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Abstract We investigate the application of Courcelle’s theorem and the logspace
version of Elberfeld et al. in the context of non-monotonic reasoning. Here we for-
malize the implication problem for propositional sets of formulas, the extension
existence problem for default logic, the expansion existence problem for autoepis-
temic logic, the circumscriptive inference problem, as well as the abduction problem
in monadic second order logic and thereby obtain fixed-parameter time and space
efficient algorithms for these problems. On the other hand, we exhibit, for each of
the above problems, families of instances of a very simple structure that, for a wide
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range of different parameterizations, do not have efficient fixed-parameter algorithms
(even in the sense of the large class XPnu, resp., XLnu) under standard complexity
assumptions.

Keywords Abduction · Autoepistemic logic · Default logic · Circumscription ·
Parameterized complexity · Courcelle’s theorem · Monadic second order logic

Mathematics Subject Classification 03D15 · 03B42

1 Introduction

Non-monotonic reasoning formalisms were introduced in the 1970s as a formal model
for human reasoning and have developed into one of the most important topics in com-
putational logic and artificial intelligence. However, as it turns out, most interesting
reasoning tasks are computationally intractable already for propositional versions of
non-monotonic logics [18], in fact presumably much harder than for classical propo-
sitional logic. Because of this, a lot of effort has been spent to identify fragments
of the logical language for which at least some of the algorithmic problems allow
efficient algorithms; a survey of this line of research can be found in [37]. Proba-
bly the most prominent non-monotonic concepts are abduction, autoepistemic logic,
circumscription, and default logic.

The method of abduction has been deeply studied by Peirce [32] and Hartshorne et
al. [33], and fundamentally influenced several areas in and around artificial intelligence
as described by Eiter and Gottlob [12] as well as by Creignou et al. [10]. Informally
the reasoning problem is defined through an observation creating a hypothesis and the
search for an explanation.

Circumscription has been firstly introduced by McCarthy [27]. Initially this logic
was invented as a first order variant but has been formalized for other logics later. The
main idea of this non-monotonic concept is to model the idea of general assumptions,
i.e., when making a statement everything that is not stated explicitly is assumed to be
false.

Nowadays Circumscription has become one of the most developed and well studied
formalisms for non-monotonic reasoning [6,23,31,36]. Lifschitz [24] has proven that
reasoning in Circumscription is equivalent to reasoning under the extended closed
world assumption, i.e., the assumption of¬pwhenever p ∈ P is not derivable for some

Table 1 Overview of non-monotonic logics with their different concepts

Logic Concept Introduced by

Abduction Observations and explanations Hartshorne et al. [33] and Peirce [32]

Autoepistemic logic Modal operator L Moore [28]

Circumscription Minimality Semantics McCarthy [27]

Default logic Inference rules α:β
γ Reiter [35]

123



On the parameterized complexity of non-monotonic… 687

set P [17]. From a computational complexity aspect the circumscriptive inference
problem is well understood. Generally the problem has been classified to be complete
for the second level of the polynomial hierarchy, Π P

2 = coNPNP, by Cadoli and
Lenzerini [6] who showed containment, and by Eiter and Gottlob [11] who proved its
hardness.

In this paper a different approach is chosen to deal with hard problems, namely
the framework of parameterized complexity. Gottlob et al. [19] made it clear that the
treewidth of a (suitable graph theoretic encoding of a) given knowledge base is a useful
parameter in this context: making use of Courcelle’s theorem it was shown that many
reasoning tasks for logical formalisms such as circumscription, abduction, and logic
programming become tractable in the case of bounded treewidth.

As we also focus on two of the logics classified by Gottlob et al. [19] let us briefly
discuss the difference to our approach. Gottlob et al. aim for efficient algorithmswhich
usually is not a general benefit of exploiting Courcelle’s theorem. They also explain
why this is the case in the sense of state size explosion of the resulting FTAs. However
they use monadic datalog instead to reach their goal. By this approach all proven
results in their paper (which obtain FPT results though Courcelle’s theorem) deal with
formulas in conjunctive normal form, or to be more precise, with the satisfiability
equivalent formulas in conjunctive normal form. Therefore they have to use clause
and literal predicates in their vocabulary to express the problems on this type of
formulas. In particular, their conjunctive normal form approach appears in nearly every
constructed formula wherefore it is simply not possible to plug in our construction
from Lemma 1 and use their other formulas to obtain general results for formulas
out of CNF—circumvention of this problem would yield the modification of several
formulas.

In contrast to their approach, we will work with arbitrary formulas over any
restricted set of allowed Boolean connectives. We do not construct any satisfiabil-
ity equivalent representations in CNF wherefore we also have to embody the more
complex formula structure in the construction of the MSO formulas (which alas have
to be more complex as well).

Although the obtained results of Gottlob et al. in comparison to our results may
convey the impression that they are similar at first sight, the difference is rather fun-
damental. For instance, if one wants to consider as a natural next step in this line
of research the question about counting complexity in this setting, the results from
Gottlob et al. cannot be used as satisfiability equivalent formulas do not maintain the
counting complexity in general. However we admit that such general notions are more
of theoretical interest and may not be used to obtain time or space efficient algorithms
in the sense asGottlob et al. did. Nevertheless we think that it is good to have a different
and more general point of view on the results as we did than previously existed.

Additionally to our investigation of Circumscription and Abduction, we here exam-
ine a family of non-monotonic logics where the semantics of a given set of formulas
(axioms, knowledge base) is defined in terms of a fixed-point equation. In particular
we turn to default logic [35] and autoepistemic logic [28]. In the first, human reasoning
is mimicked using “default rules” (in the absence of contrary information, assume this
and that); in the second, amodal operator is introduced tomodel the beliefs of a perfect
rational agent. For both logics the algorithmic tasks of satisfiability and reasoning have
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been shown to be complete in the second level of the polynomial hierarchy [18]. Also
the so to speak Boolean fragments of the important decision problems in these two
logics have been completely classified with respect to its computational complexity
[2,9].

Much in the vein of [19] we here examine the parameterized complexity of all
these non-monotonic problems and, making again use of Courcelle’s theorem [8] and
a recent variant by Elberfeld et al., we obtain time and space efficient algorithms if
the treewidth of the given knowledge base is bounded. This underlines once again
how important this parameter is. Let us shortly sketch the intuition behind Courcelle’s
theorem. Assume we are able to express a problem Q in MSO. If instances x ∈ Q
can be modeled via some relational structure Ax over some finite vocabulary τ and
we see Q as a parameterized problem (Q, κ) where κ is the treewidth of Ax then by
Courcelle’s theorem we immediately obtain that (Q, κ) is in FPT.

Previously the parameterized complexity of non-monotonic reasoning has gained
attention by three further publications we do like to mention explicitly. First, Gottlob
et al. [20] have taken an approach via constrained satisfaction problems (CSPs) with
respect to logic programs and model enumeration (here they focus on a version for
circumscription). Second, Zhao and Ding [38] classified disjunction-free default rea-
soning to be fixed-parameter tractable. Last to mention, recently in 2012, Fellows et
al. [15] took a deep look at the parameterized complexity landscape of Abuction. Here
they distinguished between several different kinds of Horn and Krom variants of the
problem and classified fragments also to be complete in the W-hierarchy. Also a good
survey article is available by Gottlob and Szeider [21].

Another non-montonic formalism which received a lot of interest is answer set pro-
gramming [26,30]. This concept is closely related to the declarative language Prolog.
Basically one encodes solutions to a problem into the models of a program such that
solutions are corresponding to terms of rules and constraints. The parameterized com-
plexity has been again investigated by Gottlob et al. [19]. Also the parameterized view
but from a more efficiency focused perspective has been considered by Jakl et al. who
examined counting versions and enumeration tasks of answer set programming [22].

A second contribution of our paper concerns lower bounds: Under the assumption
P �= NP we show that, even for certain families of very simple knowledge bases
and for any parameterization taken from a broad variety, no efficient fixed-parameter
algorithms exist, not even in the sense of the quite large parameterized class XPnu.
These simple families of knowledge bases are defined in terms of severe syntactic
restrictions, e.g., using default rules with literals or propositions only. Restricting the
input structure even further we obtain that no fixed-parameter algorithm in the sense of
the space-bounded class XLnu (the logarithmic space analogue of XPnu) exists, unless
L = NL.

