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Abstract We examine the long-run effects of the pay-as-you-go (PAYG) social
security scheme on fertility and welfare of individuals in an overlapping generations
model, assuming that child-care services are available in the market. We show that
the impact of a tax increase on fertility depends on the relative magnitudes of the
standard intergenerational redistribution effect through the social security system,
the (implicit) subsidy effect through tax-exemption of child rearing at home, and the
price effect through changes in the relative price of market child care, and that if
parental child-rearing time is inelastic, a tax cut could bring about a Pareto-
improving allocation.
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1 Introduction

Declining fertility and increasing life expectancy are two of the commonly observed
features in most developed countries. As is well recognized, both could cause
serious problems for the sustainability of social security systems financed on a pay-
as-you-go (PAYG) basis. In particular, declining fertility reduces the number in the
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labor force in the future, which could in turn reduce contributions to their social
security systems. On the other hand, decreases in parental child-rearing time,
especially those of mothers, increase the labor supply of that generation and thereby
their social security contributions. Such recognition has raised considerable public
concern over this issue, leading many researchers to examine the feasibility and
sustainability of public pension systems in such economies with declining fertility
and/or increasing life expectancy (e.g., Zhang et al. 2001; Yakita 2001; Groezen
et al. 2003). Most of the literature, however, has assumed that child rearing
requires parental time as an essential input regardless of material costs, i.e., increasing
child-rearing time necessarily increases the number of children (e.g., Galor and Weil
1996). It has been suggested that with higher wage rates due to economic growth,
mothers may buy child care in the market (known as bought-in child care), supplying
labor to the market instead of spending their own time on child rearing within the
home (e.g., Blau and Robins 1988; Martinez and Iza 2004). In this study, we
investigate the effects of a PAYG social security scheme, financed by payroll taxes, on
the labor supply, fertility, and welfare of individuals, taking into account the
availability of child care outside the home.

Recent empirical studies by Ahn and Mira (2002), for example, show that the
cross-country correlation of the total fertility rate and the female labor force
participation rate in Organization for Economic Cooperation and Development
(OECD) countries was negative in the 1970s but turned positive after the late 1980s.
Rindfuss et al. (2003) and Apps and Rees (2004) confirmed a positive association
between fertility and the female labor supply in 1990 in the panel data of OECD
countries but a negative relationship between them in 1970.1 Martinez and Iza
(2004) also showed a positive relationship between the total fertility rates and female
labor force participation in the USA for the period 1980–2000. Using a simple
theoretical framework, Apps and Rees (2004) explained the positive relationship
between fertility and the female labor supply, assuming the availability of child care
services outside the home and its substitutability for parental child care within the
home. In their model, as an increase in the female wage rate increases the
opportunity cost of child rearing, child-rearing time tends to be reduced. However,
the resulting increase in the labor supply raises the wage income of individuals,
which makes it possible to purchase more child care services in the market.
Therefore, a higher female wage rate may increase both the fertility rate and their
labor supply, resulting in a positive relationship between them. However, problems
concerning social security were not examined by Apps and Rees (2004).

We consider a small open economy populated by overlapping generations with a
PAYG social security scheme financed by a payroll tax on the working generation.
For our purpose, we assume that individuals do not have bequest motives and that
they derive utility from having children, not from their children’s utility, as proposed
by Eckstein and Wolpin (1985). Section 2 presents an analytical framework and
derives a stationary equilibrium.

Section 3 examines the effects of payroll tax changes on the stationary levels of
fertility, bought-in-the-market child care (which is called market child care in the

1 Kögel (2004) casts doubt on the positive relationship because of possibly unmeasured factors specific to
each country.
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following), and parental child-rearing time. In formalizing the availability of child
care outside the home, we follow Becker (1965), Balestrino et al. (2002, 2003), and
Apps and Rees (2004), whose implicit assumption is that the price of market child
care moves with the price of market goods in one-to-one fashion. An increase in the
payroll tax rate means a decline in the after-tax wage rate and thereby induces
individuals, especially mothers, to increase parental child-rearing time, thus reducing
the labor supply. However, when individuals can substitute parental child care with
market child care, the increased parental child-rearing time does not necessarily
result in an increase in the number of children, as shown in Apps and Rees (2004).
At the same time, in our model, changes in the labor supply and fertility affect
intergenerational income distribution through the social security scheme. Although
increased parental child-rearing time tends to reduce tax revenue and hence social
security benefits, the increased tax rate raises the fertility rate if the standard effect of
social security on the steady-state income is sufficiently great. The reduced after-tax
wage rate also decreases the cost of children by making the price of market child
care higher relative to the cost of parental child rearing, thereby exerting a positive
effect on fertility. However, the purchase of market child care increases only when
the demand for children as consumption goods is sufficiently great.

