...,a,} € X,. Thus,
Im(h) = N, and so A is surjective. No choice principle is required because,
for proving the surjectivity of &, we do not need to identify a set of representa-
tives for the family (X;);>1. We claim now that & is equivariant. According to
Proposition 2(2) and because every permutation of atoms is bijective, we have
h(mw = B) = |supp(mt = B)| = |m(supp(B))| = |supp(B)| = h(B) forall m € Sy
and B € p;(A). From Proposition 4, h is equivariant.

4. Let f:A — X be a finitely supported function. According to item 1 and
Proposition 3, we have Im(f) = {f(a))} U --- U {f(an)} U {f(b)}, where
supp(f) = {a1, ..., a,} and b is an arbitrary element from A\supp(f). We take
x = f(b). Let us suppose now that S = {y € A| f(y) # x} supports f. Let
m € Fix(S). According to Proposition 4, we have to prove that f(w(a)) = f(a)
foralla € A. Let a € A be an arbitrary element. If f(a) # x, we have a € S,
and (a) = a because 7 fixes S pointwise. Therefore, f (7w (a)) = f(a). Now let
a € A with f(a) = x. Let us suppose, by contradiction, that f(w(a)) # x. It
follows that w(a) € S and w (7w (a)) = m(a). Since « is bijective, we get T (a) = a
and f(m(a)) = f(a) = x which contradicts our assumption that f (7w (a)) # x.
Therefore, f(m(a)) = x = f(a). We proved that S supports f. It remains to
prove that S is minimal between the finite sets supporting f. Let V be a finite set
supporting f. We claim S € V.Letb € S, i.e. f(b) # x. Suppose, by contra-
diction, that b ¢ V. Let c be an arbitrary element from A\V. Since b, c ¢ V, we
have (bc) € Fix(V). However, V supports f. This means f((bc)(a)) = f(a),
Va € A. In particular, f(c) = f((bc)(b)) = f(b) # x. Therefore, ¢ € S,
and so (A\V) C S. Since A\V is infinite, we obtain that S is cofinite which
contradicts the assumption that S is finite. Therefore, b € V,and S € V. Thus, S
is the least finite set supporting f, and so it is the support of f according to
Proposition 1. O
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Remark 1 1If X is an infinite ordinary ZF set and f: A — X is a finitely supported
function, we proved that Im(f) is obviously finite. However, the converse of this
assertion is not true. There may exist an ordinary ZF set X and aZF function f: A — X
such that Im(f) is finite, but f is not finitely supported. Indeed, let X be an ordinary
ZF set X with at least two elements and let us fix two elements u, v € X. Let P be
a ZF subset of A which is simultaneously infinite and coinfinite. Such a subset of A
uforxeP
vforx € A\P"~
permutation r, we have that g(w(x)) = g(x) for all x € A if and only if we have
m(x) € P whenever x € P (i.e. if and only if P is left invariant by 7). Therefore,
because P is not finitely supported, it follows that g is not finitely supported.

may exist in ZF. We define g : A — X by g(x) = For any

4.2 Finiteness properties

Lemma 1 Let (X, -) be an invariant set such that there exists a finitely supported
injection of X into one of its finitely supported proper subsets. Then there exists a
finitely supported injective mapping f:N — X.

Proof Suppose that g : X — X is a finitely supported injection with the property that
Im(g) € X. This means that there exists xo € X such thatxg ¢ Im(g). We can define
a sequence of elements from X which has the first term xo and the general term x,, 41 =
g(xy) foralln € N. Since xo ¢ Im(g) it follows that xo 7 g(xo). Since g is injective
and xo ¢ Im(g), by induction we obtain that g" (xg) # g™ (xo) for all n, m € N with
n # m. Moreover, X, is supported by supp(g) U supp(x,) for all n € N. Indeed, let
7w € Fix(supp(g) U supp(x,)). According to Proposition 4, & - x,41 = 7 - g(x,) =
g(m-xn) = g(xn) = Xn+1,and sosupp(x,+1) < supp(g)Usupp(x,) foralln € N. By
finite recursion, we have supp(x,) C supp(g) U supp(xp) for all n € N. Since all x,,
are supported by the same set of atoms, we have that the function f: N — X, defined
by f(n) = x,, is also finitely supported (by the set supp(g) U supp(xo) not depending
on n). This follows from Proposition 4 because for any & € Fix(supp(g)Usupp(xo))
we have f(mon) = f(n) =x, =n-x, =7m- f(n),Vn € N, where by ¢ we denoted
the trivial S4-action on N. Obviously, f is also injective. O

Theorem 2 Although A, pys(A) and S are infinite, we have the following specific
FSM finiteness properties:

1. A finitely supported function f: A — A is surjective if and only if it is injective.

2. Any finitely supported injection f: 9 rs(A) — ©rs(A) is also surjective.

3. Any finitely supported injection f: pfn(9£s(A)) — ©fin(£5(A)) is also surjec-
tive.

4. For a finitely supported bijection f: A — A, the set {a € A| f(a) # a} is finite
and supp(f) = {a € A| f(a) # a}. This means any finitely supported bijection
of A onto A should be a (finite) permutation of A. Consequently, the group of all
finitely supported bijections of A onto A is locally finite (meaning that each of its
finitely generated subgroups is finite).

5. Every finitely supported injection f:Ss — S4 is also surjective.
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6. The set A of atoms has the property that for all increasing chain Xo € X1 C --- C
X, C --- of finitely supported subsets such that n — X, is finitely supported, we
have that (X,) is eventually constant.

Proof 1. Suppose f:A — A is a finitely supported injection. Since A does not
contain an infinite uniformly supported subset, from Lemma 1 we have that f is
surjective. Conversely, let f: A — A be a finitely supported surjective function.
Firstly, it is fairly easy to verify that f[supp(f)] = supp(f). Indeed, let ¢ €
supp(f). Since f is onto (by hypothesis), there is an x* € A such that f(x*) = c.
If x* € supp(f), then we are done; so assume that x* ¢ supp(f). But then it
is fairly obvious that Im(f) is finite. Indeed, for any y € A\(supp(f) U {x*}),
consider the transposition ¥ = (x*y) and note that 7 € Fix(supp(f) U {c}).
Thus, f(y) = f(w-x*) =7 - f(x*) = 7 - ¢ = c. This contradicts the hypothesis
that f: A — A is onto, and so supp(f) < flsupp(f)]. However, it is obvious
that f(X) is supported by supp(f) U supp(X) whenever X € py;(A), and so
flsupp(f)]is supported by supp(f) Usupp(supp(f)) = supp(f). According to
Proposition 1, this means supp(f[supp(f)]) S supp(f). Since f[supp(f)]isa
finite subset of A, we have f[supp(f)] = supp(flsupp(f)]) € supp(f), from
which we get supp(f) = f[supp(f)]. It follows that the restriction f|,pp(f) :
supp(f) — supp(f) is a bijection (recall that supp(f) is a finite set). Now
we show that f|s\supp(s) is the identity mapping. Fix a € A\supp(f) and by
way of contradiction assume f(a) # a, say f(a) = b. Then arguing as above,
it can be easily shown that f[A\(supp(f) U {b})] = {b}. Indeed, take any ¢ €
A\ (supp(f) U {a, b}) and consider the transposition & = (a c) € Fix(supp(f)),
then f(c) = f((ac)-a) = (ac) - f(a) = (ac) - b = b. Thus Im(f) is finite,
a contradiction. Hence f|a\supp(r) 18 the identity mapping, and consequently in
view of the first observation (that the restriction f|supp(r) : supp(f) — supp(f)
is bijective), f is one-to-one.

