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Abstract We directly compare two institutions, a family compact—a parent makes a
transfer to her parent in anticipation of a possible future gift from her children—with
a pay-as-you-go, public pension system, in a life cycle model with endogenous fer-
tility wherein children are valued both as consumption and investment goods. Absent
intragenerational heterogeneity, we show that a benevolent government has no wel-
fare justification for introducing public pensions alongside thriving family compacts
since the former is associated with inefficiently low fertility. This result hinges crit-
ically on a fiscal externality—the inability of middle age agents to internalize the
impact of their fertility decisions on old-age transfers under a public pension system.
With homogeneous agents, a strong-enough negative aggregate shock to middle-age
incomes destroys all family compacts, and in such a setting, an optimal public pen-
sion system cannot enter. This suggests the raison d’être for social security must lie
outside of its function as a pension system—specifically its redistributive function
which emerges with heterogeneous agents. In a simple modification of our bench-
mark model—one that allows for idiosyncratic frictions to compact formation such as
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differences in infertility/mating status—a welfare-enhancing role for a public pension
system emerges; such systems may flourish even when family compacts cannot.

Keywords Fertility · Family compacts · Social security · Intergenerational
cooperation · Pensions · Self-enforcing constitutions

JEL Classification E 21 · E 32

“I’ve always said, and I still think we have to admit, that no matter how much
fine reasoning there was about the old-age insurance system and the unemploy-
ment insurance prospects—no matter how many people were studying it, or
how many committees had ideas on the subject, or how many college professors
had written theses on the subject—and there were an awful lot of them—the
real roots of the Social Security Act were in the Great Depression of 1929.
Nothing else would have bumped the American people into a social secu-
rity system except something so shocking, so terrifying, as that depression.”
(Frances Perkins, U.S. Secretary of Labor, 1962).

1 Introduction

For centuries, before the advent of compulsory, tax-funded social security, finan-
cial sustenance of the elderly relied on two sources: their own savings and/or family
support. The latter was facilitated by working-age children under an implicit fam-
ily compact—each young generation pledged to support their parents, just as the
parents had supported their own parents in the past. For example, Sundstrom and
David (1988) argue that “from colonial times through to the eve of the Civil War,
and beyond, American farmers looked to their children as future providers” and
that “[i]n exchange for their role in providing old-age security for their parents, the
mature offspring of a farm couple expected to receive a portion of the farm family’s
wealth...”1

Within family lines, these compacts worked for many generations and helped pre-
vent the immiserization of large segments of the elderly population. By early 1900s,
industrialization had become widespread; with it, economy-wide unemployment and
long episodes of depressed wages became routine. These eroded the meager savings
of many elderly and may have been responsible for the destruction of the aforemen-
tioned family compacts. Over time, a belief emerged that the state ought to step in
to prevent such old-age economic deprivation and dependency of the elderly, a belief
that originated in Europe (Sinn 2004) and had spread to North America by the 1930s
(Lindert 2004). Motivated by the early North American experience with social insur-
ance, we ask, is there any rationale for the state to step in if family compacts are
thriving? What if the compacts have broken down?

1Explicit quid pro quo, such as written provisions, were popular in colonial New England and some eth-
nic immigrant communities of the Midwest during the 1800s (Sundstrom and David 1988). For more
generational and anecdotal evidence on the matter, see Hareven and Adams (1996).
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The answers we find have a lot to do with the various roles social security has
been called on to play: pension (or old-age support), insurance (e.g., dependent sur-
vivor benefits), and income redistribution. These roles, of course, often overlap. Yet,
while a social security system may touch on all three roles, its principal identity is
(and has always been) intergenerational, its chief function, pension provision to the
elderly. To reiterate, in its identity and function as the chief intermediator of inter-
generational transfers, social security is unique. We then ask, is this role as a public
pension program (henceforth “public pension” or “public pension system,” or PPS
for short) sufficient to justify its introduction by the state alongside existing family
compacts? If the pension role is not sufficient, what other role might be necessary to
justify the state stepping in?

To that end, we study a stylized model of intergenerational transfers, inspired by
Cigno (1993, 2006a, b)—a simple, three-period overlapping generations model with
no intragenerational heterogeneity and endogenous fertility in which the middle-
aged, the decision-makers, value children both as consumption and investment goods.
The latter role arises because children provide the means of an endogenously derived
family pension system, a family compact (hereafter, FC) in which a middle-aged
offspring makes a transfer to her aged parent in anticipation of receiving a possi-
ble transfer from each of her own children in the future. A key feature of the Cigno
framework we adopt is the absence of intergenerational altruism as motivation for
intergenerational solidarity. As a competitor to the FC, we consider a PPS, one that
imposes a lump-sum tax on the income of the middle-aged and uses the proceeds to
finance a lump-sum pension to the current old. In the aforediscussed setup, we pose
the following questions. How does a PPS which has a pure intermediary role mea-
sure up in a direct comparison with family compacts? More broadly, is there a sense
in which entrusting government with the responsibility for the aging members of
society leaves them better off than they could be under their own family compacts?
Within the narrow confines of our model, we also enquire: If family compacts perish,
can a PPS thrive? Was Frances Perkins (see quote above) right?

In a stationary setting, we derive the optimal family compact, one that is subgame
perfect (it dominates the outside option of generational autarky) and maximizes sta-
tionary utility. We show, if all agents are identical, a benevolent government has
no welfare justification for introducing public pensions in our model economy with
actively-thriving family compacts; i.e., both a private FC and an optimal PPS can-
not coexist. A “fiscal externality” is at play here: under a PPS, private agents do not
internalize the budgetary implications of their fertility decisions. To be clear, a fiscal
externality arises in our setup because private agents do not see the connection
between the pension they are promised and the number of children they have. Con-
sequently, they have “too few” children and end up with “too low” a public transfer.
By way of contrast, the FC faces no such issue. The key point: with identical agents,
public pensions cannot compete with family compacts precisely because of this fiscal
externality.

Continuing to assume all agents are homogeneous, we go on to show that family
compacts may collapse if the income of the middle-aged takes a big, permanent hit.
That is, a sufficient condition for family compacts to break down (and be replaced
by generational autarky) is a large enough, negative shock to middle-age incomes.
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Common intuition, as outlined in the Perkins quote, suggests such a setting ought
to be ripe for the introduction of a PPS. Interestingly, within the strict confines our
model that admits no intragenerational heterogeneity, this turns out not to be the
case. We show, if incomes are too depressed to allow for an optimal FC to thrive,
they are also too low to permit the introduction of an optimal PPS. (Parenthetically,
we show there is a range of incomes in which a PPS would not emerge and yet
the FC thrives.) The idea is, once incomes have fallen sufficiently, agents cannot
simultaneously afford to have children and honor their parental compact obligations;
the same goes for their public pension contributions.

Evidently, a PPS that plays the singular role of pension provision—the only role it
can play in our world with homogeneous agents—cannot compete with thriving FCs.
How, then, can we rationalize a PPS? Consider the same environment as above except
admit some heterogeneity. The latter, in principle, could take many forms. First,
consider an idiosyncratic endowment shock (not strong enough to destroy existing
compacts) that hits some of the middle-aged but not others. Here, ex ante, all agents
would be willing to participate in a public transfer program; conceivably, though,
a richer FC may also be able to accommodate this type of agent heterogeneity by
making contributions contingent on the middle-aged’s realized income.

Alternatively, one may posit frictions in the compact-creation process or idiosyn-
cratic inability to form compacts—say, through infertility or the failure to success-
fully mate. In the Cigno framework, these sorts of barriers to compact formation
open the door for endogenous separation from the FC. Conceptually, a FC strictly
along a single family lineage could stipulate, ex ante, that a childless (ex post) agent,
make a transfer to her parent with no expectation of a transfer from her non-existent
children—a non-starter in this environment with no altruism. Alternatively, a more
comprehensive FC could be defined over extended family lines, requiring ex ante the
ex post childbearing middle age to make transfers to all elderly relatives (parents as
well as their infertile and unmatched siblings). The problem is then immediate: any
such ex ante optimal FC faces a threat of being rejected ex post, once fertility/mating
status is revealed. A coalition of middle age agents consisting of those that are fer-
tile/mated could deviate from the existing compact by proposing an alternative, one
that makes no provisions for those infertile or single. This constrains the designer of
the original compact to restrict transfers to elderly parents only, leaving the elderly
infertile/single to support themselves.2 A non-discriminating PPS may improve (ex
ante) utility even in the presence of a FC. By fiat, a PPS taxes and makes lump-sum
transfers to everyone regardless of fertility or matching status. The timing of transfers
is key: since the FC transfers are to be made after fertility/mating status is revealed,
fertile, matched agents ex post see no benefit of honoring transfers stipulated by a FC
to anyone other than their parent.

Interestingly, the issue of identifying a clear rationale for the creation of a pub-
lic pension was center stage in political deliberations surrounding U.S. President
Franklin D. Roosevelt’s (FDR’s) New Deal. FDR’s idea was to de-emphasize the

2Clearly, a compact could stipulate that infertile young provide a transfer in exchange for transfers from
fertile and infertile young of the next generation. But then, at what point does one draw the line between
such a comprehensive FC requiring transfers to all elderly relatives over extended family lines and a PPS?
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social-insurance aspect of the social security program—contributions and benefits
are intentionally not means-tested—and, instead, promote its public pension role. In
1935, the US Congress created a national payroll tax to pay for old-age pensions so as
to not rely on funding from general tax revenues. FDR and Social Security adminis-
trators took pains to distinguish the US pension system from other welfare programs
by portraying the payroll tax not as a form of taxation but instead as a contribution
workers made to ensure their own security, an entitlement that people earned through
hard work and their own contributions.3 In reality, however, as Campbell and Morgan
(2005) point out, “there is no one-to-one relationship between contributions and ben-
efits, as the benefits formula is skewed to give higher returns on low-income earners’
contributions, and lower returns on the taxes paid by higher earners.” In short, while
FDR opposed a general-revenues funding of PPS (which would have made it overtly
redistributive), he favored and sold it to depression-weary Americans as a public
pension-like system with contributions, albeit with “redistributive” returns. Within
the restricted boundaries of our model economy specifications, our work can offer
limited insight into FDR’s strategy: in our theory, a social security system does not
garner the same sort of long-run support if implemented as a pension-only system, as
long as the traditional forms of old-age security work well. Indeed, embellishments
such as survivor benefits and redistributive returns, not integral to the program’s pri-
mary function, are needed to make it more acceptable to the general electorate, a
point that is evident from our simple extension involving heterogeneous agents.

In sum, our analysis is designed to ask, when and why is a public pension system
able to replace a familial pension system run within family lineages? In the absence
of heterogeneity, a PPS cannot compete with existing, optimal FCs. If the middle-
aged are hit with idiosyncratic income shocks, then again, a suitably modified FC,
one that conditions filial transfers on agents’ incomes, could compete with a PPS on
an equal footing.

Extending our study to include agent heterogeneity in the form that we do reveals
an important but subtle constraint faced by the progenitor of a family compact, an
issue originally discussed in Sinn (2004). Consistent with the literature, we assume
a family compact can be costlessly instated at any point in time. If true, a compact
must then comply with a core-like condition; there can be no sub-coalition within the
family compact unit that can break from the compact and form a new compact which
is Pareto preferred by all members of that subgroup. This prevents the progenitor
from offering a comprehensive compact, one that includes support for elderly family
members that do not provide an ingredient critical to its success, namely, children.
Introducing of a PPS may then increase agents’ (ex ante) utility, by providing old
agent support for those not included in the FC.

Interestingly, if introducing a new compact is not costless, there arises yet another
argument in favor of a PPS, one not reliant on agent heterogeneity. The aforemen-
tioned discussion on the dissolution of the FC envisions a shock large enough to

3As Social Security Administration administrator Altmeyer wrote (Altmeyer 1966; pp 296) about Social
Security in 1946, “It is not a plan for giving everybody something for nothing but a plan for organized
thrift.” Leff (1983) argues, FDR repeatedly stressed that “social security could not be allowed ‘to become a
dole through the mingling of insurance and relief’ and thus ‘must be financed by contributions, not taxes.”’
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dissuade agents from making any intertemporal transfers (private or public) towards
old age. If, instead, the shock is not that severe, agents may still be amenable to such
transfers, just not on the same terms as stipulated by the original FC. If a new FC is
costly to install, switching to a PPS may be preferable to agents over complying with
the original FC.

We proceed as follows. We start with a selective review of the literature in Section 2.
In Section 3, we describe the model environment, population structure, the behavior
of economic agents and the stationary private family compacts. In Section 3.3, we
characterize the PPS and compare it to the FC. There we find that the introduction of
a PPS provides no welfare-enhancing benefits to agents in a steady state if there exists
a well-functioning FC. Given this finding, we turn, in Section 3.4, to the question
of whether a PPS can prevail when a FC cannot. Both sections lay out a fairly stark
conclusion: these family compacts work fairly well, so much so they preclude the
introduction of a pay-as-you-go public pension system. As such, a case for a PPS
must rest on something beyond a simple pension role. We address this issue in Section 4,
where we consider a simple modification of our existing model which allows for risk
and heterogeneity across agents. Here, we show a PPS can enhance welfare, even in
the presence of a well functioning FC. Along the way, we also provide some support
for a hybrid public-private pension system, similar in spirit to that outlined in Cigno
(2010). Section 5 concludes; the appendices contains the fine print of the family
compacts as well as proofs of major results and discusses some extensions.

