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Abstract In this study, by the use of Yuan and Lee’s definition of the fuzzy
group based on fuzzy binary operation we give a new kind of fuzzy ring. The
concept of fuzzy subring, fuzzy ideal and fuzzy ring homomorphism are intro-
duced, and we make a theoretical study their basic properties analogous to
those of ordinary rings.
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1 Introduction

In 1971, Rosenfeld [7] introduced fuzzy sets in the realm of group theory and
formulated the concept of fuzzy subgroup of a group. Since then many research-
ers are engaged in extending the concepts of abstract algebra to the broader
framework of the fuzzy setting. An increasing number of properties from clas-
sical group theory have been generalized, getting a new significance in the
new framework. Naturally, there exist a concern in generalizing other types of
algebraic structures (e.g. rings, fields, vector spaces) as fuzzy algebraic struc-
tures. Consequently, it would be interesting to find modalities to study some
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of these more complex fuzzy algebraic structures by using fuzzy groups. In [5],
Liu introduced fuzzy sets in the realm of ring theory. Subsequently, among
others, Yue [9], Mukherjee and Sen [6], Dixit et al. [4] studied on fuzzy ring and
obtained certain ring theoretic analogues. In the definition of fuzzy subgroups
and fuzzy subring they assumed that the subset of group G and ring R are fuzzy
and the binary operations on R are nonfuzzy in the classical sense. Another
approach is to assume that the set is nonfuzzy or classical and the binary oper-
ation is fuzzy in the fuzzy sense. More in line with this latter approach, Demirci
[2,3] introduced the concept of smooth group by the use of fuzzy binary oper-
ation and concept of fuzzy equality, and Aktas [1] studied its an application.
Yuan and Lee [8] introduced a new kind of fuzzy group based on fuzzy binary
operation.

In this paper, by the use of Yuan and Lee’s fuzzy group, a new kind of
fuzzy ring based on binary operation is introduced. The fundamental proper-
ties of fuzzy groups fuzzy binary relations are presented in Sect. 2. Concepts
of fuzzy ring based on fuzzy relation are introduced in Sect. 3. Fuzzy subrings,
fuzzy ideals and factor fuzzy rings are presented in Sect. 4. Finally, in Sect. 5,
the concepts of fuzzy ring homomorphisms are introduced and a fundamental
homomorphism theorem of fuzzy ring is obtained.

2 Preliminaries
In this section we summarize the preliminary definitions, and results that are
required later in this paper. Most contents of this section are contained in [8].

Definition 1 Let G be a nonempty set and R be a fuzzy subset of G x G x G.
R is called a fuzzy binary operation on G if

1. Va,b € G,3c € G such that R(a,b,c) > 0;
2. Va,b,ci,c2 € G,R(a,b,c1) > 6 and R(a,b,cy) > 6 implies ¢; = ¢3.

Let R be a fuzzy binary operation on G, then we have a mapping

R: F(G) x F(G) - F(G)
(A,B) = R(A, B),

where F(G) = {A|A : R — [0,1] is a mapping} and

R(A,B)(c) = \/ (A(a)) A B(b) A R(a,b,c)) (1)
a,beG

Let A = {a} and B = {b}, and let R(A, B) be denoted as a o b, then

(aob)(c) = R(a,b,c), VYceG (2)

((@ob)oc)(z) = \/ (R(a,b,d) A R(d,c,2)), (3)
deG

(@o(boc)z) = \/ (R(b.c,d) A R(a.d.z)). (4)
deG
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A type of fuzzy ring 167

Using the notations in Egs. (2)—(4), we have the following.

Definition 2 Let G be a nonempty set and R be a fuzzy binary operation on G.
(G, R) is called a fuzzy group if the following conditions are true:

G1 Va,b,c,z1,22 € G, ((aob) oc)(z1) > 6 and (ao (b oc))(z2) > 6 implies
Z1 = 22;

G2 e, € G such that (e, o a)(a) > 6 and (a o e,)(a) > 6 for any a € G (e, is
called an identity element of G);

G3 Va € G,3b € G such that (ao b)(e,) > 0 and (boa)(e,) > 0 (b is called an
inverse element of  and is denoted as a~!)

