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Abstract We continue the study of adequate sets which we began in (Krueger in
Forcing with adequate sets of models as side conditions) by introducing the idea of
a strongly adequate set, which has an additional requirement on the overlap of two
models past their comparison point. We present a forcing poset for adding a club to a
fat stationary subset of w; with finite conditions, thereby showing that a version of the
forcing posets of Friedman (Set theory: Centre de Recerca Matematica, Barcelona,
2003-2004, Trends in Mathematics. Birkhduser Verlag, 2006) and Mitchell (Trans
Am Math Soc 361(2):561601, 2009) for adding a club on w; can be developed in the
context of adequate sets.
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The idea of an adequate set of models was introduced by the author in [1]. Roughly
speaking, an adequate set is a set consisting of countable models which are pairwise
membership comparable below a particular ordinal called their comparison point. The
relevance of the comparison point is that the two models have only a finite overlap past
this ordinal. We presented a general framework in [1] for using adequate sets of models
as side conditions in forcing on w; with finite conditions. Examples of forcings which
fit into this framework include adding a generic function on wy, forcing a nonreflecting
stationary subset of wy N cof (w), and adding an w;-Kurepa tree.

J. Krueger (B<)

Department of Mathematics, University of North Texas,
1155 Union Circle #311430, Denton, TX 76203, USA
e-mail: jkrueger @unt.edu

@ Springer



120 J. Krueger

In earlier work Friedman [2] and Mitchell [3] separately introduced forcing posets
which add a club to a fat stationary subset of w, with finite conditions, using countable
models as side conditions. In this paper we develop an analogue of these forcings in the
context of adequate sets. To achieve this, we introduce the idea of a strongly adequate
set of models, which differs from an adequate set by obeying an additional requirement
on the overlap of models past their comparison point.

This paper is a sequel to [1]. We assume that the reader is familiar with the material
in Sects. 1-3 of that paper. Our forcing poset is similar to the Friedman-Mitchell posets
in the sense that we approximate a generic club using intervals. Neeman’s method [4]
for adding a club is somewhat different; he adds a generic sequence of models with
finite conditions for which the suprema of models appearing on the sequence form a
club.

1 Background assumptions and notation

For easy reference, we review here the notation, concepts, and results of Sects. 1-3 of

[1].
Assumption 1 Assume 2! = w,.

The reason we make this assumption is because it implies that the elementary
substructures of H (w,) which we will use are determined by their set of ordinals. This
way we can use sets of ordinals as side conditions instead of models.

Using Assumption 1, fix a bijection 7 : wy — H(w3). Let A denote the structure
(H (wy), €, ). The bijection 7 induces a set of definable Skolem functions for A.
For any set a C H(wy), let Sk(a) denote the closure of a under some (equivalently
any) such set of definable Skolem functions. If N < A, then N = 7[N N wy] =
Sk(N N wy). By Lemma 1.4 of [1], if a and b are subsets of w, satisfying that
Sk(a) N wy = a and Sk(b) N wy = b, then Sk(a) N Sk(b) = Sk(a N b).

Assumption 2 There exists a thin stationary subset of Py, (w2).

Fix a stationary set JJ C P, (w2) which is thin. This means that for all 8 <
w2, {anN B :a e YV} < w;. Without loss of generality we assume that ) is closed
under initial segments, that is, whenever a € ) and 8 < ws, thena N B € ).

Notation Let C be the club set of B < wj such that Sk(8) Nwy = B. Let A =
C Ncof(w). Let X denote the stationary set of M in Y such that Sk(M) Nwy = M
andforally e M, sup(CNy) e M.

Note that every member of A is a limit point of C.

Suppose that M and N are in X. If M € Sk(N), then Sk(M) € Sk(N), sup(M) €
N, and every initial segment of M is in Sk(N). Note thatif M € X and § € A, then
Sk(M N B) = Sk(M) N Sk(B). It easily follows that if M € & and § € A, then
MNpBeX.

The fact that ) is thin provides the following important consequence: if M is a
subset of B in X', where B € A, then M € Sk(B) (Proposition 1.11 [1]). In particular,
if M € Xand B € A,then M N B € Sk(B).
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Strongly adequate sets and adding a club with finite conditions 121

We now discuss the comparison point By, n of sets M and N in X. The definition
of By N is made relative to a stationary subset of A.

Notation Fix a stationary set ' € A.

For a set M € X, let 'y denote the set of § € I" such that
B = min(I"\(sup(M N B))).

In other words, 8 € 'y iff B € T'and ' N[sup(M N B), B) = @. If B € 'y, then B is
the least element of I which is strictly larger than sup(M N B). Note that if M C N,
then 'y C I'y.

If M and N are in X, then ['); N 'y has a largest element. We sketch a proof of
this fact as follows. Note that the first element of "'isinboth 'y and I'y. If 'y N Ty
does not have a maximum element, then let y be the supremum of I'y; NIy . One can
then show that y is a limit point of both M and N. But then the least element of I"
above y isin I'yy N "y, which is a contradiction. (See Lemma 2.4 of [1].)

Notation For M and N in X, let 837,y denote the maximum element of ')y N I'y.

One of the most important facts about the comparison point B y is that M and
N share no common elements or limit points above By, x. In other words, let M" =
M Ulim(M) and N' = N Ulim(N). Then M’ N N’ C By n. The idea of the proof is
that if € is in M’ N N’, then the least element of " above & is in I'j; N Ty, and hence
less than or equal to 87, . (See Proposition 2.6 of [1].)

Definition Let A be a subset of X'. We say that A is adequate if for all M and N in
A, either M m,BM,N € Sk(N), N ﬂ,BM,N € Sk(M), OI'MO,BM’N =N mﬂM,N-

Note thata set A is adequate iff forall M and N in A, {M, N}isadequate. If {M, N}
is adequate, then the type of comparison which holds between M and N is determined
by M Nw; and N N w;. Namely, since w; < By .n, M N By v € Sk(N) implies that
M Nw; € Sk(N) and hence M Nw; < N Nw;. Andif M N By v = NN Bu.n,
intersecting this equation by w; yields M N w1 = N N w;. If A is adequate, then an
e€-minimal element of A is a set M € A such that M N w; is minimal. If M € A is
e-minimal, then forall N € A, either M N By, ny € SK(N)orMNByu.Ny = NN Bu,N-

Suppose {M, N} is adequate. The remainder sets Ry (M) and Rys(N) describe the
overlap of M and N above their comparison point. Namely, let Ry;(N) be the set of
B satisfying either

(1) thereisy > By n in M such that 8 = min(N\y), or
(2) NN PBu,niseitherequal to M N By n orisin Sk(M), and f = min(N\Bum n).

The remainder set Ry;(N) is always finite. For if Ry;(N) were infinite, then there
is an increasing sequence (&, : n < w) such that§, € N if nis even, and &, € M if
n is odd. But then letting y = sup,, &,, y is a common limit point of M and N above
their comparison point By n, which is impossible. (See Proposition 2.9 of [1].)
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122 J. Krueger

2 Strongly adequate sets

In Proposition 2.12 of [1] we proved that assuming that I’ = A, for any adequate pair
{M, N}, the remainder set Ry (M) is always a subset of I". This property was needed
for showing that the forcing poset we defined for adding a generic function on wj
preserves cardinals, but it was not needed for the other applications.