Unfortunately, treewidth is not among the parameters for which our lower bound
can be proven—otherwise we would have proven P �= NP. In a third part of our
paper, we show that those structurally very simple families of knowledge bases, for
which we gave our lower bounds, already have unbounded treewidth. For this result,
we introduce the notion of pseudo-cliques, stemming from the application of edge
contractions, yielding some kind of topological minors, and show how to embed these
into our graph-theoretic encodings of knowledge bases.
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2 Preliminaries

Complexity Theory In this paper we will make use of several standard notions of
complexity theory such as the complexity classes L,⊕L,NL,P,NP, coNP, and �

p
2

and their completeness notions under logspace-many-one ≤log
m reductions.

A parameterized problem is a set P ⊆ �∗ ×N, where � is a finite alphabet. Given
an instance (x, k) ∈ �∗ × N, we refer to x as the input and to k as the parameter.
Further we refer to the value of k by using a polynomial-time computable function
κ : �∗ → N which maps x to k; we then say κ is a parameterization of P . Also we
will use k interchangeably with κ(x) for some input x if the context is clear.

Given a problem P and a parameterization κ, (P, κ) belongs to the class FPT iff
there is a deterministic algorithm solving P in time f (κ(x)) · |x |O(1) where x is an
input of P and f is an arbitrary recursive function; (P, κ) is said to be fixed parameter
tractable then. If (P, κ) is a parameterized problem, then (P, κ)	 := {x ∈ P | κ(x)
= 	} is the 	-th slice of (P, κ). Define (P, κ) to be a member of XPnu (in words, XP
nonuniform) iff (P, κ)	 ∈ P for all 	 ∈ N; similarly the class XLnu is defined over
logspacemachines. For backgroundonparameterized complexitywe recommend [16].

For a long time in parameterized complexity theory themost interesting resultswere
concerned with the parameterized time classes. Here most of our results in this paper
connected to parameterized space classes deal with the class XL which is defined
as follows similarly to Chen et al. [7]. A given parametrized problem (P, κ) over
� is in XL if there exists a deterministic algorithm deciding x ∈ P within space
f (κ(x)) · O(log |x |) for an arbitrary function f . The class XL is different to FPT
(under standard assumptions), e.g., there are complete problems in XL which are not
in FPT as shown by Elberfeld et al. [14].

Clones Let B be a finite set of Boolean functions. B is called a clone if it is closed
under superposition (i.e., arbitrary compositions and projections of functions). With
[B] we denote the smallest clone containing B. If B is a set of Boolean functions,
then a B-formula ϕ only uses functions from B. The underlying framework of Post’s
lattice is a fundamental basis here [34].

Propositional logic Let ϕ,ψ be propositional formulas. We say ψ is implied by ϕ (or
ψ is a consequence of ϕ), in symbols ϕ |	 ψ , if for every assignment θ such that
θ |	 ϕ it holds θ |	 ψ . Further if A is a set of propositional formulas, then we define
Th(A) := {ψ | ϕ |	 ψ, ϕ ∈ A} as the set of all consequences of the set A. If B is
a finite set of Boolean functions then we denote with L (B) the set of propositional
formulas which only use connectives from B.

Monadic second order logic A vocabulary is a set of relation symbols, where each
relation symbol has a finite arity k ≥ 1; if k = 1 then we say the relation is unary
(then we also say the relation is a set). A structure A over a vocabulary τ consists
of a universe A which is a non-empty set, and a relation AA ⊆ Ak for each relation
symbol R, where k denotes the arity of R. Usually we write Rk to denote that relation
R has arity k ∈ N.

Monadic second order logic (or MSO) is the fragment of second order logic in
which only quantification over unary relations is allowed. Further we will use the
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following notion: if M is a set then let M(x) be � if x ∈ M holds and be ⊥
otherwise.

Treewidth A tree decomposition of a structure A (with universe A) is a pair (T, X),
where X = {B1, . . . , Br } is a family of subsets of A (the set of bags), and T is a tree
whose nodes are the bags Bi , satisfying the following conditions:

(i)
⋃

X = A, i.e., every element of the universe appears in at least one bag,
(ii) for each tuple (a1, . . . , ak) appearing in a relation of A , there exists a B ∈ X :

{a1, . . . , ak} ∈ B, i.e., every tuple is ’contained’ in a bag, and
(iii) ∀a ∈ A : {B | a ∈ B} forms a connected subtree T , i.e., for every element a the

set of bags containing a is connected in T .

The width of a decomposition (T, X),width(T, X), is the number max{ |B| | B ∈
X}−1, i.e., the size of the largest bag minus 1. The treewidth of a structureA , tw(A ),
is the minimum of the widths of the tree decompositions of A .

3 MSO-Encodings

The aim of this paper is the application of Courcelle’s theorem for obtaining fixed-
parameter algorithms in the context of non-monotonic reasoning. For this, we will
have to describe the relevant decision problems by monadic second-order formulas.
In this section we will explain how to do this and obtain a preliminary result for the
implication problem.

Now fix a finite set B of Boolean functions. Denote by τB the vocabulary {const1f |
f ∈ B, arity( f ) = 0} ∪ {conn2f,i | f ∈ B, 1 ≤ i ≤ arity( f )}. With respect to a set
Γ of propositional B-formulas we associate a τB,prop-structure AΓ where τB,prop :=
τB∪{var1, repr1} such that the universe ofAΓ is the set of subformulas of the formulas
in Γ , and

1. var(x) holds iff x represents a variable,
2. repr(x) holds iff x represents a formula from Γ ,
3. const1f (x) holds iff x represents the constant f , and

4. conn2f,i (x, y) holds iff x represents the i th argument of the function f at the root
of the formula tree represented by y.

Lemma 1 Let B be a finite set of Boolean functions. Then there exists anMSO-formula
θsat over τB,prop such that for any Γ ⊆ L (B) it holds that Γ is satisfiableiff AΓ |	
θsat.

Proof The formula θstruc defined as follows states that if an element is not representing
a formula ϕ ∈ Γ , then there must be at least one subformula in which it occurs. If
an element is not a variable, then it represents either a constant or a Boolean function
f ∈ B and needs to have corresponding arity( f ) elements.

θstruc := ∀x

⎛

⎜
⎜
⎝¬repr(x) → ∃y

⎛

⎜
⎜
⎝¬var(y) ∧

∨

f ∈B,
1≤i≤arity( f )

conn f,i (x, y)

⎞

⎟
⎟
⎠

⎞

⎟
⎟
⎠ ∧ ∀x

(
¬var(x)→
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∨

f ∈B,
arity( f )=0

const f (x)⊕
∨

f ∈B

∧

1≤i≤arity( f )

∃y(conn f,i (y, x) ∧ ∀z(conn f,i (z, x) → z = y)
))

.

Let n denote the maximal arity of B, i.e., n := max{arity( f ) | f ∈ B}.

θassign(M) := ∀x∀y1 · · · ∀yn
∧

f ∈B

( ∧

arity( f )=0

const f (x) → (M(x) ↔ f )

∧
∧

1≤i≤arity( f )

conn f,i (yi , x)→ (
M(x) ↔ f (M(y1), . . . , M(yarity( f )))

))
.

Now define

θ∃assign := ∃M(
θassign(M) ∧ ∀x

(
repr(x)→ M(x)

)
.

It is easy to verify that θsat := θstruc ∧ θ∃assign satisfies the lemma. ��
Let B be a finite set of Boolean functions and F,G be sets of B-formulas.

Answering the implication problem of sets of propositional formulas, i.e., the ques-
tion whether F |	 G, requires to extend our vocabulary τB,prop to τB,imp :=
τB,prop ∪ {repr1prem, repr1conc} as well as our structure which we will denote by
AF,G : reprprem(x) is true iff x represents a formula from F , and reprconc(x) is true
iff x represents a formula from G. Now it is straightforward to formalize implication.

Lemma 2 Let B be a finite set of Boolean functions. Then there exists an MSO-
formula θimp over τB,imp such that for any Γ ⊆ L (B) and any F,G ⊆ Γ it holds
that F |	 G iff AF,G |	 θimp.

Proof Define the MSO-formulas θpremise(M), θconclusion(M), and θimplies as follows:

θpremise(M) := ∀x(reprprem(x)→ M(x)
)
,

θconclusion(M) := ∀x(reprconc(x)→ M(x))
)
,

θimplies := ∀M
((

θassign(M) ∧ θpremise(M)
)→ θconclusion(M)

)
.

