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Abstract We study the Magidor iteration of Prikry forcings, and the resulting normal
measures on k, the first measurable cardinal in a generic extension. We show that
when applying the iteration to a core model below 0, then there exists a natural
correspondence between the normal measures on « in the ground model, and those of
the generic extension.
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1 Introduction

In this work, we study the celebrated Magidor iteration of Prikry forcings. We are
primarily interested in the normal measures on the first measurable cardinal « (i.e.,
k complete normal ultrafilters on «). In [8], Magidor introduced his iterating style of
Prikry type forcings and used such an iteration to achieve consistency results compar-
ing the first strongly compact cardinals with the first measurable in one case and with
the first super-compact cardinal in the other.

It seems natural to ask whether this iteration can produce some other results. One
such issue to be considered is the number of normal measures on the first measur-
able cardinal «. This has been extensively studied. Results by Kunen [6] and Stewart
Baldwin [2] have been obtained using inner model constructions, while Kunen—Paris
[71, Apter et al. [1], and Jeffery Scott Leaning [5] obtained results using forcing. The
question has been finally settled by Magidor and Friedman [3], which showed how to
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368 O. Ben-Neria

achieved models with arbitrary number normal measures A < x*+ (with « ™ = 22
on the first measurable cardinal « from the minimal assumption of a single measurable
cardinal. It is still unknown how many normal measures can a strongly compact car-
dinal have. James Cummings asked whether it is possible to use the Magidor iteration
forcing up to a measurable x over V, in which o(lc)v = X and A < k1T, to achieve
an extension in which the first measurable cardinal ¥ has exactly A many normal
measures. In this paper we address this question giving an affirmative answer when
assuming V is a suitable fine structural core model. For every U, a normal measure on
Kk in V, we associate a normal measure U in the generic extension. The main result
of this study is the following Theorem,

Theorem 1.1 Assuming that OV does not exist, and V is the core model, then all the
normal measures on k in a generic extension V¥« are precisely those of the form U*
where U is a normal measure on k in 'V, and they are all distinct.

In particular if o(k) = A then there are exactly A many normal measures on « in a
generic extension.

This work is an extension of the author’s results from his M.Sc thesis. I wish to thank
my advisor Prof. Moti Gitik for his valuable guidance and dedication. I am also grateful
to an anonymous referee for many important corrections and useful suggestions which
greatly improved both the content and clarity of this paper.

A road map to this work—In the remainder of this section we survey the necessary
preliminary material on the Magidor iteration of Prikry forcing notions up to « denoted
P,. In Sect. 2 we study the extensions of ground model normal measures in a generic
extension. We show that every normal measure on « in V has a natural extension in
VP« and study these extensions. The results in this section requires only mild assump-
tions about V which do not involve inner model theory. In Sect. 3 we incorporate the
assumption of the ground model being a core model without overlapping extenders.
Given a normal measure W on « in the generic extension, then by studying the restric-
tion of its corresponding elementary embedding jw to V we relate W to the normal
measures of V. Throughout this work we use forcing conventions by which p < ¢
means that g is stronger (more informative) than p. A weakest element of a forcing
notion P will be denoted by Op. Regarding measurability notations, a measure on x
is a k complete ultrafilter U C P (k) on «. It is a normal if this ultrafilter is closed to
diagonal intersections.

1.1 The Magidor iteration

Let P, = (P, Qal o < A) be the Magidor iteration as defined in [4]. For every o < A
either

1. Op, forces « is measurable and then (Qv"" <, <F) = (]P’(({;‘), <, <%), a Prikry
forcing [9] by some normal measure U7 on o which does not concentrate on the
set of former measurable cardinals below « (i.e. measurable cardinals in V), or

2. Op, forces « is not measurable and then ( QJ"’ <o, <})is taken to be trivial forcing.

Py, consists of conditions p of the form (pg | B < «) where for each 8 < «, Opﬁ

forces pg € %3. Whenever « is measurable in Ve, we denote by (s s(p), %/5 (p))a
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Forcing Magidor iteration 369

couple which represents pg as a condition in the Prikry forcing, i.e., 5 g(p) is a name
for a finite sequence of ordinals below 8, and { g(p) a name for a (measure one) set
inU :’; We note that the ordinals « for which 1. applies to are exactly the measurable
cardinals « < k in V (see [4]).

We use standard notation to describe different parts in the elements of P,. For
every condition p = (pg| B < k) € Prand a < B <« ,let p[B=(p,ly <B) €
Pg. p\B = (py| B <) € Py\B.and plla. B) = (p|p)\e.

Suppose p = (ppg | B < o) and p = (11,3 | B < «) are conditions of P,. Then p
is an extension of p’ denoted by p >p, p’, if and only if

1. forevery B <, plBlte, pp>p P'p.
2. There is a finite set b C o such that forevery B € « \ b, p[B Ikp, pp Zz PV//B'

Also, if b = @ then p is a direct extension of p’, p >p, p.

So roughly, when extending a condition p € Py, we may shrink the measure one
sets at each measurable 8 < « but adding elements to the Prikry sequences only in
finitely many f’'s.

We are interested only in conditions of (Py, >p,_, z]’fna) which are extensions of the
zero condition Op, = (0o s | B < ). Therefore, throughout this work, whenever a
generic set G, C Py is taken, we assume it contains Op, .

We define forevery p = (pg | B < a) the support of p, supp(p) to be the minimal
finite set b C « such that for every B € a\b, p[B lp, ppg ZZ Ogﬁ.