In Sect. 4 below we define a forcing poset for adding a club to a fat stationary
subset of w; with finite conditions. The arguments we give require both that I is a
proper subset of A, and that the remainder sets are contained in I". This motivates the
definition of a strongly adequate set.

Definition 2.1 Let A C X. Then A is strongly adequate if A is adequate and for all
M and N in A, Ry(N) CT.

In Sect. 3 of [1] we developed some results for combining adequate sets to produce
new adequate sets. These results are important for amalgamating conditions over
elementary substructures, which is used for preserving cardinals. In this section we
show how to adapt those arguments to the case of strongly adequate sets.

ByLemma3.3 of [1],if {M, N}isadequateand 8 € I',then {M NG, N}isadequate.
Note that M N B and N must compare the same way as do M and N, since their type
of comparison is determined by their intersection with wj.

Let A be adequate and N € X'. Then A is N-closed if forall M € A,if MNPy N €
Sk(N)then M N By n € A. The first goal of this section is to prove that the N-closure
of a strongly adequate set A with N € A is strongly adequate. First we prove several
technical lemmas.

Lemma 2.2 Let M and N bein X andlet B € I'. If By v < B, then By N = Bumng,N-

Proof Since By .n < B, sup((M N B) N Bu.n) = sup(M N By n); so min(I"\sup
(M 0 B)N By,n)) = min(I'\ sup(M N By n)) = Bu,n- Therefore By v € T'ynp.
It follows that B, is the largest ordinal in I"yyng N Ty, since it is the largest ordinal
inI"y, NIy and FMmﬁﬂFN EFMQFN.SO,BM,NZﬁMDIB,N- ]

Lemma 2.3 Let {M, K} be strongly adequate and 8 € T'. If By xk < B, then {M N
B, K} is strongly adequate.

Proof Asnoted above, {M N B, K} is adequate, and M N B and K compare the same
way as do M and K. Since By xk < B, by Lemma 2.2 we have that By x = Bumng,k -
Note that min((M N B)\Bung, k). ifitexists,is equal tomin(M\ By, k). Soif (MNB)N
Bmng, k is eitherequal to K NByng, k orisin Sk(K'), and this minimum exists, then the
minimum is in I" since {M, K} is strongly adequate. On the other hand, if K NByng,
is either equal to (M N B) N Bynp,k orisin Sk(M N B), and min(K\Byng, k) exists,
then this minimum is equal to min(K \ By, k) and hence isin I since {M, K} is strongly
adequate. Similarly, if y € (M N B)\Bung, k. then y € M\By k; so min(K\y) is
in I" if it exists. And if y € K\Bung,k, then y € K\By k; so if min((M N B)\y)
exists, then it is equal to min(M\y) and hence is in I". O

Lemma 2.4 Let {M, K} be strongly adequate and B € U'. If B < Bu.x and M N
Bm .k € Sk(K), then {M N B, K} is strongly adequate.
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Strongly adequate sets and adding a club with finite conditions 123

Proof Note that M N B is in Sk(K) since it is an initial segment of M N By . So
clearly Byng k is the least element of I' greater than sup(M N B). But then both
Ry (M N B) and Ryng(K) are empty. O

Proposition 2.5 Let A be strongly adequate and let N € A. Then
AU{Mﬂ,BM,N TMeA MNByunN € Sk(N)}

is strongly adequate and N -closed.

Proof If suffices to prove the claim that if A is strongly adequate, M and N are in A,
and M NBy.n € Sk(N), then AU{M N By n} is strongly adequate. For then any two
models in the set described in the lemma will compare properly by two applications
of this claim. So let K € A be given, and we will show that {M N By n, K} is
strongly adequate. By the previous two lemmas, it suffices to consider the case when
Bu.n < Bu.x and K N By k is either equal to M N By g oris is in Sk(M).

Note that KN [By.n, Bu k) is nonempty. For otherwise sup(K NG, x) = sup(KN
Bm,n). But then By x = min(I'\ sup(K N By k) = min(I"\ sup(K N By n)) <
Bum.n, which contradicts that 8y v < Bm k-

Suppose that K N By, xk = M N By k. We claim that Byngy, v,k = Bu,n- Since
Bm.N < Bum.x, MNBy,.n = KN By n.Itfollows that Byng,, v .k is the least ordinal
in I" above sup(M N By, i ); for this latter ordinal is clearly in I'yyng,, y NIk, and itis
the largest ordinal in I'y/ng,, - But since By ny € I'y, by definition the least ordinal
in I" above sup(M N By ) i8 By, N- SO Bunpy v,k = Bm, - Since obviously there is
nothing in M N By n above By v, Rk (M N By n) = ¥ and Ryng,, y (K) is either
empty or equal to {min(K\Bu n)}.

Suppose that min(K\ By, y) exists, and we will prove that it is in I". Recall that
K N [Bu.n, Bu k) is nonempty. Since M N By .k = K N By k, it follows that
min(K\ B, n) is equal to min(M\ B, ), and this ordinal isin Ry (M) and henceinT.

Now assume that K N By xk € Sk(M). Then K N By is an initial segment of
K N By k and so is in Sk(M); it is also in Sk(By.n). Thus K N By, n € SK(M) N
Sk(Bm.n) = Sk(M N B, n)- No larger initial segment of K can be in Sk(Bys n) since
it would contain ordinals larger than By y. Therefore Byng, vk < Bm,n- Indeed,
Bmgy vk is the least ordinal in I larger than sup(K N B, n)-

We claim that Byng,, v.k = Bn,k- First observe that K N By ny € Sk(M N
Bu.n) < Sk(N). Recall that K N [By N, Bm k) 1S nonempty. Since K N
Bux € Sk(M), K N [Bu.n,Bum k) is a nonempty subset of M\fBy y. Hence
K N[Bm.N. Bm. k) is nonempty and disjoint from N. In particular, the least element
of KN [Bu n, Bm. k) isnotin N, yet any element of K below this least element is in
N. It follows that By x = min(I'\sup(K N By N)) = Bunpy.n.K-

In particular, if the ordinal min(K\Byng VN k) exists, then it is equal to
min(K\By k), whichisin Ry(K) andhenceinI". Let y in (M N BM N\BMABy N K
be given, and suppose that £ = min(K\y). Since M N By n € Sk(N), y is in
N\Bn.x. Hence & is in Ry(K) and therefore in I'. Finally, assume that y is in
K\Bumnpy v.x- Then y isnotin M N By, . Since K N By, is a subset of M, y must
be at least By, y. But then min((M N By, v)\y) does not exist. O
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124 J. Krueger

Proposition 2.6 Let A be strongly adequate, N € X, and suppose that A C Sk(N).
Then A U {N} is strongly adequate.