2 Literature review

Our work is motivated by the literature on within-family transfers de-linked from
altruism, emanating from the seminal contribution contained in Cigno (1993), and
enhanced in Rosati (1996), and Cigno (2006a, b). One of our results—if an opti-
mal FC has broken down, an optimal PPS cannot be ushered in if agents are
homogeneous—is discussed informally in Cigno (1993): “[if] it has not collapsed
already, the family transfer system will then collapse as a result of the introduction
of a public pension system.” His argument is as follows: since participation in a PPS
is compulsory and since a pension is promised unconditionally (not tied to fertility),
the children “will have no choice but to pay the tax,” and “they will then refuse to
support the present old, and will have no children.” Of course, without children, the
FC collapses, but so too does a PPS. We formalize and generalize these ideas and
extend the informal discussion in Cigno (1993): we allow children to be consumption
goods thereby preventing the no-children outcome; as such the informal discussion
in Cigno (1993) does not carry over.

Our results rely heavily on the presence of the aforediscussed fiscal externality,
a term that warrants further elucidation.4 For us, the term refers to the assertion
that private agents do not internalize the effect of their fertility decisions on the

4This externality is also discussed in other contexts in Cigno (1993) and Nishimura and Zhang (1995). See
Billari and Galasso (2014) for an up-to-date discussion of the externality and its quantitative significance.
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public pension they get, i.e., private fertility decisions have external budgetary con-
sequences. Conceivably, there can arise many other fiscal influences—not all are
externalities—relating pensions and fertility. For example, if expected future pen-
sion benefits fall but contributions do not, there may arise an income effect, not an
externality, that may depress fertility. Alternatively, since parenting takes time away
from work and if future pension benefits are understood to be linked to labor income,
fertility decisions may get distorted; again, no externality is at play here. Becker
(1988) considers the following connection: “A Social Security system that replaces
child support of parents with public support raises the net cost of children to parents
(not to society), since they are no longer as useful to elderly parents. As a result,
a Social Security system tends to reduce the demand for children.” Becker (1988;
pg. 4) Clearly, the Beckerian view is that publicly support institutions shape private
fertility decisions—no fiscal externality, however, is being implied here. Our focus
rests on an angle obverse of Becker: how private fertility decisions may shape public-
support institutions, and more importantly, what happens if private fertility decisions
are taken without considering their fiscal ramifications. In this sense, our notion of
the fiscal externality, by no means unique in the literature (e.g., Demeny 1989), may
not have received as much prominence in the analysis of private compacts versus
public pensions.

Versions of the fiscal connections that originate in Becker (1988) are also cen-
ter stage in Prinz (1990), Fenge and Meier (2005), Galasso et al. (2009), and more
recently in Fenge and Scheubel (2017). In Prinz (1990), a PPS reduces private will-
ingness to have children because households no longer need children as “investment”
goods, an idea similar to Becker (1988). In Prinz’s setup, private agents would not
have any children ordinarily, but if a government-run policy of family allowances
contingent on fertility is introduced, one that equates the private marginal cost of
raising children with the allowance, then a social optimum can be attained. Kolmar
(1997) is specific about defining the fiscal externality arising in a public pension
system—his IPAYG program—one that delinks pension benefits from prior fertility.
In this case, “the future benefits of children are distributed to all individuals of the
society whereas the costs of children are borne entirely by the individual family.”
Kolmar goes on to identify that this fiscal externality is negative and may possi-
bly weaken if pension payments are made contingent on fertility (via his CPAYG
program). This is a variant of the fiscal externality we depend on. Kolmar (1997)
does not, however, entertain a direct comparison with family compacts, except per-
haps to hint at a possible reinterpretation of his fertility-contingent public pension as
“dynastic pensions” in Cigno (1993).

Private family compacts and public pensions are vehicles of intergenerational
transfers, both are PAYG, one running along family lines, the other intermediated by
the government. And yet, much of the entire literature on public pension systems and
their raison d’être—surveyed, for example, in Mulligan and Sala-i-Martin (2004)—
focuses on their efficiency and redistributive properties in isolation, but never in a
direct comparison with private family compacts. Similarly, there is an established
literature on within-family transfers not related to altruism, emanating from the sem-
inal Cigno (1993), and enhanced in Rosati (1996), Cigno (2006a, b), and Cigno and
Werding (2007) that largely keeps public pensions out of the spotlight.
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This brings us to an important value-added of our analysis: to the best of our
knowledge, we are the first to confront an optimal public pension system with an
optimal, endogenously derived family compact. van Groezen, Leers and Meijdam
(2003), Sinn (2004), Fenge and Meier (2005), and Fenge and Scheubel (2017) do not
allow for endogenously derived optimal family compacts. In some of these papers,
there is, arguably, a “forced altruism” meaning agents are bound (“by customs or
laws”—Sinn, 2004) to leave an exogenously specified transfer to each of their chil-
dren. Such a requirement simply raises the cost of child rearing and reduces fertility,
but has no bearing on the per-child transfer would-be parents can expect to receive
when old. As such, all that public pensions do is reduce fertility leaving elderly par-
ents with less overall filial support. In our case, the fiscal externality does more than
change the number of children—it also changes the size of the (optimal) transfer, an
effect absent in a system with a pre-determined transfer level.

Two additional papers are worthy of note. Leroux and Pestieau (2014) also
examine public versus private old-age support in a political-economy model. They
consider an environment with exogenously specified norms regarding family trans-
fers; the link between generations is given and agents do not make a choice whether
or not to abide by their obligations within the family system. They consider the emer-
gence of public pension systems, due in part to shocks to this family link. Their
model, however, sidesteps two important issues which we consider in detail here:
(a) how such intergenerational links are formed and (b) why they may break down.
The latter is particularly important, since some of these factors that are needed for a
thriving private support system (as we show) may also be key building blocks for an
optional public support system. In a recent paper, Galasso and Profeta (2010) shed
light on the issue of broken FC and the rise of PPS by analyzing the link between the
structure of the family—whether characterized by weak or strong family ties—and
the emergence of pension systems. In families with weak ties, the adults only provide
a pre-specified minimum for the elderly; whereas in strong families, they allocate
consumption more evenly among the family members. In their “new regime,” one
characterized by industrialization, urbanization, and nuclear families, weak family
ties are conducive to the rise of PPSs; yet, if they emerge, pension systems are more
generous in societies with strong family ties. Their results are thematically close to
ours in that our FC is close to their notion of strong family ties. Notice though, their
family ties are really customs or norms, not necessarily optimal.

3 The basic model

Consider an economy populated by cohorts of three-period lived overlapping genera-
tions of identical agents who are economically active for the last two periods of their
life. Label the periods of life as youth, midddle age, and old-age with youth being
economically passive. Let t = 1, 2, ..., ∞ denote time. Each middle age decision-
maker (one born at date t − 1) is endowed with w > 0 units of a single, non-storable
consumption good; she is endowed with y ≥ 0 units of the good when old. When
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middle age, she decides how many children, nt , to raise at a contemporaneous cost
of ν per child.5

To simplify the analysis—for now—we assume that there are no financial assets.6

Children, potentially, serve two purposes in this economy. First, following the tradi-
tion of Galor and Weil (1996) and de la Croix and Doepke (2003), children provide
direct utility to the parent. Second, following Cigno (1993), offspring may be consid-
ered akin to investment goods insofar as they provide the means of a family pension
system in which the parent, when middle age, passes along a transfer to her parent in
anticipation of receiving a possible transfer from each of her children in the future.

Let Ut (defined in the section below) denote the agent’s benchmark utility, i.e.,
what she can achieve on her own without participating in the FC. Within a FC, how-
ever, a middle age agent at t faces a family-transfer obligation to transfer αt units of
the good to her parents, with the understanding that she receives filial support from
each of her children—each will transfer αt+1 units of the good to her (a total transfer
of αt+1nt ) at date t + 1. Of course, the agent can choose to abide by the obligation
or not; if she agrees to, she is, in the language of Cigno (2006a), a “complier,” other-
wise, she is a “go-it-aloner.” A FC is, then, an entire sequence of such family-transfer
obligations, one for each date. A sequence {αt }∞t=1 represents a family pension sys-
tem, or family constitution (Cigno 1993) or family compact (FC, hereafter), discussed
in detail below. Clearly, for a FC to be operative, it is necessary that each member of
each generation obtains at least Ut in utility under it.

The lifetime utility of a middle age decision-maker at date t is

Ut = u (ct ) + βu (xt ) + θg (nt ) (1)

where ct (xt ) is the agent’s consumption when middle age (old), and 0 < β ≤ 1
and θ ≥ 0 are preference parameters. The functions u (·) and g (·) are increasing and
concave and lim

z→0
u′ (z) = ∞. (The time subscript of the decision variables tracks

when the agent begins her economic life, i.e., at middle age. Hence, for example, xt

represents old-age consumption of an agent born at t − 1 and entered middle age at
date t). In contrast to Sinn (2004), it is important to note that the aforediscussed
intergenerational transfers are not based on altruism, since a parent’s well-being is
not an argument of the agent’s utility function.7 We have

5The total number of people at each date t is Nt = N
y
t + Nm

t + No
t where Ni

t is the size of the
cohort i of the same age at date t . Since Nt = (ntnt−1 + nt−1 + 1) No

t and Nt+1 =
(ntnt+1 + nt + 1) No

t+1 = (1 + ntnt+1 + nt ) nt−1N
o
t , the gross population growth rate is Nt+1/Nt =[

(1 + ntnt+1 + nt ) nt−1
]
/[1 + ntnt−1 + nt−1]. In the steady state (or on a balanced growth path),

Nt+1/Nt = n.
6We take up the issue of private savings in Appendix F.3.
7Since, by design, agents are not altruistic towards their children, they make no gifts or transfers to them.
Cigno (2006a) additionally allows for gifts from parents to children. In his setup, an altruistic parent may
choose to pass on a generous gift to her children when they are young and accept a smaller transfer from
them when they become adults. The latter imperative may weaken the threat of generational autarky that
keeps the FC alive and viable.
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Assumption 1 a) u′′′ (·) > 0 ∀ c, x > 0. b) lim
n→0

g′ (n) = M ≤ ∞.

Assumption 1 a) is sufficient for our basic argument; u′′′ (·) > 0 holds for many
utility functions used in applied economic analysis; e.g., CES u (c) = c1−σ / (1 − σ).
It is connected to the notion of prudence, or equivalently, the precautionary motive
for saving.

Our approach includes a convenient parameterization of the intensity of utility
agents receive from having children, embodied in the parameter θ . As noted in the
introduction, the traditional approach to studying family transfer systems does not
consider possible warm-glow utility from children. This, however, is problematic
and inadequate for our purposes, since one cannot consider replacing a compact
with a public pension system without abandoning a component integral to the fam-
ily compact system—the endogenous fertility decision nt made by participants of the
compact. The element θg (nt ) of Ut in (1) above allows us to consider three alter-
native cases, the first two include family compacts: children are investment goods
only if θ = 0, and they are investment and consumption goods when θ > 0 and a
thriving family compact exists. A third possibility—children are consumption goods
only emerges when θ > 0 and there is no family compact. By including the possi-
bility that children provide utility in and of themselves (that is, independent of any
resource transfers they may provide to their parents) allows us to consider alterna-
tives to the family compact such as a compulsory public pension system, since agents
retain an incentive to have children in the absence of the compact. Consequently, in
this setting, the economy can continue even if compacts do not.

In anticipation of what will follow in subsequent sections, we make the following
assumption regarding the preference parameter θ and fertility nt .

Assumption 2 An increase in the preference parameter θ increases steady state nt .

We sidestep laying out the deeper assumptions regarding the model primitives
which ensure Assumption 2 holds, in part because these restrictions are not partic-
ularly enlightening in their own right. More importantly though, the model and its
results would seem untoward if this property did not hold.

At points below, we will consider a competing public pension system. For now,
we set aside any such system and focus solely on a FC. At date t, a middle age agent
chooses ct and nt , as well as a consumption plan, xt . The agent also decides whether
or not to participate in her FC. Given (αt , αt+1) ∈ R

2++, her problem is to maximize
(1) subject to

c1 ct + αt + νnt ≤ w

c2 xt ≤ y + αt+1nt

c3 ct ≥ 0; xt ≥ 0; nt ≥ 0.

When (c1) and (c2) bind, the choice variable nt satisfies:

νu′ (w − αt − νnt ) = θg′ (nt ) + αt+1βu′ (y + αt+1nt ) . (2)
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The assumption u′′′ (·) > 0 ensures the marginal cost of an additional child,
νu′ (w − νn − α), is a convex function of n, for all n > 0. The limiting condi-
tions on u′ (·) itself ensures the mapping is convex over a subset, since its derivative,
−νu′′ (w − νn − α) > 0 and u′ (w − νn − α) → ∞ as n → (w − α) /ν. (2)
implicitly defines a solution, nt = n (αt ; αt+1) which, using (c1) and (c2), define the
indirect utility (Ut ) the agent obtains under the FC.