Remark 1.2 Recall that as in any iterated forcing notion, for every p, g € P, such
that p > ¢, then one can construct a p-equivalent condition p’, such that for every
a <k, Op, IF pV’ a = - In particular, the same is true when replacing > with >*,

Proofs for the following can be found in [4]:

Proposition 1.3 1. (Py, >p,, >} ) is a Prikry type forcing.
2. (Py, =p,) does not collapse cardinals.
3. « is measurable in VFe if and only if it is measurable in V.

Therefore, by forcing this iteration P, then for every p < «, the stage u + 1 of
the iteration P is non-trivial if and only if  is a measurable cardinal in the ground
model V. Denote A C «,

A = {u < x| ; is measurable}.

Let us elaborate about the argument (x is measurable in V) — (k is measurable
in VPK). Let U be a measure on « in the ground model V. Denote by M = Ult(V, U)
the corresponding ultrapower and by j : V — M its elementary embedding. By
the elementarity of j we get that supp(j(p)) = j(supp(p)) for every p € P,
and j (supp(p)) = supp(p) since supp(p) is a finite subset of k. We conclude that

JD\e =% 0p, e = (0g,l Kk < B < j(K)).
Definition 1.1 Let Y * be the P, -name consists of all pairs (Z{ , p) such that:

1. X is a P,-name for a subset of «.

@ Springer



370 O. Ben-Neria

2. pis acondition in P, for which there is some P, —name g such that Op_ I g >*
Jj(p)\k, and
p g lp;,, k€ jX).

Lemma 1.4 U* is a k-complete ultrafilter extending U.

Proof First, let us show that for every name X for a subset of « and a condition
p € Py then p forces “X € U* actually 1mphes (X, p) € U*. Suppose that p |-
X € U*. Let G C Py e a generlc set with p € G Turnmg to M[G,], we use
Prlkry condition of (P; )\, , >, >%) to find a direct extension g >* j(p)\k which
decides the statement “k € j (X)”. Returning to M, let q be a uniform name for the
described condition g. We get { that p ke, (g e, oW & € j(X)), and claim that

P b, (@ 1FP; o\ K€ J(X)). Suppose otherwise, then there would be some p* > p
such that p* IFp, (g H—pjm\,( K ¢ j(X)). So P q H‘]ij(l() K ¢ J(X). However, we
have p* |- X € U * which implies there is a condition p* compatlble with p*, such
that (X, p**) € U* This means we can find a direct extension, ¢** >* ](p**)\/c
such that P g ke J(X), but this is impossible as p*~ ¢ and p*™* g™ are
compatible. We conclude that p~ g I-k € j (X).

By the definition of U*, itis clear that U € U 7%, thus U* is not principle. Let G, be a
generic subset of P Suppose that X C Y C rxaresetsin V[G,]and X € U*. Choose
anameX for X, and acondition p € G, which forces“X € U * andX C Y. Hence we
can find a direct extension q >* j(p)\k such that p— q % e ](X) p g > j(p),
and j(p) forces “J({) C j(Y)” thus p~gq -k e J(Y). Hence, Y€ U* as well.

Next, let X1, X2 C k. Assume that both are in U*. Take p € G, which forces this.
Using the previous Lemma, we can find direct extensions, g1, g» >* j(p)\k such
that

pgilFkejXp, i=12.

Now both g1, ¢ are direct extensions of j (p)\« and therefore they are >* compatible.
Let g be a common direct extension of g; and g>. Then p~¢q IF K € j(),{} N 52), thus
X1NX,eU*.

Finally, let as establish x —completeness for U*. Suppose (X, | ¢ < A < k)
is a partition of k. We need to show that there is a unique 7 < A such that X,
belongs to U*. Pick names (%a | « < XA) and a condition p € G, which forces
“(Xq | < 1) is a partition of «”. Using the elementarity of j, we conclude thatin M,

i)k ke ld X

a<i

Since j(p)[k = p it follows that j(p)\«x forces the same statement in M[G,]. As
(P} ey\ie» <¥) is k-closed, we are able to find a condition ¢ >* j(p)\« which decides
all the statements “k € j(%a)”, a < A. Hence, there must be a unique t < A for
which g |- € € j ({ 7). Back in M, take a suitable name ¢ for g. Then there are
r € Gy andr<)Lsuchthatr“iH—/€ej(}gf),sz,eU*. O

We introduce a useful operation applied to conditions in P;.

@ Springer



Forcing Magidor iteration 371

Definition 1.2 1. For every @ < « let p~® be the direct extension of p, obtained by
throwing out all ordinals < « from all the measure one sets of measurable cardinal
above «, i.e, for every B € A, p~*[p forces

_ Xp(p), if B<a
Xp(p~y=1"" .
Xg(p)\(x + 1), if B>a.
2. Let p be a condition in PP, and suppose that Q = (p«) : @ < k) is a sequence
of condition, all are direct extensions of p. Define a new condition p, >* p, by
taking

Xot(PQ) = Xo(P@)) N (Aﬁ<otht(P(ﬁ)))’ for every a < k.

We say that p,, the diagonalization of Q above p.

Note that both operations have uniform definitions (e.g., the construction of pE“
over pg is independent of p[B), therefore for every o < B < « we see that Op, I

(P8 =" (P@)p-
It is clear from the definition of p,, that Op, forces

() (py\) @ =" p(;‘;‘\a for all @ < k.

Assume that for every o < k, p(q) extends p only in coordinates > «, i.e, pla =
P la. We have p,la >* pe)la since pg >* p, so together with () we get
that pQ_O‘ >* p). Let M = Ult(V, U) be the ultrapower of V induced by U, and
J : V. — M its elementary embedding. Consider the condition g € [P}, represented
by the sequence Q = (p) : @ < k), ¢ = j(Q)(x). Clearly ¢ >* j(p). Since
Po % =" p forevery o < k, we see that j(pg)™* >* q. Given X € U* we can
apply this construction to some g € IPj() used in Definition 1.1 and conclude the
following property,

Lemma 1.5 For every X € U™ there exists a name )’S and some p € G, such that
Z(/ Ge = X, and

J(P) Ik e j(X).