Proof Consider M € A. Then M € Sk(N). So clearly By, y is the least member of
I' above sup(M). So M N By.n = M € Sk(N), and both Ry (N) and Ry (M) are
empty. O

Before we proceed any further, we prove several technical lemmas regarding com-
parison points which we will need.

Lemma 2.7 Let M € X, B € I, and suppose M C B. Then I'pyy B + 1. Therefore
forallN € X, By.n < B.

Proof Since M C B, sup(M) < B. Let y € TI'ys be given. Then sup(M N y) <
sup(M) < B.Since B € T and y = min(I'\sup(M Ny)), y < B.Sol'yy € B+ 1.
In particular, if N € X, then by definition By, n € 'y, 50 Bu.n < B.

Lemma 2.8 Let K, M, N € X, and suppose that M C N. Then By k < BN K-

Proof SinceM € N, I'yy CT'ny.Sol'yNI'k € I'yNIN'g. Hence By k = max(I'y N
k) <max('y NT'k) = By k- ]

Lemma 2.9 Let M and N be in X andlet € I'. If N C B, then By N = Bumng,N-

Proof By Lemma 2.2, it suffices to show that 83 y < B.This follows from Lemma 2.7
and the fact that N C 8. O

Proposition 2.11 below describes a method for amalgamating strongly adequate
sets over countable elementary substructures. This method is used to preserve wj in
forcing with finite conditions. The situation is a bit more complicated than for adequate
sets; a difference is that we now have to consider an auxiliary set K as described in
the next proposition.

Note thatif K € X and y and ¢ arein K NI, then {K, K N ¢, K Ny} is strongly
adequate.

Proposition 2.10 Suppose that A is strongly adequate and N € A. Let R(N) =
U{RM(N) : M € A}. Assumethat K € XNSk(N) satisfiesthat AN Sk(N) € Sk(K)
and R(N) C K. Then

(ANSK(N)U{K}U{K N¢:¢ e R(N))

is strongly adequate.

Proof Let M € ANSk(N) be given. Then M € Sk(K), so by Proposition 2.6, {M, K}
is strongly adequate. Fix L € A and ¢ € Ry (N), and we will show that {M, K N¢}is
strongly adequate. Note thatsince M € Sk(K), MN¢ € SkK(K)NSk(¢) = Sk(KNE).
Since KN¢ C¢and¢ €T, By kne < ¢. Hence M N By kne € SK(K N ). Also
Mﬂ§ = MﬂﬂM,ng, SinCCMﬂC - M N (K ﬂ{) - ,BM,Kﬂg“~
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Strongly adequate sets and adding a club with finite conditions 125

We will show that Rxn; (M) and Ry (K N¢) are subsets of I'. If y € M\ By kne»
then since M N¢ = M N By ke, v = ¢. Hence min((K N ¢)\y) does not exist. It
follows that Ry (K N ¢) is empty.

Now we show that Rgn; (M) is a subset of I'. If min(M\ By, kn¢) does not exist,
then Rxn; (M) is the emptyset, so assume that it does exist. Since M N ¢ = M N
Bm,kne, min(M\ By gne) is equal to min(M\¢). On the other hand, if y € (K N
O\Bwm, kne» then for the same reason, min(M\y) is equal to min(M\¢). Therefore
letting £ = min(M\¢), Ryne (M) = (£}

It remains to prove that £ = min(M\y) is in I'. We will show that £ is in Ry (M),
which suffices. Since M € N and ¢ € RL.(N), Bu.r < Bn.r < ¢.If ¢ =min(N\y)
for some y € L\By, L, then obviously & = min(M\y) and y € L\By.. So & €
Ry (M) and we are done.

Otherwise either N N By = LN By or NN By € Sk(L) and ¢ =
min(N\BL n). Clearly then £ = min(M\BL n). Soift M N [Bm.L, Bn.L) = ¥, then
& = min(M\Bum,1) and hence & € Rp(M). Otherwise M N [Bum.L. Bn.L) # D.
Let us show that this is impossible. If 7 is in M N [By. 1, Bn.1), then T € M\L.
Som € (N N Bun..)\L. This contradicts the comparison of N and L stated at the
beginning of the paragraph. O

Proposition 2.11 Let A be strongly adequate, N € A, and suppose that A is N-
closed. Let R(N) = | J{Ru(N) : M € A}. FixK € Sk(N) such that ANSk(N) C K
and R(N) C K. Suppose that B is strongly adequate and

(ANSK(N) U{KYU{KNC:¢e€RN)CBCXNSKN).

Then A U B is strongly adequate.

Proof Let M € A\Sk(N) and L € B be given, and we compare M and L. Note
that since L € N, Bz m < Bu,n by Lemma 2.8. Therefore Sz v = BL.mnpy. DY
Lemma 2.2.

Claim: If £ isin Ry (L) and &€ = min(L\¢) for some ¢ € Ry (N), then & isin I,

If £ = ¢ then we are done. Otherwise { ¢ L and ¢ < &. Let us compare K and
L.Recall that ¢ € K. Soif Bk, < ¢,then& isin Rg (L) and hence in I'. Otherwise
¢ < Bk.L- Suppose that Bx ; < &.Since ¢ € (KN Bx )\L, L N Bk, € Sk(K),
since the other types of comparison of K and L are impossible. As { < Bx. 1 <& =
min(L\¢), we get that § = min(L\Bk ). So & isin Rx (L) and hence in I

Finally, assume thaté < Bk 1. Againsince ¢ € (KNPx L)\L, LNPk.1 € Sk(K).
We compare L and K N ¢. We have that Bxkn; . < ¢ < Bk, by Lemma 2.7. So
L N Brne, € Sk(K) N Sk(g) = Sk(K N¢). But LN Bxne,r = L N ¢, since
LN¢ S LNBk L € Sk(K) implies that any ordinal in LN ¢ isin L N (K N ¢) and
hence in Bgn¢, L. Therefore § = min(L\Bkn¢, ). So & is in Rgny (L) and hence in
I'. This completes the proof of the claim.

Suppose that N N By, n is either equal to M N By, or is in Sk(M). Since L €
Sk(N) and Br.m < Bu.n, LN Br.m € SK(N N Bu,n) € Sk(M). First we prove
that Ryy(L) € I'. Let § = min(L\BL m). Then & € N\M, so & > By n. Let
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126 J. Krueger

¢ = min(N\By n), whichis in Ry (N). Then & = min(L\¢); so & € T by the claim
above. Similarly, assume y € M\Br . m» and & = min(L\y). Then § € N\M, so
E>Bun.-Ify > Bu.n,then & := min(N\y) isin Ry (N), and & = min(L\¢); so
& € I' by the claim. Otherwise B p < y < Bu . Letting o := min(N\Buy n), note
that 0 € Ry (N) and &€ = min(L\o). So again we have that £ is in I" by the claim.

Now we prove that Ry, (M) C I'.Lety € L\Br m begivenandleté = min(M\y).
If y > Bu,n,then y € N\Byu,n, so & is in Ry(M) and hence in I'. Otherwise
BrL.m <y < Bm.n-Then y isin N N By y and hence in M. But this is impossible
since then y € M N L and M N L is a subset of B .