Then, we can define the formula θimp as θimp := θstruc ∧ θimplies, where θstruc and
θassign are defined as above in Lemma 1. ��

The application of Courcelle’s Theorem [8] and the logspace version of Elberfeld
et al. [13] directly leads to the following theorem.

Theorem 1 Let B be a finite set of Boolean functions, let k ∈ N be fixed, and let
F,G be sets of B-formulas such that AF,G has treewidth bounded by k. Then the
implication problem for sets of B-formulas is solvable in time O( f (k) · (|F | + |G|))
and space O(log( f (k)) · log(|F | + |G|)), where f is a recursive function.

In other words, the implication problem of sets of formulas parameterized by the
treewidth of AF,G is fixed-parameter tractable, and in XL. In the following sections
we will extend this result to default logic and autoepistemic logic.
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4 Default logic

For a deep introduction into the area of non-monotonic logic we refer to [4,25]. In the
followingwewill capture only the important partswhich are relevant to the investigated
logics and formalisms. Following Reiter [35], a default rule is a triple α:β

γ
;α is called

the prerequisite, β is called the justification, and γ is called the conclusion. If B is a
set of Boolean functions, then d = α:β

γ
is a B-default rule if α, β, γ are B-formulas,

i.e., formulas that use only connectors for functions in B. A B-default theory (W, D)

consists of a set of propositional B-formulas W and a set of B-default rules D.
Reiter also introduced a very intuitive notion of stable extensions (another around

fix-point semantics can be found in the original paper ofReiter [35]). For a givendefault
theory (W, D) and a set E of formulas, define E0 = W and Ei+1 = Th(Ei ) ∪ {γ |
α:β
γ

∈ D, α ∈ Ei and ¬β /∈ E}. Then E is a stable extension of (W, D) if and only

if E = ⋃
i∈N Ei , and the set G = {α:β

γ
∈ D | α ∈ E ∧ ¬β /∈ E} is called the set of

generating defaults.
The so to speak satisfiability problem for default logic, here called extension exis-

tence problem, Ext, is the problem, given a theory (W, D), to decide if it has a stable
extension. Gottlob [18] proved that this problem is �

p
2-complete.

Example 1 The default theory (∅, {�:x
x , �:¬x

¬x }) has exactly two stable extensions,
namely E1 = Th({x}) and E2 = Th({¬x}), whereas the theory (∅, {�:x

¬x }) has no
stable extension. Further consider the default theory (W, D), where

W = {football, rain, cold ∧ rain → snow}, and D =
{
football : ¬snow

takesPlace

}

.

Then (W, D) has exactly the stable extension Th(W ∪ {takesPlace}). However, if
the considered default theory is (W ∪{cold}, D) now, then the unique stable extension
is Th(W ). Therefore one says that the reasoning in this logic is non-monotonic, i.e.,
having more information (it is cold) lets you deduce less than before.

Let B be a finite set of Boolean functions. Write W � D as a shorthand for the
set of formulas W ∪ {α, β, γ | α:β

γ
∈ D}. To any B-default theory (W, D), we

associate a τB,dl := τB,prop ∪ {kb1, def1, prem2, just2, concl2}-structure A(W,D) such
that the universe of A(W,D) is the union of the set of subformulas of W � D ∪ {¬β |
α:β
γ

∈ D} together with a set corresponding to the defaults in D, the relations from
τB,prop are interpreted as in Sect. 3, and kb(x) holds iff x represents a formula from
the knowledge base W, def(x) holds iff x represents a default d ∈ D, prem(x, y)
(resp. just(x, y), concl(x, y)) holds iff x represents the premise α (resp. justification
β, conclusion γ ) and y represents the rule α:β

γ
.

Lemma 3 Let B be a finite set of Boolean functions and let (W, D) be a B-default
theory. There exists an MSO-formula θextension such that (W, D) possesses a stable
extension iff A(W,D) |	 θextension.

Proof First the formula θisneg expresses the fact that one formula is the negation of

another formula: θisneg(ϕ, ϕ) := θstruc ∧ ∀M
(
θassign(M) → (

M(ϕ) ↔ ¬M(ϕ)
))

.
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Observe that ϕ and ϕ are not formulas but placeholders for elements. The following
two formulas define the applicability of defaults, i.e., whether a premiseα is entailed or
a justification β is violated which uses the shortcut χ(C, M, x) := (kb(x)∨C(x)) →
M(x):

θW∪C|	α(C, α) := ∀M
(
θassign(M) → ∀x

(
χ(C, M, x) → M(α)

))
,

θW∪C|	¬β(C, β) := ∃β∃M
(

θassign(M)→∀x
(
χ(C, M, x) ∧ M(β) ∧ θisneg(β, β)

))

.

Now we can define the MSO-formulas θapp (a default d is applicable), θstable (a set
of defaults is stable), θgd (a set of defaults is generating) as follows.

θapp(d,G) := ∃α∃β∃C
(
prem(α, d) ∧ just(β, d)∧

∀x(C(x) ↔ ∃y(G(y) ∧ concl(x, y))
) ∧ θW∪C|	α(C, α) ∧ ¬θW∪C|	¬β(C, β)

)
,

θstable(G) := ∀d(
def(d) → (G(d) ↔ θapp(d,G))

)
,

θgd(G) := θstable(G) ∧ ∀G ′(G ′
� G → ¬θstable(G

′)).

Then θextension := θstruc ∧ ∃G(θgd(G)) is true underA(W,D) iff (W, D) has a stable
extension. ��

As a consequence of Lemma 3, we obtain from Courcelle’s Theorem [8] and the
logspace version of Elberfeld et al. [13] that, given the treewidth ofA(W,D) as a para-
meter, the extension existence problem for default logic is fixed-parameter tractable,
and in XL.

Theorem 2 Let B be a finite set of Boolean functions, let k ∈ N be fixed, and let
(W, D) be a B-default theory such thatA(W,D) has treewidth bounded by k. Then the
extension existence problem for B-default logic is solvable in time O( f (k) · |(W, D)|)
and space O( f (k) · log |(W, D)|), where f is a recursive function.

So again and maybe with no big surprise, similar to the study by Gottlob et al.
[19] for different non-monotonic formalisms, we see here that bounding the treewidth
of a default theory yields time and space efficient algorithms for satisfiability. In the
following we want to contrast this with a strong lower bound. We consider knowledge
bases with very simple defaults rules, namely consisting only of literals (and in a
second step even only propositions). Then we consider any parameterization of the
extension existence problem that is bounded for all knowledge bases that obey this
restriction. It follows that even for these very restricted knowledge bases, the parame-
terized extension existence problem is not even in the class XPnu, unless P �= NP.

We want to point out that this theorem comprises for example the usual parameter-
izations for Sat (in terms of, e.g., size of backdoor sets or formula treewidth): For all
these, we have FPT-algorithms for propositional satisfiability, but still the extension
existence problem is not in XPnu.
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Theorem 3 Let B be a finite set of Boolean functions such that ¬ ∈ [B ∪ {�}] and
let D be the set of sets D of default rules such that each default d ∈ D is composed of
literals only. Further let κ be an arbitrary parameterization function for which there
exists always a c ∈ N such that κ

(
(∅, D)

)
< c holds whenever D ∈ D. If P �= NP,

then the extension existence problem for B-default logic, parameterized by κ , is not
contained in XPnu.

Proof The reduction from Sat to default logic restricted to default theories with
W = ∅ and default rules composed of literals only, shown in Lemma 5.6 of [2], proves
that the extension existence problem of default logic restricted to theories of this kind
(which will be denoted by Ext′) is NP-hard. Now let κ be such a parameterization and
suppose P �= NP. For contradiction assume (Ext′

, κ) ∈ XPnu. Hence, by definition of
XPnu, it holds (Ext′

, κ)	 ∈ P for every 	 ∈ N. As also 	 < c holds we can compose a
deterministic polynomial time algorithm which solves Ext′. This contradicts P �= NP
and concludes the proof. ��
Theorem 4 Let B be a finite set of Boolean functions such that ⊥ ∈ [B] and let D
be the set of sets D of default rules such that each default d ∈ D is composed of
propositions or the constant ⊥ only. Further let κ be an arbitrary parameterization
function for which there exists always an c ∈ N such that κ

(
(W, D)

)
< c holds

whenever D ∈ D and W consists of at most one proposition. If L �= NL, then the
extension existence problem for B-default logic, parameterized by κ , is not contained
in XLnu.