If the agent chooses not to abide by the FC, her choice of nt satisfies

νu′ (w − νnt ) = θg′ (nt ) . (3)

Under this option (her outside option), she receives Ut ≡ u
(
w − νnt

) + βu (y) +
θg

(
nt

)
, where nt satisfies (3). In this case, ct = w− νnt and xt = y. If θ = 0,

then nt = 0 (because raising children is costly) and the agent simply consumes her
endowment. In that case, Ut = U ≡ u (w) + βu (y). The importance of assuming
y > 0 is apparent here; since u′ (0) → ∞, allowing y = 0 precludes non-existence
of the FC simply because the outside option is so unappealing. Also, as noted, if
θ = 0, no one has children outside of the FC and the economy ends.

We proceed to derive a FC. The existence or non-existence of a FC relies solely
on the view that children are investment goods. Whether they are also viewed as
consumption goods is immaterial to the survival of a FC. As such, for expositional
clarity, we start by fixing some ideas for the case where θ = 0.

3.1 Viability of the family compact with children as investment goods only

So far, we have loosely described a family compact as a sequence of transfers,
{αt }∞t=1, whose viability requires that, at each date, the utility obtained under it, Ut ,
is at least as great as what she can receive from her outside option, Ut . This charac-
terization is not entirely complete, since a family member at any generation can take
an action, call it α̂t , that differs from αt . As such, the compact must also describe the
actions of all current and future agents if such deviations do occur at some date. While
important, these represent the ‘fine print’ of the compact.8 Since they are secondary
to our main focus, we relegate them to an appendix – see Appendix F.

We turn to the notion of viability. When θ = 0, a sequence {αt }∞t=1 of transfers is
viable (self-enforcing in the language of Cigno 2006a) – the FC is subgame perfect – if

V (αt ; αt+1) = u (w − νn (αt ; αt+1) − αt ) + βu (y + αt+1n (αt ; αt+1)) ≥ U, (4)

holds for each date t, where n (αt ; αt+1) is, mutatis mutandis, the solution to (2). A
family compact is not unique. There may be a continuum of sequences {αt }∞t=1 that
satisfy (4).

Needless to say, a FC must also ensure each generation procreates, i.e., n (αt ; αt+1) >

0 ∀t . Let A denote the set of (αt , αt+1) consistent with n (αt ; αt+1) ≥ 0. For each

8A “private social security system” requires trust; there must exist rewards and punishments for such a
system of trust to operate. Kandori (1992) and Salant (1991) have shown that in overlapping generations
models there can be outcomes, which support such cooperative arrangements, even though the identity of
players is changing over time.
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transfer αt an agent is asked to give to her parent, there is a minimum transfer
αmin,t+1 ≥ 0 she must anticipate receiving before she is willing to have children, i.e.,
n

(
αt ; αmin,t+1

) = 0 for all αt ≥ 0. The smallest of these is defined implicitly by
n (0; αmin) = 0. More generally, the locus of αmin,t+1 – call it the mapping γ (αt ) – is
increasing in αt . Any feasible αt+1 > γ (αt ) is consistent with procreation at date t .

Next, consider the function φ (αt ) : (0, w) → (αmin, w), defined implicitly as
V (αt ; φ (αt )) = U, i.e., given αt , φ (·) describes the size of the anticipated transfer
from the middle age to old at t + 1 that leaves the middle age at t just as well off
as the benchmark, U . It follows that V (0; φ (0)) = V (0; αmin) = U . The mapping
φ (αt ) ≥ γ (αt ) for all αt ≥ 0. Figure 1 illustrates, with a convex upward-sloped
mapping φ (αt ).9 For a given αt , any transfer combination (αt , αt+1) with αt+1 >

φ (αt ) generates higher utility than the outside option. This range is shown as the
shaded region in Fig. 1. 10 Let α (α) denote the smallest (largest) fixed point α =
φ (α) with α < w.

Proposition 1 Let α∗
1 ∈ (0, α] be any initial transfer. A subgame perfect sequence

of transfers consistent with procreation,
{
α∗

t

}∞
t=1, if it exists, satisfies i) α∗

t+1 ≥
φ

(
α∗

t

) ≥ γ
(
α∗

t

)
and ii) α∗

t ∈ (0, α] .

Henceforth, we restrict the attention to sequences that satisfy the proposition. An
implication of this restriction is that there is no default on the compact in equilibrium.
If there was anticipated uncertainty regarding the endowments, the compact would
be state contingent; even in that setting, there would be equilibria with no possibility
of default.

Consider next, a stationary equilibrium, i.e., αt = α > 0 for t ≥ 1. It is clear
that stationary equilibria belong to the set

[
α, α

]
. These are shown as points along

the 450 line inside the shaded region of Fig. 1. Setting aside the welfare of the initial
transfer recipients (the old at date t = 1), the best such compact, is the one that
maximizes the distance between the curve defined by the mapping φ (αt ) (which
describes transfers which will leave the agent indifferent between the compact and

9Why might φ (αt ) be convex? Differentiating V (αt ;φ (αt )) = U and using the envelope theorem, we

obtain φ′ (αt ) = 1
nt

u′(ct )
βu′(xt )

> 0, which, using (2) with θ = 0, and nt = n (αt ;αt+1), yields φ′ (αt ) =
1
ν

αt+1
n(αt ;αt+1)

. The second derivative is

φ′′ (αt ) = αt+1

νn2

[
1

ν

(
1 − αt+1

n

∂n (αt ;αt+1)

∂αt+1

)
− ∂n (αt ;αt+1)

∂αt

]
. (5)

The sign here is inconclusive; it is easy to show
∂n(αt ;αt+1)

∂αt
< 0 but the sign of

∂n(αt ;αt+1)
∂αt+1

and the term

including the elasticity,
(

1 − αt+1
n

∂n(αt ;αt+1)
∂αt+1

)
, are ambiguous. If the elasticity is negative or smaller than

unity, φ′′ (αt ) > 0 over the domain of αt and the function φ (·) is strictly convex.
10In drawing Fig. 1, we have assumed, implicitly, φ′ (0) < 1 and lim

α→w
φ′ (α) > 1, which are necessary

(but not sufficient) for the existence of fixed point of φ (·) if the function is strictly convex. Also note, the
mapping φ (·) may not exist - its existence rests critically on the utility function, the endowment profile, the
per-child cost of raising children, ν, and the discount factor β. Loosely (and not surprisingly), a mapping
exists when the old-age endowment (y) is sufficiently small compared to w.
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Fig. 1 The set of subgame perfect transfers

the no-compact alternative) and 450 (stationary compacts) – where φ′ (α) = 1, and
solves the following problem: choose α to maximize

V̂ (α) ≡ u (w − νn (α; α) − α) + βu (y + αn (α; α)) . (6)

Using the envelope theorem, and assuming an interior solution for α, the first-order
condition reduces to

− u′ (w − νn − α) + nβu′ (y + αn) = 0, (7)

which can be rewritten as u′ (c) /βu′ (x) = n. Combine (7) with (2) above to get

n = α/ν. (8)

Note that this solution is only relevant for the case where θ = 0. In sum, the best
stationary private subgame perfect compact is jointly given by (8)—the number of
children—and the size of the transfer, implicitly defined by

− u′ (w − 2α) + (α/ν) βu′ (y + α2/ν
)

= 0 (9)

following (7). We provide a worked out example of this variation of the model,
assuming logarithmic preferences, in Appendix F.1. In his specific context, Cigno
(2006a) defines this set—(8) and (9)—to be the set of “renegotiation-proof” family
constitutions in a stationary setting.

It bears to emphasize that the decision to abide by the FC or not is endogenous.
Since there is no heterogeneity among the children, they will all abide by the FC or
none of them will. And, in the steady state, if the parent has the incentive to pass
along the transfer, the children will as well. By construction—see (4)—there is no
risk of default; either the FC is viable or it is not. Given the lack of uncertainty in
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family transfers within a FC, there can be no efficiency-enhancing, insurance role for
public pensions vis-a-vis the FC.11

Having exposited the simpler case of θ = 0, hereafter, we study the more general
case of θ > 0.

3.2 Viability of the family compact with children as consumption and
investment goods

Up to this point, we have discussed the workings of a family compact in a setting
where children are viewed solely as investment goods. In such a setting, there is no
point to procreation—the economy stops—in the absence of a family compact. This
possibility is easily prevented by allowing parents to, additionally, treat children as
consumption goods, i.e., by letting θ > 0. We ask, if θ > 0, when does a FC cease
to be viable? To that end, define:

Definition 1 For any y > 0, define n̂(y) as the value of n such that nβu′ (y) =
(θ/ν) g′ (n).

Definition 2 Define ŵ(y) as the value of w such that u′ (w − νn̂(y)
) =

n̂(y)βu′ (y).

By assumption, the function g (·) is increasing and concave, with 0 < lim
n→0

g′ (n)

≤ M ≤ ∞. Since nβu′ (y) is an increasing affine function of n with lim
n→0

nβu′ (y) =
0 and lim

n→∞ nβu′ (y) = ∞, n̂(y) > 0 exists and is unique. Also, for any n̂(y) and

y > 0, a unique value for ŵ(y) > 0 exists if u′ (·) satisfies the usual limit conditions,
i.e., lim

c→0
u′ (·) = ∞, lim

c→∞ u′ (·) = 0.

Intuitively, when faced with lifetime endowment
(
ŵ(y), y

)
, n̂(y) is the number

of children the agent chooses when the family transfer equals 0. In other words, for a
given y, ŵ(y) is the upper bound on first period endowment consistent with children
as consumption goods only.

We will assume, provisionally, −νu′′ (ŵ(y) − νn̂(y)
) = βu′ (y), so the marginal

cost curve associated with a transfer to the old, u′ (w − νn − α), is tangent to the
marginal benefit curve nβu′ (y + αn) at n = n̂(y) (and w = ŵ(y), α = 0). A family
compact satisfies the first-order conditions:

− u′ (w − νn − α) + nβu′ (y + αn) ≤ 0 (10)

u′ (w − νn − α) = (θ/ν) g′ (n) + (α/ν) βu′ (y + αn) (11)

where (10) holds with equality if α > 0. The term u′ (w − νn − α) is the marginal
cost of an increment in the compact decision α, while nβu′ (y + αn) is its marginal
benefit. Likewise for u′ (w − νn − α) and (θ/ν) g′ (n)+(α/ν) βu′ (y + αn) regard-
ing a marginal increment in the number of children, n. Given α, we refer to these as

11A limitation of our analysis is the absence of dynamics inside the FC. This means comparison with a
PPS is restricted to steady states and not along the transition. These are deeper issues worthy of further
exploration.
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marginal cost (benefit) curves—functions of the fertility decision n; here, it is clear
that the FC internalizes the fertility decisions of family members.

Lemma 1 If −νu′′ (ŵ(y) − νn̂(y)
) = βu′ (y), the only stationary compact sup-

ported under the endowment profile
(
ŵ(y), y

)
is α (y) = 0.

The proof is in Appendix A. If the marginal conditions (10) and (11) both hold
with equality (and α > 0), it must be that

nβu′ (y + αn) = (θ/ν) g′ (n) + (α/ν) βu′ (y + αn) (12)

prevails. By Definition 1, n̂(y)βu′ (y) = (θ/ν) g′ (n̂(y)
)
. Additionally,

u′ (ŵ(y) − νn̂(y)
) = n̂(y)βu′ (y). Together, the two imply: a) given the agents’ deci-

sion, n̂(y), the progenitor of the compact chooses α = 0, and, b) when faced with a
zero transfer, the solution to each agent’s child rearing decision is n = n̂(y).

We are now able to answer the question, when does a FC cease to be viable?
The answer is: if w falls to ŵ(y) or below, the family compact is dismantled. Yet,
despite the demise of the family compact, the economy continues—parents procre-
ate (have n̂(y) children) solely to satisfy their consumption needs. Parenthetically,
family compacts thrive when w > ŵ(y). Does this continue to obtain if the govern-
ment introduces a public pension system? Can the two institutions of old-age security
coexist?

3.3 Are a FC and a PPS jointly viable?

Can the government, by introducing a stationary PPS alongside an existing optimal
FC, improve steady-state welfare? To that end, let (τt , bt−1) summarize a pay-as-
you-go public pension system (PPS), where τt is a lump-sum tax collected at date t

from a middle age agent and bt−1 is a contemporaneous transfer to each old agent.
Assuming the government balances its budget at each date, a sequence {τt , bt−1}∞t=1
of tax-transfers conforms to

Nm
t τt = No

t bt−1 ⇒ nt−1τt = bt−1 (13)

for t ≥ 1. We focus our attention on a stationary PPS, τt = τ ∀t, satisfying (13).
Assume the government is contemplating introducing such a system alongside an
existing, stationary FC. The agent takes the compact transfer α, as well as the PPS
elements τ, b as given—they do not see their role in (13)—and solves for the optimal
n by

max
n

� (n; α, τ, b) ≡ u (w − α − νn − τ) + βu (y + αn + b) + θg (n) . (14)

The relevant first-order condition is

�n ≡ −νu′ (c) + θg′ (n) + βαu′ (x) = 0, (15)

yielding the optimal fertility function, n (α; τ, b).
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The FC then chooses α taking τ, b as given but internalizes the effect of its choices
on n; the FC solves

max
α

�̂ (α; τ, b) ≡ u (w − α − νn (α; τ, b) − τ) + βu (y + αn (α; τ, b) + b)

+θg (n (α; τ, b)) .