A welfare analysis is provided in Section 4. Not only do we examine the long-run
welfare effects of a payroll tax change but also, in contrast to previous studies, we
demonstrate the possibility that a payroll tax rate cut alone is intergenerationally
Pareto-improving. Section 5 concludes the paper.

2 Model

We consider a small open economy populated by overlapping generations who live
through three periods: childhood, working, and retirement. Individuals are assumed
to be identical except for their ages, raise their children in the second working
period, and have no bequest motives. We refer to a generation having children in
period t as generation t. In this study, we abstract from gender differences in the
model to focus on the social security effects on fertility, and we call the basic unit of
our analysis simply “an individual.” The production technology is assumed to be
governed by a standard, neoclassical constant-returns-to-scale production function.
For simplicity, we assume that the level of the world interest rate remains constant
over time. Then, the capital labor ratio and wage rate are also constant.2

2.1 Individuals

Each individual derives utility both from the number of children and from material
consumption in the second and third periods of life. The lifetime utility function of
an individual of generation t is expressed as

Ut ¼ g ln nt þ ln ct þ ρ ln dtþ1 ð1Þ

2 We assume that the capital/labor ratio is greater than the foreign debt per worker in the steady state.
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where ct and dt+1 denote consumption in the second and third periods of life,
respectively, γ (>0) represents the preference for children, and ρ∈(0,1) is the discount
factor.

Following Balestrino et al. (2002, 2003), we assume that children are “goods,”
which can only be produced at home by combining parental time and goods
purchased from the market as inputs of production, both of which are essential to
production. As children cannot be traded on the market, individuals could not
specialize in domestic production, while they can specialize in market work (see
Balestrino et al. 2003). Following Apps and Rees (2004), we call the goods “child
care outside the home.”3 Let the fertility function be specified as follows:4

nt ¼ θxβt z
1�β
t ðθ > 0; 0 < β < 1Þ ð2Þ

where xt denotes market child care and zt is parental child-rearing time.5

Assuming the time endowment of an individual during a working period to be 1,
the budget constraint in that period is given by

ct þ st þ xt ¼ 1� tð Þw 1� ztð Þ ð3Þ

where st is the savings for consumption in the retirement period, τ is the rate of
payroll tax, and w is the wage rate. The budget constraint in the retirement period is
written as

dtþ1 ¼ rst þ Ptþ1 ð4Þ

where r denotes the interest factor, and Pt+1 is the pension benefit paid in period t+1.
Combining Eqs. 3 and 4 leads to the individual’s lifetime budget constraint:

ct þ xt þ dtþ1

r
¼ 1� tð Þw 1� ztð Þ þ Ptþ1

r
: ð5Þ

The individual chooses consumption in the second and third periods together with
the number of children so as to maximize lifetime utility (Eq. 1) subject to the

3 The child care outside the home here could be day nurseries/preschools and day-care centers (the so-
called organized child care) as well as services of baby-sitters at a child’s home, as suggested in Becker
(1965).
4 As our focus is on the effects of social security on fertility choice in cases where child care services
outside the home are available, we employ the Cobb–Douglas specification for the function, which is
suggested as an example in Apps and Rees (2004).
5 We may assume instead that market child care is produced by employing market labor as well as market
goods. Even if market child care is produced in a more labor intensive technology, the price effect of
fertility with respect to a tax will not be reversed. See Appendix A. In contrast, Martinez and Iza (2004),
assuming unskilled child-care services outside the home, showed that the increases in female mean wages
could generate the positive relationship between fertility rates and female labor force participation rates,
which was observed in the USA during the last two decades. However, we assume away heterogeneity of
parents in this paper.

568 M. Hirazawa, A. Yakita



fertility function (Eq. 2) and lifetime budget constraint (Eq. 5). The first-order
conditions for the optimum are given by

rr
dtþ1

¼ 1

ct
ð6Þ

bg
xt

¼ 1

ct
ð7Þ

1� bð Þxt
bzt

¼ 1� tð Þw ð8Þ

with Eqs. 2 and 5. Equation 6, which is a standard condition, states that individuals
choose consumption so as to equate the marginal rates of substitution between
consumption in the second and third periods of life, dtþ1=ðρctÞ, with the rate of
interest, r. Equation 7 can be rewritten as βntð Þ=xt ¼ nt= γctð Þ, which denotes that
individuals choose consumption in the working period and the purchase of child care
services in the market to equate the marginal rate of substitution between consumption
and offspring, nt /(γct), with the marginal rate of transformation, (βnt)/xt. Equation 8,
which expresses an efficiency condition for raising a given number of children,
states that the marginal rate of technical substitution between market child care and
parental child-rearing time, (1−β)xt /βzt, must be equal to the relative price of the
inputs, (1−τ)w.