2. Letus consider a finitely supported injection f: o r5(A) — gr5(A). Since o r5(A)
does not contained an infinite uniformly supported subset [see Theorem 1(2)], by
Lemma 1 f is surjective.

3. We denote gpyrs(A) = X. Let us consider a finitely supported injection
F19(X) — g5 (X).If f isnotsurjective, then according to Lemma 1 there exist
a countable infinite uniformly supported family 7 = (X;);en € $fin(X). Thus,
each element X,, € F is supported by the same finite set supp(F). Fix an arbitrary
J € N. We claim that X ; has the property that supp(x) C supp(F) forallx € X;.
Firstly we remind that X ; is a finite subset of X. Thus, X; = {x1, ..., x,} € X for
somen € N. Let S = supp(x1) U---Usupp(x,). We prove that § = supp(X ;).
Obviously, S supports X ;. Indeed, let us consider 7 € Fix(S). We have that
w € Fix(supp(x;)) for each i € {1,...,n}. Therefore, w - x; = x; for each
i € {l,...,n} because supp(x;) supports x; for each i € {1,...,n}, and so
supp(X ;) € S. It remains to prove that S C supp(X;). Consider a € §. This
means there exists k € {1, ..., n} such that a € supp(xy). Due to the infinite-
ness of A we can consider an atom b such that b ¢ supp(X ;) and b ¢ supp(x;)
Vi € {1,...,n}. We prove by contradiction that (b a) - x; ¢ X;. Indeed, sup-
pose that (b a) - xy € X;. In this case there is y € X; with (b a) - xx = y.
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Since a € supp(xx), we have b = (b a)(a) € (b a)(supp(xx)). However, accord-
ing to Proposition 2(2), we have supp(y) = (b a)(supp(xr)). We obtain that
b € supp(y) for some y € X;, which is a contradiction with the choice of b.
Therefore, (b a)x X; # X, where * is the standard S4-action on g (Y). Since
b ¢ supp(X;), we prove by contradiction that @ € supp(X;). Indeed, suppose
that a ¢ supp(X;). It follows that the transposition (b a) fixes each element
from supp(X ), i.e. (b a) € Fix(supp(X;)). Since supp(X ;) supports X ;, it fol-
lows that (b a) » X; = X j, which is a contradiction. Thus, a € supp(X;), and so
S C supp(X ;). Thus, S = supp(X;). Now, since supp(X ;) C supp(F), we have
Uxex;supp(x) < supp(F), and so supp(x) < supp(F) for all x € X . Since j
has been arbitrarily chosen, it follows that every element from every set of form X;
is supported by supp(F), and so U; X; is an uniformly supported subset of X (all its
elements being supported by supp(F)). Furthermore, U;cNX; is infinite because
the sequence (X;);en is infinite and injective. Otherwise, if U; X; was finite, the
family (X;);en would be contained in the finite set g (U; X;), and so it couldn’t be
infinite and injective. We were able to construct an infinite uniformly supported
subset of X = pr,(A), namely U; X;, contradicting Theorem 1(2). Therefore, f
is surjective.

This result is presented as Proposition 2.6 in [1].

If there was an element og € S4 with og ¢ Im(f), then according to Lemma 1
we could form an infinite sequence of distinct finite permutations of A uniformly
supported by supp(f) U supp(op). By item 4, for each finitely supported bijec-
tion o : A — A we have that the set of atoms changed by o is contained in
supp(o). For a finite set S of atoms there are at most |S|! bijections of A onto A
supported by S. This assertion follows because whenever a bijectiono : A — A
is finitely supported by S we have {a € A|o(a) # a} C supp(oc) € S, and
so the highest possible number of bijections of A onto A supported by S is the
number of permutations of S. Thus, there could be at most [supp(f) Usupp(oo)|!
finite permutations of A supported by supp(f) U supp(op), and so there does not
exist an infinite sequence of distinct bijections of A onto A uniformly supported
by supp(f) U supp(0o).

If there is an increasing chain Xog € X| C --- C A such that n — X, is finitely
supported, then, according to Proposition 4 and because N is a trivial invariant
set, each element X; of the chain must be supported by the same S = supp(n —
X,,). However, by Theorem 1(2), g r(A) does not contain an infinite uniformly
supported subset. O

4.3 Atomic cardinalities

Theorem 3 The set of atoms and its powerset have the following properties:

M NS

There does not exist a finitely supported surjection f:prs(A) — A x A.
There does not exist a finitely supported injection f: A x A — prs(A).
There is no finitely supported surjection f: o rs(A) — ©rs(A) X o rs(A).
There is no finitely supported injection f: o rs(A) X o rs(A) — g rs(A).
975 (A)] = 2|fin(A)].
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—_

N S )

©rin(A) is infinite, but |©fin(A)| 7 2|gfin(A).

A] < |9n(A)] < 24| for all n > 2, where 9, (A) < {X € A||X| = n}.

AL < I (A)] < 124,1.

There is no finitely supported surjection f: A — A x A.

There is no finitely supported injection f: A x A — A.

There is a finitely supported surjection from the family of all finite one-to-one tuples
of atoms onto the family of all finite one-to-one non-empty tuples of atoms, and
a finitely supported surjection from the family of all finite one-to-one non-empty
tuples of atoms onto the family of all finite one-to-one tuples of atoms, but there is
no finitely supported bijection between these two families.

. There s a finitely supported bijection between the powerset of the family of all finite

one-to-one tuples of atoms and the powerset of the family of all finite one-to-one
non-empty tuples of atoms, but there is no finitely supported bijection between the
Sfamily of all finite one-to-one tuples of atoms and the family of all finite one-to-one
non-empty tuples of atoms.

Proof 1. Suppose, by contradiction, that there is a finitely supported surjective map-

ping f:pfs(A) — A x A. Let us consider two atoms a,b ¢ supp(f) with
a # b. These atoms exist because A is infinite, while supp(f) < A is finite.
It follows that the transposition (a b) fixes each element from supp(f), i.e.
(ab) € Fix(supp(f)).Since f is surjective, it follows that there exists an element
X € pys(A) such that f(X) = (a, b). Since supp(f) supports f and (ab) €
Fix(supp(f)), from Proposition 4 we have f((ab)xX) = (ab) ® f(X) =
(ab) ® (a,b) = ((ab)(a), (ab)(b)) = (b, a). Due to the functionality of f we
should have (a b) » X # X. Otherwise, we would obtain (a, b) = (b, a).

We claim that if both a,b € supp(X), then (ab)xX = X. Indeed, suppose
a,b € supp(X). Since X is a finitely supported subset of A, then X is either
finite or cofinite (according to Proposition 3). If X is finite, then supp(X) = X,
and so a,b € X. Moreover, (ab)(a) = b, (ab)(b) = a, and (ab)(c) = ¢
for all ¢ € X with ¢ # a,b. Therefore, (ab)xX = {(ab)(x)|x € X} =
{ab)(@)}U{(ab)(b)}U{(ab)(c)|c € X\{a, b}} = {b}U{a}U(X\{a,b}) = X.
Informally, we remarked that, when a, b € X, we have that the transposition (a b)
interchanges a with b in X and leaves the other atoms in X (different from a
and b) unchanged. Essentially, X is left unchanged under (a b) because the order
of a and b in the set X is, obviously, non-important. Now, if X is cofinite, then
supp(X) = A\X, and so a,b € A\X. Since a,b ¢ X, we have a, b # x for
all x € X, and so (ab)(x) = x for all x € X. Thus, in this case we also have
(abyxX =X.