Using (15), it is easy to see the optimal α in the presence of a PPS satisfies

�̂α ≡ −u′ (c) + βu′ (x) n = 0. (16)

In Appendix B, we lay out the second-order conditions associated with this
optimization problem.12

The government internalizes the effect of its choices on the FC (and the agent) and
chooses τ (or b) to maximize the welfare of agents. The indirect utility of an agent in
a steady state is

V (τ) ≡ u (w − νn − α − τ) + βu (y + αn + b) + θg (n)

where n and α satisfy (15) and (16). The government’s choice of τ satisfies

− u′ (w − νn − α − τ) + βu′ (y + αn + b)
db

dτ
≤ 0, (17)

where, in writing (17), we have used the envelope theorem associated with the
choices for n and α. With (16) - i.e., u′ (w − νn − α − τ) = nβu′ (y + αn + b), this
simplifies to

βu′ (y + αn + b)

[
−n + db

dτ

]
≤ 0. (18)

In Appendix B, we show, with the aid of Assumption 2,

Lemma 2

− n + db

dτ
≤ 0. (19)

Note that with the budget constraint, b = τn, Lemma 2 is equivalent to n′ (τ ) ≤ 0.
The following proposition is then immediate.

Proposition 2 Introducing a public pension along side a stationary private family
compact cannot increase the welfare of agents in a steady state.

12The optimal stationary compact, α, must also satisfy u (w − νn − α − τ ) + βu (y + αn + τn) +
θg (n) ≥ u

(
w − νn − τ

) +βu
(
y + τn

) + θg
(
n
)

where n satisfies νu′ (w − νn − τ
) = θg′ (n

)
. Once

again, note that given u′ (0) = ∞, if y = 0 and τ = 0, a viable stationary compact will always survive
since there is no other means to acquire the consumption good. Finally, note if θ = 0, no one has children
outside of the FC and the economy ends; as such, if θ = 0, and FCs are not viable, a PPS cannot emerge.
In other words, if we are to study the possible emergence of a PPS in a world where FCs have ceased to
be viable, we have to impose θ > 0.
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Heuristically, an optimally chosen FC lines up the intertemporal trade-off in a
desirable way; there is nothing left for the PPS to “correct.” The underlying problem
is that private agents view the public tax-transfer scheme as lump sum and fail
to internalize the budgetary implications of their fertility decision: they do not see
the connection between the pension they are promised and the number of kids
they have.13 The government’s tax is seen only as an imposition with no salient
counterpart.14

Just how far does a FC go toward maximizing agents’ welfare, generally? Despite
its decentralized decision-making, it turns out quite far, as the following proposition
attests.

Proposition 3 Consider a social planner who can reallocate the economy’s
resources at each date and chooses consumption allocations c, x and the number of
children n, to maximize steady-state utility u (c) + βu (x) + θg (n) subject to the
resource constraints, c + νn + � ≤ w, x ≤ y + χ , where �, χ represent intergen-
erational transfers chosen by the planner satisfying the constraint Nm

t � = No
t χ ⇔

n� = χ . The allocations that obtain under an optimally chosen FC solve the social
planner’ s problem.

The importance of comparing optimal FCs with optimal PPSs deserves emphasis
here. This is where we part ways with van Groezen, Leers and Meijdam (2003),
Sinn (2004), Fenge and Meier (2005), and Fenge and Scheubel (2017) who do not
allow for endogenously derived family compacts, and therefore cannot make direct
comparisons with an optimal PPS.

The above two propositions make clear that in the type of environment we are con-
sidering, a public pension system cannot offer agents anything more than what they
can achieve on their own through an optimally selected family compact. Therefore,
a benevolent government has no welfare justification for introducing PPS in a world
with actively thriving family compacts. The upshot is that an optimal FC and a PPS
cannot coexist. That said, a natural question to ask is, when might private compacts
break down?

13If private agents did internalize the budgetary implications of the public scheme—as is true in the “large
economy” case studied in Kolmar (1997)—their fertility decision and the accompanying pension would
exactly match what obtains under the compact. Laffont (1975) calls such an equivalence, Kantian, one in
which socially desirable outcomes can follow from private decisions when the government makes people
aware of a macroeconomic constraint. If the PPS could be redesigned to link some part of the individual
benefit entitlements to the number of children (and as Cigno and Werding 2007 argue), and/or to the
income of each child, then the fiscal externality can be curtailed automatically.
14In Von Auer and Büttner (2004), if the young at t − 1 choose a lower fertility rate than that of the
preceding generation, then the current young at t have to pay higher implicit taxes, the source of an inter-
generational fiscal externality. In van Groezen et al. (2003), children exert two opposing externalities—an
additional child implies a higher future output, but a lower capital–labor ratio—such that laissez faire is
Pareto-efficient as both externalities exactly cancel out.
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3.4 If the FC breaks down, is a PPS viable in its place?

A portion of the Frances Perkins quote from the introduction is worth repeating here:
“Nothing else would have bumped the American people into a social security system
except something so shocking, so terrifying, as that depression.” This quote could
be referring to a widely held notion that the American people were somehow nudged
into accepting social security because of an unstated promise by the state to help
those hurt by a huge income shock. Our model, as described heretofore, is not suited
to explore this line of interpretation—to do so would require us to study a one-time,
government-sponsored transfer to the initial old who are hurt by the income shock.
Another interpretation of the Perkins quote might be, had the depression not wiped
out incomes to the extent it did, a public system could never have been ushered in.
Here, we take up two parts of this latter interpretation within the narrow confines
our model with homogeneous agents. First, in Proposition 4 below, we show that
within the context of the model, absent public pensions, an optimal stationary fam-
ily compact may fail to attain precisely because of low income (w) when middle
age.15.

A way to think about this result, in a broader context, is to envision a station-
ary equilibrium with a family compact in place. At some date, say, T , there is
a large, unexpected (and perceived permanent) decrease in w. At that point, mid-
dle age agents at T are unable (or unwilling) to make good on the existing family
compact, and, based on the perceived longevity of the shock, a new family com-
pact cannot be initiated. From that point onward, the economy would revert to a
no-compact benchmark world, until a future shock or change in government policy
alters the equilibrium. Second, given the inability to support a new stationary equi-
librium with a family compact, it is natural to inquire if an optimal stationary public
pension system can be initiated to replace the now-defunct private one. Unfortu-
nately, the condition that ensures the non-existence of a stationary family compact—a
low-enough w—also precludes the existence of an optimal stationary public sys-
tem, as shown in Proposition 4. Connecting it up to the Perkins quote, the gist of
this is that, in our model economy, a depression that obliterated incomes and ended
familial old-age support would also have prevented a public pension system from
emerging.

Proposition 4 Assume a stationary family compact exists for a given endowment
profile (w, y) > 0, withw > ŵ(y) where ŵ(y) is defined in Definitions 1-2. Suppose
there is an unexpected, permanent negative shock to w. If the shock is large enough:
i) the existing family compact will fall apart, and ii) a new stationary family compact,
with a smaller, positive transfer to the old, does not attain.

The proof of the proposition follows immediately from Lemma 1.

15For simplicity, we assume no change in old-age endowment, y. Conditions for non-existence can be
suitably modified to incorporate changes in the entire income profile (w, y)
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3.4.1 Some diagrammatic intuition

A stationary family compact will not attain, if, for every transfer α > 0, (10) holds
with a strict inequality for any n that satisfies (11). (Intuitively, the marginal cost of
passing along a bequest exceeds the marginal benefit). That this is the case whenever
w falls below ŵ(y) is shown in Fig. 2.

Figure 2 depicts these marginal cost and benefits conditions as functions of
n. The thick, downward curve and upward (convex) curve depict (θ/ν) g′ (n) +
(α∗/ν) βu′ (y + α∗n) and u′ (w − νn − α∗), respectively, while the increasing con-
cave mapping that starts at the origin is nβu′ (y + α∗n), for some initial, optimal
compact transfer α∗ > 0. The three curves meet at point A and establish the opti-
mal child decision n∗ associated with α∗. Together, (α∗, n∗) summarizes the family
compact. We also depict the mappings (θ/ν) g′ (n), u′ (ŵ(y) − νn

)
, and nβu′ (y) as

dashed curves, each following patterns similar to their counterparts with α∗ > 0. The
three dashed curves meet at point B, where n = n̂(y). Of particular note is the fact
the curve describing the marginal benefit of any transfer α > 0, nβu′ (y + nα), is
below the vector nβu′ (y) for all n > 0, as noted in Lemma 1 above. A key compo-
nent in our analysis is to show we can always find an endowment w which positions
the cost curve u′ (w − νn) above nβu′ (y) for all n.

Consider now an unexpected, permanent negative shock to the first period endow-
ment (leaving y > 0 unchanged), with a new endowment w′ < ŵ(y). The existing
compact breaks down due to the fact that at the new endowment, w′, the marginal
cost in utility terms of the original transfer α∗ exceeds the marginal benefit, i.e.,
u′ (w′ − νn∗ − α∗) > n∗βu′ (y + α∗n∗).16

Unfortunately, the new endowment w′ is such that an alternative optimal family
compact, one with a new transfer α′ > 0, will not attain. The argument follows
along the lines outlined in Lemma 1. We depict the new marginal cost curve asso-
ciated with w′ as the dotted curve to the left of the dashed curve associated with
endowment ŵ(y). Condition (11) is met at a lower child rearing decision n′, as
shown at point C in Fig. 2. But at n′, the marginal benefit of an infinitesimal trans-
fer (the length of the line segment from the horizontal axis to D) is smaller than the
marginal cost C. Initiating any stationary transfer with α′ > 0 shifts the marginal
cost curve even further left of the dotted curve, while the marginal benefit curves
both shift to the right of their dashed counterparts. In particular, any curve depict-
ing the marginal benefit of transfer α′ lies below the curve nβu′ (y) ; consequently,
there is no point n where (10) and (11) hold simultaneously with equality under
endowment w′.

In Appendix D, we account for cases where −νu′′ (ŵ(y) − νn̂(y)
) = βu′ (y).

There, we establish that we can find an endowment 0 < w̃ (y) < ŵ(y) and a child
decision ñ (y) such the cost curve is repositioned in such a way as to make

u′ (w̃ (y) − νñ (y)) = βñ (y) u′ (y)

16We also have u′ (w′ − νn∗ − α∗) > (θ/ν) g′ (n∗)+ (α∗/ν) βu′ (y + α∗n∗), which means if the transfer
α∗ were to remain, agents would choose to have fewer children.
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Fig. 2 Dissolution of a family compact

and

−νu′′ (w̃ (y) − νñ (y)) = βu′ (y)

hold. This new cost curve u′ (w̃ (y) − νn (y) − α) lies everywhere above the
marginal benefit curve nβu′ (y + αn) for any α > 0. It then follows for any perma-
nent shock to first period endowment w′ with w′ < w̃ (y) will nullify the existing
compact as well as prevent any new family compact from emerging.

3.4.2 Introducing a public system

We turn next to the public pension system. We enquire if an optimal PPS can be
initiated to replace the collapsed private compact. To that end, set α ≡ 0 in (17)
above; the optimal public pension then satisfies

− u′ (c) + βn (τ) u′ (x) + βτu′ (x) n′ (τ ) ≤ 0 (20)

where n satisfies

νu′ (w − νn − τ) = θg′ (n) . (21)

Note that in writing (21), we have used the fact that the future pension transfer is
public and taken as given by the agent when deciding on fertility. In short, under a
public system, children are no longer investment goods.
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Clearly, by construction, when w = ŵ(y), the compact breaks down and hence,
it follows from (10) −u′ (c) + βn (τ) u′ (x) < 0. Since n′ (τ ) ≤ 0, (20) holds with
strict inequality for any τ > 0 whenever w < ŵ(y), similar to the case with private
pensions, as shown in Fig. 2. Therefore, optimal τ = 0. Formally,

Proposition 5 Suppose w ≤ ŵ(y). Then an optimal public pension system with
τ > 0 does not attain.

Essentially, when w falls to ŵ, a middle age agent can no longer make transfers
to her parent and have enough remaining resources to consume and raise children of
her own. At that point, the middle age agent abandons the investment-utility benefit
of the compact in favor of the direct consumption-utility of having children.17

Summarizing, we have shown that a publicly funded pension system does not pro-
vide additional support if an optimal private family compact is in place—indeed,
introducing such a system can even lower welfare in the steady state. A family com-
pact can perform well, but it may break down in the presence of large, permanent
shocks to agents’ incomes. While this may seem to provide an ideal time for the
introduction of a publicly funded pension system, we find the conditions that prevent
families from starting a new, albeit less-generous family compact, also prevents an
optimal, public pension system from starting up.