Proof The reduction from the graph accessibility problem to default logic restricted
to default theories with |W | ≤ 1 and default rules composed of propositions or the
constant ⊥ only, shown in Lemma 5.8 of [2], proves that the extension existence
problem of default logic restricted to theories of this kind (which will be denoted
by Ext′) is NL-hard. Following the argumentation in the proof of Theorem 3, we
conclude for L �= NL and (Ext′

, κ) ∈ XLnu that (Ext′
, κ)	 ∈ L holds for every 	.

This eventually leads to the desired contradiction proving the theorem. ��

5 Autoepistemic logic

Moore [28] introduced a new modal operator L stating that its argument is “believed”
as an extension of propositional logic. Further the expression Lϕ is treated as an
atomic formula with respect to the consequence relation |	. Given a set of Boolean
functions B, we define with Lae(B) the set of all autoepistemic B-formulas through
ϕ ::= p | f (ϕ, . . . , ϕ) | Lϕ for f being a Boolean functions in B and a proposition
p. If � ⊆ Lae(B), then a set Δ ⊆ Lae(B) is a stable expansion of � if it satisfies
the condition Δ = Th(� ∪ L(Δ) ∪ ¬L(Δ)), where L(Δ) := {Lϕ | ϕ ∈ Δ} and
¬L(Δ) := {¬Lϕ | ϕ /∈ Δ}, and L(Δ),¬L(Δ) ⊆ Lae(B).

Let SF(ϕ) denote the set of subformulas of ϕ, let SFL(ϕ) denote the set of those
subformulas of ϕ that have prefix L , and let us use the shorthand ¬S = {¬ϕ | ϕ ∈ S}
for a set of (autoepistemic) formulas S. By abuse of notation given a set of formulas
S we define SF(S) := {SF(ϕ) | ϕ ∈ S} be the set of subformulas of the formulas in S
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(and analogously for SFL()). Given a set of autoepistemic B-formulas � ⊆ Lae(B),
we say a set Λ ⊆ SFL(�) ∪ ¬SFL(�) is �-full if for each Lϕ ∈ SFL(�) it holds
� ∪ Λ |	 ϕ iff Lϕ ∈ Λ, and � ∪ Λ �|	 ϕ iff ¬Lϕ ∈ Λ. The connection of �-full sets
and stable expansions of� has been observed by Niemelä [29]: if� ⊆ Lae(B) is a set
of autoepistemic formulas and Λ is a �-full set, then for every Lϕ ∈ SFL(�) either
Lϕ ∈ Λ or ¬Lϕ ∈ Λ. The stable expansions of � and �-full sets are in one-to-one
correspondence.

The expansion existence problem, Exp, is the problem, given a set of autoepistemic
formulas �, to decide if it has a stable expansion. Again, Gottlob [18] proved that this
problem is complete for the class �

p
2 .

Example 2 (Example 3.2 in [9]) Consider the following set �car of autoepistemic
formulas formalizing knowledge about cars.

�car := {car, threeWheeler → rickshaw, car ∧ ¬LthreeWheeler → fourWheeler,

Lrickshaw → threeWheeler}

The set �car has two stable expansions: one being a superset of {¬LthreeWheeler,
¬Lrickshaw}, and one being a superset of {LthreeWheeler, Lrickshaw}.

Indeed, if Lrickshaw is contained in a stable expansion Δ, then threeWheeler
is derivable from the formulas in �car, and by definition of stable expansions,
LthreeWheeler ∈ Δ. On the other hand, if Lrickshaw is not contained in Δ, then
we cannot derive threeWheeler from Th(� ∪ L(Δ) ∪ ¬L(Δ̄)), which implies ¬L
threeWheeler ∈ ¬L(Δ̄) ⊆ Δ. Thus, any stable expansion Δ has to satisfy L
threeWheeler ∈ Δ iff Lrickshaw ∈ Δ.

To see that the given sets characterize stable expansions, observe that

{Lrickshaw, LthreeWheeler} ⊆ Δ

implies that rickshaw, threeWheeler ∈ Th(� ∪ L(Δ) ∪ ¬L(Δ̄)) = Δ, whereas

{¬Lrickshaw,¬LthreeWheeler} ⊆ Δ

implies that neither rickshawnor threeWheeler can be derived from�∪L(Δ)∪¬L(Δ̄).
Thus both sets can be extended to yield a stable expansion.

Let B be a finite set ofBoolean functions. To any set� of autoepistemic B-formulas,
we associate a τB,ae := τB ∪{L1, repr1}-structureA� such that the universe ofA� is
the union of the set of subformulas of � ∪ {¬Lϕ | Lϕ ∈ SF(�)}, the relations from
τB are interpreted as in Sect. 3, and L(x) holds iff the subformulas represented by x
is prefixed by an L , and repr(x) holds iff x represents a formula in �.

Lemma 4 Let B be a finite set of Boolean functions and let� be a set of autoepistemic
B-formulas. There exists an MSO-formula θ such that� possesses a stable expansion
iff A� |	 θ .
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Proof For a set of formulas G and a formula ϕ, similar to θW∪C|	α(C, α) in the proof
of Lemma 3, define be the MSO-formula

θ�∪Λ|	ϕ(Λ, ϕ) := ∀M
(
θassign(M) → ∀x

((
(repr(x) ∨ Λ(x)) → M(x)

) → M(ϕ)
))

to test for � ∪ Λ |	 ϕ. Now define the MSO-formula θfull as

θfull(Λ) := ∀x
(
L(x)→ (

Λ(x)⊕ ∃y(conn¬(x, y) ∧ Λ(y))
))

∧ ∀x
(
L(x)→ (

Λ(x) ↔ θ�∪Λ|	ϕ(Λ, x)
))

.

Then θ := θstruc ∧ ∃Λ(θfull(Λ)) is true under A� iff � has a �-full set Λ, which is
the case iff � has a stable expansion. ��

As above we obtain from Lemma 4 that, given the treewidth ofA� as a parameter,
the expansion existence problem for autoepistemic logic is fixed-parameter tractable,
and in XL.

Theorem 5 Let B be a finite set of Boolean functions, let k ∈ N be fixed, and let � be
a set of autoepistemic B-formulas such thatA� has treewidth bounded by k. Then the
expansion problem is solvable in time O( f (k) · |�|) and space O(log( f (k)) · log |�|).
On the other hand, analogues of Theorems 3 and 4 are easily obtained:

Theorem 6 Let B be a finite set of Boolean functions such that ∨ ∈ [B ∪ {⊥,�}]
and let S be the set of sets � of autoepistemic B-formulas such that all ϕ ∈ � are
disjunctions of propositions or L-prefixed propositions. Further let κ be an arbitrary
parameterization function for which there exists always an c ∈ N such that κ(�) < c
holds whenever � ∈ S . If P �= NP, then the expansion existence problem for sets of
autoepistemic B-formulas, parameterized by κ , is not contained in XPnu.

Proof Observe that there exists a reduction f from 3- Sat to autoepistemic logic
restricted to B-formulas shown in Lemma 4.5 of [9]. This implies our claim, as mem-
bership in XPnu implies a polynomial-time algorithm for any fixed κ . ��
Theorem 7 Let B be a finite set of Boolean functions such that ⊕,� ∈ [B]. Further
let κ be an arbitrary parameterization function for which there exists always an c ∈ N

such that κ(�) < c holds for all �. If L �= ⊕L, then the expansion existence problem
for sets of autoepistemic B-formulas, parameterized by κ , is not contained in XLnu.

Proof Observe that there exists a reduction f from the implication problem restricted
to B-formulas shown in Lemma 4.8 of [1]. This implies our claim, as membership in
XLnu implies a logspace algorithm for any fixed κ . ��

We remark that similar lower bounds as given for default logic in the previous
section and for autoepistemic logic here hold for the implication problem as well as
follows.
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Theorem 8 Let B be a finite set of Boolean functions such that x ⊕ y ⊕ z ∈ [B] and
let G be the set of sets Γ of formulas such that each formula ϕ ∈ Γ is composed of
functions f (x, y, z) = x ⊕ y ⊕ z only. Further let κ be an arbitrary parameterization
function for which there exists always an c ∈ N such that κ

(
F,G

)
< c whenever

both F,G ∈ G . If L �= ⊕L, then the implication problem for sets of B-formulas,
parameterized by κ , is not contained in XLnu.