Proposition 3 [8] H is a fuzzy subgroup of G if and only if

1. Va,b e H,Vc € G, (aob)(c) > 0 impliesc € H,
2. aeHimpliesa™' € H.

Definition 4 Let H be a fuzzy subgroup of G. Let

(aH)(z) = \/ Ra,x,2); (Ha)(z) = \/ R(x,a,2) (5)

xeH xeH
aH(Ha) is called a left (right) coset of H.

Theorem 5 Let H be a fuzzy subgroup of G, then H is a normal fuzzy subgroup
if and only if

Va,z € G, (aH)(z) >0 < (Ha)(z) > 0.
Definition 6 Let (G, R) be a fuzzy group. If
(@aob)(c) >0 & (boa)(c) >0 Va,be G,ce G

then (G, R) is called abelian fuzzy group.

Theorem 7 Let [aH] = {dH : dH ~ aH},a = {d :d € Gandd H ~ aH},
G/H = {[aH] : a € G}, and

([aH),[bH],[cH]) — R(aH)[bHL[cH) = \/  R@.b.¢)

(a’,b’,c’)e[szxE
then R is a binary operation on G/H.

Theorem 8 (G/H,R) is a fuzzy group.
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3 Fuzzy ring
Let G be a fuzzy binary operation on R. Then we have a mapping

G:F(R) x F(R) — F(R)
(A,B) — G(A,B),

where F(R) = {A|A : R — [0, 1] is a mapping} and

G(A,B)(©) = \/ (A@) A B(b) A R(a,b,c)) (6)
a,beR

Let A = {a} and B = {b}, and let G(A, B) and H(A, B) be denoted as a o b and
a = b, respectively. Then

(aob)(c) = G(a,b,c), VceR (7)
(axb)(c) = H(a,b,c), VYceR (8)
((aob)oc)(z) = \/ (G(a,b.d) A G(d.c,2)), )
deR
(@o(boc)z) = \/(Gb.c.d) A Gla,d.z)), (10)
deR
@x(boc)z) = \/ (Gb,c,d) nH(a,d,2)), (11)
d,ecR
((axb)o(axc)(z) = \/ (H(a,b,d) AH(a,c,e) AG(d.e,2)).  (12)
deR

Using the notations of Egs. (7)-(12), we can define a kind of fuzzy ring as
follows.

Definition 9 Let R be a nonempty set, and G and H be two fuzzy binary oper-
ation on R. Then (R, G, H) is called a fuzzy ring if the following conditions
hold.

R1 (R, G) is an abelian fuzzy group.

R2 Va,b,c,z1,22 € R, ((a % b) xc)(z1) > 6 and (a * (b * ¢))(z2) > 6 implies
1 =22

R3 Va,b,c,z1,z2 € R, ((aob)*c)(z1) > 0 and ((a*c) o (b*c))(z2) > 0 implies
721 =22,and (@a*x (boc))(z1) > 0 and ((a x b) o (a xc))(z2) > O implies
1 =22

If (@axb)(w) > 60 & (bxa)(u) > 6 for all a,b € R, then (R, G, H) is said
to be a commutative fuzzy ring. If (R, G, H) contains an element e, such that
(a*ex)(u) > 0 and (e, x a)(v) > 6 implies u = v for all @ € R, then (R, G, H) is
said to be a fuzzy ring with identity.

The identity element e is called the zero element of the fuzzy ring.
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A type of fuzzy ring 169

A fuzzy ring has the following properties.

Theorem 10 If (R, G, H) is a fuzzy ring with zero element ey, then for any
a,b,e R

1. (a=xb)(b) > 6 and (a x b)(ey) > 0 implies b = ey and
(b xa)(b) > 6 and (b * a)(eg) > 6 implies b = ey

2. Letb™ ! beinverse of bin (R,G). Then
(axb " H(v) > 0 and (a * b)(w) > 6 impliesv =w~
(@' % b)(s) > 0 and (a* b)(t) > 6 implies s = L

3. (@ 'sxb () > 0 and (a*b)(v) > 6 implies u = v.