It remains to consider the case when M N By v € Sk(N). Since A is N-closed,
M N By, N is in Sk(N) and hence in B. As M N By y and L are both in B, {M N
Bum.n, L} is strongly adequate. Recall that 87,y = ﬂL,MnﬁM,N- Let 8 = Br.m-

Suppose that (M N By, y) N B is either equal to L N B or is in Sk(L). Since <
Bun, MNBr.m = (MN By n)NPiseitherequalto L N B porisin Sk(L). Letus
show that Ry (M) C I'. Suppose that £ is equal to either min(M\ ), or to min(M\y)
for some y € L\B.If & < By N, then & is equal to either min((M N By, n)\B), or to
min((M N By, n)\y) for some y € L\B; in either case, & is in Rz, (M N By ) and
hence in I". On the other hand suppose that § > By y. If & = min(M\ B), then clearly
& = min(M\Buy n) and hence is in Ry (M) and therefore in I'. Suppose that & =
min(M\y),wherey € L\B.If y < By n,then& = min(M\By n)andhenceisinI.
Ify > By n.thensince y isin N\By v, § = min(M\y)isin Ry(M)andhenceinT.

Now we show that Ry, (L) C I'. Suppose that y € M\S, and let & = min(L\y). If
Yy < Bm.n,theny € (M N By n)\B, and therefore & is in Ryng,, v (L) and hence in
I'. Otherwise y > By n. Theny € M\By n.Let{ = min(N\y). Then¢ € Ry (N)
and £ = min(L\¢), which implies that £ € T by the claim. Finally, assume that M N g
isequal to L N B, and let § = min(L\B). Then & is equal to min(L\BL, mng,, )» and
s0is in Ryng,, v (L) and hence in . '

In the last remaining case, assume that L N 8 € SkK(M N By n). Then L N B €
Sk(M). Let & = min(L\B). Then & is in Ryng,, y (L) and hence in I'. Assume that
y € M\Band& = min(L\y).If y € M N By n,then& isin Ryng,, v (L) and hence
inI". Otherwise y > By n.Then ¢ := min(N\y)isin Ry (N)and & = min(L\¢); so
& e I' by the claim. Now suppose that y € L\f,andlet§é = min(M\y).If§ < Bu.n.,
then & = min((M N By n)\Y), and hence & is in Ry, (M N By, y) and therefore in I'.
Suppose & > By n.If y > By, n,then & isin Ry(M) and hence in I". If y < By n,
then § = min(M\By n);s0& isin Ry (M) and hencein I O

We now turn to the topic of amalgamating strongly adequate sets over models of
size w1. This kind of amalgamation, which is described in Proposition 2.15 below, is
used to preserve w, in forcing with finite conditions.

Lemma 2.12 Let A be strongly adequate, § € T', and K € X with § € K. If
A C Sk(K N B), then AU {K} U{K N B} is strongly adequate.

This follows from Proposition 2.6.

Lemma 2.13 Let A be strongly adequate, B € I, and suppose that there is K € A
such that B € K and K N B € A. Then for all N € A with N\B # ¥, the ordinal
min(N\pB) isin I
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Strongly adequate sets and adding a club with finite conditions 127

Proof Let N € A and suppose that min(N\ 8) exists. If min(N\B) = B then we are
done. Suppose that min(N\B) > B.If By xk < B, then since § € K, min(N\p)
is in Rx (N) and hence in I". Assume that 8 < By k. Then since B € K\N, we
must have that N N By ¢ € Sk(K). Since By kng < B < Bn.xk by Lemma 2.7,
NN BN.kng € SK(K) N Sk(B) = SK(KNB).Now NNB=(NNPBng)NP C
NN (KNPB) S By kng- So min(N\B) = min(N\Bn knp), which is in Rgng(N)
and hence in I". O

For an adequate set A and 8 € I', the set A is B-closed ifforallM € A, MNB € A.
The next proposition says that the S-closure of a strongly adequate set is strongly
adequate.

Proposition 2.14 Let A be strongly adequate, 8 € T, and suppose that thereis K € A
such that B € K and K N B € A. Then

AUMNB: M e A)

is strongly adequate and B-closed.

Proof 1Tt suffices to prove the claim that under the assumptions above, if M € A then
A U {M N B} is strongly adequate. For then the statement of the proposition can be
proved with two applications of this claim. Fix M and N in A, and we will show that
{M N B, N} is strongly adequate. By Lemmas 2.3 and 2.4, it suffices to consider the
case when 8 < By.nv and N N By n is either equal to M N Bar ny or is in Sk(M).

Suppose that N N By vy = M N By n. Then M N B = N N B. Since Byng,n <
B, MNB)NBuns,N = NNPBung,n.Also MN B = M N Byng,n, since any ordinal
in the set on the left is in both M N B and N, and hence in Byng, v It follows that
Ry (M N B) is empty and Rynpg(N) is either empty or equal to {min(N\Byng,n)}-
Butsince NN =M N B =M N Byng,n. in the latter case min(N\Byng,n) =
min(N\pB), which is in I" by Lemma 2.13.

Now assume that N N By v € Sk(M). Since 8 < By n, it follows that N N B €
Sk(M)N Sk(B) = Sk(M N B). Since Byng,n < B, NN Bung,n € SkK(M N PB). Also
asNNB S MNP, NNB = NN PBung,n, since any ordinal in the set on the left
isin (M N B) N N and hence in Byng,n. S0 N N [Bung,n, B) = @. It follows that
min(N\Bung,n), if it exists, is equal to min(N\B), which is in I' by Lemma 2.13.
Andify € (M N B)\Bunp,ny and & = min(N\y), then again & = min(N\B), which
isin I". Finally, suppose y € N\Byng,n- Then y > B, so min((M N B)\y) does not
exist. O

Proposition 2.15 Let A be strongly adequate, 8 € T, and suppose that A is B-closed.
Assume that there is K € A such that B € K. Let B be a strongly adequate set
satisfying

ANSk(B) € B < Sk(p).

Then A U B is strongly adequate.
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Proof Consider M € A\Sk(B) and N € B, and we will prove that {M, N} is strongly
adequate. Since A is B-closed, M N B € A. As we discussed in Sectionl, the thinness
of the stationary set ) implies that M N B is in Sk(B). So M N B isin A N Sk(B) and
hence in B. Therefore {M N B, N} is strongly adequate. If M = M N B then we are
done. So assume that M\ # @. Then by Lemma 2.13, the ordinal min(M\p) is in
I'. Since N C B, By,ny < B by Lemma 2.7. So by Lemma 2.2, 8y v = Bung,n-

We claim that M and N compare the same way asdo M N Band N.If (M N B) N
Bung.n = N N Bung,n,then (M N B) N By y =M N By, isequalto N N By N.
Suppose (MNB)NBunp,n € SK(N). Then (MNB)NBung,n = MNBu.N € Sk(N).
Finally, if N N Byng,n € SkK(M N B),then N N By n € Sk(M).