Since when both a,b € supp(X) we have (ab)* X = X, it follows that one
of a or b does not belong to supp(X). Suppose b ¢ supp(X) (the other case is
similar). Let us consider ¢ # a, b, ¢ ¢ supp(f), ¢ ¢ supp(X). Then (bc) €
Fix(supp(X)), and, because supp(X) supports X, we have (bc)« X = X. Fur-
thermore, (b c) € Fix(supp(f)), and by Proposition 4 we have (a, b) = f(X) =
fboyxX) = (be)® f(X) = (be) ® (a,b) = ((be)(a), (be)()) = (a,c)
which is a contradiction because b # c.
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2. Suppose, by contradiction, that there is a finitely supported injective mapping
fiAX A — prg(A). Let us fix two atoms x and y. We define the function
g:prs(A) > A x Aby

FNX), if X e Im(f);
8(X) = { (x,y), if X ¢ Im(D).
For any (a,b) € A x A we have that the element f((a, b)) is a finitely sup-
ported subset of A (supported by supp(f) U supp(a) U supp(b)), and (a, b) =
g(f((a, b))) Thus g is surjective.
We claim that g is supported by supp(f) U supp(x) U supp(y). Indeed, let 7 €
Fix(supp(f) U supp(x) U supp(y)). Let X € prs(A). If X € Im(f), then
X = f(Y) forsome Y € A x A. Since & fixes supp(f) pointwise and supp(f)
supports f, we have 7 * X = wx f(Y) = f(m ® Y) € Im(f). Thus, from
Proposition 4 we get g(m x X) = f_l(rr *X)={Y e AxA| f(Y)=nxX}=

Y eAxA|n wf(¥)=X) = (Y € AxA| fx—l @)= x} © ZL=Z
(MRZecAXxA|f(2)=X})=nQ{ZcAXxA| f(D)=X}=7Q f~1(X) =
T Qg(X).Now,if X ¢ Im(f), we have thatw x X ¢ Im(f) (because we proved
above that Im( f) is supported by supp(f)). Thus g(r x» X) = (x, y). Since 7 fixes
supp(x) U supp(y) pointwise, we get 7 ® g(X) =7 ® (x,y) = (7(x), 7 (y)) =
(x,y) = g(w = X). Therefore, g is finitely supported according to Proposition 4.
Since g is also surjective, this contradicts the fact that there does not exist a finitely
supported surjective mapping from (prs(A), *) to (A x A, ®).

3. Suppose there is a finitely supported surjection f: o rs(A) — o rs(A) X prs(A).
Obviously, there exists a supported surjection s : p7s(A) — A defined as in
Theorem 1(3). Thus, we can define a surjection g : g rs(A) X g rs(A) — A x Aby
g(X,Y)=(s(X),s(Y))forall X, Y € pys(A) which, according to Propositions 2
and 4 is supported by supp(s). Furthermore, the function 2 = g o f : pr;(A) —
A x A is surjective and finitely supported by supp(s) Usupp(f). This contradicts
item 1.

4. If there exists a finitely supported injective mapping f: g rs(A) X pfs(A) —
$rs(A), then we obtain that there exists a finitely supported injection g: A x A —
$rs(A) which contradicts item 2.

5. Letus consider the function f: 5, (A) — gcofin(A) defined by f(X) = A\X for
all X € pfin(A). Clearly, f is bijective. We claim that f is equivariant. Indeed,
let 7 € Sa. To prove that f(m x X)=m  f(X) for all X € gg,(A), we have to
prove that A\ (7 x X) = m » (A\X) for all X € pg,(A). Let y € A\( x X). We
canexpress yasy = - (7' - y). If 7~ .y € X, then y € 7 % X, which is
a contradiction. Thus, 7' - y € (A\X), and so y € 7 » (A\X). Conversely, if
y € mx(A\X),theny = 7 -x withx € A\X.Supposey e txX.Theny =7 -7
with z € X. Thus, x = z which is a contradiction, and so y € A\ (r * X). Since f
is equivariant and bijective, it follows that |7, (A)| = |cofin(A)]. According to
Proposition 3, |9 75 (A)| = 2|pp (A)].

6. Obviously g5, (A) is infinite, because there exist an equivariant injection i : A —
$fin(A) defined by i (a) = {a} foralla € A. According to Theorem 2(2), there does
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10.

11.

not exist a finitely supported injective mapping from 7 (A) onto one of its finitely
supported proper subsets. Thus, there could not exist a bijection f: g rs(A) —
in(A). Thus, |9 (A)] # |95 (A)] = 2lppm(A).

Consideray, a, ..., ap—1,4,...,a},...,a, 4,...,a,_; € Aafamily of pair-

wise different elements. Theni : A — £, (A) defined by

{x,a1,a2,...,a,—1}, ifx#ai, ..., an-1;
‘ {all,...,a{’}, if x = ay;
i(x) =

{a_1sevan_ ), if x = ap—

This is obviously an injective mapping from (A, -) to (¢, (A), x). Furthermore,

we can easy check that i is supported by the finite set of atoms {aj, a2, ..., an—1,
all, coal, ., anl_l, ...,a;_;}, and so |A| < |, (A)|in FSM.

We claim that there does not exist a finitely supported injection from g, (A)
into A. Assume on the contrary that there exists an finitely supported injection
f:on(A) — A. According to the proof of Theorem 5(1), for any ¥ € ¢,(A)
which is disjoint from supp(f), we have f(Y) ¢ Y. Since supp(f) is finite, there
are infinitely many such Y with the property that Y Nsupp(f) = @. Thus, because it
isinjective, f takes infinitely many values on those Y. Since supp( f) is finite, there
should exist at least one element in g, (A) denoted by Z such that ZNsupp(f) = ¥
and f(Z) ¢ supp(f). Thus, f(Z) = a for some a € A\(Z U supp(f)). Let
b e A\(supp(f)U Z U{a}) andalsoletw = (ab). Then & € Fix(supp(f)UZ),
andhence f(Z) = f((ab)xZ) = (ab)(f(Z)) = b, acontradiction. We obtained
that |A| # |pn(A)| in FSM, and so |A| < |gn(A)].

According to Theorem 6(3) (that will be independently proved below), we have that
lprs(A)| = |2As|. Obviously, |, (A)] < [@rs(A)|. According to Theorem 2(2),
there does not exist a finitely supported injective mapping from g s(A) onto one
of its finitely supported proper subsets. Because g, (A) is a particular subset of
$rs(A), there could not exist a bijection f: ps(A) — £,(A), and so |p,(A)| #
975 (A Thus, [, (A)] < 1975 (A)] = 127,

According to item 7, we obviously have that |[A] < [02(A)] =< |pm(A)] <
955 (A)] = 24,

Since there is a finitely supported surjection from g r;(A) onto A [defined as in
the proof of Theorem 1(3)], the result follows from item 1.

Since there is a finitely supported injection a +— {a} from A into pz;(A), the
result follows from item 2.