Proof From Lemma 4.4 in [1] it follows that the implication problem Imp′ for these
sets of formulas is ⊕L-hard. Suppose L �= ⊕L and let κ be a parameterization such
that κ(F,G) < c for every F,G ∈ G . Now following the argumentation of Theorem 3
yields a contradiction to L �= ⊕L. ��
Theorem 9 Let B be a finite set of Boolean functions such that ∧,∨ ∈ [B]. Let G1
be the set of sets Γ of formulas in monotone 2-CNF and let G2 be the set of sets Γ of
formulas in DNF. Further let κ be an arbitrary parameterization function for which
there exists always an c ∈ N such that κ

(
F,G

)
< c whenever both F ∈ G1,G ∈ G2.

If P �= NP, then the implication problem for sets of B-formulas, parameterized by κ ,
is not contained in XPnu.

Proof From Lemma 4.2 in [1] it follows that the implication problem Imp′ for these
sets of formulas is coNP-hard. Following an analogue argumentation as in the proof
of Theorem 8 implies this theorem. ��

6 Pseudo-Cliques

Looking at Theorems 3 and 4 one might hope that the syntactic restriction imposed
there, namely allowing only defaults that involve literals or propositions, is so severe
that it will bound the treewidth of every such input structure. Combining this with
Theorem 2 would then yield P = NP (or L = NL, resp.). Stated the other way
round, if P �= NP then the treewidth of A(W,D) is a non-trivial parameterization, i.e.,
a parameterization κ for which there exists no c ∈ N such that κ((∅, D)) < c holds
for all D consisting of defaults rules involving only literals.

In the following we directly prove the non-triviality of the parameterization by
treewidth (i.e., without any complexity hypothesizes). As a tool we utilize the subse-
quent definition of pseudo-cliques.

Definition 1 Let G = (V, E) be an undirected graph. A pseudo-clique is a set of
vertices V ′ ⊆ V that can be partitioned into the set of main-nodes Vmain and sets
of edge-nodes Vu,v for each u �= v ∈ Vmain such that the following holds: for
v1, . . . , vm ∈ Vu,v the nodes in Vu,v form a simple path from u to v, i.e., it holds
that (u, v1), (v1, v2), . . . , (vm−1, vm), (vm, v) ∈ E and no other edges are present.

The size of a pseudo-clique is |Vmain|, i.e., the number of main-nodes. The cardi-
nality of a pseudo-clique is maxu �=v∈Vmain |Vu,v|, i.e., the length of the longest simple
path between edge-nodes. A pseudo-clique is said to have exact cardinality k if
∀u, v ∈ Vmain : |Vu,v| = k.

Observe that a pseudo-clique is a specific kind of topological minor which is a
well-known concept in graph theory. The first four pseudo-cliques of exact cardinality
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n = 2 n = 3 n = 4 n = 5
n = 4,

cardinality 3

1, d12, 3, 4, . . . , n

d12, 2, 3, 4, . . . , n

2, d24, 4 2, d23, 3 . . . 2, d2n, n

1, d13, 3 1, d14, 4 . . . n− 1, dn−1n, n

Fig. 1 Pseudo-cliques of exact card. 1 and size ∈ {2, . . . , 5}, one of card. 3 and size 4, and a tree decom-
position of a pseudo-clique of exact card. 1 and size n

1, and one of cardinality 3 are visualized in Fig. 1. The thick vertices correspond to
the main-nodes whereas the small dots correspond to the edge-nodes.

The important fact for us is the observation that pseudo-cliques of size n have the
same treewidth as the clique of size n. This observation immediately follows from the
well-known technique of edge contractions, see e.g., [3, Lemma 16].

Whenever one wants to show that a parametrization by treewidth is non-trivial,
the most obvious method is to show that the family of graphs has (sub-) cliques of
arbitrary size. Hence talking about pseudo-cliques suffices. Corollary 1 (1.) shows that,
for families used for the lower bounds in the previous sections, it is not possible to use
cliques in order to prove unbounded treewidth and therefore additionally motivates
the definition and purpose of pseudo-cliques.

Corollary 1 Let B be a finite set of Boolean functions such that ⊥ ∈ [B] and let
(∅, D) be a B-default theory in the sense of Theorem 3, i.e., each default in D is
composed of literals only. Then there exists an MSO formula θ fulfilling the property
(W, D) ∈ Ext(B) iff A(W,D) |	 θ , and

1. A(W,D) is neither 	-connected nor contains a clique of size 	 for any 	 ≥ 3.
2. There exists a family of default theories (∅, D)k such that the treewidth ofA(∅,D)k

is not constant.

Proof For (1.) we construct theMSO formula θ according to Lemma3.At first observe
that the universe of A(W,D) comprises only literals and defaults. Further, there are no
edges between literals, and no edges between defaults. Every default can be connected
to at most three different literals. Obviously the graph does not contain a clique of
size 	 ≥ 3. Furthermore, the graph is not 	-connected for any 	 ≥ 3 by the following
observation. Let xd be some element representing the default d = α:β

γ
. Then there are

elements xα, xβ, xγ to represent the respective parts of d which are all connected to
xd . If now xα, xβ and xγ are removed from the graph, then there is no other element
to which xd is connected yielding a contradiction to the connectivity.
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Turning to (2.) observe that (1.) prohibits using 	-cliques or 	-connectivity for
any 	 ≥ 3 to measure the treewidth of A(W,D)k . Now define a default theory (∅, D)

complying with Theorem 6, where D :=
{
di j = xi :y j

⊥
∣
∣
∣ 1 ≤ i ≤ j ≤ n

}
, and xi , y j

are variables for 1 ≤ i ≤ j ≤ n. Consisting only of this kind of default rules implies
that the structure forms a pseudo-clique. ��

An analogous result holds for autoepistemic logic.

Corollary 2 Let B be a finite set of Boolean functions. There exists a family of
autoepistemic B-formulas �k and all ϕ ∈ �k are disjunctions of propositions or
L-prefixed propositions such that there exists an MSO formula θ fulfilling the prop-
erty �k ∈ Exp(B) iff A�k |	 θ and the treewidth of A�k is not constant.

Proof Define �k as �k := {xi ∨ x j | 1 ≤ i ≤ j ≤ k}. Then the structureA�k consist
of cliques of size k, in fact. ��
Corollary 3 Let B be a finite set of Boolean functions such that ∧,∨ ∈ [B]. Let
G1 be the set of sets Γ of formulas in monotone 2-CNF and let G2 be the set of
sets Γ of formulas in DNF. There exists a family of sets of B-formulas (F,G)k with
F ∈ G1,G ∈ G2 such that there exists an MSO formula θ fulfilling the property
(F,G)k ∈ Imp(B) iff A(F,G)k |	 θ and the treewidth of A(F,G)k is not constant.

7 Circumscription

We will follow the notion of McCarthy [27] and work with propositional Circum-
scription as defined by Lifschitz [24]. In the following the variables of a propositional
formula ϕ are partitioned in three disjoined subsets (P, Q, Z). Those partitioned sub-
sets are defined as follows:

– P is the set of variables to minimize,
– Q is the set of variables with a fixed value, in order to let the minimal models be
comparable, and

– Z is the set of variables allowed to vary.

In the case of Q = Z = ∅ we work with basic propositional Circumscription. Oth-
erwise we will talk about general propositional Circumscription. If Z contains all
variables of the instance then we have usual propositional inference in the sense of
|	. The guideline in propositional Circumscription is the compliance of the minimal
models to obtain as few exceptions as possible. Informally, a minimal model is a set
Mmin which contains variables that are necessarily assigned to true. The central idea is
that the variables which can be falsifiedmust be assigned to false. The assignments of
propositional formulas are partially ordered according to the coordinate wise partial
order ≤ on Boolean vectors which obeys the ordering 0 ≤ 1 on {0, 1}.

With respect to a given partition of the variables we define the preorder ≤(P,Q,Z)

on assignments as follows.

Definition 2 (≤(P,Q,Z) Preorder) Let σ and σ ′ be two assignments of a given formula
ϕ, then σ ≤(P,Q,Z) σ ′ if σ and σ ′ assign the same value to the variables in Q and for
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every p ∈ P, σ (p) ≤ σ ′(p) (if there exists a variable p ∈ P such that σ(p) �= σ ′(p),
we write σ <(P,Q,Z) σ ′).

Let us emphasize again that an assignment is not necessarily a model wherefore
we denote assignments usually with greek letters θ, σ and models with the latin letter
M . When talking about models in Circumscription it will be significant whether the
model is minimal or not. The following definition captures this fact.