Now we prove that (1) any ordinal in Ry (M) is either in Ry (M N B) or is equal
to min(M\B), and (2) Ry (N) € Ryng(N). It follows that Ry (M) and Ry (N) are
subsets of I".

(1) Note that min(M\ By, n) is either equal to min((M N B)\Bung,n), Or is equal
to min(M\B). Soif M N By, n is either equal to N N By n oris in Sk(N), then
(1) is satisfied for min(M\Bpy ). If y € N\Bum.n, then y € N\Byng,n. So
if min(M\y) exists, then it is either equal to min((M N B)\y), and hence is in
Ry (M N B), or it is equal to min(M\f).

(2) Since Bu,n = Bung,n, the ordinal min(N\ By, ) is equal to min(N\Byng,n);
so this ordinal is in Ryng(N) in the case when N N By n is either equal to
M N By,y orisin Sk(M). If y € M\Bum,n, then either y € M N B and
min(N\y) isin Ryng(N), or y > B and min(N\y) does not exist. O

3 Forcing with strongly adequate sets as side conditions

We give an example of a forcing poset with finite conditions which illustrates how the
results of the previous section can be used for preserving cardinals.

Definition 3.1 Let P be the forcing poset whose conditions are finite strongly
adequate sets. Let B < Aif A C B.

Proposition 3.2 The forcing poset P preserves w.

Proof Let AlF ¢ : @ — wy is a function. Fix 6 > w; regular with ¢ € H(0). Let N*
be a countable elementary substructure of H(0) satisfying that P, A, ¢, 7, X € N*
and N := N*Nwy € X.Sincer € N*, N*NH(wy) = w[N] = Sk(N). In particular,
N*NP C Sk(N).

Let B = AU {N}. Then B is strongly adequate by Proposition 2.6. We will prove
that B is N*-generic. This implies that B forces that the range of ¢ is contained in N,
and therefore ¢ does not collapse w;. Fix a dense set E € N*, and we will show that
N* N E is predense below B.

Let C < B be given. Define

D=CU{MNBynN:MeC, MNPy N € Sk(N)}.

By Proposition 2.5, D is strongly adequate and N-closed.
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Let X = N* N D. Since X is a finite subset of N*, X € N*. Let R(N) =
U{Rm(N) : M € D}. By elementarity we can fix K € N* N X such that X € Sk(K)
and R(N) € K. LetY = XU{K}U{KN¢ :¢ € R(N)}. By Proposition 2.10,
Y is strongly adequate. Since E is dense, we can apply elementarity to fix Z < Y
in N* N E. Then by Proposition 2.11, D U Z is strongly adequate. So D U Z
is a condition below D and Z, and Z € E. This shows that N* N E is predense
below B. O

Note that the condition B in the proof above is actually strongly N*-generic (see
the comments following Proposition 4.2 in [1]).

Proposition 3.3 The forcing poset P preserves w,.

Proof Let A IF ¢ : w; — w; is a function. Fix 6 > w; regular such that ¢ € H(0).
Let N* < H(0) be of size w| such that P, A, ¢, 7, X € N*and 8* .= N*Nw, € T.
Since m € N*, N* N H(wy) = w[B*] = Sk(B*). In particular, N* NP C Sk(B8*).

Fix K € X with * € K and A € Sk(K). Then A € Sk(K) N Sk(B*) =
Sk(KNB*).Let B = AU{K}U{KNB*}. Then B is strongly adequate by Lemma 2.12.
We claim that B is N *-generic. This implies that B forces that the range of ¢ is a subset
of N*, and hence does not collapse w;. Fix a dense set E € N*, and we show that
N* N E is predense below B.

Let C < B be given. Define

D=CU{MNB*:MeC}.

Then D is strongly adequate and S*-closed by Proposition 2.14.

Let X = N* N D. Then X is in N*. Note that X = Sk(8*) N D. Since E is dense,
by elementarity we can fix Y < X in N*NE. Then DN Sk(B*) = X C Y C Sk(B™).
By Proposition 2.15, D U Y is strongly adequate. So D U Y is a condition below Y
and D,and Y ¢ N*NE. O

Note that since [P has size wy, it preserves all cardinals larger than w; as well.
Let us consider a more complicated example of a forcing poset with strongly ade-
quate sets as side conditions. This example adds a generic function on w.

Definition 3.4 Let P be the forcing poset whose conditions are pairs (f, A) satisfying:

(1) f is afinite partial function from w; to ws;
(2) A is afinite strongly adequate set;
(3) forall M € A and ¢ € dom(f),if M N (o, f(a)] # @, then o, f(a) € M.

Let(g,B) < (f,A)if AC Band f C g.

A similar forcing poset was defined in Sect. 5 of [1] in the case when I' = A,
except that a side condition was assumed to be adequate, and not strongly adequate.
It was shown that this forcing poset preserves @ and w» and adds a total function
from w; to wy. The proof relied on the fact that remainder sets are subsets of I' when
A = T'. Definition 3.4 gives a version of this forcing poset in the case when I is a
proper subset of A, but we require a side condition to be strongly adequate. Under this
stronger requirement, the proof of the preservation of cardinals is identical to thatin [1].
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4 Adding a club to a fat stationary set

Fix for the remainder of the section a fat stationary set S C w,. Being fat means that
for every club D € w,, SN D contains a closed subset of order type w; + 1. We will
define a forcing poset with finite conditions which adds a club subset of S. Clearly
it suffices to add a club to any stationary subset of S. By fatness and the fact that A
contains almost all points of cofinality w1, there are stationarily many g in S Ncof (w1)
such that 8 € A and S N cof (w) N B contains a club in B. By removing the ordinals
where this fails, we will assume without loss of generality that this property holds for
all 8 in § N cof (wy).

Let ' = S Ncof(wy). Then T is a stationary subset of A. Let us define the com-
parison points By x for M and N in X relative to this set I'. Let Z denote the set of
M in X such that sup(M) € S and forall 8 € M N S, sup(M N B) € S. Note that if
MeZandBeMNI,then MNP e Z.

Lemma 4.1 The set Z is stationary in P, (w2).

Proof Let F : [w2]~“ — w; be a function. Since I is stationary, we can find g € I"
which is closed under F. As X is stationary, fix N* which is countable and satisfies
that N* < (H(w»), €, F,S), e N*,and N := N*Nwy € X.

By elementarity, there is a club subset ¢ of 8 in N* such that ¢ € S. Again by
elementarity, N N ¢ is unbounded in sup(N N B), so sup(N N B) is in ¢ and hence in
S.Let M = NN B. Then M is in & and sup(M) = sup(N N B) € S. Also since N
and $ are both closed under F', sois M.