For the invariant set (4, -), the family 7, (A) = {(x1, ..., %) € (A X -+ X
A) |m > 0} of all finite injective (one-to-one) tuples from A (including the empty
tuple denoted by @) is an S-set with the Sa-action * : Sg x T (A) — T (A)
deﬁnedbyrr*@ =f{forallm e Saand 7w x (X1, ..., X)) = (T - X1, ...,7T - Xp)
for all non-empty tuples (x1, ..., Xn) € T (A) and all m € S4. This is a direct
consequence of the fact that permutations of atoms are injective, and so finite
injective tuples are transformed in finite injective tuples. Since A is an invariant
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set, we have that T, (A) is an invariant set with supp(ay, ..., a,) = supp(ar) U
...Usupp(ay) = {ai, ..., an}, for any injective tuple of atoms (ay, ..., an).
Since supp(@) = @, it follows that Tg, (A)\@ is an equivariant subset of T, (A),
and is itself an invariant set. Let us fix an atom a € A. We define f: T, (A) —
Tin(AND by £(y) = {Z;), iii 1;2%1 injective non-empty tuple; Clearly, f is
surjective. We claim that f is supported by supp(a). Let 7 € Fix(supp(a)),
ie.a = mw(a) = mw*(a). If y is a non-empty tuple of atoms, we obviously
have f(mrxy) = mxy = mw*f(y). If y = @, we have 7y = @, and
o f(mxy) = (@) = w(a) = ax f(y). Thus, f(rxy) = 7w f(y) for all
y € T3, (A). According to Proposition 4, we have that f is finitely supported.
We define an equivariant surjective function g : Tjp, (A)\@ — T, (A) by

. @, ifyis a tuple with exactly one element;

8(y) = {y/, otherwise:
where y’ is a new tuple formed by deleting the first element in tuple y (the first
position in a finite injective tuple exists without requiring any form of choice).
Clearly, g is surjective. Indeed, g = g((a)) for some one-element tuple (a); this is
possible because A is non-empty, and so it has at least one atom. For a fixed finite
injective non-empty m-tuple y, we have that y can be seen as being “contained” in
an injective (m + 1)-tuple z of form (b, y) (whose first element is a certain atom b,
and the following elements are precisely the elements of y). The related atom b
exists because y is finite, while A is infinite. We get y = g(z). For proving the
surjectivity of g we do not need to ‘choose’ precisely such an element b, being
sufficient to prove that g(b, y) = y forevery b € A\{y} and A\{y} is non-empty.
We claim now that g is equivariant. Let (x) be a one-element tuple from A and
an arbitrary permutation of atoms. We have that 7 « (x) = (7 (x)) is a one-element
tuple from A, and so g(w x (x)) = G=nxl=m *g((x)). Let (x1,...,xp) €
Tin(A),m > 2 and w € Sa. We have g(m * (x1,...,xp)) = g((m - x1,...,7 -
xm)) = g (x1), ..., t(xm))) = ((x2), ..., w(Xm)) = TH (X2, ..., Xpm) =
T *g(x1,...,xy). According to Proposition 4, we have that g is empty-supported
(equivariant).
Since Tj,(A) does not contain an infinite uniformly supported subset (the finite
injective tuples of atoms supported by a finite set S are only those tuples formed
by elements of S, being at most 1 + Alls| + A|25| +---+ Algl such tuples, where
Aﬁ =n(m —1)...(n —k + 1)), according to Lemma 1, there could not exist a
finitely supported injective h : Tf,(A) — Tﬁn(A)\@.

12. Firstly, we prove the following lemmas. O

Lemma2 Let X and Y be two invariant sets and f: X — Y a finitely supported
Sfunction. Then the mappings g : ©rs(Y) — gr5(X) defined by g(V) = L)
forall Ve prs(Y), and h : 9rs(X) — grs(Y) defined by h(U) = f(U) for all
U € pyrs(X) are well defined and finitely supported by supp(f). Furthermore, if f
surjective, then g is injective and h is surjective, and if f injective, then g is surjective
and h is injective.

@ Springer



Properties of the atoms in finitely supported structures 245

Proof of Lemma 2 The proof of this lemma requires the involvement of the S-finite
support principle. Let V be an arbitrary element from g 7 (Y). We claim that f vy e
$rs(X). Indeed we prove that the set F~Y(V) is supported by supp(f) Usupp(V). Let
7w € Fix(supp(f)Usupp(V)),andx € f_l(V).This means f(x) € V. According to
Proposition 4, and because 7 fixes supp( f) pointwise and supp( f) supports f, we have
fr-x)=m-f(x) ex*V =V,andsom-x € f~ (V) (wedenoted the actions on X
and Y generically by -, and the actions on their powersets by * ). Therefore, f~!(V) is
finitely supported, and so the function g is well defined. We claim that g is supported
by supp(f). Let & € Fix(supp(f)) which means that 7~ € Fix(supp(f)), and so
f~l.x)=nm"1. f(x) forall x € X according to Proposition 4. For any arbitrary
V e prs(Y), wehave that z € g(mx V) = fla*xV)e f)enxV & al.
f@QeVe fal DeVernlzefl(V)yozensxfI(V)=maxg(V).
Iffollows that g(r « V) = w x g(V) forall V € p¢,(Y), and so g is finitely supported.

Using techniques presented above, we state that the set f(U) is supported by
supp(f) U supp(U) for any U € pri(X). Let w € Fix(supp(f) U supp(U)), and
x € f(U). Then x = f(y) for some y € U. However, because 7 € Fix(supp(U)), it
follows that 7 - y € U and so, from Proposition4 we getm-x = - f(y) = f(w-y) €
f(U). Thus, h is well defined. For all # € Fix(supp(f)) and U € pr(X), we have
fr«xU)={f(m-2)|zeU}={n-f(@)|ze€eU}=mnmnxf(U),andso h is finitely
supported by supp( f). The rest of the proof is a routine exercise. O

Lemma3 Let (B, ) and (C, ©) be two invariant sets. If there exist a finitely supported
injective mapping f: B — C and a finitely supported injective mapping g : C — B,
then there exists a finitely supported bijective mapping h : B — C.

Proofof Lemma 3 Letusdefine F : o (B) — pfs(B)by F(X) = B—g(C— f(X))
for all finitely supported subsets X of B. F is correctly defined, i.e. Im(F) C ps5(B)
because F(X) is supported by supp(g) U supp(f) U supp(X) for all X € prs(B).
Furthermore, F is a finitely supported function, supported by supp(f) U supp(g) (by
repeatedly applying Lemma 2). We can easily verify that forany X, Y € pr,(B) with
X C Y,wehave F(X) C F(Y). According to Theorem 6(4) there exists T € g r;(B)
supported by supp(F) such that F(T) = T. Thus, T = B — g(C — f(T)), or
equivalently, B — T = g(C — f(T)). Since g is injective, we obtain that for each
x € B—T, g~ !(x) is a set containing exactly one element.
) fx), forxeT;

We define h : B — C by h(x) = {gl(x), forx € B—T.

According to Proposition 4 we have that & is supported by the set supp(f) U
supp(g)Usupp(T) = supp(f)Usupp(g).Indeed,letw € Fix(supp(f)Usupp(g)U
supp(T)), and x an arbitrary element of B.If x € T, because & € Fix(supp(T)) and
supp(T) supports T, we have - x € T. Thus, from Proposition 4 we get h(w - x) =
fE-x)=nof(x)=nmoh(x).Ifx € B—T,wehaver-x € B—T.Thus,because g
is finitely supported, according to Proposition 4 we have h(w - x) = g‘l(n -X) =
7 og ! (x) = m o h(x), by involving the first part of Lemma 2. Finally, one can easily
remark that / is bijective.

We can now start the proof of item 12 of the theorem.