Definition 3 (Minimal models) Let ϕ be some formula, (P, Q, Z) be a partition of
its variables, and M be a model of ϕ, i.e., M |	 ϕ. We say M is a minimal model of ϕ
if there exists no other model M ′ of ϕ such that M ′ ⊂ M holds (and simultaneously
M ′ |	 ϕ). Further we say M is a (P, Q, Z)-minimal model of ϕ if there exists no other
model M ′ of ϕ such that M ′ <(P,Q,Z) M (and also M ′ |	 ϕ holds).

Now we are able to define the inference relation from the circumscriptive perspec-
tive. Observe that it is possible to set Z as the set of all variables only, in order to
mimic usual propositional inference.

Definition 4 (Circumscriptive inference) Let ϕ,ψ be two formulas and (P, Q, Z) be
a partition of the variables of ϕ and ψ . An assignment σ is a (circumscriptive) model
of ϕ, in symbols σ |	circ

(P,Q,Z) ϕ, if σ is a (P, Q, Z)-minimal model of ϕ. A formula

ψ can be circumscriptively inferred from ϕ, in symbols ϕ |	circ
(P,Q,Z) ψ , if ψ holds in

all (P, Q, Z)-minimal models of ϕ. Whenever we talk about basic Circumscription,
i.e., Q = Z = ∅ then we just write |	circ.

Analogously we will define models of sets of formulas Γ as usual by using the
conjunction over its elements, i.e., a model of

∧
ϕ∈Γ ϕ is a model of Γ . The circum-

scriptive inference problem (or Circumsciption), CircInf(B)(P,Q,Z), is the problem,
given a B-formula ϕ, a set Γ ⊆ L (B), and a partition (P, Q, Z) of the variables, to
decide if Γ |	circ

(P,Q,Z) ϕ.
Whenever we simply writeCircInf(B)we talk about basic Circumscriptionwhere

the partition is not relevant.
Now let us consider an example which visualizes the difference between basic and

general Circumscription, and also compares them to usual propositional inference.
Here we show how the minimal models of a given formula can be different with
respect to the partition (P, Q, Z).

Example 3 Given is the set Γ = {ψ1, ψ2, ψ3} , consisting of the three formulas

ψ1 = x1 ∨ x3, ψ2 = x1 → x2, and ψ3 = ¬(x3 → x1)⊕(x2 ∧ x3),

the formula ϕ = (x1 ∧ x2)⊕ x3, and the partition is P = {x1}, Q = {x2, x3}, Z = ∅.
The assignments are shown inTable 2. The only two satisfying assignments (marked

in light gray) ofΓ areM1 = {x3} andM2 = {x1, x2, x3}. However onlyM1 |	 ϕ holds
and M2 �|	 ϕ. Wherefore for usual propositional inference we can say that Γ �|	 ϕ.
Nevertheless for basic Circumscription we get Γ |	circ ϕ as M1 ⊂ M2 and therefore
M2 is not minimal. Hence we consider M1 only.
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Table 2 Assignment table for
Example 3

Yet, for general Circumscription together with a given partition we have indeed two
minimalmodels, namely bothM1 is (P, Q, Z)-minimal andM2 is (P, Q, Z)-minimal
as well because we are only allowed to remove x1 from the current model, whereas x2
and x3 are fixed (as they are in Q) and not allowed to change. Hence Γ �|	circ

(P,Q,Z) ϕ

because M2 |	circ
(P,Q,Z) Γ and M2 �|	 ϕ.

Intuitively speaking by defining the partition it is possible to make (previously)
non-minimal assignments minimal, as happened for M2 in the example.

Thomas completely classified the computational complexity with respect to every
set of Boolean functions [36]. There he established five different cases ranging from
Π

p
2 -completeness down to containment in AC0. Hence from a computational com-

plexity perspective the problem admits a wide spectrum of complexity degrees.
At first we will start to work with the basic Circumscription inference problem

CircInf, i.e., having Q = Z = ∅ for the partition. Afterwards we turn towards the
general case CircInf(B)(P,Q,Z) and show how to extend our result to the unrestricted
inference problem allowing arbitrary partitions. This allows us to stick to the most
introductory vocabulary τB .

7.1 Basic propositional circumscription

Instances of the basic circumscriptive inference problem contain a set Γ of formulas,
as well as a formula ϕ. Hence we need a slight extension of the vocabulary to be
able to distinguish between ϕ- and Γ -representatives. We define τB,Γ,ϕ := τB ∪
{repr1, repr1Γ , repr1ϕ}, where
– repr(x) holds iff x represents a formula from Γ ∪ {ϕ},
– reprΓ (x) holds iff x represents a formula from Γ , and
– reprϕ(x) holds iff x represents the formula ϕ.

The universe of the associated τB,Γ,ϕ-structure AΓ,ϕ consists of the formulas as well
as subformulas of Γ ∪ {ϕ}.
Lemma 5 Let B be set of Boolean functions. Then there exists an MSO-formula θcirc
over τB,Γ,ϕ such that for any set of formulas Γ ⊆ L (B) over connectives in B the
following holds Γ |	circ ϕ iff AΓ,ϕ |	 θcirc.

Proof Informally speaking the formula is satisfiable iff for all elements x holds: (i) if
x is not representative of a formula in Γ ∪ {ϕ} then it is a part of a connective, (ii) if
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x is not a variable, then it is either representing a constant or a connective for which
the successors are well-defined.

On our way to express circumscriptive inference we need two formulas stating the
satisfiability of formulas in Γ , resp., the satisfiability of ϕ:

θsat,Γ (M) := θstruc ∧
(
θassign(M) ∧ ∀x(reprΓ (x) → M(x)

))
,

θsat,ϕ(M) := θstruc ∧
(
θassign(M) ∧ ∀x(reprϕ(x) → M(x)

))
.

Now we are able to describe minimality of a given model M of Γ by stating that
there is no smaller model M ′ ⊂ M which still satisfies Γ .

θmin(M) := ¬∃M ′(∀y(M ′(y) → M(y)) ∧ ∃x(M ′(x) ∧ ¬M(x)) ∧ θsat,Γ (M ′)
)
.

All of this points to the fact that Γ |	circ ϕ iff AΓ,ϕ |	 θcirc, where

θcirc := ∀M
((

θsat,Γ (M) ∧ θmin(M)
) → θsat,ϕ(M)

)

and satisfies the lemma. ��
Applying the results from Courcelle and Elberfeld et al. will immediately lead to

the following theorem which settles an FPT runtime and a XL space requirement if
one parameterizes the problem with treewidth of the underlying structures.

Theorem 10 Let B be a finite set of Boolean functions, k ∈ N be fixed, Γ be a set of
B-formulas and ϕ be a B-formula such thatAΓ,ϕ has a treewidth bounded by k. Then
the basic propositional circumscriptive inference problem for B-formulas is solvable
in time O

(
f (k) · (|Γ | + |ϕ|)) and space O(log( f (k)) · log(|Γ | + |ϕ|)), where f is a

recursive function.

7.2 General propositional circumscription

In contrast to basic Circumscription additionally to the input Γ, ϕ we get a partition
of their variables into three disjoined subsets (P, Q, Z) where

– P is the set of variables to minimize,
– Q is the set of variables with a fixed value, in order to let the minimal models be
comparable, and

– Z is the set of variables allowed to vary.

Therefore we need to extend the vocabulary τB,Γ,ϕ with two new unary predicates:
reprP (x), reprQ(x) which hold iff an element x represents a variable from P , or Q
respectively. We will denote this extension with τB,circ.

The next lemmaproves the existence of anMSO-formula θcircwith respect to a given
CircInf(B)(P,Q,Z) instance (Γ, ϕ, (P, Q, Z)) which is satisfiable iff Γ |	circ

(P,Q,Z) ϕ.
In contrast to basic propositional Circumscription we use an associated extended
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τB,circ-structureAΓ,ϕ,(P,Q,Z) now. The universe ofAΓ,ϕ,(P,Q,Z) additionally consists
of the predicates for P and Q.

Lemma 6 Let B be set of Boolean functions. Then there exists an MSO-formula
θ(P,Q,Z)-circ over τB,circ such that for any set of formulas Γ ⊆ L (B) over connectives
in B, every B-formula ϕ, and every partition (P, Q, Z) of variables from Γ ∪ {ϕ} the
following holds: Γ |	circ

(P,Q,Z) ϕ iff AΓ,ϕ,(P,Q,Z) |	 θ(P,Q,Z)-circ.