Let y € M N S be given. If y has cofinality w, then sup(M N y) = y, which is in
S. Assume y has cofinality w;. By elementarity, there is a club subset d of y in N*
such thatd C S. Then N Nd is unbounded in sup(N N y), so sup(N N y) is in d and
hence in S. Since y < B, sup(N Ny) =sup(M Ny). m|

Given ordinals « < y and o’ < y’, we say that the pairs (@, ) and (&', y’) are
overlapping if [a, Y1 N [/, '] # @, and are nonoverlapping if [a, y1 N [/, '] = @.
Definition 4.2 Let P be the forcing poset whose conditions are pairs (x, A) satisfying:

(1) x is a finite set of nonoverlapping pairs («, y), where o« € Sand o < y < w»;

(2) A is a finite strongly adequate subset of Z;

B)ifMeA, (a,y) e x,and M N[, y] # @, then @ and y are in M

@) ifMeA, (o, y) ex, MN[a, y] =¥, and M\« is nonempty, then min(M \«)
esS.

Let (y,B) < (x,A)ifx Cyand A C B.

Note that in (4), the ordinal min(M \«) has cofinality w;. So the conclusion of (4)
is equivalent to requiring that min(M\«) isin I".
Ifp = (x,A),weletx, =xand A, = A.
Let D be a P-name such that IP forces
D:{a:EIpeGEIy(a,y) exp}.

Our goal is to show that PP preserves cardinals and forces that D is a club subset of S.
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Lemma 4.3 Let p be a condition. Suppose that (o, y) € x,, N € Ap, NN[a, y] =
@, and N\a # @. Let B = min(N\«). Then either (8,&) € x, for some &, or
(xp U{{B. B)}, Ap) is a condition below p.

Proof Suppose that there is no pair of the form (8, &) in x,, and we will prove that
(xp U {{B, B)}, Ap) is a condition. (1) Since p is a condition, 8 € I". Consider a pair
(€,¢) € xp, and suppose for a contradiction that 8 € [£, {]. Then NN [&, ¢] # ¥ and
& < B < ¢. Itfollows that £ € N N B. Since B = min(N\«) and & < B, we must
have that £ < «. Butthen § < @ < 8 < ¢. Hence («, ) and (&, ¢) are distinct and
overlapping, which contradicts that p is a condition.

(2) and (3) are immediate. For (4), suppose that M € A,, B ¢ M, and M\
is nonempty. We need to show that min(M\B) € T". Since B € N, if 8 > Bu.n
then min(M\B) is in Ry (M) and hence in I". Suppose that 8 < Sy . Then since
B e N\M,MNByun € SK(N).SoMNBun € N.Asy < B < Bu.n and
NN[a, y] = 0, itfollows that M N[e, y] = @. Since p is a condition, min(M\«) € T.
ButasM N B C NNpBand B = min(N\«), min(M\«) = min(M\B). O

Proposition 4.4 The forcing poset P preserves w.

Proof Letp IF ¢ : w — wjisafunction. Fix6 > wj regularwithg € H(0).Let N*be
a countable elementary substructure of H (0) satisfying that P, p, ¢, 7, X, S, Z € N*
and N := N* N wy € Z. Note that since 7 € N*, N* N H(w) = 7[N Nwy] =
Sk(N). In particular, N* NP C Sk(N).

Define g = (x,, A, U{N}). We will prove that g is N*-generic. Then g forces that
the range of ¢ is contained in N, so ¢ does not collapse w;. Fix a dense set D € N*,
and we will show that N* N D is predense below g.

Let r < g. Applying Lemma 4.3 finitely many times, we will assume without
loss of generality that whenever (o, ) € x,, N € A, N N[a, y] = ¥, and N\« is
nonempty, then (min(N\«), £) is in x, for some &.

Define s = (x,, A’), where

A=A U{MNByn:MeA, MNPy € SK(N)}.

We claim that s is a condition. (1) is immediate. (2) A’ is strongly adequate by Propo-
sition 2.5. Let us prove that A’ € Z. Consider M € A, suchthat M N By y € Sk(N).
First we show that sup(M N By y) € S. If M = M N By n then this is immediate.
Otherwise let 8 = min(M\Buy ). Then B € Ry(M), and hence B € I since A is
strongly adequate. AsM € Zand B € M NI, sup(M N By n) =sup(MNP)isinS.
Nowify e (M N By, n) NS, theny € M NS and therefore sup(M N By, n) Ny) =
sup(M Ny) e S.

(3,4) Consider M € A, such that M N By y € Sk(N), and let (o, ) € x,.
First suppose that (M N By .n) N [e, ¥] # @. Then @ and y are in M. Since M N
Bun € Sk(N), NN[o,y] # ?. So o and y are also in N. Hence « and y are
in M N N, which is a subset of By, y. So « and y are in M N By y. Now suppose
that (M N By n) N, vyl = 8. M N [, y] # @, then « is in M\(M N By n),
so a > By n. In that case, min((M N By n)\o) does not exist and we are done.
On the other hand, if M N [«, y] = ¥ and min((M N By y)\«) exists, then clearly
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min((M N By, n)\@) is equal to min(M \«), which is in S. This completes the proof
that s is a condition.

Letu = (xs N Sk(N), As N Sk(N)). Thenu € N*NP. Let R(N) = J{Ru(N) :
M € Ag}. Then R(N) is a finite subset of N and hence is in N*. Since Z € N*, by
elementarity we can fix K € N* N Z satistying that u € Sk(K) and R(N) C K.
Since R(N) C KNT,forall € R(N), KN¢ € Z. Define v = (x,, A*), where

A* = A, U{KJU{K N :¢ e RIN)}.

Let us prove that v is a condition. (1) is clear and (2) follows from Proposition 2.10.
(3,4) Let (o, y) bein x,. Then o, y € K. Fix { € R(N), and suppose that (K N¢) N
[a, y] = 0. Since ¢ € K, a > ¢. Somin((K N ¢)\«) does not exist. This proves (4).

For (3), fix { € Ry (N) for some M € Ay, and suppose that (K N ¢) N[, y] # 0.
Then o < ¢. We need to show that & and y are in K N ¢. Since o and y are in K, it
suffices to show that y < ¢. Recall that by the definition of Ry (N), Bu.n < ¢.

Suppose for a contradiction that { < y. So we have that < ¢ < y. In particular,
Bu.n < y.Weclaim that M N [a, y] = @. If not, then y € M since s is a condition;
but this is impossible since theny €e MNN C By y < ¢.Soindeed M N[a, y] = .

Suppose that 8y, ;v < «. Then since ¢ < ¢ are in N, it cannot be the case that
¢ = min(N\Bpu n). So there is 0 > B,y in M such that { = min(N\o). Since
a € Nanda < ¢,thisimpliesthatee < o0 < ¢.Buttheno € MN[w, y], contradicting
that M N [«, y] = .

Therefore we have that « < By.ny < ¢. So « is in N N By, n but is not in
M. This implies that M N By, y € Sk(N). The definition of Rp(N) in this case
gives that there is 0 € M\By y such that { = min(N\o). But then we have that
a < PBun <o < <y;s0MN]|a,y]is nonempty, which again is a contradiction.
Thus y < ¢.So y € K N ¢, which completes the proof that v is a condition.

Fix w < vin N*N D. We will prove that w and s are compatible, which shows that
N*N D is predense below g. So let z = (x;, A;) be defined by letting x; = x,, U x;
and A; = A, U A;. We will prove that z is a condition. Then clearly z < w, s and we
are done.