Two important caveats to our discussion must be noted. First, implicitly, we and
others envision that a FC can be initiated costlessly at any point in time. Consider, for
example, a family compact initiated under a steady-state environment with lifetime
endowment profile (w, y), where w > ŵ (y). At some date T , there is an unexpected
and perceived-to-be-permanent negative shock to w, similar to the kind we described
in Proposition 4, but with ŵ (y) < w′ < w. Since the endowment, w′ is above the
threshold endowment ŵ (y), agents are amenable to intergenerational transfers, but
not specifically the one directed by the original FC. In such a situation, the new envi-
ronment would usher in a new compact, one that reflects the new endowment profile,
and, as we have stated, this new compact would be preferred to a PPS. We have
assumed—in keeping with the literature—that abrogating the original compact and
starting anew is costless.18 However, if replacing an existing compact with a new one
is sufficiently costly, agents, in this circumstance, may certainly prefer a PPS (fiscal
externality and all) over continuing the FC under the terms of the original compact.
This presumes there is political will to tailor a PPS to the current economic envi-
ronment, which does happen in practice (for example, during the Great Recession,
the US government reduced the rate of employee contributions to Social Security).
Additionally, in practice, a government may be able to tap additional sources of

17In Section 4, we consider a modification of the existing model where agents are heterogenous in terms
of their infertility/match status. In that setting, it may be possible for an optimal PPS to obtain even in the
presence of a shock that destroys all FCs.
18As it turns out, the assumption regarding the costless replacement of an existing compact places an
important constraint on the originator of the FC, as will be apparent in our discussion in Section 4.
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revenue outside the PAYG system in times of economic stress, while similar sources
are limited or unavailable to a FC.

Our other caveat restricts the applicability or scope of Proposition 5, but also
points to the need for “redistributive” elements to be introduced in the PPS. Right at
the onset, note that Proposition 5 works off the assumption that all agents within a
generation are identical: if any one agent suffers a permanent hit to w, then all do, and
therefore if any one abandons the FC, they all do. By way of contrast, consider briefly
an otherwise similar environment except the shock to w is unanticipated, idiosyn-
cratic, and uninsurable: a fraction φ of the agents see their endowment fall below
ŵ(y), the rest do not. All else same, the intuition from Proposition 5 would suggest
that a fraction φ of middle-aged agents would abandon the FC and deny their parents
the transfer, while the remainder would continue to honor existing compacts. Heuris-
tically, one expects that a suitably designed PPS that taxes those whose compacts are
thriving and transfers to the parents of those who were abandoned by their children
could improve matters.19 This is precisely the redistributive element that our formu-
lation of the PPS is missing. Put differently, our sparse analysis with homogeneous
agents brings to center stage the exact margin on which the need for “redistributive”
elements critically enters PPS design.

4 Agent heterogeneity

Introducing agent heterogeneity of the type described immediately above into our
existing model of family compacts is not simple. For one, the modeling must contend
with any differences in fertility that arise from differences in agents’ income, accu-
mulated wealth, and family lineage. Second, in the presence of income uncertainty,
one can envision a more sophisticated family compact than what has been laid out,
one which makes provisions for state-contingent payments to parents.

Both are important, but lie well outside the scope and intent of this study. We can,
however, draw insight into how agent heterogeneity considerations may matter by
examining a small modification of our existing model which allows us to highlight
a fundamental role of a public system suggested immediately above: redistributing
income in the presence of agent heterogeneity. At a broad level of generality, we
can think of agent heterogeneity and its attending implications for intergenerational
transfers along the dimension of ease of compact creation, a friction. This friction
could take the form of infertility—the inability to have children who will continue
honoring a compact one honored for one’s parents. It could also be interpreted as a
matching problem, an inability to find a mate with whom one enters into a child-
bearing arrangement. The specifics of the friction are of second-order importance;
what is crucial for us is that the environment spurs some individuals to break from the

19Moreover, if the government provided positive net transfers to those hit by the shock to their income
when of working age—think of it as stylized unemployment insurance—these individuals might be willing
to support intergenerational transfers. Indeed, when the USA introduced social security, they coupled the
legislation with a provision for federal unemployment compensation.
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family line and its obligations while others do not. It is here that a PPS can potentially
help improve matters.20

To pin ideas using a specific friction, consider the possibility that a fraction of
the population is born infertile or cannot match with someone of the opposite gender
for the purposes of child bearing. This, along with the lack of inter-agent altruism (a
hallmark of the Cigno framework), means the FC will only service matched/fertile
agents; infertile agents will not pass along a transfer to their parents because they
will not get a transfer from anyone in the next generation. Though one could envision
a more elaborate FC that requires fertile children to pass on transfers to infertile
elderly siblings of their parents, the originator of such a compact faces a very subtle
constraint, as mentioned in the previous section: at any point in time, a compact that
makes such provisions for the infertile or unmatched can be replaced by one that
sidesteps them entirely and provides support only for their parents.

Our presentation is motivated by Cigno et al. (2017) and is kept deliberately stark
and stylized to keep the analysis tractable; more elaborate modifications are studied
via numerical examples further below in Appendix F.4. In what follows, we lay out a
simple framework, which, while removing much generality, allows us to focus on a
setting where:

(a) a public pension plays a vital role in improving the lot of the elderly by
supplying insurance for infertile agents, and

(b) public subsidies to fertile agents for the rearing of children increases the overall
utility of agents (similar to parts of Cigno’s (2010) proposal for pension reform).

Along the way, we also consider the desirability of incorporating a substantive
redistributive element into the public pension scheme.

The general terrain we lay out here turns out to be unfavorable to a public pen-
sions system a priori (indeed, if heterogeneity was absent, a public system would
not be desirable). Yet, this feature alone takes us beyond the pension-only environ-
ment described heretofore, thereby creating a potentially welfare-enhancing role for
a publicly supported system. (At the end of this section, we comment briefly on a
modification of the existing family compact which, if implemented, may undermine
that role, even in this alternative environment).

4.1 Matching, infertility, public pensions, and family compacts

Inspired by Cigno et al. (2017), suppose at each date t , t ≥ 1 there is a cohort of
middle age females and of males, of equal size, Nm

t . At the start of her/his middle

20This type of agent heterogeneity is distinct from the form suggested at the close of the previous section.
There, agents that find their income w′ falling below ŵ(y) are not open to transfers of income from middle
to old age, so a PPS would not find support among this group. However, if some experienced an income
shock where ŵ(y) < w′ < w, while others do not, all agents are willing to participate in an transfer
program – they differ on the amount of the transfer. A richer design of the FC may be able to accommodate
this type of agent heterogeneity and risk by making contributions contingent on the agent’s income. By
contrast, heterogeneity along the lines of infertility/match status draws out a complete separation from the
FC system that cannot be readily addressed by considering a richer compact design, since some middle
age agents are left without the means to provide a critical ingredient to the FC system, namely children.
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age, each learns of her/his match/fertility status: a fraction ϕ, 0 < ϕ < 1 of the
population cohort will be matched with another member of the cohort of the opposite
sex, the remainder, 1 − ϕ are unmatched. Of the fraction that is matched, ξ percent
will be fertile and 1−ξ are infertile. Let π ≡ ϕξ . The number of middle age agents at
t (consisting of all females and males), Nt = 2Nm

t , will then consist of πNm
t fertile

couples (a total of 2πNm
t individual agents), π (1 − ξ) /ξ Nm

t infertile couples (total
2π (1 − ξ) /ξ Nm

t ) and 2 (1 − π/ξ)Nm
t unmatched agents.

Since our focus is not on the joint decision-making of the household per se, we
adopt a convention that matching simply gives agents access to child bearing, and
that within a match, agents act similar to individual decision-makers rather than as a
collective unit.21

Parents, when choosing nt , know the procreation odds for their offspring and
its consequences for the compact, and incorporate these into their decision-making.
Since n is a continuous choice variable, the parent faces no uncertainty regarding the
continuation of the compact: specifically, each parent at t knows ex ante that πnt of
their children—the fertile ones that are matched—will ex post honor the compact,
while the remainder, (1 − π) nt will not.

We continue to assume there are no private saving instruments—only a FC and a
PPS may be used. With no private saving instruments, no FC and no PPS, unmatched
agents and infertile couples are faced with low levels of consumption when old. Since
any agent can be infertile or unmatched, the steady-state ex ante utility of a typical
agent can be higher with PPS than without. While a PPS can tap the entire population
of middle age agents as a tax base—the FC is restricted to fertile couples only—the
PPS also comes with an expanded set of beneficiary recipients. Ultimately, since both
the public and private pension systems rely on the population growth rate, we explore,
by way of numerical examples, the possibility of using some public funds to support
the rearing of children. By earmarking a portion of the tax proceeds obtained from
those middle age agents that cannot have children and giving it to those that can, in the
form of child-rearing subsidies, the state acts as a conduit for the former in obtaining
higher yielding returns (via pensions), which rely on a high rate of procreation in
order to be viable—exactly what the subsidies are intended to deliver.

4.1.1 Model setup

Middle age agents learn their match/fertility status prior to making any decisions
which are, mutatis mutandis, the same as in the previous section. Of course, for infer-
tile couples and unmatched agents, θ = 0 and hence nt = 0 and, as noted, with no
altruism, they choose to pass nothing along to their parents.

21See Cigno et al. (2017) for a more detailed treatment of matching and decision-making within a house-
hold in the presence of a FC. In comparison with our present model, Cigno et al. (2017) provides a richer
matching environment but with an exogenous reproduction process. However, rather than using an inten-
sive margin to increase the number of children they have in order to increase the amount they receive
in transfers in old age—as we had done here—parents can increase their expected transfers from their
children by investing in their children’s education.
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Anticipating what lies ahead, we set up the problem facing these agents in a
general way in order to facilitate a smoother discussion of the case with PPS and
subsidizing child rearing. We also entertain the possibility of redistributive pen-
sion payments. Specifically, the cost of raising children is λνnt . The parameter, λ,
0 < λ ≤ 1, captures a public subsidy to child rearing; public subsidies reduce the
cost of raising a child by (1 − λ) ν. As previously, τ denotes the tax levied on each
middle age person, and b (b′) be the transfer to the fertile (infertile and unmatched)
old.

This variation of the model requires small modifications in the definitions we used
earlier

Definition 1′ For any y > 0, define n̂(y) as the value of n such that nβu′ (y) =
(θ/λν) g′ (n).

Definition 2′ Define ŵ(y) as the value of w such that u′ (w − νn̂(y)
) =

πn̂(y)βu′ (y).

Given these definitions, we assume as we did above, w > ŵ(y).22

4.1.2 The agents’ problems

The basic workings of this variation of the model are similar to what we encountered
above. Given the compact parameters (αt , αt+1) and tax/transfers (τ, b), an agent
(female or male) in a fertile match chooses nt to maximize

Uf ≡ u (w − αt − τ − λνnt ) + θg (nt ) + βu (y + αt+1πnt + b)

Assuming an interior solution for nt , we have

λνu′ (w − αt − τ − λνnt ) = θg′ (nt ) + βαt+1πu′ (y + αt+1πnt + b) , (22)

which, mutatis mutandis, is the same as (2).
Unmatched agents and agents in an infertile marriage, on the other hand, are

reduced to consuming their endowment plus/minus the tax or transfer they receive
from the government. Their utility is given by

Ui,n ≡ u (w − τ) + βu
(
y + b′)

22It is simple enough to allow all couples (fertile or not) to have an endowment stream different from
unmatched agents, keeping in spirit with Ecclesiastes 4:9-10: “Two are better than one, because they have
a good return for their labor: If either of them falls down, one can help the other up. But pity anyone who
falls and has no one to help them up.”

Doing so divides the population into three well-defined groups (fertile and infertile couples, and
unmatched agents). As it stands, our assumption that all agents have the same endowment profile and that
couples act similar to individual decision-makers means infertile agents in marriages act no different from
unmatched agents.
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4.1.3 The optimal family compact and public pensions

Using (22), n in a steady state satisfies

λνu′ (w − α − τ − λνn) = θg′ (nt ) + βαπu′ (y + απn + b) (23)

Given (23) and the envelope theorem, the progenitor of the family compact sets α

such that
u′ (w − α − τ − λνn) = πnβu′ (y + απn + b) , (24)

which is comparable to (10) with equality.
The government’s plan satisfies the following budget constraint. As noted above,

Nt denotes the number of middle age agents (female and male) at date t, of which
π will turn out to be fertile/matched. Each chooses to have nt children at date t, so
Nt+1 = πntNt . The government, at date t + 1, levies a tax τ on each of these Nt+1
agents. It disburses a portion bπNt to those elderly with children and b′ (1 − π)Nt

to those without; the rest is disbursed as a per-child-rearing subsidy of (1 − λ) ν, to
each of the π fertile/matched middle age agents at date t + 1.23 We have

Nt+1τ = bπNt + b′ (1 − π)Nt + (1 − λ) νnt+1πNt+1. (25)

Since Nt+1 = πntNt , (25) can be rewritten as

(πntNt ) τ = bπNt + b′ (1 − π) Nt + (1 − λ) νnt+1π (πntNt ) ⇔ τ

= b/nt + (1 − π) b′/πnt + (1 − λ) πνnt+1

and at the steady state,

τ = b/n + (1 − π) b′/πn + (1 − λ) πνn. (26)

4.1.4 A basic PPS

We begin with a study of a program sans differences in old age payments, (b′ = b),

and child rearing subsidies (λ = 1). From (26), we have b = πτn. The government’s
objective is to choose τ to maximize

U (τ) ≡ πUf (τ) + (1 − π)Ui,n (τ )

where Uf (τ) is a fertile/matched agent’s indirect utility, u (w − α − τ − νn) +
θg (n) + βu (y + απn + πτn) and n and α satisfy (23) and (24). Similarly, Ui,n (τ )

is the indirect utility of an infertile or unmatched agent, u (w − τ) + βu (y + πτn).
Differentiating, we have

U ′ (τ ) = − (1 − π)
[
u′ (w − τ) − πnβu′ (y + πτn)

]

+ [
πβu′ (y + απn + πτn) + (1 − π) βu′ (y + πτn)

]
πτdn/dτ

(27)

where we have incorporated the envelope theorem and (24) in writing (27). The first
term in (27) is the net benefit incurred by infertile agents from a marginal increase

23We presume the government can readily identify fertile agents at each date. In practice, in most countries,
such subsidies are written into the tax code and are given to fertile/matched couples ex post, after a child
is born.
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in the tax rate, τ , holding constant fertility n. The second term, which is negative for
any τ > 0, is the indirect utility cost to both fertile and infertile/unmatched agents,
which is incurred from raising τ and its negative effect on n (and hence, on public
transfers b).