L and

Proof 1. Since ey is a zero element of fuzzy ring R,
((a*b)oeg)(b) = H(a,b,b) N G(b,e,b) > 0
and

((aoep) * (boep))(eg) = G(a,ep,a) A G(b,ey,b) AN H(a,b,ep) > 0
((b *a)oep)(b) = H(b,a,b) AN G(b,ey,b) > 6

and
((b oeg) * (aoep))(en) > G(b,eo,b) A G(a,eg,a) N H(b,a,ep) > 6.

It follows that b = eg from (R3).
2. Letc € Rsuch that G(u,w,c) > 6. Then

((a % b’l) o(ax*b))(c) > H(a,bil,v) ANH(a,b,w) A G(v,w,c) > 6
(ax (b Lob))(ey) = G, b,ep) A H(a, e, ep) > 6.

It follows that ¢ = eg from (R3) and consequently G(v,w,ep) > 6. Hence
we obtain v = w—! from (G3). Similarly, it is shown that s = 1.

3. Let @!*xbHw) > 6. Then (! «xb)w™) > 0 by condition 2, and
H(ep, b, ep) > 0 by condition 1. If k € R such that G(v,u ' k) > 0, then

((@xb)o (@ xb)(k) > HabvyAHa ', b,u Y AGov,u " k) >0
((@aoa ) xb)(ep) = Ga,a™',ep) A H(ep, b, eq) > 6.

It follows that k = ¢p from (R3), and Gv,u',ep) > 6 and similarly
Gw',v,ep) > 0. Consequently v = u from (R3).
O

Definition 11 A nonzero element a in a fuzzy ring (R, G, H) is said to be left
(respectively right) zero divisor if there exists a nonzero b € R such that (a x b)
(e0) > 0 (respectively (b x a)(eg) > 0). A zero divisor is an element of R which
is both a left and right zero divisor.
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Proposition 12 A fuzzy ring (R, G, H) has no zero divisor if and only if for all
a,b,c € Rwith a # e

(axby(w) >0 and (ax*c)(u) > 6 impliesb = c (13)
or
(bxayw) >0 and (cxa)(u) > 0 impliesb = c (14)

Proof Suppose that R has no zero divisor. If (axc)(u) > 6, then (a xc Hw >0
from Theorem 10. For all a,b,c € R

((@*b)o(axc YH)ey) > Ha,b,u) NH(a,c ', u") A Gu,u',ep) > 6
((@x (boc Yy = Gb,c k) AH(a,k,ep) > 0

since R is a fuzzy ring. Thus H(a, k,ep) > 0 and k = eq since a # ep and R has no
zero divisors. Hence G(b,c ™!, ep) > 6. Therefore b = c since (R, G) is a group.
Similarly, it is show that (b * a)(u) > 6 and (c * a)(u) > 0 implies b = c.
Conversely, let (13) and (14) be satisfied and a # eg. Then, (a * b)(ep) > 0
and (a * eg)(eg) > 6 implies b = ¢ from (13). This completes the proof. O

Definition 13 Let (R, G, H) be a fuzzy ring.

1. If(axb)(u) > 0 & (bxa)(u) > 6,then (R, G, H) is said to be a commutative
fuzzy ring.

2. If3e, € Rsuch that (e, xa)(a) > 6 and (a * e,)(a) > 0 for every a € R, then
(R, G, H) is said to be a fuzzy ring with identity.

3. Let(R, G, H)beafuzzyring withidentity. If (axb)(e,) > 0 and (bxa)(e,) > 0
Va € R,3b € R, then b is said to be an inverse element of a and is denoted
by a;!.

Theorem 14 If (R, G, H) is a fuzzy ring with identity, then e, is unique.