(1) Let {a,y) € xy and (o, ¥') € x; be given. Suppose for a contradiction that
the pairs are distinct and overlapping. If N N [/, ¥'] # @, then & and y’ are
in N. It follows that (¢, ') € x,, and the intervals are nonoverlapping since
w is a condition, which is a contradiction. So N N [o, ¥'] = @. Since a and
y are in N, we must have that < o/ < ' < y. Let B = min(N\«'). Then
a <y < B < y, and by the choice of r, (8,&) € x, for some &. Since
B €N, (B,&) € xy. But then (¢, y) and (B, &) are distinct pairs in x,, which
overlap, contradicting that w is a condition.

(2) A; is strongly adequate by Proposition 2.11, and clearly A, € Z. (3,4) Let
M € Ay and (o, ¥) € x5. If NN [, y] # @ then ¢ and y are in N, and so
(o, ¥) € xy. In this case (3) and (4) are satisfied since w is a condition.

Suppose that N N [, y] = @. Then since M € Sk(N), M N [«, y] = @. Assume
that 8 := min(M\«) exists, and we will prove that 8 € I'. Let 8/ = min(N\«). Then
B’ € I'.If B = B’ then we are done. Suppose 8’ < B. By the choice of r, (', &) € xg
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for some &, and as B/ € N, (B, &) € xy. Since B’ ¢ M, the ordinal min(M\B"),
which is equal to 8,isin T.

Now let M € A and («, ¥) € xy. Suppose that M N [«, ] # @, and we show that
o and y are in M.

First assume that there is § € M N[«, y]suchthaté > By y. Let £ = min(N\§).
Then ¢ € Ry(N) and ¢ € (o, y]. By the choice of K, ¢ € K. Therefore K N
[, y] # @. Since K € Ay, o and y are in K. Buto < ¢,so @ € K N¢. Hence
(KN¢)Nla,y]l #0.Since K N¢ € Ay, y € K N¢. But this is impossible since
¢ < y. So this configuration is not possible.

Therefore M N[e, y]1 € By, n. Since M N [e, y] is nonempty, (M N By, y) meets
the interval [o, y]. If M N By v € Sk(N), then M N By y is in Ay, and therefore
a and y are in M N By, n and hence in M. Otherwise N N By, n is either equal to
M N By norisin Sk(M). If By v > y, this implies that « and y are in N N By n
and hence in M.

Otherwise we have thata < By v < y.Let{ = min(N\Bn m).-Then¢ € Ry (N)
and o < ¢ < y. By the choice of K, ¢ € K, and hence K meets the interval [«, y].
Therefore o« € K since w is a condition. So o € K N ¢, and therefore K N ¢ meets
the interval [«, y]. This implies that y € K N ¢ since w is a condition, contradicting
that ¢ < y.

Now assume that M N [«, y] = @ and min(M\«) exists. We will prove that
min(M\«) € I'. Assume first that NN By, w is either equal to MN By, n orisin Sk(M).
Since « is in N\M, By .y < a.Soa € N\Byu, n, and thus min(M\«) is in Ry (M)
and hence in I'. Now suppose that M N By, v € Sk(N). Then M N By.n € Ay.
If Bu.Ny < «, then again min(M\w) is in Ry(M) and hence in I". So assume that
a < By, .- If min((M N By, n)\@) exists, then clearly it is equal to min(M \«), and
this ordinal is in I since w is a condition. Otherwise the least element of M above « is
at least 87, . But then min(M\«) = min(M\ By, n), which is in Ry (M) and hence
inI. |

Proposition 4.5 The forcing poset P preserves w».

Proof Letp I g : w1 — wyisafunction. Fix 6 > wj regular such that g € H(0). Let
N* < H(0)beofsize w; suchthatP, p, g, 7, X, S, Z € N*and8* ;= N*Nwp € T.
This is possible since I" is stationary. Note that since 7 € N*, Sk(B*) = n[B*] =
N*N H(wy). In particular, N* NP C Sk(8*).

Fix K € Z such that p and B* are in Sk(K). Let ¢ = (x4, A;), where x;, =
xp U{{B*, B*)} and A, = A, U{K}U{K N B}. Then A, is strongly adequate by
Lemma 2.12. The other properties of being a condition are easy to check. We claim
that ¢ is N*-generic. This implies that ¢ forces that the range of ¢ is a subset of N*, and
hence does not collapse w». Fix a dense set D € N*, and we will show that N* N D
is predense below q.

Letr < g be given, and we will find a condition w in N* N D which is compatible
with r. Note that for any pair (¢, y) in x, different from (8*, 8*), o and y are either
both below or both above g*.

Lets = (x,, A*), where

A*={MNB*:MeA}.
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We claim that s is a condition. (1) is immediate. For (2), the set A; is strongly adequate
by Proposition 2.14. To see that A; € Z, consider M € A,. If M = M N B* then
we are done. Otherwise let & = min(M\B*). Then & is in T'; for if & = B* then
this is immediate, and otherwise & € I" by property (4) of r being a condition. Now
MNB*=MnNE,sosup(M N B*) € Ssince M € Z. Suppose ¢ isin (M N B*)NT.
Then¢ € M NT. Butsup((M NB*)N¢) = sup(M N¢), whichisin S since M € Z.

(3,4) Consider (&, y) € x, and M € A,.Ifa and y are atleast 8*, then (M N B*) N
[e, ] = @ and the least element of M N B* above & does not exist. Suppose that «
and y are both below g*. If (M N *) N [, y] = ¥ and min((M N B*)\«) exists, then
M N[, y] =@ and min((M N *)\o) = min(M\«) € I'. If (M N *) N[, y] # 9,
then o and y are in M, and hence in M N B*. This completes the proof that s is a
condition.

Letv = (x;NSk(B*), A;NSk(B*)).Soxy, = x;N(B* x B*)and A, = A;NP(B*).
By elementarity, fix w < vin N* N D. Let 7 = (xy, U x5, Ay U Ag). We will prove
that z is a condition. Then clearly z < w, s, completing the proof.

(1) Let (o, y) € xy and (o', ¥') € x; be distinct. If o’ and y’ are both at least
B*, then obviously [a, y] N [a/, y'] = @. Otherwise they are both below B*, and so
(@', y'") € xy. Then [, y] N [@’, y'] = @ since w is a condition. (2) A, is strongly
adequate by Proposition 2.15, and clearly A, C Z.

(3,4)Let M € Ay and («, ¥) € x;. If @ and y are at least 8%, then M N[a, y] =0
and min(M \«) does not exist. Suppose « and y are both below 8*. Then (o, y) € xy,
so (3) and (4) are satisfied for («, ) and M since w is a condition.