2 Prikry function and generic normal measures

We now introduce the notion of generic Prikry function d which plays a major role
in the characterization of all normal measures in the generic extension. We show that
whenever U € V concentrate in measurable cardinals below «, then d induces a
projection of its extension U™ to a normal measure on k. At the end of this section we
list some properties of this generic function which will be used extensively throughout
this paper.

@ Springer



372 O. Ben-Neria

Definition 2.1 For a generic set G, C Py, letd : A — « be the induced function
sending every (old) measurable ;& € A to the first element of its Prikry sequence. We
call d the Prikry function induced by G.

Proposition 2.1 The measure U* is normal if and only if A ¢ U. Furthermore, if
A € U then d induces a projection of U™ to a normal measure.

Remark 2.2 Trivially, the function d : A — « is regressive. We claim that d cannot
be constant on any infinite set. Indeed, fix @ < «. Given a condition p € Py, let
b = supp(p), so b a finite subset of k. We get that the condition p~* > p forces
“g_l({&}) C b”. Hence, |d~'({a})| < o in the generic extension.

Proof For the first part, note that A ¢ U implies that (P} \«) is kT closed as « is
not measurable in M or in M"x . Therefore, just run the argument used to establish the
k —completeness of U*, on a regressive function, i.e., use the ¥ closure to guess the
value j(f)(x) < k whenever f is a regressive function in the generic extension.

Suppose A € U then A € U* as well. As seen in Remark 2.2, the Prikry function
d 1 A — K is regressive but not constant on any infinite set. Let us show d induces a
projection of U* to a normal ultrafilter.

Let G, be a generic subset of P,. Suppose f is a function in V[G,] with
f(a) < d(a) onameasure one setin U*. Choose conditions p € G, andg >* j(p)\«
such that p~q |- j(f)(K) < j(d)(K). k is measurable in M as A € U. More-
over, Proposition 1.3 ensures that it remains measurable in M[G,]. Let U, be the
M[G,]—measure on « used for the x + 1 stage of the iteration, IP;(), namely
O« = P(Uy). Working in M[G,], we have g IFp; )\« JOH®) < j(d)K) < «.
Unlike before, (P;c)\«» >*) is not k *—closed, so the proof of the first part above
(A ¢ U) cannot be applied directly in this case. Nevertheless, after forcing at «, the
rest of the iteration (P )\ (e+1), >*) is kT —closed. Hence, by applying the argu-
ment above, we can find a P(U,)—name of an ordinal 7 and a direct extension
t=« >* g\(k + 1) such that

4 t>c b= j(HE) < j(d)K).

Now, as both 7r and j ( g\{ )(x) are names in the forcing language of P(U, ), we conclude
that the condition g, forces the statement “ < j(d)(x)” above.

Note that when forcing Prikry forcing P(U) by a single normal measure U on
k, then for every P(U) name 7 of an ordinal and p € P(U) such that, p IFpqy)
“mr is smaller than the first element of the generic Prikry sequence” then the identity
of m can be decided by a direct extension of p. So there exists a direct extension
te ZI’E’(UK) gy such that 1, lbpy ) m = ,é forsome 8 < k.Lett =1 t.,.Thent >* ¢
andt IF j()(K) =7 = B, so there exists some r € G, such that r 1 IF JCH®) =
B. As r forces ¢, j(r)\k are both direct extensions of 0;p, )\« it also force they are

<*compatible. If ' is a name of a common direct extension then r ¢’ >* j(r) and
rot I j(f)(&) = B. Hence f~1(B) € U*. o

Notation 2.3 Denote by U™ the measure on « in V[G,] projected from U*. By the
proposition above U* = U* if A ¢ U and U* = d(U*) otherwise.
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Forcing Magidor iteration 373

Let U be a normal measure on « in V which concentrates on A. The considerations
above implies that For every X C « in V[G,] then X € U™ if and only if there are
p € G and g =" j(p)\« such that p~q I j(d)(k) € j(X).

Assumption 2.4 Letus add an additional assumption regarding the construction of P
Consider anon trivial stage i € A of the iteration P,.. Previously, the only requirement
from the normal measure U *, used at stage u, was that it does not concentrate on
A N w. In general this does not determine uniquely the normal measure. In order to
avoid unnecessary complication let us add the assumption that in V, every u € A
has a unique normal measure U, o which does not include A N p (i.e. of order 0),
and then, at stage u, use its normal extension U* .o constructed above. We note that
this assumption typically holds in core models below certain large cardinal property.
In the core model theory below 0%, presented in [11], the uniqueness follows from
the fact that every such measure is correct, and must appear on the model’s extender
sequence. As this sequence is coherent, it may include at most one such measure
for every cardinal. Schlutzenberg [10] (Corollary 2.18) proves this property holds for
inner model below a superstrong cardinal.

Lemma 2.5 Let G, C P, be a generic set. Then in the generic extension V|G, ], there
is afinite setb C k suchthat every pair of measurable cardinals A < v in A\b, satisfies
d(n) € [d()), A). In particular, the elements of the sequence (d(i) : u € A\b) are
pairwise distinct.

Proof Fix u € A.Suppose Q,, =P(U Z) where U, is an order—0 normal measure on
u(in V). Denoteby j: V- M =ZUlt(V,U )the induced elementary embedding.
Let B,, be the IP,,—name for the set

M\ U @,
re(ANw)

Since we now assume A N & Uy, it is easily seen that j(¢)™* IF & € j(B,) for
every g € Py, therefore Op, IFp, B, € U7.