Proof Let €, ¢/ be identity element of (R, G, H). Then (€, x €])(¢},) > 6 and

(e, xe)e) > 0,ie H(e,el,e,) > 0 and H(€,, e}, el) > 0, it follows that

e, =éel. o
4 Fuzzy subrings and fuzzy ideals

Let (R, G, H) be a fuzzy ring and S be a nonempty subset of R. Let Gs(a,b,c) =
G(a,b,c) and Hs(a,b,c) = H(a,b,c),Va,b,c € S, then we have
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(a Ab)(c) = Gs(a,b,c) = G(a,b,c) Va,b,ceS (15)
(a o b)(c) = Hs(a,b,c) = H(a,b,c) Ya,b,ce S (16)
(aobAo)(z) = \/(G(b,c,x) ANH(a,x,z)) VzeS, Va,b,ceS (17)
xes
((aob)A(aoo)(z) = \/ (H(a,b,x) AH(a,c,y) A G(x,y,2)), (18)
x,yes
Vz €S, Va,b,ceS (19)

Then we can give following definitions and results.

Definition 15 Let (R, G, H) be a fuzzy ring and S be a nonempty subset of R.

1. Va,b € S,Vc € R, (aob)(c) > 0 implies ¢ € S and (a * b)(c) > 0 implies
ceS
2. (S, Ggs, Hy) is a fuzzy ring

then, (S, Gs, Hy) is called a fuzzy subring of (R, G, H).

Proposition 16 Let (R, G, H) be a fuzzy ring and S be a nonempty subset of R.
Then (S, G, H) is a fuzzy subring of R if and only if

1. (aob)(c) > 0 implies c € S and (a*xb)(c) > 0 implies c € S for all a,b € S,
ceG.
2. aeSimpliesa=' e Sforallacs.

Proof Let (R, G, H) be afuzzyring and (S, G, H) be a fuzzy subring of (R, G, H).
From Definition 15 conditions (1)and (2) are satisfied.

Conversely, from Proposition 3 (S, G) is a fuzzy subgroup (R, G). Thus (R1)
is satisfied. (R2) and (R3) are satisfied for elements of S since they are satisfied
every elements of R. O

Proposition 17 Let (R, G, H) be a fuzzy ring and
C={x:x€eRand (x*a)(c) >0 < (a*xx)(c) > 0 forany a,c € R}.

Then, Cis a fuzzy subring of R.

Proof Clearly ey € C. Hence C # ¢

1. x;,x»eCand (x;jox2)(x) >0 =>xeC.
Let a,c,dy,d>,b1,bo» € R such that H(x,a,c) > 6, H(a,x,d;) > 0,
H(a,x1,b1) > 0, H(a,x2,b2) > 0 and G(by,bz,d2) > 0. By G(x1,x2,x) > 6
and G(x2,x1,x) > 6, we have
(a* (x1 ox2))(d1) = G(x1,x2,x) A H(a,x,dy) >0
((@ax*x1) o (ax*x2))(d2) > H(a,x1,b1) > 6 A H(a,x2,b2)

>0 ANG(by1,by,dr) > 6
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Thus d; = d> and G(by, b>,d) > 6.
For x1,xp € C, H(x2,a,by) > 0 , H(x1,a,b1) > 6 and G(by,b1,dy) > 0,
hence

((x20x1) *a)(c) = G(x2,x1,x) AH(x,a,¢) >0

((x2 xa) o (x1 xa))(dy) = H(xz,a,b2) A H(x1,a,b1) A G(by,by,dy) > 6

Thus ¢ = dy and H(a,x,c) > 6.

Similarly, H(a,x,c) > 0 implies H(x,a,c) > 6. Thus x € C.

And (x1 xx2)(¢c) >0 = x e C.

Leta,c,dy,dy,b € Rsuchthat H(x,a,c) > 0,H(a,x,dy) > 6,H(a,x»,b) > 0
and H(b,x1,d2) > 0. By H(xq,x2,x) > 0 and H(x2,x1,x) > 0, we have

(a* (x2 % x1))(d1) = H(x2,x1,%) A H(a,x,dy) > 6
(axx2) *x1))(d2) = H(a,x2,b) NH(b,x1,d2) > 6

Thus d; = d> and H(b,x1,dy) > 6.
For x1,xp € C, H(xp,a,b) > 0, H(x1,b,d;) > 0, hence

((x1 *xx2) *a)(c) > H(x1,x2,x) ANH(x,a,c) >0

(x1 % (x2 % a))(dy) > H(xz,a,b) N H(x1,b,d1) > 0

Thus ¢ = dy and H(a,x,c) > 6.
Similarly, H(a,x,c) > 6 implies H(x,a,c) > 6, and then x € C.