Note, lim
τ→0

U ′ (τ ) = − (1 − π)
[
u′ (w) − πnβu′ (y)

]
. Since n > n̂(y) (see Fig. 2),

this limit is positive, given the concavity of u (·) and the assumption w > ŵ(y); i.e.,
u′ (w) < u′ (ŵ(y) − νn̂(y)

) = πn̂(y)βu′ (y) < πnβu′ (y). Formally, we have

Proposition 6 Introducing a public pension in an environment with infertility can
increase the ex ante welfare of agents in a steady state.

On a close examination of (27) it is clear that the optimal PPS is interior
(assuming, of course, the second-order condition holds). It balances the beneficial
effect of the tax (and hence the transfer) on infertile agents against the negative
impact on fertility and its indirect implications has on the size of the transfer
(b = πτn, i.e., πτdn/dτ), an effect that impacts all agents, not just the fertile.
Additionally, a PPS that is too ambitious could depress fertility so much as to hurt
everyone.

Finally, in the previous section, we discussed the possibility a large, unexpected
shock could destroy an existing FC and prevent the installation of a new compact
(Proposition 4). Despite this, an optimal PPS cannot emerge as a replacement. This
result breaks down once we allow for agent heterogeneity, as we show below. Before
doing so, we introduce the following definition.

Definition 3 For a given w, define n (w) to be the value of n such that
u′ (w − νn) = (θ/ν) g′ (n).

Note that for any w ≤ ŵ(y), we have (θ/ν) g′ (n (w)) ≥ (θ/ν) g′ (n (y))) →
n (w) ≤ n(y) by the concavity of g (·).

Proposition 7 Assume i) w ≤ ŵ(y) and ii) βπn (w) u′ (y) > πu′ (w − νn (w)) +
(1 − π) u′ (w) > 0. Introducing a public pension in this environment with matching
and fertility heterogeneity can increase the ex ante welfare of agents in a steady state
even if family compacts can no longer thrive.24

The proof the proposition is in Appendix E. As in the case where there is an
active FC, fertile/matched agents bear the net burden of implementing a PPS, while
the infertile/unmatched reap the benefit. In the present case, a PPS may emerge
despite the fact the shock hits all first period endowments, simply because the infer-
tile/unmatched do not incur the costs of raising children and still prefer a transfer
when old. This in turn suggests a PPS may choose to initiate subsidies to chil-
drearing (paid by all middle age agents but chiefly redirecting resources from the
infertile/umatched to those fertile and matched) in order to lower the effective cost

24We thank an anonymous referee for pointing this out to us.
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of raising children and increase the fertility rate, which raises the rate of return of the
public system and benefits everyone in old age.

4.2 Discussion

To summarize, in the present setting, the traditional public system cannot be sus-
tained in this economy without the presence of the private system. However, public
funds can enhance the family compact by subsidizing the cost of rearing children,
hence raising n. The PPS also provides old-age support for those who, through no
fault of their own, receive no support from private system. Not surprisingly, the more
redistributive the public system is, the greater fertile/matched agents must rely on the
family compact, and optimal n rises.

Our analysis of the shut-down of the FC relies on identifying a threshold value
ŵ (y) such that the optimal compact α∗ = 0. It is easy to amend the analysis of the
setting of this section by postulating that the fertility/match parameter π depends on
w, i.e., π (w), and establish a new threshold w̆ (y).25 If w̆ (y) > ŵ (y), then this
would mean that the shock to income would not have to be as large as before to
disband the FC. Analogously, a condition must be met to insure that introducing the
PPS will improve welfare, and that condition will depend on π(w).

Before closing this section, a few additional caveats are in order. While a public
pension system is a convenient vehicle by which to provide the kind of insurance we
describe here, conceivably, enhanced private systems may provide similar outcomes.
First, one could envision a private insurance market where middle age agents—before
learning their fertility/match status—enter into binding contracts with a private issuer
against the possibility of infertility or not mating. Upon learning their fertility/match
status, fertile, matched agents are offered a partial rebate based on the number of
children they have (much like the public subsidy to childbearing). The remaining
proceeds from sale of the insurance contracts are then passed along to the current old.
Future insurance outlays to the old are then financed out of proceeds from the sale of
new insurance contracts to the subsequent generation of middle age agents, in much
the same (Ponzi) way public pension systems work.

Absent such an insurance market, an enhanced version of the private pension sys-
tem may be reworked to provide partial insurance to the infertile/unmatched in their
old age. As we have described it, the progenitor of our private pension system chooses
a stationary sequence of transfers to maximize the steady-state welfare of participants
of the private pension system. In what we describe above, a portion of the progeni-
tor’s children will be infertile/unmatched and will opt out of that system, since they
themselves will not receive a transfer when they are old. As noted, the progenitor
could stipulate the fertile couples to make transfers to their parents (as well as the
parent’s infertile/unmarried siblings); however, as we argued above, such a compact
could be replaced by one more preferred by fertile/matched middle age agents which
does not require any transfers to the infertile and unmarried elderly.

25This consideration is motivated by Hill (2015) which suggests the economic collapse in the USA in the
early 1930s brought about large and temporary decline in marriage rates.
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Nevertheless, there is nothing to prevent an enlightened progenitor from stipulat-
ing both the fertile and infertile/single middle age agents to make transfers to parents
and all elderly relatives.26 That raises a philosophical question: where does one draw
the line between such a family compact and a bonafide public pension system? One
clear advantage the PPS has over the private here is that it can extract, by law, such
transfers from all middle age agents, not just fertile/matched ones. It works by “sever-
ing the link between persons’ economic status in old age and their fertility behavior...”
[Demeny 1989].

5 Conclusion

In this paper, we examine the workings of a family pension system, one where chil-
dren provide support for their elders in exchange for future pension care from their
offspring. This system resembles institutions in place prior to the emergence of sup-
port for the elderly through publicly funded pension systems in the late 19th and early
20th centuries. Our results suggest that, in the baseline model with no heterogene-
ity, family compacts work fairly well, so much so, they preclude the introduction of
pay-as-you-go pension system. Moreover, if a large income shock dissolved the fam-
ily compacts, no benevolent government could usher in a public pension program in
their place, unless it brought in redistributive elements. We then go on to show in
a simple modification of our benchmark model—one that allows for differences in
childbearing status—a welfare-enhancing role for a public pension system emerges;
such systems may flourish even when family compacts cannot. This sheds some light
on the way US social security was marketed to the American public by President
Roosevelt, strictly as a pension program, even though the program itself had strong
redistributive intentions right from its inception.

Situations of family dissolution, such as migration, may also lead to nullification
of existing compacts. A simple (abstract) way of thinking about this is a situation in
which children, for some reason, can no longer identify and make transfers to their
own parents (the gift giving equilibria break down, due to lack of memory). Here,
of course, forced transfers via PPS may be desirable. Alternatively, as in Hirazawa,
Kitaura, and Yakita (2014), there may be redistribution from the childless to those
with children as it pertains to contributions for PPS. Such redistribution may end up
benefitting those with children. This potential also emerges in our example in Section
Appendix F.4.

One final component, not present in the current discussion, is mortality. Fuster,
İmrohoroğlu and İmrohoroğlu (2003) for example, stress the importance of mor-
tality when considering the welfare effects of an unfunded social security program
in a model with two-side altruism. In our case, the possibility of a child’s death
before reaching adulthood creates additional cost for both a family compact and a
government-sponsored social security scheme. Within a family compact, this cost
is internalized; one can treat it analogous to a decrease in the return to children as

26When we say “nothing to prevent...,” we acknowledge of course, the ever-present constraint the planner
faces that the compact must dominate autarky.
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an investment good. In a world in which old-age security is provided solely through
PPS, and agents view children only as consumption goods, the possibility that a child
may die before reaching adulthood has no direct impact on agents’ fertility decisions;
indirectly, however, it will affect the size of the available pool of middle age agents
from which to tap for contributions to the system, and, hence, the size of the PPS
transfer to each old agent. The mortality of agents from mid-age to old has much
different ramifications. In a world with only family compacts, the premature death
of a parent frees her children from the obligation of the transfer stipulated under the
compact. In such a setting, those whose parents died early will choose to have more
children than those whose parents survived, thereby creating an endogenous distribu-
tion of fertility. By contrast, under a pure PPS, there is no difference in fertility across
agents since fertility is no longer tied to a family transfer obligation. Moreover, the
public system can exploit the fact that some middle age agents will contribute into the
program but not be around to receive any benefits. Precisely how mortality figures
into our comparison of these two systems is an avenue worthy of further study.

It would be very interesting to study the political economy of introducing a PAYG
public scheme with singular focus on the inaugural date. How would the politics
be influenced by the presence or absence of FCs? That is a fascinating issue that is
outside the scope of the current paper. A limitation of our analysis is also revealed
here: there is no analysis of dynamics inside the FC, we only study the steady state
and hence our comparison with a PPS is restricted to steady states, and not along the
transition. These are deeper issues worthy of further exploration.
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Appendix

A Proof of Lemma 1

To see that marginal conditions (10) and (11) cannot be supported with equality for
some other configuration of (α, n), when the endowment profile is

(
ŵ(y), y

)
, note

that for any α > 0,

βn̂(y)u′ (y + αn̂(y)
)

< (θ/ν) g′ (n̂(y)
) + (βα/ν) u′ (y + αn̂(y)

)
.

Since (θ/ν) g′ (n)+(α/ν) βu′ (y + αn) is decreasing in n, we need a value n > n̂(y)

for (12) to hold.
But by construction, u′ (ŵ(y) − νn̂

) = n̂βu′ (y) (Definition 2). Our assump-
tion u′′′ (c) > 0, along with −νu′′ (ŵ(y) − νn̂(y)

) = βu′ (y) ensures
−νu′′ (ŵ(y) − νn − α

)
> βu′ (y) for all n ≥ n̂(y); in other words, the cost curve

u′ (ŵ(y) − νn − α
)

grows faster than nβu′ (y) for n ≥ n̂(y). Since

u′ (ŵ(y) − νn̂(y) − α
)

> u′ (ŵ(y) − νn̂(y)
) = n̂(y)βu′ (y)
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it follows that for any α > 0, u′ (ŵ(y) − νn − α
)

> nβu′ (y) > nβu′ (y + αn) for
all n ≥ n̂(y). Additionally, the marginal cost curve u′ (ŵ(y) − νn − α

)
must also lie

above the benefit curve nβu′ (y + αn) for 0 < n < n̂(y), since the slope of the curve
u′ (ŵ(y) − νn

)
is less than βu′ (y) for n < n̂(y) due to the fact we have assumed

these are equal at n = n̂(y). In sum, the marginal cost curve u′ (ŵ(y) − νn − α
)

for
any α > 0 lies above the marginal benefit nβu′ (y + αn), for all n > 0, ensuring at
any point n where (11) holds, (10) must hold with strict inequality.

B Properties of optimal n and α

First-order conditions

n : Vn = −νu′ (w − νn − α − τ) + θg′(n) + βαu′(y + αn + b) (28)

α : Vα = −u′ (w − νn − α − τ) + βnu′ (y + αn + b) (29)

Second-order conditions:

1. Vnn = ν2u′′ (w − νn − α − τ) + θg′′(n) + βα2u′′(y + αn + b) < 0
2. Vαα = βn2u′′ (y + αn + b) + u′′ (w − νn − α − τ) < 0
3. VnnVαα − V 2

αn > 0, where Vαn = νu′′ (w − νn − α − τ) + βu′(y + αn + b) +
βαnu′′(y + αn + b)

Using budget constraint b = nτ along with the first-order conditions (28) and
(29), we can use the implicit function theorem to determine how b changes with a
change in τ . We have

⎡

⎣
1 −τ 0

βαu′′(y + αn + b) Vnn Vαn

βnu′′(y + αn + b) Vαn Vαα

⎤

⎦

⎡

⎣
db

dn

dα

⎤

⎦ =
⎡

⎣
n

−νu′′ (w − νn − α − τ)

−u′′ (w − νn − α − τ)

⎤

⎦ dτ

Let � denote the determinant of the coefficient matrix,

� ≡ VnnVαα − V 2
αn + τ

(
Vααβαu′′(y + αn + b) − Vαnβnu′′(y + αn + τn)

)

We assume � does not vanish over the interval. The sign of � is ambiguous.
However, note that with the same system of equations, we can differentiate with
respect to θ and obtain

dn

dθ
= −νg′Vαα

�

The numerator of this expression is positive. Hence, adopting Assumption 2 is
equivalent to assuming � > 0.27

27It is not difficult to establish directly that � > 0 for small enough θ .
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We are interested in the derivative db/dτ . We have

db

dτ
=

∣∣∣∣∣∣

n −τ 0
−νu′′ (w − νn − α − τ) Vnn Vαn

−u′′ (w − νn − α − τ) Vαn Vαα

∣∣∣∣∣∣

�
(30)

= n
(
VnnVαα − V 2

αn

) + τu′′ (w − νn − α − τ) (−νVαα + Vαn)

�

This is used in the proof in the following section below.