Given p € P, let b = supp(p), and for every u € Alet A, = X(p,) and A;L be
the name of B, N Ay, then plu Ibp,, A;L € Uj,. If ¢ =™ p be the direct extension
of p obtained by taking A’M instead of A, in all the coordinates . € A. Then g forces
that d(n) & [d(X), A] whenever © > X arein A and u & b. ]

In order to give a better description of the behavior of d, we define the following
sets,

Definition 2.2 Suppose G, is a generic subset of P,.. Define:

1. ' = d*A, the set of first elements of all Prikry sequences in G.
={a:|d Ya)| =1and

Ve A (u>d (@) = (dp) &la,d @] }.
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3. ¥ ={a <« :if u > o is measurable then d () > « }.

Clearly, d~! is a well defined function on IT, d~! : [T — A. By Lemma 2.5 there
is a finite set b C « such that d(8) € II for every § > max(b). Hence, I'\II is
bounded in «.

We point out that X is a club. Trivially, X is closed, thus it is sufficient to show
that the complement of ¥ is non stationary. Let g(o) = min{e’ : JIu > a o’ =
d(w)}. Clearly, g is regressive on '\ . Hence, if K\ ¥ was stationary then there would
be an ordinal «* < k with g~ ({a*}) stationary. However, this is impossible since
g (")) € max (d' (fa*}) < k.

Given a condition p, and ¢ < B < k with B € A, we define a new condition
p @8 which need not be an extension of p:

Definition 2.3 For every @ < B < « with B € A, let pT@# be the condition
obtained by adding « to sequence sg(p), i.e, (p+(""/3))y = p, forevery y # 8, and

PP 1B e, sp(pTP) = s5(p) Ula) and Xg(p™P) = Xp(p)\(@ + 1)

We say that « is first available at pg if p[B I+ sg(p) = @ and & € Xg(p). In such
case we get that pT (@A) > p and p+(©@h) |- g(ﬁ) =q

Remark 2.6 We demonstrate how the sets X, I', IT indicates on certain closer prop-
erties of the generic set G, with respect to operations defined in Definitions 1.2, 2.3.
Fix p € G,.

Suppose that @ belongs to X\I'. Then neither a nor any &’ < « appears as a first
element of a Prikry sequence for a measurable cardinal 8 > «. Thus, the condition
p~ ¢ remains in G.

Similarly, if« € [TN'E and B = d~! () then pt @A) € G, and sincea € TN
then pt@A~* ¢ G, . Furthermore, the fact & € IT ensures that p (@A) ~*=F belongs
to G, as well.

Let U1, Uy be two normal measures on « in V such that A € U;\Uy, and Uy < U;.
Denote by M} = V¥/U;, My = V*/Uy the induced ultrapowers and j; : V —
M, jo : V — M)y their corresponding elementary embeddings. Since Uy € M, we
can also take its ultrapower inside Mj. Denote by jO1 My — Mo = Ult(My, Up)
the induced ultrapower of M| and its embedding, and by ji 0 = j(} oj1:V—=> Mo
the composite elementary embedding.

Recall that the iterated ultrapower M o can be perceived in two more different
ways: The first is the two step iteration obtained by taking the My—ultrapower by the
Jo(x) ultrafilter jo(Up). The second is by a single ultrapower using the x —complete
ultrafilter Uy x Uj on «2. Thus

I L] ~ ~ 2
MP® [jo(Ur) = My g = VE /Uy x Uy).

Suppose G, C P, is a V—generic set. We establish straightforward criterions for a
subset of k, X € V[G,] to be included in the normal measure Ul>< = d*(UY).
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Lemma 2.7 Let u be an condition in ji(Py). If u[x I s(u,) = @ then there exists a
direct extension r >* ji(u)[[k, jo(k)) in My o, such that k is first available at tj,
(i.e. 106000 > 1) ywhere t = u {K’\r’\(jé @)\ jo(k)) is a condition in jj o(Py).

Proof First, note that k is measurable in M| so it is a non trivial point of the iteration
J1(Pe) = P%b«)' Also, Uy is the only measure on « in M which does not include
A. Hence, by the assumption added in Assumption 2.4, U] is the normal measure
used at stage x of P%EK). The construction of the name for U()k is taken inside M|, but
since P!

Ji(k)
one in V. Now, for every u € P

[ €k =P, and V41 = (M1),+1 then this construction coincide with the

%%K) sulc lkp, X(uy) € Qé Therefore there exists

a direct extension r >* jg (ulx)\k such that u[k"r IF K € j(} (X (uy)). Note that
Jo X)) = X joge) ig ().
Moving to M o, let ¢ be the direct extension of j& (u) defined by

t=ulik”r (g )\ jo(k)).

Since we assumed u [« I+ s(u,) = @ we have:

L. tjyw) = Jg (ui), thus jo(ulx) forces X (tjy(c)) = Jja (X (u,)) and
j()(u fK) I+ S(tjo(,()) ={.

2. tljok) =ulc"r.

We get that 1] jo(k) IF € € X (j,4)), hence, k is first available at # (). O

Remark 2.8 The direct extension r taken inside the iterated ultrapower M o can be
described as r = [R]y,xuv,, where R : k% —> V. Without lost of generality we may
assume that for every o < 8 < « R(a, B) € Py [[¢,p)-

We can say more about the structure of possible R: As P} = IP’,iVI‘ and u [k IFpy
X(ue) € gg (i.e. forcing this statement over V), r can be taken from My, i.e. r zK*
Jo(u[x)\k and

ulk”rlbp, ) K € X o) (o).

Therefore, we can choose a representing function R : k> —> V for r with a simpler
structure. Let (r, | @ < k) be a sequence representing r in My, then the function R
defined by R(«, B) = ry [ B works.