2. xeC=xleC.
Letc,b,d € Rsuchthat G(a,x!,¢) > 0, G(c,x,b) > 6,and G(x !, a,d) > 6.
Then
((@aoxHox)b) = Ga,x"',¢) A G(c,x,b) > 0,
(ao (x_1 ox))(a) > G(x_l,x, ep) AN G(a,ep,a) > 0.
Thus b = a and G(c,x,a) > 0, G(x,c,a) > 6.
Since
xloxoo)(d) > Gx,c,a) AG(x L a,d) > 0,
(x T ox) o)) = G(x™ ', x,e0) A Gleo.c,0) > 6.
we get ¢ = d and GixYa,c) > 0.
Similarly, x € C and Gix 1 a,c)>6 implies G(a,x ',¢)>6. Thus, x 1eC.
Hence, C is a fuzzy subring of G from Proposition 16. O
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Definition 18 A nonempty subset I of a fuzzy ring R is called a fuzzy ideal of R
the following conditions are satisfied.

1. Vx,yel, (xoy)(z) >0 = zelforzeR,
2. Vxel,x'el,

3. Forallsel,forallre R(rxs)(x) >0 =>xeland(sxr)(y) >0 =>yel
X,y € R.

Remark 19 1t is clear that, according to Definition 18, a fuzzy ideal of a fuzzy
ring R is a fuzzy subring of R.

Theorem 20 Let I;, i € I, be a fuzzy ideal of R. Then (\;c; I; is a fuzzy ideal
of R.

Proof It is trivial. O

Let I be a fuzzy ideal of fuzzy ring R and let @ = {ao1: a € R}. We define a
relation over Q

ajol~ar ol & Ju €1, such that G(aﬁ,az,u) > 0.

Then we get the following result.
Theorem 21 ~ is an equivalent relation over Q.
Proof 1t is proved similarly to the proof of the Theorem 4.1 in [8]. ]

Fuzzy ideals play approximately the same role in the theory of fuzzy rings
as normal fuzzy subgroups do in the theory of fuzzy groups. For instance, let
(R,G, H) be a fuzzy ring and I be a fuzzy ideal of R. Then, (I, G) is a fuzzy
subgroup of (R, G). Since (R, G) is abelian, (I, G) is a normal fuzzy subgroup
of (R, G) according to Theorem 5. Consequently, from Theorem 8, there is a
well-defined quotient fuzzy group R/I with following operations

(laoll@[boI)(col) = G(laol],[boll,[col]) = \/ G(d,b,c).

(a/,b/,c’)eile_)xé

(laol]@[bol)(col) = H(aol],[bol],[col]) = \/ H(d,b,c).

(a/,b/,c/)e[sz;xZ*

By these operations R/I can be made into a fuzzy ring.
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Let G and H be two fuzzy binary operation on R/I, so we have

([acl®[bol) ®[col([dol]) = \/ (G(laoT],[boll],[x ol

XeR

AG([x o1, [c o 1], [d o I])),
(aoMj@ ([boXl@®[coll)(woll) = \/(G(boll.[coll][xol])

XE€R
AG([aoT],[x o I],[w o 1])),

(ol @ (boll@[col))(zol) = \/ (G(lboll[coll,[dol)
deR

AH([aoX),[do]],[zo]1]),

((lacll® [boI) @ ([acll®[coID)(zo1]) = \/ (G(laol],[bol],[do]])
deR

AG(aol],[col],[wol])
AH([d o T],[w o 1], [z o 1]))

Theorem 22 Let (R, G, H) be a fuzzy ring and I be a fuzzy ideal of R. Then the
quotient fuzzy group (R/1, G) is a fuzzy ring with

(laoNl@[bol)(col)=H(aoll[bollcol)= \/  H@.b.c).