Now let M € Ay and («, y) € xy. Then & and y are below 8* and M N B* € Ay,.
Suppose that M N [, y] = @. Then (M N %) N [, y] = @. If min(M \«) does not
exist then we are done. If min((M N B*)\«) exists, then it is in " and it is equal
to min(M\«). Otherwise min(M\«) exists but min((M N B*)\«) does not exist.
So min(M\«) > B*, and therefore min(M\«) = min(M\g*). If g* € M, then
min(M\«) = B*, which is in I". Otherwise min(M\«) = min(M\B*) is in I since s
is a condition and (8*, B*) is in x;. Now suppose that M N [, '] # @. Since o and y
are below B*, (M N B*) N [«, y] # @. Since M N B* € Ay, o and y are in M N g*
and hence in M. O

Finally, we show that P adds a club subset of S. Recall that D is a P-name and P
forces that

D={a:3peGIyny)ex,}.

Clearly D is forced to be a subset of S, and it is straightforward to verify that D is
forced to be cofinal in w>. Proposition 4.7 below will show that D is a club.

Lemma 4.6 Suppose that p forces that « is a limit point of D. Assume that M € A »
and sup(M Na) = a. Then sup(M N S Na) = .

Proof Let & < « be given, and we will find an element of M N S N« which is above

&. Since p forces that « is a limit point of D, we can find q < p,and o and 7 such
that § <o <7 < aand (0, 7) € x4. If o € M then we are done, since o € S.
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Otherwise M N [0, r] = @ and min(M\o) isin S. Since £ < o and M N « is cofinal
in o, we have that £ < min(M\o) < «. O

Proposition 4.7 The forcing poset P forces that D is closed.

Proof Tt will suffice to show that if p forces that « is a limit point of D, then there is
g < p suchthat (&, y) € x4 for some y. If p already satisfies this property, then we
are done; so assume not. Then since p forces that « is a limit point of D, for any pair
(€,y) € xp, the ordinals & and y are either both below or both strictly above «. In
particular, the pair (o, o) does not overlap any pair in x,. Also note that « is a limit
point of S, since this is true in a generic extension.

We claim that for any M € A, if sup(M N o) < o and M\a # @, then
min(M\«) € I'. Namely, fix r < p and (§,y) € x, such that sup(M Na) <
£ <y < a.Thensince M € A, and M N [, y] = @, min(M\&) € T'. But as
sup(M Na) < &, min(M\&) = min(M\«).

First suppose that there exists M € A such that sup(M) = o. Then since M €
Z, sup(M) =a € S.Letqg = (x, U{{a, @)}, Ap). We will show that g is a condition,
which finishes the proof in this case.

The only way that g could fail to be a condition is if there is some N € A, such
that « ¢ N and & := min(N\«) ¢ I'. We will show that this is impossible. By
the comments above, we must have that sup(N N«) = «. So « is a common limit
point of M and N, which implies that « < By n. First assume that £ < By n.
Then since § € N\M, M N By v = M € Sk(N). By elementarity, this implies that
sup(M) = a isin N, which contradicts our assumptions. Now assume that Sy v < &.
Then both M N By y and N N By y have a supremum equal to o, which belongs to
neither M nor N. Hence the only comparison of M and N which is possible is that
M N By N =NN Py n.Butthen & = min(N\By n) is in Ry (N) and hence in T,
which again contradicts our assumptions.

We now assume that for all M € A, if sup(M N «) = «, then M\« is nonempty.
Recallthatif M € A, sup(M N a) < o, and M\« is nonempty, then min(M\«) € I'.
Define Ag, Ay, and A, as follows:

Ag={M € A, : sup(M) < a},
Al = {M € Apisup(M Na) < o, min(M\a) € F},
Ag:{MeAl,:sup(Mﬂa)za, M\ot;éﬂ}.

Then by the facts just noted, A, = Ag U A; U Aj.

First suppose that A, is empty. We claim thatg = (x, U{(e, a)}, Ap) is a condition,
which will finish the proof in this case. Clearly ¢ is a condition unless « isnotin S, since
the other properties are immediate. Suppose that « is not in S. Then for all M € A,
either sup(M) < a in case M € Ag, or sup(M N«a) < o and min(M\«) € I' in case
M € Aj. In the second case, min(M\«) > « since @ isnotin S. Fix § < o in §
larger than sup(M Na) forall M € A,. Then easily (x, U{(§, a)}, A}) is a condition,
contradicting that p forces that « is a limit point of D.

Now suppose that A; is nonempty. Let g = (x, U {{a, @)}, Ap). If ¢ is a condition
then we are done, so assume that it is not. Then either « is notin S, or thereis N € A,
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such that « ¢ N and min(N\«) is not in S. The rest of the proof will lead us to a
contradiction.

Let M be e-minimal in A, and let £ := min(M\«). We claim that £ is not in S.
So suppose that it is. Then since M € Z, sup(M N&) = « € S. Therefore there must
be N € A, witha ¢ N and min(N\a) ¢ S. Note that N must be in A>. So o is a
common limit point of M and N, which implies that &« < B, y. By the e-minimality
of M,either MN By Ny = NNByu,nor MNPy N € SkK(N). But M N By, Ny cannot be
in Sk(N), since if it were then M N «, and hence sup(M N«a) = «, would be in N. So
MNBy.Ny = NNPuy,n.Since & = min(M\«) € Sand min(N\«) ¢ S, it must be the
casethat By y <&.SoMNa=MNByn =NNPByn.Thus NNa=NNBy N.
Therefore min(N\«) = min(N\Bu, n), which is in Ry (N) and hence in I', giving a
contradiction.

So indeed £ is not in S. Next we claim that for all K € Ay, min(K\«) > §.
Consider K € A andleto = min(K \«). Then o € T, and therefore o # £. Suppose
for a contradiction that 0 < &. Then & = min(M\o). So if Byr,x < o, then & is in
Rk (M) and hence in I', which is false. Therefore 0 < By k. In particular, ¢ < By k-
But sup(K Na) < o = sup(M Na); so it must be the case that K N By xk € Sk(M).
This is impossible as o € (K N By x)\M. This proves that £ < min(K \«).

Using Lemma 4.6, choose y in M N S N « which is larger than any ordinal below
o which appears in a pair of x,, and larger than sup(N N«) forall N in Ag U Ay. Let
r = (xpU{(y,&)}, Ap). We claim that r is a condition. This will contradict that p
forces that « is a limit point of D, finishing the proof.

(1) Let(z, ) bein x,. If either of T or 7 is below «, then they are both below y, and
therefore [z, 7] N[y, £] = @. Otherwise they are both strictly above «. We claim
that T > &, which implies that the intervals are disjoint. If not, then ¢ < 7 < .
Since t isin S and £ isnot, T < £. So 7 is not in M. But then min(M\t) = £ is
in I", which is false.

(2) is immediate. (3,4) Let K be in A,. If K is in Ao, then K N [y,&] = ¥ and
min(K\y) does not exist. If K is in Ay, then again K N [y,&] = @, and
min(K\y) = min(K\«) is in " and hence in S. Suppose that K is in Aj;.
Then « is a common limit point of M and K, so ¢ < By k. By the e-minimality
of M, y € K.If £ < By k, then again by the e-minimality of M we have that
& € K and we are done. Otherwise o« < By, xk < &.So& = min(M\By k) is in
Ry (M) and hence in I", which is a contradiction. O
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