For every p € P,, it is possible to apply the previous Lemma to the condition
u = ji(p) € Pj () and conclude

Corollary 2.9 For every condition p € Py there exists a direct extension q >*

J1.0(p)\k in My g such that p~q 0D > p=g, and p~gTE ) |- d(jo(c)) =
k. Note that k is first available at j (k) for p—q.
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Proposition 2.10 Let G, be a generic subset of Py. For every X C k in V[G,],
X € U{® iff there are conditions p € G, and q =* jio(p)\k in My o such that
p g TEI0W) > p=g and pg T |- g e J1.0X).

Proof Let U™ be the collection of all sets X C « in V[G,] for which there are
p € Geand g =* jio(p)\« such that p~g T - & e j o(X). Sup-
pose that the conditions pi, p» € P, are compatible and ¢q;1,¢q> € le,o(K) are
suitable extensions: g; >* jio(pi)\k, i = 1,2. Note that g;, g, are compati-
ble as well, hence the conditions p;~g; “**) | p,~gF ) are compatible
and cannot force contradictive statements. We conclude that for every X C «
in V]G], it is impossible to have both X and «\X inside U*. Hence, in order
to establish that U = U, it is sufficient to show that U € U*. Let X €
UJ“. Pick a sultable name X and conditions p € Gy, g >* J1(p)\k such that
P q Ihp”m J1d)x) € ]1(X) Applying the elementary embedding ]0 we get
that

@D ey o o) Go@) € jroX).

Now, p IF s(gc) = ¥ so by Lemma 2.7 (applied to the condition p™q € P}, ()) there
is a direct extension ¢t >* j (p™q) with t [k = p, such that « is first available at 7 j; ().
On the one hand we have t+(" Jo()) |- Ji, O(d)(j()(K)) € J1, O(X) since t forces this
statement and 1+ *-/0®)) > ¢ But on the other hand (-0 |- % — j10(d) (]O(K))

It follows thats ¢+(</0)) |- ¢ e j; 0(X). Finally, let q' = t\«k, then p forces g’ >*
AT\ =" jro(p)\c. and pg TEOO |k ey o(X). o

The following property is a key component in the proof of our main result, Theo-
rem 2.11,

Theorem 2.11 Forevery X € le there exists some A € Uy suchthatd“ANTXNIIC X.
We start by proving the following Lemma,

Lemma 2.12 For every name { of a subset of k such that ({ )G, € U[", there exists
some p € G, such that

Jro(p) HERED =D I & e i o(X).

Note that we do not require that ji o(p)T®-Jo®)=,=jo(®) js an extension of ji.o(p).
This will not be needed in the proof of Theorem 2.11.

Proof Fix X € U{*. By Lemma 1.5, We know there is a condition p € Gy so that
Jip) ™ IF d®) e J1(X). Applying the elementary embedding jO, we get that
Jro(p)~ W - d (jo(k)) € Jj1. O(X) Also, by Lemma 2.7 there is a direct extension
r =* jro(p)” JoU) e, Jo(x)) in M1 0, such that « is first available at coordinate
Jo(x) of the condition t = p~r ™ (j1.0(p)\Jjo(k))~ Jok) ¢ P}, o). Therefore, we
have

) P (ro(p)\ o)) FEEDIZE) 1 e iy o(X).
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Forcing Magidor iteration 377

We identify M o with the single ultrapower of V by Uy x U1, Mo = Ult(V, Up x
Uj). Let R : k> — V be a function which represents r in this ultrapower. (s) above
indicates there is a measure one set T € Uy x Uj such that for all («, B) € T, the
condition R(«, B) is a direct extension of p|[[«, 8) with

(k%) (pla” R(e. p)"p\B)" PP Ird e X.

By Remark 2.8, we can assume that for some sequence (r, | < k) withry >* p\«,
then R(a, B) = rq [P for all (o, B) € T. We may assume that (ro)g >* (p\a)g is
being forced by Op, forevery B > « (otherwise use equivalent conditions as suggested
in Remark 1.2).

Consider the sequence of conditions Q = (p()la < k) where py = pla™r, for
each o < k. Forevery (o, ) € T we have p) >* pla™ R(x, B)” p\B.

Now, although p(tt()a’ﬁ )P need not be an extension of D(a).itisstill adirect extension

of (pla™R(a, )" p\B)T @A~ 5o (xx) implies

+(, B)— v
PP Piraex.

Let p, >* p be the diagonalization of the sequence Q. It is easy to verify
that the definition of p, (1.2) implies that (p;)"(""ﬂ)_ﬁ)_“ >* pa;()a’ﬁ)_ﬂ for every
a < B < k. We get that pg(“’ﬁ)_“_ﬂ I a e X for every (o, B) € T, so
Jr0(py) TE0ED=K=jol) |1 & ¢ Jj1.0(X) since T" € Uy x Uy. The claim follows
by a standard density argument. O

We can now prove the the Theorem.
Proof (Theorem 2.11) Pick a name 5 for X. By the previous lemma, there is a con-
dition p € G, such that
j1,0(p)+(K’j0(K))_K_jO(K) & € j1o(X).

Consider the set of all pairs (a, 8) € «? for which p™@®#~=F |- ¢ ¢ X. Denote
this set by T'. Clearly T € Uy x U;.

Let (Up g|B < k) be the sequence of normal measures which represents Uy in the
ultrapower M. For every < «, define

Tg={a<pB:(a,B) €T}.
The fact that T € Uy x U; implies there is some B € U such that Tg € Ug g for
every 8 € B.

Forevery condition p € P, let pr be the direct extension of p, obtained by shrinking
the one measure sets:

Xg(p,) = Xpg(p) NTg, forall B € B.
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Let b be the support of p. Then p, I d(B) € Ty forall B € (B~ b). So by a
standard density argument we see that in the generic extension V[G,] there is a finite
set b C k such that d(B) € Tg forall B € B\b.