As in item 11, we consider the sets B = Yﬁn(A)\Q) and C = T, (A). According to
item 11 there exists a finitely supported surjective function f: C — B and a finitely
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supported (equivariant) surjection g : B — C. Thus, according to Lemma 2, there
exist a finitely supported injective function f’ : prs(B) — gzs(C) and a finitely
supported injective function g’ : p7s(C) — g fs(B). According to Lemma 3, there
is a finitely supported bijection between g s (B) and g (C). However, we proved
in item 11 that there is no finitely supported bijection between B = Yﬁn(A)\(Z and
C =T (A). O

4.4 Fixed points of functions between atomic sets

Theorem 4 Finitely supported functions between atomic sets have the following spe-
cific FSM properties:

1. Weak Tarski fixed point theorem for self mappings on gfin(A):
Let f: 94 (A) — 95in(A) be a finitely supported order preserving function. Then
there exists a least Xo € pfin(A) supported by supp(f) such that f(Xo) = Xo.
2. Weak Tarski fixed point theorem for self mappings on ©fin (9 rs(A)):
Let f: (9 rs(A) — pun(rs(A)) be a finitely supported order preserving
function. Then there exists a least Xo € ggin( r5(A)) supported by supp(f) such
that f(Xo) = Xop.
3. Bourbaki-Witt fixed point theorem for self mappings on gfn(A):
Let f: 9 (A) — g5in(A) be a finitely supported function with the property that
X C f(X)forall X € n(A). Thenthereis Xo € pfin(A) suchthat f(Xo) = Xo.
4. Bourbaki-Witt fixed point theorem for self mappings on o (915 (A)):
Let f: 904 rs(A)) — @ rs(A)) be a finitely supported function with the
property that X C f(X) for all X € gpn(9rs(A)). Then there exists Xo €
$fin (5 (A)) such that f(Xo) = Xo.
5. Iterative calculation of fixed points for self mappings on g s (A):
Let f:p75(A) — gr5(A) be a finitely supported order preserving function. Then
there is ng € N such that (X € pr(A)| f(X) € X} = f"(@) and mg € N
such that U{X € prs(A) | X C f(X)} = f™0(A).

Proof

1 and 2. Let X be one of the sets A or p s (A). We proved that X does not contain an
infinite uniformly supported subset [see Theorem 1(2)].
We prove by contradiction that gy, (X) does not contain an infinite uniformly
supported subsets. If X = A, then, obviously gy, (A) does not contain infinite
uniformly supported subsets. If X = g ;(A), then suppose, by contradiction,
that there is an infinite uniformly supported sequence 7 = (X;,), € /i (X).
Therefore, there exists a finite set S of atoms such that supp(X,) C S for
all n € N. As in the proof of Theorem 2(3) we get Uxcx, supp(x) C S for
all n € N. Thus supp(x) € S for all x € U;enX;. Therefore, U;enX; is an
infinite uniformly supported subset of X, which is a contradiction. Hence
every uniformly supported subset of gy, (X) should be finite.
Let f: pfin(X) — $in(X) be a finitely supported order preserving function.
Since ¥ € f(¥) and f is order preserving, we can define the countable
ascending sequence ¥ € f(#) € f2(@) € --- € f(@P) < ---. More
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3 and 4.

exactly, we have that (f"(¥)),en is an ascending chain, where " () =
FN @) and fO0) = 0.

We prove by induction that (f"(9)), is uniformly supported by supp(f),
that is, supp(f"(#)) € supp(f) for each n € N. We have supp(f°(®)) =
supp(B) = @ < supp(f). Let us suppose that supp(f" (@) < supp(f)
for some n € N. We have to prove that supp(f"T1 (@) < supp(f). So,
we have to prove that each permutation w which fixes supp(f) pointwise
also fixes f (@), Letw € F ix(supp(f)). From the inductive hypothesis,
we have m € Fix(supp(f"(¥))), and so 7 x f*(¥) = f"(¥). According to
Proposition 4, we have 7 » f"T1(@) = 7« f(f"(®D) = f(w* f*(®)) =
F @) = (). Therefore, (f™(?))nen € $fin(X) is uniformly sup-
ported by supp(f). Thus, (f"(#)),en should be finite, and so there exists
no € N such that f"(@) = f"0 (@) for all n > ng. Thus, f(f"0(@)) =
frotrl@)y = fmo(@), and so f™0 (%) is a fixed point of f, and, furthermore,
it is supported by supp(f).

If Y is another fixed point of f, then from ¥ C Y, we get f"(@) € f"(Y)
for all n € N. Therefore, f"0 (@) C f"0(Y) =Y, and so f"°(#) is the least
fixed point of f.

As in the proof of items 1 and 2, the fixed point of f is defined as the
least upper bound of the uniformly supported, stationary ascending sequence
B C f@) C fz(ﬂ) C --- C f"(®) C ---. However, since f is not
necessarily order preserving, this fixed point of f is not necessarily a least
one.

. According to Theorem 6(4) we have that f has a least fixed point which is

equal to N{X € prs(A)| f(X) © X}. As in the proof of items 1 and 2,
because ¥ C f(¥) and f is order preserving, we can define the countable
ascending sequence ¥ S f(¥) < f2(@) € --- C (W) C --- which is
uniformly supported by supp(f). However, there could exist only finitely
many subsets of A (i.e. only finitely many elements in g 7 (A)) supported by
supp(f), namely the subsets of supp(f) and the supersets of A\supp(f).
Thus, (f"(?)),en should be finite, and so there exists ng € N such that
fr@) = fro@) forall n > no. Thus, f(f" @) = for1 @) = f@),
and so f"0(¥) is a fixed point of f, and furthermore, it is the least one (as
in the proof of item 1). Since the least fixed point of f is unique, it follows
that N{X € 5 (A) | f(X) S X} = f(@).
Dually, f has a greatest fixed point equal to U{X € pr;(A) | X € f(X)).
The descending chain - - - € f"(A) C f"1(A) C--- C f(A) C Ais uni-
formly supported by supp(f)Usupp(A) = supp(f)UB = supp(f). There-
fore, because g rs(A) cannot contain an infinite uniformly supported subset,
the sequence (f™(A))eN 18 stationary, i.e. there exist an mo € N such that
f™(A) = f™(A) for all m > mg. Thus, f™0(A) is a fixed point of f,
and furthermore, it is the greatest one because whenever Z is another fixed
point of f,from Z C A, we get Z = f™0(Z) C f™(A). Since the greatest
fixed point of f is unique we have U{X € p;(A) | X C f(X)} = f™0(A).
O
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4.5 Inconsistency of some specific choice principles

At the end of the section devoted to specific properties of the atoms we presented some
examples of atomic sets not satisfying certain choice principles.

Theorem 5 We provide constructions of certain atomic sets that do not satisfy specific
forms of choice:

1. There does not exist a finitely supported choice function defined on g, (A) for any
integer n > 2. Hence there does not exist a finitely supported choice function on
$fin(A) either.

2. There does not exist a finitely supported choice function defined on gcofin(A).

3. There do not exist finitely supported total order relations (and so neither finitely
supported well-order relations) defined on infinite finitely supported subsets of the
sets A, in(A), Peofin(A), 975(A), A, or Ppin (75 (A)).

4. Zorn’s lemma does not hold for pg,(A):

(9fin(A), %, C) is an invariant set having the property that any finitely supported
totally ordered subset of pfin(A) has an upper bound in ©g,(A), but g, (A) does
not have a maximal element.

5. Zorn’s lemma does not hold for g (95 (A)):

(ofin(pfs(A)), x, C) is an invariant set having the property that any finitely sup-
ported totally ordered subset of ©fin (0 r5(A)) has an upper bound in g, (9 £5(A)),
but pfin (9 15 (A)) does not have a maximal element.

Proof

1. Fix some n > 2, and consider a finitely supported function f: g,(A) — A
and an arbitrary set Y := {ay, ..., a,} from g,(A) such thatay,...,a, do
not belong to supp(f). Assume by contradiction that f(Y) € Y. Letw be a
permutation of atoms which fixes supp( f) pointwise, and interchanges only
all the elements of Y (e.g.  is a cyclic permutation of Y). Since & permutes
all the elements of Y and f(Y) € Y,wehaver - f(Y) =n(f(Y)) # f(Y).
However, 7 xY = {n(ay), ..., n(a,)} = {a1,...,a,} = Y. Since m fixes
supp(f) pointwise and supp( f) supports f,wehavenr (f(Y)) =n-f(Y) =
f@*Y) = f(Y), a contradiction. Thus f(Y) ¢ Y, and so f cannot be a
choice function on g5, (A).