Making use of the first-order conditions we have

xt ¼ bg
1þ g þ r

1� tð Þwþ Ptþ1

r

� �
ð9Þ

zt ¼ 1� bð Þg
1þ g þ r

1

1� tð Þw 1� tð Þwþ Ptþ1

r

� �
ð10Þ

st ¼ r
1þ g þ r

1� tð Þw� 1þ g
1þ rþ g

Ptþ1

r
: ð11Þ

Then, substituting Eqs. 9 and 10 into 2, we have

nt ¼ 1

p

g
1þ g þ r

1� tð Þwþ Ptþ1

r

� �
ð12Þ

where p � 1
θβ

β
1�β 1� τð Þw

h i1�β
is the “cost” per child.6

Letting Nt denote the population of generation t, the population evolves according
to Ntþ1 ¼ ntNt.

6 Defining the cost of child rearing as Ct ¼ 1� τð Þwzt þ xt , we have Ct ¼ 1
θβ

β
1�β 1� τð Þw

� �1�β
nt

¼ pnt .
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2.2 Government

We assume that the government administers a PAYG public pension scheme
financed by a payroll tax on the labor income of working adults with a flat rate, τ.
Assuming that the budget of the public pension program balances in each period,
old-age pension benefits are constrained by 1� ztþ1ð ÞwtNtþ1 ¼ Ptþ1Nt or, in per
capita terms,

1� ztþ1ð Þwtnt ¼ Ptþ1: ð13Þ

2.3 Stationary-state equilibrium

We assume that individuals have perfect foresight not only into future interest rates
and pension benefits but also into the time allocation decisions on child rearing made
by the next generation.7 Inserting Pt+1 from Eq. 13 into Eqs. 10 and 12, we have

zt ¼ 1

1� tð Þw
g 1� bð Þ
1þ g þ r

1� tð Þwþ 1� ztþ1ð Þtwnt
r

� �
ð14Þ

nt ¼ 1

p

g
1þ g þ r

1� tð Þwþ 1� ztþ1ð Þtwnt
r

� �
: ð15Þ

Eliminating nt from Eqs.14 and 15 and rearranging terms, we obtain the dynamics
of our model described by the following equation for zt:

q 1� ztþ1ð Þwtb b
1� b

1� tð Þw
� �b�1 g

1þ g þ r
1

r
¼ 1� 1� bð Þg

1þ g þ r
1

zt
ð16Þ

(for the derivation, see Appendix B).
The stationary child-rearing time, zt ¼ ztþ1 ¼ z, is given as the solution to the

following equation:

q 1� zð Þwtb b
1� b

1� tð Þw
� �b�1 g

1þ g þ r
1

r
¼ 1� 1� bð Þg

1þ g þ r
1

z
: ð17Þ

We can easily verify that a positive stationary state always exists and is unique.
Linearizing Eq. 16 around the stationary equilibrium, it follows that

dztþ1

dzt
¼ �

1�bð Þg
1þgþrð Þ

1
z2

qwtb b
1�b 1� tð Þw

h ib�1
g

1þgþrð Þ
1
r

< 0: ð18Þ

7 Breyer and Straub (1993) assumed the perfect foresight of individuals into the next generation’s labor
supply.
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The condition for local stability is given by

�1 < �
1�bð Þg
1þgþrð Þ

1
z2

qwtb b
1�b 1� tð Þw

h ib�1
g

1þgþrð Þ
1
r

< 0 ð19Þ

which is assumed to hold in the following discussion.
The stationary state equilibrium E is illustrated in Fig. 1. Curves NN and ZZ plot

combinations (z,n), satisfying Eqs. 14 and 15, respectively. We can easily see that
when τ>0, the curve NN is upward sloping, and the curve ZZ is downward sloping.
Figure 1 assumes that r is small enough that the stationary equilibrium is above
curve n ¼ r= 1� zð Þ. When the economy does not have a social security system, i.e.,
when τ =0, the number of children an individual has and the child-rearing time are
constants and given as g 1�bð Þ

1þgþr ;
g

1þgþr
w
p

� �
, which is labeled S in Fig. 1.8 Although the

constancy without a social security system comes from the small openness rather
than the specifications of functions, our purpose in the present study is to examine
the effects of changes in the size of a PAYG social security system on fertility and
welfare.