Let A= B\b,then A € Uj.Foreveryax € d“ANX NI let g = d_l(()l). We get
that B € A and (., B) € T,s0 pt@P=e=F |- ¢ e X. But p*@#~*=F belongs to
G, since p € G, and o € ¥ N II. Hence, o € X. O

3 Core model aspects

In this section we add the assumption there is no inner model with overlapping exten-
ders and consider a generic extension of the core model K. See [11] for the general
theory and for a description of the inner model theory used in this paper. We shall use
the description of K of [11], which is based on premice with Jensen’s A—indexing. This
description simplifies our analysis of the iterations assuming —01, as all iterations are
linear. Let G, C P, be a V —generic set. In this section we consider normal measures
Wonkin V[G,]. Denote by jw : V[G,] = Mw = Ult(V[G,], W) the correspond-
ing elementary embedding, and let j = jw [V : V — M be its restriction to V. Since
V is the core model of V[G,] then M is a normal iterate of V, and My = M[Gw]
where Gy C IPj) is M generic (see 7.4 and 8.3 of [11]). For simplicity, we extend
the notations from the previous section. Thus, we write d : j(A) — j(x) for the
extended Prikry function (which sends every measurable cardinal < j (k) in M, to the
first element of his Prikry sequence), induced by the generic Gy C IP’% X)" Throughout
this section, we use these notations when describing an arbitrary measure on « in the
generic extension V[G,].

3.1 Key generators

Let G, C P, be a V-generic set. In Definition 2.2 we defined the sets I" and IT in
V[G,]. We saw that '\ I1 is bounded in «, and proved that for every normal measure
UonkinV,ifo(U) > 1then I belongs to its corresponding normal measure U™ in
VIG,].

Let W be any normal measure on k in V[G,] such that ' € W. Then [T € W and
therefore in My = Ult(V[G,], W) we have « € jw (IT). Using the notations from
the beginning of the section to consider My as the generic extension M[Gw] of M, it
follows that « is the first element of a Prikry sequence in the generic set Gw C P,
and d~! (k) is a unique measurable cardinal in M. As it will turn out (in the end of
this section), the ordinal d~! (k) determines a normal measure Uy on « in V such that
Uy =W.

Consider j Fin .y — M7 a finite sub iteration of Jj. Let us describe an ultra-
power construction of M Fi nj Fin 1etn < wbe the length of the iteration, then there
are elementary embeddings : ji : V — M for every integer k < n, and extenders Ej
for every k < n, such that:

1. Mo =V, jo=idpy,.
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2. Forevery k < n, Ejisanextenderin My, My = Ult(Mg, Ex), jkk+1 : My —
Mjc1 is the ultrapower map, and ji41 = jk,k+1 © jk-
3. j.7:zn = j, and MmTin — M,

Definition 3.1 Under the above notations, consider the critical points crit(Ey) for
k < n.

1. We say crit(Ey) is a normal generator of the iteration if crit (Ey) < ji(x).
2. We say crit(Ey) is a key generator if and o_nly if crit(Er) = ji(k).
3. We denote the largest key generator in M7 by «*.

Let {crit(Ek,) | 0 < m < n*} the list of key generators. The description above of
M7 i 7 is unique if we assume it to be normal. We shall therefore use only normal
iteration to describe M7, j7in _ Assuming —0%, normality implies that criz (E ko, ) <
crit(Ey,, ) forevery my < mp < n*.

Our intension is to use the finite sub iterations M7 of M in order to have a simple
ultrapower description to some elements of M. Since crit(j) = «, we shall restrict
our attention to M7 " so that crit(j]:i") = k,1.e.crit(Eg) = . Inparticularifn > 1
then there must be a largest key generator «* > «.

Lemma 3.1 1. The set {j77"(f)(k*) | f € k¥ NV} is cofinal in j7™ (k).

2. Let u* < jFin(k) be a measurable cardinal in M7, If u* is bigger than the
largest key generator k*, then for every condition p € P, there exists a direct
extension p* >=* p, such that j7™" (p*) IF k& # d(u").

Proof 1. We use the iteration parts My, jx, Ex, k < n described above and prove by
induction on k < n that if «* is the maximal key generator of the sub iteration
Jk : V. = Mg, then {jx (f)(«x*) | f € ¥ N V}is cofinal in ji (k). First note that
it is sufficient to prove that for all 8’ < ji (), if 8’ is a generator of the iteration
Jjk 1.e. a generator of one of the extenders (E; | i < k) used to form ji) then it is
bounded by ji ( f5) (k™) for some fy € k* N V. This is because for every ordinal
y < Jji(k) there exists m < w, h : k™ — k, and generators &y, .., §yn—1 < Jji(k)
such that y = ji(h)(do, .., 6,—1). So by defining h, : k — Kk by h,(v) =
sup ({h(o, .., viem) | Vi < m, v < f5,(0)}) + 1, then ji(h,)(k*) > y.

When n = 0 there are no key generators so there is nothing to prove. Suppose

this claim holds for some k < n and consider the next ultrapower ji x+1 : My —

My41 E Ult (Mg, Ei). Denote crit (Ey) by 8. Note that § > «* since the iteration

is normal. We split the argument to into three cases:

(a) If § > ji(x) then an ultrapower by Ej does not change any of the structure
below §. In particular «* is still the maximal key generator and the claim holds
true.