Proof In the following we will build on the formulas from the proof of Lemma 5. We
will start with a formula that describes the ordering on the models with respect to the
partition (P, Q, Z). Let us recapitulate the notion: M ≤(P,Q,Z) M ′ holds iff for all
x ∈ Q we have M(x) ↔ M ′(x) and for all x ∈ P we have M(x) ≤ M ′(x). The
following formula expresses this behavior and is valid if and only if M ≤(P,Q,Z) M ′
holds:

θord(M, M ′) := ∀x
(
reprQ(x) → (

M(x) ↔ M ′(x)
))

∧ ∀x
(
reprP (x) → (

M(x) → M ′(x)
))

.

The set Z needs no further consideration as the variables are allowed to vary here.
Compared to basic Circumscription we need to extend the formula θmin to obey the
partition ordering as follows:

θ ′
min(M) := ¬∃M ′(θord(M

′, M) ∧ ∃x(M ′(x) ∧ ¬M(x)) ∧ θsat,Γ (M ′)
)
.

Finally θ(P,Q,Z)-circ is defined by transforming θmin in θcirc to use the previously
adjusted θ ′

min:

θ(P,Q,Z)-circ := ∀M
((

θsat,Γ (M) ∧ θ ′
min(M)

) → θsat,ϕ(M)
)
.

By construction we get that Γ |	circ
(P,Q,Z) ϕ if and only if AΓ,ϕ,(P,Q,Z) |	

θ(P,Q,Z)-circ. ��
Using Courcelle’s theorem and the version from Elberfeld et al. we can show the

following result now.

Theorem 11 Let B be a finite set of Boolean functions, k ∈ N be fixed, Γ be a set of
B-formulas, ϕ be a B-formula, and (P, Q, Z) be a partition of the variables inΓ ∪{ϕ}
such that AΓ,ϕ,(P,Q,Z) has a treewidth bounded by k. Then the general propositional
circumscriptive inference problem for B-formulas is solvable in time O

(
f (k) · (|Γ |+

|ϕ|)) and space O(log( f (k)) · log(|Γ | + |ϕ|)), where f is a recursive function.

Note that Theorem 11 and Lemma 6 especially hold for the case where Q and Z
are empty in CircInf(B).

Now we will investigate some restricted versions (in the sense of allowed Boolean
connectives) of the circumscriptive inference problem and show the validity of lower
bounds under reasonable complexity assumptions for awide range of parameterization
functions.
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Theorem 12 Let B be a finite set of Boolean functions such that either

1. ∧,∨ ∈ [B] and κ is a parameterization function for which there exists a c ∈ N

such that κ
(
(Γ, ϕ, (P,∅,∅))

)
< c, or

2. ∨ ∈ [B], κ is a parameterization function for which there exists a c ∈ N such
that κ

(
(Γ, z, (P, Q, {z}))) < c, whenever Γ consists only of formulas which are

disjunctions of two variables and z is a single variable.

If NP �= P then the circumscriptive inference problem for B-formulas parameter-
ized by κ is not in XPnu.

Proof 1. Assume that NP �= P holds and denote withCircInf(B) the circumscriptive
inference problem for B-formulas. In [36, Lemma 5.3.5] a reduction from 3Taut
to CircInf(B) is shown proving its coNP-hardness. Hence, if (CircInf(B), κ) ∈
XPnu holds then (CircInf, κ)	 ∈ P for every 	 ∈ N by definition of XPnu. Through
	 < c we get CircInf ∈ P contradicting the assumption.

2. In [36, Lemma 5.3.6] a similar reduction was shown using only {∨}-formulas
for instances of CircInf(B) and a form as required in the theorem. We proceed
analogously as in (1.). ��
Observe that a possible non-trivial parameterization function as in the sense of

Theorem 12(2.) is the length of formulas in Γ (which is fixed as only disjunctions of
two variables are allowed). Also note that (1.) holds for basic Circumscription as well
whereas (2.) does not.

Theorem 13 Let B be a finite set of Boolean functions such that ↔ ∈ [B]. Further
let κ be a parameterization function such that κ

(
(Γ, ϕ, (X,∅,∅))

)
< c. If ⊕L �= L

then the circumscriptive inference problem for B-formulas parameterized by κ is not
in XLnu.

Proof Let B a set of Boolean functions such that ↔ ∈ [B]. A reduction from the
⊕L-complete propositional inference problem of 1-reproducing affine formulas to
circumscriptive inference of B-formulas has been stated in [36, Lemma 5.3.8]. Again,
the existence of an algorithm settling circumscriptive inference of B-formulas in XLnu
would imply solving propositional inference problemof 1-reproducing affine formulas
in logarithmic space. This contradicts the assumption ⊕L �= L. ��

This theorem also holds for basic Circumscription as we have Q = Z = ∅ in the
condition of the result.

8 Logic-based abduction

Generally the problem has several similarities with Circumscription but also some
differences. At first the problem is defined over usual implication and does not consider
an ordering or even partition of the variables. One works with a knowledge base Γ ,
a set of variables A and a formula ϕ which contains only variables from Γ \A. Now
the question is whether there exists a set of literals E over variables from A such
that E agrees with Γ , i.e., is satisfiable simultaneously with Γ , and the conjunction
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of both implies ϕ. Hence one goes from an observation Γ to a hypothesis A which
needs an explanation E . The problem of interest is the abduction problem Abd(B),
given a set Γ ⊆ L (B), a set A ⊆ Vars(Γ ) of variables, and a B-formula ϕ with
Vars(ϕ) ⊆ Vars(Γ )\A, to decide if there exist a set E ⊆ Lits(A) such that Γ ∧ E is
satisfiable and Γ ∧ E |	 ϕ holds.

One also says that E is an explanation or solution of the Abduction problem,
where A is the set of hypotheses and ϕ is called the manifestation or query. Every
explanation can be extended to the full one, i.e., Vars(E) = A. Let us start with a
motivating example of the problem.

Example 4 This time let Γ be defined as follows Γ = {γ1, γ2} , where

γ1 = (x1 ∧ x2 ∧ x4)⊕ ¬(x3 → x1), and γ2 = ¬(
(x1 ∨ x3) → (x1 ⊕ x2)

)
.

Table 3 shows an overview of the assignments. So we get four satisfiable
assignments for Γ, M1 = {x3}, M2 = {x3, x4}, M3 = {x1, x2, x4} and M4 =
{x1, x2, x3, x4}. The set of hypotheses A is given as A = {x3, x4}. The input for-
mula ϕ with Vars(ϕ) ⊆ Vars(Γ )\A is ϕ = x1 ∨ x2. So the valid sets E ⊆ Lits(A)

are E1 = {¬x3} and E2 = {¬x3, x4}, which can be seen in Table 3(b). Observe that
although Γ ∧ (¬x3 ∧ ¬x4) |	 ϕ is true, E is not a valid solution as Γ ∧ (¬x3 ∧ ¬x4)
is unsatisfiable.

Further Creignou et al. [10] consider restrictions on the manifestations of this prob-
lem. They write

– Abd(B,Q) if ϕ is a single literal,
– Abd(B,C) if ϕ is a clause (disjunction of literals),
– Abd(B,T) if ϕ is a term (conjunction of literals), and

Table 3 (a) Assignment table for Example 4, and (b) Overview of all relevant sets E

(a) (b)
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– Abd(B,L (B)) if ϕ is a B-formula.

From a computational complexity point of view the unrestricted version has been
classified by Eiter and Gottlob [12] as �P

2 -complete whereas a complete classification
of its fragments by the aforementioned restrictions on the manifestation as well as the
allowed Boolean connectives has been achieved by Creignou et al. [10]. They obtained
a rather fine grained tractability frontier ranging through the classes L,⊕L,P,NP, and
�P

2 .
For our approach the different manifestation versions are only relevant at obtaining

lower bounds. The MSO-formulas expressing the problem do not differ between, e.g.,
a single literal as manifestation or a term.

Again, we will consider an extension of the vocabulary τB which contains the
necessary predicates to talk about Abduction: τB,abd := τB,Γ,ϕ ∪ {lit1A, pos-lit1A},
where litA(x) holds iff x represents a literal from Lits(A), and pos-litA(x) holds iff
X represents a positive literal from Lits(A). The structure AΓ,A,ϕ of the vocabulary
τB,abd has in its universe formulas and subformulas of Γ ∪{ϕ} and a set A of variables.