(@b ¢ Yeaxbxe

Proof From Theorem 8 (R/I, G) is a fuzzy group. Let ([aoI]@®[bol])([col]) > 6.
Using (R, G) is an abelian fuzzy group, we get

(flaoll@[bol(col]) = G(aoll,[bol],[col])
= \/ G@,b,c)>0

(a',b',c)ea xbx¢

& \/  GW.d.H=Gbolllacl][col])
(b’,a’,c’)el_axizxé

= (boll®[aoID(coI]) > 6.

Thus (R/I, G) is an abelian fuzzy group.
(R2) can be proved similar to the proof of Theorem 4.3 in [8]. It only remains
to check that (R3) is satisfy.

Let ([aocll@®[bol]) @[col)([dol]) >0 and ([ao Il ®[coI]) ® ([bo1]
® [coID)([w o I]) > 6. Then, we have ay,a),by,b|,c1,¢},di,wy € R such that
ciol~ciol~col,ajol~ajol~aol,byol~Dbjol~bol diol~dol,
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wi oI~ w ol and there exist elements uy,up, u3 € I, x},x), x5 € R such that

G(ay,b1,x)) ANH(X),c1,d1) > 6
H(ay, ¢}, x5) A H(bY, ¢}, x5) A G5, x5,wp) > 6

G(ay,ur,a1) > 0,G(by,uz,by) > 0,G(c},uz,c1) > 0

Letz; € Rsuchthat G(a},b},z1) > 60,thenby G(ay,b1,x)) >0, G(a},uy,ar) >0,
G(ay,b},z1) > 0, G(b},uz,b1) > 6, and proof of the Theorem 4.2 in [8], we
have Ju € I'such that G(z1,u,x)) > 6.

Since I is a fuzzy ideal there exist elements u}, 1, us,ug,u7 € I such that
H(zi,uz,uy) > 60, Hu,cj,u) > 6, Hu,us,us) > 6, Gus,u',us) > 6 and
G(ug,us,u7) > 0.

Let z2 € R such that H(zy,¢|,22) > 6. By H(x},c1,d1) > 0, G(z1,u,x)) > 6,
G(c|,u3,c1) > 0, H(z1,¢},z2) > 6 and proof of the Theorem 4.2 in [8] we have
uy; € 1 G(zp,u7,dy) > 0. Since

((ay 0 b)) * €))(22) = (Gay. by, 21) A H(z1,¢1,22)) > 6

(@) % ¢}) o (b % €)wp) = Hay, 1. x5) AH (b, ¢).x5) A Gxh, 5, w1) > 6
s0 20 = wy and G(z2,u7,d;) > 6. Then wi oI ~ d o1 and consequently
[wol] = [dol]. Similarly, if ([aoI] ® ([boI] & [coI])([doI]) > 0 and

(aoll®[bolI]) ® (aoll ®[coI]D)([wol]) > 0, then it can be shown that
[woll=[dolIl. O

Definition 23 (R/I, G, H) is called a factor fuzzy ring of modulo L

5 Fuzzy ring homomorphisms
Definition 24 Let (R, G, Hy) and (R», G2, H>) be two fuzzy rings f : R| — R»
is a mapping. If

1. Gi(a,b,c) > 6 = Gyr(f(a),f(b),f(c)) > 6
2. Hi(a,b,c) >0 = Hy(f(a),f(b),f(c)) >0

then f is called a fuzzy ring homomorphism. If f is 1-1, it is called a fuzzy ring
monomorphism. If f is onto, it is called a fuzzy ring epimorphism. If f is both
1-1 and onto, it is called a fuzzy ring isomorphism.