C Proof of Lemma 2

Using (30)

−n + db

dτ
= τβu′ (y + αn + τn)

[
βn2u′′(y+αn+b) + u′′ (w−νn − α − τ)

�

]
≤ 0

using Assumption 2 to sign �.

D Addendum to Proposition 4

As noted in Section 3.4, if the condition −νu′′ (ŵ(y) − νn̂(y)
) = βu′ (y) is not met,

we can find an endowment w̃ (y) < ŵ(y) and child decision ñ (y) such that the cost
curve is repositioned in such a way as to make

u′ (w̃ (y) − νñ (y)) = βñ (y) u′ (y)

and

−νu′′ (w̃ (y) − νñ (y)) = βu′ (y)

hold. This new cost curve u′ (w̃ (y) − νn (y) − α) lies everywhere above the
marginal benefit curve nβu′ (y + αn) for any α > 0. It then follows for any perma-
nent shock to first period endowment w′ with w′ < w̃ (y) will nullify the existing
compact as well as prevent any new family compact from emerging. The proof is as
follows.

If −νu′′ (ŵ(y) − νn̂(y)
)

> βu′ (y) or −νu′′ (ŵ(y) − νn̂(y)
)

< βu′ (y) holds,
we know, by the convexity of the cost curve u′ (w̃ (y) − νn (y)), there exists two
values for n such that u′ (w̃ (y) − νn (y)) = nβu′ (y); one of them, by definition,
is n̂ (y). Call the smaller one, ñA

0 (y), and ñB
0 (y) the larger, and for convenience, let

w̃0 (y) ≡ ŵ(y).By the convexity of

u′ (w − νn) , u′ (w̃0 (y) − νn) < nβu′ (y)∀n, n ∈
(
ñA

0 (y), ñB
0 (y)

)
. (31)

At these endpoint values, we must have

−νu′′ (w̃0 (y) − νñA
0 (y)

)
< βu′ (y)
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and
−νu′′ (w̃0 (y) − νñB

0 (y)
)

> βu′ (y) .

Since −νu′′ (w̃0 (y) − νn) is a continuous function of n, we can find an ñB
1 (y) ∈(

ñA
0 (y), ñB

0 (y)
)

such that

−νu′′ (w̃0 (y) − νñB
1 (y)

)
= βu′ (y) .

As noted in (31), u′ (w̃0 (y) − νñB
1 (y)

)
< ñB

1 (y)βu′ (y).
Now define w̃1 (y) implicitly by the condition,

u′ (w̃1 (y) − νñB
1 (y)

)
= ñB

1 (y)βu′ (y) . (32)

Since u′′ (·) < 0, we have w̃1 (y) < w̃0 (y), and since ∂
(−νu′′ (w − νn)

)
/∂w =

−νu′′′ (·) < 0, we have

− νu′′ (w̃1 (y) − νñB
1 (y)

)
> βu′ (y) . (33)

The convexity of the cost curve, along with (32) and (33) and the fact lim
n→0

u′

(w̃1 (y) − νn) = u′ (w̃1 (y)) > 0 ensures there is another value for n, ñA
1 (y) <

ñB
1 (y) with

u′ (w̃1 (y) − νñA
1 (y)

)
= ñA

1 (y)βu′ (y) (34)

and
−νu′′ (w̃1 (y) − νñA

1 (y)
)

< βu′ (y) .

Fig. 3 Iterations
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Continuing the process, we generate sequences {w̃k (y)}, {
ñA

k (y)
}
,
{
ñB

k (y)
}
, with

limits w̃ (y), ñA (y), ñB (y), respectively, and

ñA (y) = ñB (y) = ñ (y)

u′ (w̃ (y) − νñ (y)) = ñ (y) βu′ (y)

−νu′′ (w̃ (y) − νñ (y)) = βu′ (y) .

Figure 3 illustrates the first few iterations of the process described above.

E Proof of Proposition 7

At a point where w ≤ ŵ(y), the FC system breaks down and α = 0. Assuming the
fertile still choose to have children, the fertility choice n satisfies

u′ (w − τ − νn) = (θ/ν) g′ (n) (35)

Differentiating totally this expression, we obtain

dn/dτ = − u′′ (w − τ − νn)

νu′′ (w − τ − νn) + (θ/ν) g′′ (n)
< 0

Let n (w) be defined implicitly as the value of n such that u′ (w − νn) =
(θ/ν) g′ (n). Since, by definition, u′ (ŵ(y) − νn (y)

) = (θ/ν) g′ (n (y))) and w ≤
ŵ(y), we have (θ/ν) g′ (n (w)) ≥ (θ/ν) g′ (n (y))) → n (w) ≤ n(y) by the
concavity of g (·).

Differentiating U(τ) (with the proviso that α = 0) we have

U ′ (τ ) = −πu′ (w − τ − νn) + π2nβu′ (y + πτn) +
− (1 − π) u′ (w − τ) + (1 − π) πβnu′ (y + πτn)+[
πβu′ (y + πτn) + (1 − π) βu′ (y + πτn)

]
πτdn/dτ

The limit of U ′ (τ ) as τ → 0 is

−πu′ (w − νn (w)) + π2n (w) βu′ (y) − (1 − π) u′ (w) + (1 − π) πβn (w) u′ (y)

= −πu′ (w − νn (w)) − (1 − π) u′ (w) + πβn (w) u′ (y)

= π [−u′ (w − νn (w)) + βn (w) u′ (y)] − (1 − π) u′ (w)

Since it is not optimal to initiate a family compact when the first period endow-
ment is w ≤ ŵ(y), −u′ (w − νn (w)) + πn (w) βu′ (y) < 0. However, if the
shock to w is not too large, it can be that π [−u′ (w − νn (w)) + βn (w) u′ (y)] >

(1 − π) u′ (w) > 0.
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F Discussion and extensions

F.1 An example with logarithmic preferences

Let u (c) = ln c and βw > 2
√

(1 + 2β) νy. For this example, an interior solution for
the number of children, n, ((2) above) satisfies

ν

w − αt − νnt

= βαt+1

y + αt+1nt

which implies a solution

n (αt ; αt+1) = βαt+1w − βαtαt+1 − νy

αt+1ν (1 + β)
. (36)

Here, αmin = νy/βw, and, for a given αt , the set
{
αt+1 : αt+1 ≥ αminw

w−αt

}
defines the

set of permissible future transfers that ensure n (αt ; αt+1) ≥ 0. (For any αt+1 not in
this set, the solution to the agent’s problem at date t is nt = 0).

With αt = αt+1 = α for all t , n is increasing in α, for α <
√

yν/β and
decreasing thereafter. The set of stationary compacts which ensure n (α; α) 0, A ={
α : 1

2β

(
wβ − √

w2β2 − 4yβν
)

< α < 1
2β

(
wβ + √

w2β2 − 4yβν
)}

.

An agent’s utility under a compact is:

V (αt ; αt+1) = ln

(
w − ν

βαt+1w − βαtαt+1 − νy

αt+1ν (1 + β)
− αt

)

+β ln

(
y + αt+1

βαt+1w − βαtαt+1 − νy

αt+1ν (1 + β)

)

= (1 + β) ln (αt+1 (w − αt ) + yν) − ln αt+1 + C,

where C ≡ β ln β − (1 + β) ln (1 + β) − β ln ν, is a constant. The expression for
lifetime utility, V (αt ; αt+1), is valid for all pairs (αt ; αt+1), αt , αt+1 ≤ w, with
n (αt ; αt+1) ≥ 0. In particular, when αt = αt+1 = α, V (α) is defined for all α ∈ A.
(Note that in this case, the expression, w−νn (α; α)−α, which represents first period

consumption, equals
(
wα−α2+yν

)

α(1+β)
; this term is positive for all compacts 0 < α < w).

We have
V (α) = (1 + β) ln

(
wα + yν − α2

)
− ln α + C. (37)

The limit of lifetime utility V (α) as α approaches the lower bound of A, αA is
ln

(
w − αA

)+β ln y, and at its upper bound, αA, is ln (w − αA)+β ln y; both are less
than the benchmark (no-compact) alternative ln w + β ln y. As we indicated above,
the set A′ of transfers that equal or beat the benchmark alternative is contained in A.

For a given αt , the mapping φ (αt ) is defined implicitly in the following manner:

(1 + β) ln (φ (αt ) (w − αt ) + yν) − ln φ (αt ) + C = ln w + β ln y,

and the points α and α satisfy

(1 + β) ln
(
α

(
w − α

) + yν
) − ln α + C = ln w + β ln y

(1 + β) ln (α (w − α) + yν) − ln α + C = ln w + β ln y.
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The set of stationary compacts A′ ≡ {
α : α ≤ α ≤ α

}
.

Above, we showed that the optimal stationary compact satisfies the condition,
n = α

ν
. Using the expression n (α; α), we can solve directly for α.28

α = wβ ± √
w2β2 − 4yν − 8βyν

4β + 2
. (38)

Call these two roots α− and α+. The assumption βw > 2
√

(1 + 2β) νy ensures the
solutions (38) are real valued.

How can we be assured that lifetime utility V (α) under one of these solutions
exceeds the benchmark u (w) + βu (y)? First, note that

V ′ (α) = −yν + α2 + 2α2β − wαβ

α (α (w − α) + νy)

which is negative for low α, and, in particular, for α < α−. Second, we note that
at the boundaries of the set of permissible stationary compacts with n ≥ 0, we have
V (αA) < V

(
αA

)
< u (w) + βu (y). Finally, we show αA < α− < α+ < αA :

αA − α+ = 1
2β

(
wβ + √

w2β2 − 4yβν
)

− wβ+
√

w2β2−4yν−8βyν

4β+2

= 1
2β(2β+1)

(
wβ−β

√
w2β2 − 8yνβ − 4yν + 2β

√
w2β2−4yβν + wβ2 + √

w2β2 − 4yβν
)

> 0,

since wβ − β
√

w2β2 − 8yνβ − 4yν > wβ − β
√

w2β2 = wβ (1 − β) > 0.
Similarly,

α− − αA = wβ−
√

w2β2−4yν−8βyν

4β+2 − 1
2β

(
wβ − √

w2β2 − 4yβν
)

= 1
2β(2β+1)

(
(2β + 1)

√
w2β2 − 4yβν − β

√
w2β2 − 8yνβ − 4yν − wβ (1 + β)

)

This latter expression is decreasing in y. Using the assumption βw >

2
√

(1 + 2β) νy ⇒ (βw)2

4(1+2β)ν
> y, we evaluate at y = (βw)2

4(1+2β)ν
:

α− − αA >
wβ

2β(2β+1)

(
(2β + 1)

√
1+β
2β+1 − (1 + β)

)

= wβ
2β(2β+1)

(√
2β + 1

√
1 + β − (1 + β)

)

>
wβ

2β(2β+1)

(√
1 + β

√
1 + β − (1 + β)

) = 0

The stationary compact and the optimal compact, α+ are depicted below in the figure
below:

F.2 The compact’s fine print

An efficient way to characterize a compact is to make the distinction between obliga-
tions, αt , actions, α̂t , and contingent obligations α̃t , of which the latter can be thought
of as a description of how a child, in accordance with the compact, should respond

28Of course, alternatively, we can compute the optimal compact by differentiating lifetime utility V (α)

(37)with respect to α.
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to the actions of a parent. Define a history of the family obligations as a list of the
amount of obligatory donations up to the date t , t ≥ 2 as Ht ≡ (α1, α2, ..., αt−1),
and likewise, for actions Ĥ t and contingent obligations H̃ t .

We envision the matriarch of this family compact, the middle age decision-maker
at date 1, proposing a sequence of family transfer obligations for all future genera-
tions {αt }∞t=2 , as well as a transfer to her own parents, α1 > 0 at date 1. The compact
also lays out how individuals should act (contingent obligations {̃αt }∞t=2. Trivially,
we set α1 = α̂1 = α̃1.

At date 2, a middle age decision-maker faces obligation α2 and contingent obliga-
tion α̃2, which, in this case, since α1 = α̂1 = α̃1, α̃2 is equal to α2. In other words,
since her parent at date 1 selected action α̂1 = α̃1, the minimum transfer she needs
to make at date 2 to be in compliance with the compact is the obligation α2.29 At
this time, she chooses an action α̂2 (this choice is described in detail further below),
which may or may not be in compliance with the compact.