2. By contradiction, assume that f is a finitely supported choice function func-
tion on g, (A). Since A\supp(f) is cofinite, we have f(A\supp(f)) €
A\supp(f). Thus, f(A\supp(f)) = b ¢ supp(f). Let ¢ # b
with ¢ ¢ supp(f). Clearly (bc) fixes supp(f) pointwise, and so
(bc)* (A\supp(f)) = A\((bc)xsupp(f)) = A\supp(f). Furthermore,
by Proposition 4, (bc) - f(A\supp(f)) = f((bc)x(A\supp(f))) =
F(A\supp(f)) = b. However, (b¢) - f(A\supp(f)) = (be)b) = c,
i.e. a contradiction.

3. Let (Y, -) be one of the invariant sets A, ©5in(A), ©cofin(A), P rs(A), A?S
or pfin($rs(A)), and X an infinite finitely supported subset of Y. Suppose
there is a finitely supported total order relation < on X. Let m € Fix
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4 and 5.

(supp(<) U supp(X)) and x € X an arbitrary element. Since X is sup-
ported by supp(X),  fixes supp(X) pointwise (i.,e w - x € X) and <is a
total order on X, we have either x < 7 -xorx =m7 -xorm-x < x. If
x <m-x,thenwegetx <mw-x < 72.x <--- < 7" xforalln € N. How-
ever, since every permutation of atoms is expressed as a finite composition
of transpositions, 7 has a finite order in the group S4 and so thereis m € N
such that 7" = Id. This means that 7 - x = x, and so we get x < x which
is a contradiction. Similarly, the assumption 7 - x < x leads to the relation
a"-x <--- <mw-x < xforalln € N which is also a contradiction (because
7 has a finite order). Thus 7 - x = x, and because x was arbitrary chosen
from X, X should be uniformly supported by supp(<) Usupp(X), whichis a
contradiction because Y cannot contain infinite uniformly supported subsets.
Let X be one of the sets A or pss(A). Let F be finitely supported totally
ordered subset of the invariant set g, (X) equipped with the equivariant order
relation C. Since F is totally ordered with respect to the inclusion relation on
$fin(X), then there does not exist two different finite subsets of X of the same
cardinality belonging to F. Since F is finitely supported, then there exists a
finite set S € A suchthatw xY € F foreach Y € F andeachw € Fix(S).
However, for each Y € F and each m € Fix(S) we have that [t xY| =
|Y|. Since there does not exist two distinct elements in F having the same
cardinality, we conclude that 7 x Y = Y forall Y € F and all m € Fix(S).
Thus, F is uniformly supported by S. According to Theorem 1(2) and to the
proof of Theorem 2(3), F must be finite, and so there exists the (finite) union
of the members of F which is an element of g, (X) and an upper bound
for . Suppose by contradiction that there exists a maximal element X of
$fin(X). Then Xo = {x1, ... x4}, x1, ..., x, € X forsomen € N. Since X is
infinite, there exists y € X\ Xo. However, {x1,...x,} C {x1,...x,, ¥y} with
{x1,...x4, ¥} € 9 (X) which contradicts the maximality of Xj. ]

5 Atoms properties translated from ZF

Theorem 6 The following properties of the atoms are naturally translated from the
ZF framework.

1. There exists a finitely supported (more exactly, an equivariant) injective mapping
g :ors(prs(A)) = prs(9rs(A)) that is not surjective.

2. There exists a finitely supported (more exactly, an equivariant) injective mapping
g : 0rs(Pin(A)) — ©rs(9fin(A)) that is not surjective [analyze this in compari-
son with Theorem 2(3)].

3. There exists an equivariant bijective mapping from s (A) onto the family ZAS
(where 2 = {0, 1}) of those finitely supported functions from A to the ordinary ZF
set 2, i.e. |@rs(A)| = 24| in FSM.

4. Tarski fixed point theorem:
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Let (U, ) be aninvariant set (particularly, U = A, U = gn(A), orU = prs(A)).
Any finitely supported order preserving function f:prs(U) — prs(U) has a
least fixed point defined as \{X € pr;(U) | f(X) € X} and a greatest fixed point
defined as U{X € prs(U) | X C f(X)}, which are both supported by supp(f).

Proof 1. Let X; be the set of all i-sized subsets of A,ie. X; ={Z C A||Z| = i}.
Obviously, we have that any i-sized subset of A is finitely supported. Since every
permutation of atoms is bijective, the image of an i-sized subset of A under an
arbitrary permutation is another i -sized subset of A. Thus, in FSM each X; is equiv-
ariant as a subset of g r;(A), and so each X; is an element from s (9 5 (A)).
We define f:N — prs(pr5(A)) by f(n) = X,,. We claim that f is equivariant.
Indeed, let # € Sp. Wehave mx f(n) = nxX,, = X,, = f(n) = f(m on)
(where ¢ is the trivial Sg-action on N, and * represents the S4-action on
©rs(@rs(A))) for all n € N. According to Proposition 4, we have that f is
equivariant. Furthermore, f is injective.

Let us define g : o 75 (075 (A)) — 15 (915 (A)) by

[ fm+1), if3neNwith X = f(n);
g(X) = {X, X ¢ Im()

We claim that g is equivariant. Indeed, let 7 € S4 and X € pri(pfs(A)). If
there is some n such that X = f(n), we have that rx X = 7w x f(n) = f(n),
andso g(mxX) = g(f(n) = fm+1) =axfn+1) =axg(X). If X ¢
Im(f), we prove by contradiction that ¥ « X ¢ Im(f). Indeed, suppose that
7w xX € Im(f). Then there is m € N such that 7w x X = f(m) or, equivalently,
X = 7'« f(m). However, since f is equivariant, from Proposition 4 we have
7 % f(m) = f(JT_l om) = f(m) € Im(f) which contradicts the assumption
that X ¢ Im(f). Thus, mxX ¢ Im(f),andso g(mxX) = 7 x X = 7w xg(X).
We obtained that g(m * X) = m X = m»g(X) forall X € prs(prs(A)) and all
m € Sa, and so g is equivariant. Since f is injective, it follows easily that g is
injective. Furthermore, Im(g) = prs (9 rs(A)\{f(0)} which is a proper subset
of o rs(97s(A)), finitely supported by supp(f(0)) = @.

2. The proof is actually the same as in item 1 because each X; in the proof of item 1
is an element from g 7 (95in (A)).

3. We prove the result in the more general case emphasized in the following lemma,
that makes it applicable also to other invariant sets. O

Lemma4 Let (U, -) be an invariant set. There exists an equivariant bijective mapping
Sfrom © ¢ (U) onto the family {0, 1}?5 of those finitely supported functions from U to
the ordinary ZF set {0, 1}.

Proofof Lemma4 Let B € pr,(U), and ¢p be the characteristic function on B, i.e.
def | 1 forx € B
ep(r) = {Oforx € U\B
Firstly we prove that ¢p is supported by supp(B). Let m € Fix(supp(B)). Thus
mxB = B,andsom -x € Bifandonly if x € B. Thus, ¢pp(r - x) = ¢p(x) for all
x € U, and from Proposition 4 we have that ¢p is supported by supp(B).

. We claim that X +— ¢y is equivariant.
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According to Proposition 4, to prove that the function g := X +— @y defined on
g rs(U) (with the codomain contained in {0, 1}% according to the above paragraph)
is equivariant, we have to prove that 7 % g(X) = g(w +»X) forall7w € S4 and X €
g rs(U) (where % symbolizes the induced S4-action on {0, 1}%). This means that we
need to verify the relation 7 * @y = @r.x forallm € S4 and X € p rs(U). Let fix
7€ Syand X € prs(U). We know that x € 7 x X if and only if 7! - x € X for all
x € U. Thus, px(m™" - x) = ¢z . x(x) for all x € U, and so, by the definition of %
and because ({0, 1}, ¢) is necessarily a trivial invariant set, we have (7t * ¢x)(x) =
T <>g0x(7'r_1 -x) = (px(n_l “xX) = @rox(x) forall x € U. Hence 7 *9x = ¢r 4+ X»
and because X has been arbitrarily chosen from g 7, (U), we have that g is equivariant.