Proposition 25 Let f: (R1,G1,H1) — (R2, G2, Hy) be a fuzzy ring homomor-
phism. Then

1. fler) =ey,
2. fa™) = (flan
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Proof

1. Since f is a fuzzy ring homomorphism, for all a € Ry

Gi(a,er,a) > 0 = Ga(f(a),f(e1),f(@) > 6

and for f(a) € Ry we have G,(f(a), ez, f(a)) > 6. Since

(f@ o f@) o fen)(e2) = G(f@) ™', f(a).e2)
NGlea, f(e),f(e1)) > 6
(F@ ™" o (f(a) o fleN))(f(er) = Ga(f(@).f(er).f (@)
NGy (f(@)”", f(a),f(er) > 6.

We get f(e1) = e3.
2. Since f is a fuzzy ring homomorphism, for all a € R;

Gi(a,a" ' e)) > 6 = Ga(f(a).f(a 1), f(er)) > 6.

From (1) f(e1) = e2, then Ga(f(a),f(a~1),e2) > 6. Thus f(a~ ') = (f(a))~ L.
m}

Theorem 26 Let f: (R,G1,H)) — (Ry, G2, H) be a fuzzy ring homomor-
phism. Then

1. Imfis a fuzzy subring of R,
2. Kerf is a fuzzy ideal of R;.

Proof

1. Clearly, f(e;) = e2 € Imf and so Imf # ¢. If x;,x2,x € Ry such that
G1(x1,x2,x) > 0, then Ga(f(x1), f(x2),f(x)) > 0. Thus f(x) € Imf.
Let x~! € Ry such that Gy (x,x1,e;) > 6, then Gz(f(x),f(x’l),f(el)) > 6.
From Proposition 25, Ga(f(x),f(x~1),f(e1)) = G2(f(x),f(x)"L,e2) > 6.
Thus f(x)~! € Imf.

2. Clearly, e; € Kerf and so Kerf # ¢. ¥V x,y € Kerf such that Gy(x,y,z) > 6.
Then Ga2(f(x),f(y),f(z)) > 6. Since f is a fuzzy ring homomorphism
Ga(ez,e2,f(z)) > 6. Thus f(z) = e». We obtain z € Kerf.

If x € Kerf such that Gi(x,x L e;) > 6, then Gz(f(x),f(x_l),f(el)) =
Ga(ex,f(x)"1,e2) > 0. Hence f(x ) = e, thatis x ! € Kerf.

Finally, for all x € Kerf and for all r € Ry, if Hi(x,r,u) > 6, then
Hy(f(x),f(r),f(m)) > 6. Since f(x) = ez, Ha(e2,f(r),f (1)) > 6. From Theo-
rem 10, f(u) = ep. Similarly, if Hy(r,x,v) > 6, then Hy(f(r),f(x),f(v)) > 6.
Since f(x) = e2, H2(f(r),e2,f(v)) > 0. From Theorem 10, f(v) = e,. There-
fore, Kerf is a fuzzy ideal of R;. O
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Theorem 27 Let f: (R1,G1,H1) — (R2, G2, Hy) be a fuzzy ring epimorphism.
Then R/N is isomorphic to Ry, where N = Kerf.

Proof From Theorem 5.3 in [8] and its proof, we know that the mapping
Y :R{/N — Ry,[roN]+ f(r)

is a well defined one-to-one fuzzy group homomorphism. Here it is only
remained to check that if Hi([a o N],[b o N],[c o N]) > 6 then H>(y([a o N]),
Y([boN),¥([coN]) > 0.Let Hi([aoN],[boN],[coN]) > 6 then there exist
ai,bi,c1 € Ry and ny,ny,n3 € N such that Hy(a,ny,a1) > 6, Hy(b,ny,b1) > 0,
Hi(c,n3,c1) > 0, Hi(a1,b1,c1) > 6. Let w € Ry such that H(a,b,w) > 0. Sim-
ilar proof of the Theorem 4.2 in [8] we have In’ € N such that Hy(w,n’,c) > 6.
Hence w o N ~ c o N and, consequently, f(c) = f(w). By Hi(a,b,w) > 0, we
have Hy(f(a),f(D),f(w)) > 6, and then Ha(f(a),f(b),f(c)) > 6. Hence ¢ is a
fuzzy isomorphism. O
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