Lemma 7 Let B be set of Boolean functions. Then there exists an MSO-formula θabd
over τB,abd such that for any set of formulas Γ ⊆ L (B) over connectives in B, any
set A ⊆ Vars(Γ ) of variables, and every B-formula ϕ withVars(ϕ) ⊆ Vars(Γ )\A the
following holds: there exists E ⊆ Lits(A) s.t. Γ ∧ E is satisfiable and Γ ∧ E |	 ϕ iff
AΓ,A,ϕ |	 θabd.

Proof In the following we will use formulas from the proof of Lemma 5. In particular,
the formulas θsat,Γ (M) and θsat,ϕ(M) will be used to construct the formula θabd.

At first we define a formula θsat,Γ ∧E (E, M) which holds iff M |	 Γ ∧ E :

θsat,Γ ∧E (E, M) := θsat,Γ (M) ∧ ∀y(E(y) → (pos-litA(y) ↔ M(y))
)
.

Observe that solely the formula does not ensure that E is a set of representatives of
literals from Lits(A). However in the following formula we ensure that only sets E
with this property are used.

Finally we will utilize this formula to express Abduction as follows

θabd := ∃E∀x
(
E(x) → litA(x) ∧ (∃M θsat,Γ ∧E (E, M))

∧ ∀M(θsat,Γ ∧E (E, M)) → θsat,ϕ

)
.

The formula existentially quantifies the explanation E and forces valid ones (which
are only over literals from Lits(A)) to require a satisfying model for E ∧ Γ as well as
that E ∧ Γ → ϕ holds for all assignments. ��

Again the application of Courcelle’s theorem allows us to conclude with the fol-
lowing result.

Theorem 14 Let B be a finite set of Boolean functions, k ∈ N be fixed, Γ be a
set of B-formulas, A ⊆ Vars(Γ ) be a set of Variables, and ϕ be a B-formula with
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Vars(ϕ) ⊆ Vars(Γ )\A such that AΓ,A,ϕ has a treewidth bounded by k. Then the
abduction problem for B-formulas is solvable in time O

(
f (k) · log(|Γ | + |ϕ|)) and

space O(log( f (k)) · log(|Γ | + |ϕ|)), where f is a recursive function.

Againwe take the focus on lower bounds now.Thereforewewill consider fragments
of the four mentioned versions of the Abduction problem and show how some of them
deny fixed parameter tractability under reasonable complexity assumptions.

Theorem 15 Let B be a finite set of Boolean functions such that ⊕(x, y, z) ∈ [B].
Further let κ be a parameterization function such that κ

(
(Γ,∅, q)

)
< c whenever q is

single a variable. If⊕L �= L then the abductionproblem for B-formulas parameterized
by κ is not in XLnu.

Proof Creingou et al. [10] show a reduction from the problem to determine whether
a system of linear equations over GF(2) has a solution (which has been proven to be
⊕L-complete [5]) to Abd(B,Q) where [B] = {⊕(x, y, z)}. Hence a membership of
the parameterized version of this problem in the sense of the theorem would imply
L = ⊕L if the problem is situated in XLnu. ��

Here any parameterization function which is defined in some respect to the set of
hypotheses obeys the claim of the theorem. Further parameterizations which interfere
with the manifestation are also possible candidates for the required functions.

Theorem 16 Let B be a finite set of Boolean functions such that either

1. ∧,∨ ∈ [B] and κ is a parameterization function for which there exists a c ∈ N

such that κ
(
(Γ, A, q)

)
< c whenever q is a single variable, or

2. ∨ ∈ [B] and κ is a parameterization function for which there exists a c ∈ N such
that κ

(
(Γ, A, t)

)
< c whenever t is a term.

If NP �= P then the abductive inference problem for B-formulas parameterized by κ

is not in XPnu.

Proof 1. From [10, Prop. 7] we know that Abd(B,Q) is NP-complete for clones
[B] � ∧,∨.

2. In [10, Prop. 10] NP-completeness of Abd(B,T) is shown for clones [B] � ∨.
Whence in both cases a membership in XPnu for such parameterized problems

would imply P = NP. ��
Unfortunately, for the previous theorem the constructed formulas in the investigated

proofs will not immediately yield to parameterization functions as described after
Theorem 15 or Theorem 12 as the inputs are not restricted in any way.

9 Conclusion

In this paper we applied Courcelle’s Theorem [8] and the logspace version of Elberfeld
et al. [13] to the most prominent decision problems in the non-montonic abduction,
autoepistemic logic, circumscription, and default logic. Thereby we showed that the
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Table 4 Overview of established lower bounds

Fragment Instance x† Not in� References

Ext([{¬, �}]) (∅, D) XPnu Theorem 3

Ext([{⊥}]) (W, D) XLnu Theorem 4

Exp([{∨,�, ⊥}]) (�) XPnu Theorem 6

Exp([{⊕, �}]) (�) XLnu Theorem 7

Imp([{x ⊕ y ⊕ z}]) (F,G) XLnu Theorem 8

Imp([{∨, ∧}]) (F,G) XPnu Theorem 9

CircInf([{∨,∧}]) (Γ, ϕ, (P, ∅, ∅)) XPnu Theorem 12(1)

CircInf([{∨}]) (Γ, z, (P, Q, {z})) XPnu Theorem 12(2)

CircInf([{↔}]) (Γ, ϕ, (X, ∅, ∅)) XLnu Theorem 13

Abd([{⊕(x, y, z)}],Q) (Γ, ∅, q) XLnu Theorem 15

Abd([{∨,∧}],Q) (Γ, A, q) XPnu Theorem 16(1)

Abd([{∨}],T) (Γ, A, t) XPnu Theorem 16(2)

W is a set of formulas, D is a set of default rules,� is a set of autoepistemic formulas, F is a set of monotone
2-CNF formulas, G a set of DNF formulas, z, q are single variables, and t is a term
† parameterization function κ(x) < c for some c ∈ N,
� unless P = NP (case not in XPnu), resp., unless ⊕L = L (case not in XLnu).

extension existence problem for a given default theory (W, D) is solvable in time
O( f (k) · |(W, D)|) and space O( f (k) · log |(W, D)|), i.e., FPT time and XL space, if
the treewidth of the corresponding MSO structure is bounded by k; similarly for the
expansion existence problem for a set of autoepistemic formulas, and as well for the
implication problem for sets of formulas F,G. Analogue results have been obtained
for reasoning in circumscription and abduction.

Further we mention that one can achieve similar results for the credulous (resp.
brave) and skeptical (resp. cautious) reasoning problems of the non-montonic logics
from above by slight extensions of the constructed MSO-formulas. We want to men-
tion that obvious modifications of our formulas lead to general results for answer set
programming as well.

Furthermore we consider with pseudo-cliques a weaker notion of cliques in the
sense of edge contractions and topological minors.

If we investigate default theories (W, D) which contain an empty knowledge base
W and only defaults which are composed of propositions or the constant ⊥ only, then
for constant parameterizations we show collapses of P and NP (resp. L and NL) if
the corresponding parameterized problem is in XPnu (resp. XLnu). Thus through the
concept of pseudo-cliques we construct a family of default theories whose treewidth
of its MSO-structures is unbounded. Therefore this parameter cannot be used to prove
such complexity class collapses. Analogue claims can be made for the expansion
existence problem in autoepistemic logic and the implication problem for sets of
formulas. Next we have seen that for a wide range of parameterization functions whose
value is bounded by some constant c ∈ N there are quite restrictive fragments (e.g.,
for basic Circumscription it suffices that ∧ and ∨ are present) which are not contained
in the large parameterized class XPnu unless coNP = NP holds. Also we proved that if
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⊕L �= Lholds basicCircumscription for propositional formulas allowing the existence
of the biimplication ↔ prohibits XLnu algorithms for similar parameterizations as
before.

Most interestingly for the Abduction fragment around ternary exclusive-or
⊕(x, y, z) with any parameterization function defined around the hypotheses pro-
hibits the existence of an XLnu algorithm unless L = ⊕L.

For subsequent research it would be very interesting to find a parameterization
that is non-trivial in the sense of Theorem 3 but uses many different values. For
Theorem 12(2) we only observed a rather restrictive function asking for the size of
formulas in Γ , having in mind that only disjunctions of variables are allowed in the
investigated fragment. Also insights on new types of parameterizations, in particular
in the context of the new space parameterized complexity classes, would be very
engaging.
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