We proved that g is an equivariant function from g #;(U) to {0, 1}%. Clearly, g
is injective. Now we prove that g is surjective. Let us consider an arbitrary finitely

supported function f:U — {0, 1}. Let By e {x e U| f(x) = 1}. We claim
that By € prs(U). Let 1 € Fix(supp(f)). According to Proposition 4, we have
f(r-x) = f(x)forallx € U.Thus,foreachx € By, wehave w-x € By. Therefore,
7 x By = By, and so By is finitely supported by supp( f). A simple calculation show
us that g(By) = f, and so g is surjective.

4. Clearly, the inclusion relation C is an equivariant order relation on the invariant
set (g rs(U), *) because, from the definition of x, X C Y leads to m x X =
{m-x|lxeX}C{n-ylyeY)=nxYforallm € Sqand X, Y € pr,(U).
We prove that the set S := {X | X € p7,(U), X C f(X)}is a non-empty finitely
supported subset of (75 (U), »). Obviously, ¥ € S. We claim that S is supported
by supp(f). Let 7 € Fix(supp(f)), and X € S. Then X C f(X). From the
definition of * we have m x X € m » f(X). According to Proposition 4, because
supp(f) supports f,wehave r x X Cwx f(X) = f(mxX),andsomr xX € §S.
It follows that S is finitely supported, and supp(S) C supp(f). We claim that
T := UxesX is finitely supported by supp(S). Indeed, let m € Fix(supp(S)).
Let x € UxesX. There exists Y € S such that x € Y. Since w € Fix(supp(S)),
we have m xY € S, that is there exists Z € S such that 7 xY = Z. Therefore,
m-xemxY =Z,andsow -x € UxesX. Weobtain 7 xUyesX = UxesX, and
so T is finitely supported by supp(S) < supp(f).

We prove that (7)) = T. Considering an arbitrary X € S, we have X C f(X) C
f(T). By taking the supremum (union) on S, this leads to T < f(T). However,
because T < f(T) and f is order preserving, we also have f(T) < f(f(T)).
Furthermore, f(T) is supported by supp(f) Usupp(T), andso f(T) € S. According
to the definition of 7', we get f(T) € T. Moreover, T is the greatest fixed point of f.
Indeed, whenever T’ is an element in p7(U) such that f(T') = T’, it follows
that 7/ € S, and so 7’ C T. In a similar way we prove that the set 8’ = {X €
2 rs(U) | f(X) € X} is finitely supported by supp( f). Similarly (as in the paragraphs
above), there exists Nyes X' € g r5(U) (also supported by supp( f)) which is the least
fixed point of f. O
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6 Choice properties of the atoms

An invariant Boolean algebra is an invariant set (L, -) endowed with an equivariant
lattice order C and with the additional condition that L is distributive and uniquely
complemented. A finitely supported prime ideal of the Boolean algebra (L, L, 1) is
a finitely supported subset / of L with the properties that / is a lower set (for every
x € I,y < ximpliesthat y € I), I is directed (forevery x,y € I wehavex Uy € I)
and / is prime (for every x, y € L we havethatx My € [ impliesthatx € I ory € I).
In Theorem 2.14 from [1] we proved that Boolean prime ideal theorem (claiming that
every non-trivial invariant Boolean algebra has a finitely supported prime ideal) is
false in FSM. However, we are able to prove that for g ¢ (A) the Boolean prime ideal
theorem holds.

Antichains in a partially ordered set are subsets of pairwise incomparable elements.
Maximal antichain principle claims that any partially ordered set has a maximal
antichain. This statement is equivalent with the axiom of choice in ZF. Although
& rs(A) has no choice function, we prove that it contains a maximal antichain.

Ramsey’s original theorem (ROT) in ZF states that if we consider an infinite set X
and colour the elements of g, (X) in ¢ different colours, then there exists some infinite
subset M of X such that the all the subsets of M of size n are coloured by the same
colour. In the ZF framework, ROT is not provable without assuming some form choice.
In [3]itis proved that the axiom of countable choice (claiming the existence of a choice
function on each countable family of non-empty sets) implies ROT. Furthermore,
according to [10] ROT implies that every infinite family of nonempty finite sets has a
partial choice function (i.e. it has an infinite subfamily with a choice function). There
exist models of set theory in which ROT fails. In Proposition 8.8 of [7] it is proved that
the set of atoms from Fraenkel’s second model of ZFA does not satisfy ROT, while
from [3,10] we know that ROT is false in the second Cohen model of ZF (model M7
in [8]) and in the basic Cohen model of ZF (model M1 in [8]). However ROT is true
in the basic Fraenkel model according to [3]. A more recent development regarding
ROT is in [12]. Although countable choice principle is inconsistent in FSM [1], we
provide a constructive proof for a result stating that A satisfies ROT in FSM. Our
proof of Theorem 7 follows Blass’s technique for proving the general validity of ROT
in basic Fraenkel model (adapted to groups actions and invariant sets, and presented
in a constructive manner for the invariant set A). Furthermore, we are able to prove
easily that Infinite Pigeon-Hole Principle (the particular case of ROT for n = 1) is
valid for all invariant sets, but in this case we do not provide a constructive approach
as in the case of ROT for A.

Theorem 7 For the set of atoms the following choice forms are valid:

1. (prs(A), x, C,) is an invariant Boolean lattice and the subset £y, (A) is a finitely
supported prime and maximal ideal of © rs(A).

2. (prs(A), x, Q) isaninvariant Boolean lattice and ©.ofin (A) is a finitely supported
prime and maximal filter of © rs(A).

3. The invariant partially ordered set (9 y5(A), %, C) contains infinitely many max-
imal antichains (i.e. it contains infinitely many equivariant maximal subsets of
pairwise incomparable elements).
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4. Infinite Pigeon-Hole Principle holds for all invariant sets, and particularly for the
invariant sets A, pfs(A), g, (A):
Suppose that there exists an FSM colouring on the elements of an infinite invariant
set (X, -) with finitely many colours belonging to a certain invariant set (Y, ©).
Then there exists a set M C X infinite and finitely supported such that all elements
of M are FSM coloured with the same colour.

5. Ramsey’s theorem for atoms holds in FSM, and furthermore, it admits a construc-
tive proof:
Let n > 1. If there exists an FSM colouring on the elements of (§,(A), x) with
finitely many colours belonging to a certain invariant set (Y, ¢) (i.e. a finitely
supported function from ,(A) to a finite subset of Y), then we can construct
M C A infinite and finitely supported such that all n-sized subsets of M are FSM
coloured with the same colour.

Proof 1. Clearly C is an equivariant lattice order relation on g 7 (A) by the definition
of * in Proposition 2(6). The distributivity property over (pf5(A), €) follows
directly. The greatest lower bound and the least upper boundin o r;(A) are fand A,
respectively. Let X € gy (A). Clearly, A\X is supported by supp(X), and so
A\X € prs(A). Thus, (prs(A), *, ) is an invariant Boolean lattice. We have
that o5, (A) is an equivariant subset of g s(A). It is obviously a directed lower
set. We prove now that gy, (A) is prime. Let X and Y be two finitely supported
subsets of A such that X N'Y € gg,(A). Assume that neither X nor Y is finite.
Then, because both X and Y are finitely supported subsets of A, and every finitely
supported subset of A is either finite or cofinite, we have that both X and Y are
cofinite, which means both A\ X and A\Y are finite. By de Morgan laws, we have
A\(XNY)=(A\X)U(A\Y), and so A\(X NY) is finite (as a union of two finite
subsets of A), which means X N Y is infinite, a contradiction. Thus, at least one
of the subsets X and Y should be finite. Now, we prove that £y, (A) is a maximal
idealin p 4 (A). Let I be an ideal of g 75 (A) with pg,(A) € 1 € prs(A). Then [
contains a cofinite subset of A of form A\ X with X finite. Since [ is an ideal and
X e1,wehave A = X U (A\X) € I. Since [ is a lower set, we have that every
Y € pys(A) (e every Y Cyg A)is amember of 1. Then I = g, (A).