(b) Suppose k* < § < jx (k). Since there are no overlapping extenders in My, then
all generators of E are bounded below ji («). By our inductive assumption, for
every generator 8’ of Ej there exists some fs € NV such that ji(f5) (k™) >
8’. We claim that the same function fs works for jx+1 = jk.k+1 © Jjk. Indeed
k* < & = crit(Ey) hence ji x+1(k*) = k*. Hence ji+1(f5) (k™) = (kk+1 ©
TS5 G160 = Jie1 Ge(fs) () > i k+1(8) > 8.
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(¢) Suppose § = ji (k). Then k* = § is the new maximal key generator in My 1.
The generators of ji41 : V — My are either generators of ji : V — M
or generators of Ey. If § is a generator of j; smaller than jiyi(k) then § <
Jk(k) = k* so fs = id, works. As to the generators of Ey, if Ej is a normal
measure then this is immediate. Otherwise 0(8)* > 0 so there are unbounded
many measurable cardinals below 6 in My, and as 6 = ji(k), the same is true
for k in V. Define r : k — « by mapping every v < « to the least measurable
cardinal above v. Since there are no overlapping extenders in M, then the first
measurable cardinal above § in My is an upper bound to all the generators
of Ex. We get that jx1(r)(k*) = ji4+1(r)(5) is greater than all the generators
of Ey.

2. Pickm < w, h : k™ — k in V, and generators &g, .., §—1 < jfi”(fc) such that
= j]:i’l(h)(So, .., 8m—1). Also for every i < m choose a function f5; € k* NV
such that §; < j}—i”(fgi)(/c*). Define

Z=1{0,0", vy, ..., vm—1) € "2 h(vg, .., vm_1) > 0%, 0 < 6%,
and 6 < v; < f5,(0) forevery i < n}.

then (k, k*, 80, ... m_1) € j7(Z), and |{(0, 6%, vy, .., vm_1) € Z | 0* = A}| <
k forevery A < k.

Define a closed unbounded sequence ink, C = (A; | i < k). Set 19 = 0. Suppose
that (A | j < i) has been defined. When 7 is a limit ordinal set 2; = UJ;_; 2.
When i = i’ + 1, if there Are 6, vy, .., V—1 such that (8, A7, vg, .., Vu—1) € Z
then define

i = Jth (o, o V1) 1360, 0, . 1 (0, Air, v0, ooy V1) € Z} + 1,

and A; = ;s 4+ 1 otherwise.

Since C is a closed unbounded in x and «* is a normal generator (i.e. generator
of a normal measure) then k* € jfi”(C) and therefore («, k*, 8¢, .., Sm—1) €
j7i(Z1C) where Z|C = {(6, 6*, v, .., vu—1) € Z | 6* € C}.

Define H : Z|C — « by H(0,6*, v, .., viu—1) = h(vo, .., viy—1). By the con-
struction of C we get that for every v < «, if H~'({v}) is not empty, then there
exists a unique A € C, A < v, such that A = 6* for every (0, 6%, v, .., v—1) €
H™! ({v}). We then denote A by A(v).

For every p € PP, let us construct a direct extension p* > p such that j7(p*) IF
K # du").

For every measurable cardinal v < « set (the name of) X, (p*) to be

X, (p*) = Xy(P\) + 1) if H'({v}) # 0

vip X, (p) otherwise
The deﬁnitigns of Z|C and p* imply that for every (0, 0*, vg, .., vy—1) € Z|C
then p*IE O £ g/(h(vo,:., Vm—1)). The claim follows as (k, «*, 8¢, .., 8m—1) €
JT™Z1C) and pw* = jT(h) (B0, o) Sm1). O
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Let M7 be a finite sub-iteration of M. Denote by i7" : M7" — M the
embedding of M7 in M (i.e. j = i7" o j7"). For every u € M, we say that y is
represented in M7 " if there is an ordinal u* € M7 such that i7" (u*) = . Notice
that for every i < j(x) in M, the fact that a representative of u is a key generator of
its finite sub-iteration, does not depend on a particular choice of a finite sub-iteration
of M (as long as u is represented there). We expand Definition 3.1.

Definition 3.2 We say that an ordinal © < j(k) is a key generator of M if and
only if for every (some) finite sub-iteration M 7: " in which p is represented by some
w* € M7 then u* is a key-generator of M7 in the sense of Definition 3.1.

Proposition 3.2 Suppose that T € W. Let d~' (k) < jw (k) be the preimage of k, as
computed in My = M[Gw], then dYk)eMisa key generator of M.

Proof First, note that k cannot be a measurable cardinal in M as otherwise we would
have to add a Prikry sequence to « when forcing with P, |, so ¢f (<) [Gw] = . This
is impossible since M[Gw] = My is an ultrapower of the generic extension V[G]
where « is measurable. Therefore, there must be a k —measure Uy which is included
in the construction of M and does not concentrate on A.

Let u < j(k) is measurable cardinal in M which is not a key generator of M.
Let M7 be a finite sub-iteration which has representative u* € M7 for ;1. We
can assume that u* is bigger than the largest key generator «* (since ultrapowers by
extenders whose critical points are above u* are not relevant to ©*) and that « is not
measurable in M7 " (as we can assume Ug was included in this finite iteration). By the
previous Proposition 3.1, there is a condition p € G, such that j77"(p) I+ & # d(u*).
Denote by i7" : M7 — M the embedding of M7 into the direct limit M. Then
i7" (k) = Kk since « is not measurable in M7, By the elementarity of i7" we
get that j(p) Ik k& # d(n). But Gw = jw(Gy), hence j(p) = jw(p) € Gw so
Kk # d(u) in the generic extension M[Gw] = My . m|

3.1.1 One Measure

In this section we establish first results regarding possible normal measures on « in a
generic extension V¢ These results are based on our assumptions of =01 and that
the V is the core model.