The compact at this stage becomes more descriptive. A middle age decision-maker
at date 2 is obliged to pass along a transfer α̃2 = α2. At date 3, the parent’s child
knows whether the parent’s action α̂2 lived up to the compact or not. Therefore, the
contingent obligation facing this child, at date 3, is

α̃3 =
{

α3 if α̂2 = α̃2
0 otherwise

. (39)

More generally, given Ht, H̃ t and Ĥ t , for t ≥ 2, a contingent obligation facing a
middle age agent at date t consists of a transfer plan α̃t , with

α̃t =
{

αt if α̂t−1 = α̃t−1
0 otherwise

. (40)

Since these contingent plans are defined recursively, it is useful to express them in
terms of actions and obligations, as well as updated one period:

α̃t+1 =
⎧
⎨

⎩

αt+1 if α̂t = αt (A)
αt+1 if α̂t = 0 and α̂t−1 = α̃t−1 (B)

0 otherwise (C)
. (41)

Note that in this form, an offspring of a middle age decision-maker at date t is obliged
to follow the compact provided her parent passes along a sufficient transfer to her
parent at date t (A). The compact also stipulates that the child, at t + 1, is obliged
to pass on αt+1 in the event that her parent, in fulfilling her compact compact com-
mitments, does not leave a transfer to her parent (the child’s grandparent) at t in the
event that the grandparent failed to carry out the contingent obligation to her parent
(the child’s great grandparent) at t − 1 (B) Any transfer action α̂t not meeting the
conditions laid out in (A) or (B) of (41) constitutes a failure to live up to the compact
at date t and confirms onto the child the obligation to pass along a 0 transfer at t + 1.

29Technically, an agent can pass along a transfer α̂t to her parent that is greater than her familial obligation
αt , but in this model with no altruistic tie running from child to parent, there is no incentive for her to give
any more than αt .
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The force of these contingency plans (and especially, B) ensures that if the child
follows the compact and punishes the parent for noncompliance of the compact at
date t, the child will not face a withholding of a transfer from her child at t + 2.
Another way to put this is that she is assured the transfer αt+2 > 0 even if she
withholds a transfer from the wayward parent at t + 1 (and, by (C), she is assured
punishment at t +2 if she fails to punish her wayward parent at t +1). Together, these
contingency plans ensure the threat of punishment is credible - the parent’s child has
the incentive to mete out a punishment at date t + 1 if the parent fails to live up to
her contingent obligation at t - provided the compact obligations αt+1, αt+2 offer the
child something better than what she can do on her own (which we assume they do).
Any deviation by one generation simply results in a response by the next that reverts
back to the original compact plan (Fig. 4).

F.3 Private savings and compacts

Throughout, we have assumed, intensionally, the absence of any private vehicle for
old-age support (such as saving) other than the family compact. Naturally, such an
assumption creates a favorable environment for the existence of a family compact.
Below, we explore briefly how the introduction of private savings comes to bear on
our analysis of family compacts. We leave out PPS; the reason will be apparent.

Assume at each date, agents have access to a safe savings technology which allows
them to convert a unit of time t good into r units of time t + 1 good. The fact that
children provide utility to their parents, in addition to serving as an investment good,
means the return on saving must dominate that of the family compact if the two are
to coexist. Additional conditions on the size of r are discussed below.

Fig. 4 Lifetime utility V(α) and the no-compact benchmark
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Let st denote the savings of a middle age agent at date t . The agent’s problem is
maximize (1) subject to

ct + st + αt + νnt ≤ w

xt ≤ rst + αt+1nt

ct ≥ 0; xt ≥ 0; st ≥ 0; nt ≥ 0.

The first-order conditions for this problem are

d1 nt : νu′ (ct ) − θg′ (nt ) ≥ αt+1βu′ (xt ) (= if nt > 0),
d2 st : u′ (ct ) ≥ rβu′ (xt ) (= if st > 0).

If both solutions are interior, we have the standard intertemporal condition, r =
u′ (ct ) /βu′ (xt ), and αt+1/ν = r − θg′ (nt ) /βu′ (xt ). (As noted, the return on
the family compact, αt+1/ν, is less than r, since θg′ (nt ) /βu′ (xt ) > 0). Keeping
with our focus of stationary compacts, we dispense with time subscripts; the two
first-order conditions can be written as

νu′ (w − s − νn) − θg′ (n) − αβu′ (y + rs + αn) = 0

u′ (w − s − νn) − rβu′ (y + rs + αn) = 0

and together,

r = u′ (c) /βu′ (x) = u′ (w − s − νn) /βu′ (y + rs + αn) (42)

α/ν = r − θg′ (n) /βu′ (x) = r − θg′ (n) /βu′ (y + rs + αn + b) (43)

Taking the derivative of the indirect, steady-state utility with respect to α yields the
first-order condition

− u′ (c) + βnu′ (x) ≤ 0 (44)

If the family compact and private saving are to be jointly operative, then (44) equals
0; together with (42), we would have n = r, i.e., the compact would require agents to
have r children. In that case, the optimal family compact would line up the intertem-
poral transfer of resources in exactly the same way as what the individual would
choose to do via private saving. The problem with this solution is that the individ-
ual may wish to have more or less children than r, a problem that manifests itself in
the fact that the second-order condition required for such an optimum is violated.30

Formally, we have

Proposition 8 There is no stationary equilibrium with positive saving s∗ > 0 and an
optimal family transfer α∗ > 0.

We illustrate this point with the case where g (a) = u (a) = ln a for a = c, x, n.
If s > 0 and n > 0, the agent faces the lifetime budget constraint (for an arbitrary

compact transfer α):

c + x/r + νn = w + y/r − α + αn/r. (45)

30This is reminiscent of the problem associated with second-order conditions in the context of the
Serendipity Theorem; see Jaeger and Kuhle (2009) for a recent discussion.
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Together with the marginal conditions, c = n (νr − α) / (θr), x = βrc, one can
solve for n as a function of α :

n (α) = w + y/r − α

((νr − α) / (θr)) (1 + β + θ)
(46)

The agent’s indirect utility is written as

W (α) = (1+β+θ) ln

[
w + y/r − α

((νr−α) / (θr)) (1+β+θ)

]
+ (1 + β) ln [(νr−α) / (θr)] .

(47)
We then have:

W ′ (α) = rα (1 + β) + θ (rw + y) − r2 (1 + θ + β) ν

(rν − α) (rw + y − rα)

Setting W ′ (α) = 0 and solving for α, we have

α∗ = νr2 (1 + β + θ) − θ (wr + y)

(1 + β) r
.

This solution assumes r ≥ wθ+
√

w2θ2+4νyθ(1+β+θ)

2ν(1+β+θ)
, and it also presumes that savings

s (α∗) ≥ 0; for the moment, assume both conditions hold. Evaluating the second
derivative of the agent’s indirect utility W (α) at α∗ yields

W ′′ (α∗) = (1 + β)3 r2

θ (1 + β + θ) (rw + y − νrr)
> 0;

hence, W (α) cannot attain a maximum at α∗.The following numerical example
illustrates this general point:

Example 1 Let g (a) = u (a) = ln a for a = c, x, n, and w = 10; y = 2; β =
0.85; θ = 0.25; ν = 2; r = 1.5.

Figure 5 below shows a plot of W(α) as a function of the compact transfer α; for
illustrative purposes, the graph includes values for α for which s (α) < 0. In this
instance, the compact that sets n = r (that is, at α∗ ≈ 1.87) minimizes the function
W(α). Here savings becomes negative for values of α > 2.06. Incorporating, then,
the non-negativity constraint on s (α), and since W (0) > W (2.06), the best compact
– in terms of maximizing steady-state per capita utility – sets α = 0, effectively
destroying the family compact altogether. At α = 0, savings s > 0, the number of
children, n < r, and children are solely consumer goods.

What happens in instances where α∗ < 0? Consider the following modification of
the previous example:
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Fig. 5 Indirect utility W(α)

Example 2 Let g (a) = u (a) = ln a for a = c, x, n, and w = 10; y = 2; β =
0.85; θ = 1; ν = 2; r = 1.5.

Note the only distinction between these examples is the size of the parameter,
θ , governing the individual’s preference towards having children. In this instance,
α∗ ≈ −1.50. Figure 6 below shows a plot of W(α).

Here, savings becomes negative for α > 0.98. At α = 0.98, W (0.98) ≈ 3.58.
However, the best compact, with s = 0, sets α ≈ 1.86, and steady-state utility equals
3.67. In other words, the best family compact is determined along the lines we have
presented in the version of our model without savings, since the best compact will
offer a transfer α that is sufficiently high that agents choose not to save.

In summary, savings and family compacts can coexist. Yet, if the compact is opti-
mally chosen, one of two possibilities emerge: either children no longer serve as
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Fig. 6 Indirect utility W(α)
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investment goods and the family transfer is 0, or, old-age security is provided exclu-
sively by the family compact and s = 0. The underlying trade-off is simple. If
children do not provide much utility as consumption goods, then agents, from Gen-
eration 1 onward, are better off if old-age consumption is financed out of savings. By
way of contrast, if children are highly valued as consumption goods, then it is effi-
cient to use them exclusively to facilitate old-age support. And, it is in the latter case
that our original omission of savings in Section 3 is of little consequence.

F.4 Enhancing the PPS: Numerical Examples

Having shown a basic public pension plan can be welfare-enhancing even in the pres-
ence of a thriving family compact, we turn to the question of whether adornments
to that plan (such as more favorable payments to infertile old agents or child rearing
subsidies for fertile/matched middle agents) have merit. We are drawn to these possi-
bilities for two reasons. First, those charged with crafting the US social security felt it
necessary to go beyond a simple plan of elderly income support, embellishing it with
other features, such as redistributive returns, in order to make it more acceptable to
the general electorate.31 Second, as noted in our introduction to this section, Cigno
(2010) outlines how a hybrid public-private pension system might work. Our exam-
ples below lend support to a kind of subsidy-redistributive pension plan envisioned
by Cigno.

The government’s problem, at this point, has policy variables b, b′, λ and τ which
conform to the constraint (26). We adjust the redistributive nature of the social secu-
rity payment by setting b′ = ρb, where 1 ≤ ρ; when ρ > 1, the system transfers
relatively more resources to each childless elderly at each date (what we referred to
in the Introduction as redistributive returns). The budget constraint then reduces to

τ =
(

π + (1 − π) ρ

π

)
b

n
+ (1 − λ) πνn. (48)

The utility of the agent in the steady state is

Û (τ ; λ; ρ; b) ≡ πUf (τ ; λ; b) + (1 − π) Ui,n (τ ; ρb)

where Uf (τ ; λ; b) , (Ui,n (τ ; ρb)) is the indirect lifetime utility of a fertile/matched
(infertile/unmatched) agent.

Our main objective in this section is to highlight the point that once we step
beyond a pension-only role for social security, a publicly funded system can be wel-
fare enhancing. Towards this end, policies such as subsidies to child-rearing (λ) and
redistributive returns to the public system (ρ) are of secondary importance. With that
in mind, we focus on optimal (τ, b) pairs for given policies (λ, ρ). This in turn will
allow us to see how the public system fares, alone, without the adornments (λ, ρ),
as well as emphasize how attaching these other features to the public system can

31An important rationale at the time of its inception (the Great Depression) was the need to provide sus-
tenance to the existing elderly who were confronted with the disappearance of family compacts they had
erstwhile paid into. To be fair, this may have been an overiding concern of FDR.



Private versus public old-age security 745

improve upon the overall pension system. The following example illustrates these
points.

Example 3 Let u (c) = ln c; θ = 0; w = 5; y = 1/4; β = .95; π = .85; ν = 1; r =
.80.

The table below provides summaries of the key variables of this model, for differ-
ent configurations of the pair (λ, ρ). The last three columns indicate the percentage
over baseline (no public system).

(ρ, λ) n α τ b b′ %U %Uf %Ui,n

1 ρ = 1, λ = 1 1.4859 1.4859 .1245 .1573 .1573 .1578 −.1334 1.5518
2 ρ = 1.25, λ = 1 1.4838 1.4838 .1300 .1580 .1975 .1746 −.3127 2.5066
3 ρ = 1, λ = .75 1.5644 1.1733 .7651 .5753 .5753 1.6370 2.1881 −1.0036
4 ρ = 1.25, λ = .75 1.5665 1.1749 .7712 .5626 .7032 1.7271 1.6047 2.3125
5 ρ = 1.50, λ = .50 1.6780 .8390 1.4918 1.0332 1.2409 3.7334 2.5769 9.2687

The table above illustrates a number of key features of these initiatives. First,
as confirmed in Proposition 6, a traditional pension system without the additional
embellishments (ρ = 1, λ = 1) will raise steady-state ex ante lifetime utility—
intuitively, this is not too surprising, since there is a reasonably chance (15%) an agent
is born infertile/unmatched, and the public system provides some cushion against low
old age consumption due to low income when old and low return to saving (y is 95%
lower than w and r = .80, respectively). Of course, ex post, fertile agents prefer no
PPS, since the family compact provides higher returns. A similar situation emerges
when the returns to social security become more redistributive, but no tax revenue is
diverted to subsidizing child rearing (ρ = 1.25, λ = 1).

Likewise, if sufficient tax revenue is returned to fertile couples in the form
of subsidies for children, the PPS fails to improve the lot of the childless,
ex post (ρ = 1, λ = .75). More progressive policies (ρ = 1.25, λ = .75) and
(ρ = 1.50, λ = .50) provide gains ex ante and ex post for both types of agents. These
gains, however, come at the price of lower transfers to the initial old, as can be seen
by comparing the b and b′ columns for row 1 with that of rows 4 and 5.
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