2. By duality with item 1.

3. For each n € N we define g,(A). Since permutations of atoms are bijective
functions, the effect of any permutation of atoms on an n-sized subset of A is
another n-sized subset of A. Thus, each g, (A) is an equivariant subset of  r5(A).
Obviously, for a fixed n € N, any two elements of g, (A) are incomparable via C
because they are different subsets of A having the same cardinality. Furthermore, if
there was a finitely supported antichain U of g 7 (A) with 0, (A) C U C prs(A),
then U should contain at least a subset V of A having the size different from n
(since g, (A) contains all the n-sized subsets of A). Such a subset V of A is
comparable via the inclusion relation with at least one n-sized subset of A, and so U
would not be an antichain of pzs(A). Thus, ,(A) is a maximal antichain of
o rs(A) foreachn € N.

4. We have that the set of colours {c1, ..., ¢, } forms a subset of Y which is finitely
supported by S = supp(c1)U- - -Usupp(cy). By hypothesis, there exists an FSM
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colouring on X, which means there exists a finitely supported function f: X —
{c1,...,cm}. We denote by X; = f~(¢c;) = {x € X| f(x) = ¢;} foralli €
{1,...,n}. We claim that X; is supported by supp(f) U supp(c;) for any i €
{1,...,n}. Fix some i, and let 7 € Fix(supp(f) U supp(ci)) and y € X; =
f~(c;). This means f(y) = c;. Thus, because 7 fixes supp(f) pointwise, we
have f(m -y) = w ¢ f(y) = 7 ¢ ¢;. However, since 7 fixes supp(c;) pointwise
and supp(c;) supports c;, we have 7 o.¢; = ¢;, andso -y € f~'(¢;). Therefore,
X; is finitely supported for alli € {1, ..., n}. Since f is a function, it follows that
X = U; X;. Since X is infinite, at least one X; should be infinite. Such an X; is
the required subset M of X. Furthermore, the mapping g = f|y : M — {c;} is
supported by supp(f) U supp(M) = supp(f) U supp(c;).

5. Suppose that the set of colours {cy, ..., ¢y} belongs to the invariant set (Y, ©),
and so {cy, ..., ¢} is finitely supported by S = supp(c1) U --- U supp(cy). By
hypothesis, there exists an FSM colouring on g, (A), which means there exists
a finitely supported function f:¢,(A) — {ci1,...,cn}. Let us consider M =
A\(supp(f) U supp(c1) U --- U supp(cm)). Since supp(f) U supp(c1) U ---U
supp(cy,) is finite, it follows that M is cofinite, and so it is finitely supported
with supp(M) = supp(f) U supp(c1) U --- U supp(cy). Thus, M is an infinite
finitely supported subset of A. Furthermore, p,(M) = {X € M ||X| = n}isa
subset of g, (A) which is supported by supp(M); this follows because, whenever
o € Fix(supp(M)) and X € ,(M), we have X € M and |X| = n, and
sooxX C oxM = M and |o »X| = n, from which o xX € g,(M). Let
us consider X,Y € g,(M) with X # Y. Suppose that X and Y have k < n
identical elements. After o renumbering of the elements from X and Y (which is
possible without requiring any form of choice because both X and Y are finite),
we can suppose that the first k elements from X and Y coincide, while the other
elements are all different. Thus, X is of from {xi, ..., xx, Xg41,..., x5} and ¥
is of form {x1, ..., Xk, Yk41, ..., yu} Where x; # y; foralli € {1,...,n} and
jelk+1,...,n}. We define a function 7w : A — A by:

x, ifxe{xy,...,xh;
e ?fX=Xze{Xk+1,.--,xn};
xi, ifx =y € {Yrt1s - b
x, ifx e A\{x1, ..., Xks Xkt1s - - - Xn» Yit1s+ > Vn}-

From the above definition we have that 7 is a finite permutation of A, and 7w x X =
{wx), .o, ), T 1), oo, Tx)} = {x1, ooy Xk Ykt s -5 Y0} = Y.
Since 7 changes only elements belonging to M, it follows that 7 fixes supp(f) U
supp(c1) U --- U supp(cy) pointwise. Thus, since m € Fix(supp(f)), by
Proposition 4 we have f(Y) = f(mxX) = m ¢ f(X). However, since
fixes supp(c1) U --- U supp(cy,) pointwise and f(X) € {cy,...,cn}, we have
7o f(X)= f(X)andso f(¥Y) = f(X). Since X and Y were arbitrarily chosen
from the family of n-sized subsets of M, it follows that f(g¢,(M)) is a single-
element set. Furthermore, g = f, (M) s a finitely supported function (supported
by supp(f) Usupp(M) = supp(f) Usupp(c1) U---Usupp(cm)). O
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7 Conclusion and future work

Finitely Supported Mathematics studies finitely supported algebraic structures (i.e.
finitely supported sets together with finitely supported internal laws), hierarchically
defined starting from an infinite family of basic elements (i.e. atoms) by means of their
finite supports. The S-finite support principle (Sect. 2) shows us how the property of
being finitely supported is transferred to higher-order constructions starting from the
basic elements. Thus, in order to provide finite support properties for higher-order
finitely supported structures, it is important to find finite support properties of basic
atomic sets (from which higher-order constructions are developed) such as the set
of all atoms, its (finite or cofinite) powerset, its second order powerset, or the set of
all (finite) injective tuples of atoms. In this paper we studied the properties of these
basic atomic sets used to define FSM, proving the existence or the non-existence
of finitely supported relations between them. Several properties of the atoms were
obtained in Theorem 6 by translating non-atomic ZF results into FSM by using the
methods described in Sect. 2. However, the most important properties of the atomic sets
are those specific to FSM (i.e. they do not have a related non-atomic correspondent)
which are presented in Theorem 1 (proving properties of finitely supported mappings
between atomic and non-atomic sets), Theorem 2 (proving finiteness properties of
infinite atomic sets), Theorem 3 (proving properties of the cardinalities of atomic sets),
Theorem 4 (proving existence and calculability properties of fixed points for special
finitely supported mappings on atomic sets) and Theorem 5 (emphasizing examples
of atomic sets not satisfying certain choice principles). We also presented valid choice
properties for the set of atoms and its powerset (Theorem 7). As a straightforward
remark, the properties of atomic sets obtained in this paper are also valid in the FM
axiomatic set theory (reformulated accordingly when the fixed ZF set A used for
equipping classical sets with group actions is replaced by the set of atoms in ZFA) and
in the categorical ZF framework of nominal sets which are invariant sets developed
over countable families of atoms. Thus, the results presented in this paper provide new
properties of the atoms in all these frameworks.

A future research direction will be to analyze the validity of the properties presented
in this paper in the EFM set theory [1] defined by replacing the finite support axiom
in FM set theory with a weaker axiom claiming that each subset of atoms should be
either finite or cofinite. More exactly, in EFM set theory we require only the subsets of
atoms to be finitely supported, while higher-order sets could be non-finitely supported.
This research direction could also be a contribution to the theory of ZF amorphous
sets.
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