Let Up be anormal measure on « in the ground model V', which does not concentrate
on A. InProposition 2.1 we proved that U; = Uj;* is anormal ultrafilter on  in VFe In
this part of the section we show that Uy is the only normal measure on « in VP« which
does notinclude I' = d*“A. As a corollary we prove that in case « has a unique normal
measure in the ground model V = KC, then the same holds in a generic extension Vx .

Remark 3.3 In the first part of proof 3.2 we established that whenever G, C P is
V generic and W is a normal measure on « in V[G,], then « is not measurable in
My = Ult(V[G,], W). Hence A ¢ W. The fact V = K is the core model, implies
that W NV is a normal ultrafilter on « in V, and must coincide with Uy. Using W to
form an ultrapower of V = K, the resulting model is an iterate of K. This iteration
must use the the unique 0—order measure on the extender sequence of K, and therefore
coincide with W N V (see also [10]).
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Proposition 3.4 Ug‘ is the only normal measure on k in V]G] which does not con-
centrate on I'.

~

Proof Denote by jo : V — My = Ult(V, Upy) be the corresponding elementary
embedding. By lemma 1.5 for every X € Uj there exists some p € G, such that
Jo(p)®lFk e Jo(X). It follows that I" ¢ Uj since jo(p)~* I g_l({x}) =0.

Next, suppose W is a normal measure on « in V[G,] with ' ¢ W, and let us show
that U = W. It is sufficient to verify that Uy € W. By remark 3.3 we know that
Uop C W. Suppose X € U;j. Choose any p € G, such that jo(p) ™ IF K € jo(z{) and
define the following subset of «,

B ={a<k|p®lraeX})

Clearly, k € jo(B), thus B € Up. In Definition 2.2 we defined X, IT, subsets of x in
V[G], and proved that X is a club, '\ IT is bounded in «, and that for every o € X\I"
and p € Gy, then p~* € G, (see Remark 2.6). Therefore if « € B N (X\I') then
p~ belongs to G, and forces “a € X”. We conclude (2\I') N B < X. It follows
that X € W since X is closed unbounded ink, I' ¢ W,and B € Uy C W. O

Corollary 3.5 Assuming that O1 does not exist, and V is the core model in which k
has a unique normal measure Uy, then in a generic extension Ve, Ug is the only
normal measure on k.

Proof Note that since Uy does not include A since it is the only normal measure on «
in V. By Proposition 3.4 we know that U] is the only measure on « in V[G,] which
does not include I". We claim there is no W € V[G,] which is normal measure on x
and I' € W. If there was such W, then d~' (k) # . By Proposition 3.2 the ordinal
d~'(k) is a measurable cardinal in M which is a key generator. This is impossible
because all key generators are obtained by iterating Uy which not concentrate on the
set of measurable cardinals, so all key generators are not measurables in M. O

3.2 Identifying all the normal measures on «

Assume W is normal and I' € W. Denote by jw : V[G,] — My the corresponding
ultrapower and elementary embedding.

I' € Wimplies IT € W whichin turn, implies thatin My = M[Gw], |[d~'({«})| =
1. Denote ;1 = d~'(«). By Proposition 3.2, 1 is a key generator of the iteration M.
Let j7 . V — M7 be a finite sub-iteration of j which has a representative u* for
. We may assume that ©* = k™ is the maximal key generator. We focus our attention
on the following k —complete ultrafilter of V.

Definition 3.3 Define Uy = {X C « | u* € j7™"(X)}.
Lemma 3.6 Uy € V is a normal measure on k.

Proof First, note that Uy € V as j7 is definable in V. Leti : V — N X
Ult(V, Uw) be the induced ultrapower embedding and let f : k — « be a func-
tion representing « in this ultrapower. If the statement of the proposition is false then
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there exists such a function f which is regressive. We will use such f to establish a
contradiction by showing that there is a condition g € G such that j(g) IF g\l/ () > K.
This is absurd as we assumed j“G, € Gw and d(u) = « in M[Gw]. Note that N
can be factored from the iterated ultrapower M7 . The map k : N — M7 " defined
by k([gluy) = i7" (g)(u*) is elementary and j7" =k oi.

For every p € PP, define a direct extension p~/ >* p by reducing the (name of)
every measure one set X, (p) for all v € A such that

Pl IF X (p) = Xu(D\(f(v) + 1).

The definition of p~/ implies that there is a finite subset b C A such that for every
veAb p Ik dm) > f(v). From this we conclude i (p~/) I- d(lidlyy) > «,
and by applying k that j77(p=7/) IF d(u*) > k(x) > «. The result follows by
applying a standard density argument and lifting the forcing assertion to M via i7",

O

We are now ready to prove the main result.

Proof (Theorem 1.1) Suppose « is measurable in V. As usual, we denote by Uy the
unique normal measure on k which does not concentrate on A. By Proposition 3.4
we know that UOX = U} is the unique normal measure on « in V[G, ] which does not
include T. It is therefore sufficient to consider normal measures on « in V¢ which
include I'. First note that for every U # Uy, a normal measure on « in V, then A € U
and therefore by Proposition 2.1 T € U*. So U* # U . Also,as U C U* and d is
injective above some bounded set in « then distinct normal measures U in V induce
distinct normal measures U* in the generic extension.

Finally, let W € VF* be a normal measure on « with I' € W. We use the facts and
notations established at the start of Sect. 3.2 and Lemma 3.6. We claim that W = U VT,

It is sufficient to prove Uy, C W which, by Theorem 2.11, amounts to proving that
d“A € W for every A € Uw (as X is a club and I'\IT is bounded below «). By the
definition of Uy, pu* € j]: in(A) for every A € Uy. Applying the direct limit map
i7" we find that u € j(A). The last implies k € jw(d”A) in My = M[Gw], and
hence d"A € W. O
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