3 Change in social security tax rate

In this section, we examine the effects of a change in the size of the PAYG social
security system on child-rearing time, the purchase of child care services, and the

8 The fertility rate when τ =0, equal to γ
1þγþρ

w
p, may be greater than, equal to, or smaller than the

world rate of interest.
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Fig. 1 Effect of an increase in the tax rate
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fertility rate. The effects of an increase in the tax rate on curves NN and ZZ are given
as

dz

dt
NN
dn¼0

�� ¼
z� g 1�bð Þ

1þgþr

� �
þ g 1�bð Þ

1þgþr
1�zð Þn
r

1� tð Þ þ g 1�bð Þ
1þgþr

tn
r

ð20Þ

dn

dt
ZZ
dz¼0

�� ¼
gw

1þgþr �1þ 1�zð Þn
r

h i
� n dp

dt

p� g
1þgþr

1�zð Þtw
r

h i ; ð21Þ

respectively. As the stationary fertility rate is

n ¼ 1� τ
τ

1þ γ þ ρ
γ 1� βð Þ z� γ 1� βð Þ

1þ γ þ ρ

� �� �
r

1� z
ð22Þ

from Eq. 14, z > γ 1� βð Þ= 1þ γ þ ρð Þ must hold to be n>0. We assume that this
condition is satisfied in the following. Therefore, Eq. 20 has a positive sign. An
increase in the tax rate shifts the curve NN rightward.

Now we turn to the curve ZZ. In view of Eq. 15, p� g
1þgþr

1�zð Þtw
r > 0 must hold

for n>0, and hence, the denominator of Eq. 21 is positive. The sign of the numerator
of Eq. 21 can be seen as follows. Using the concept of full income, Eq. 15 shows
that the demand for children depends on the price, p, and full income,
I � 1� tð Þwþ 1�zð Þtwn

r , both of which are affected by the tax rate. An increase in
the tax rate reduces the price, lowering the opportunity costs of child rearing,
i.e., dp=dτ ¼ �p 1� βð Þ 1� τð Þ�1 < 0. The effect on full income is given as dI

dτ ¼
w n

r � 1
� 	� znw

r


 �
: The first term is the redistribution effects through the social

security system and the second is subsidies on child rearing of the next generation
in the sense that the child-rearing (opportunity) costs are tax-exempt. The latter
lowers full income, while the effect of the former on full income depends on the
relative magnitudes of the interest rate and the population growth rate, as pointed
out in the literature. The numerator of Eq. 21 is the sum of these three effects. Not
only when the effect of redistribution from the working generation to the retired is
negative (n<r) but also as long as the subsidy effect overwhelms the redistribution
effect, even if positive (n>r); i.e., as long as n < r= 1� zð Þ), the change in full
income is negative. In this case, the sign of the numerator of Eq. 21 depends on the
relative magnitudes of the negative effect through full income and the positive
effect through the price change. When the latter positive effect dominates, the
curve ZZ shifts upward, while when the former negative effect is overwhelming,
the curve shifts downward. However, when n Q r= 1� zð Þ, the effect through full
income is positive. Together with the positive effect through the price change, this
makes Eq. 21 positive. In this case, the curve ZZ definitely shifts upward.
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To analyze the effect of a tax rate change on fertility and parental child-rearing
time, we see the relation between the curve NN, given by Eq. 22, and the following
curve:

n ¼ r= 1� zð Þ: ð23Þ

If there is an intersection between the two curves, we have z ¼ g 1�bð Þ
1þgþr

1
1�t at the

intersection point. When τ is sufficiently small, the value of z at the intersection
approaches the lower limit of z, z ¼ γ 1� βð Þ= 1þ γ þ ρð Þ. In this situation, it is
plausible that the stationary equilibrium lies above the curve (Eq. 23), and the curve
ZZ shifts upward largely with an increase in the tax rate. Therefore, when τ is
sufficiently small, the upward shift of the curve ZZ will be relatively greater than the
rightward shift of the curve NN. In this case, an increase in the tax rate increases
the fertility rate. In contrast, when τ is great, the stationary equilibrium lies below
the curve (Eq. 23), and therefore, with an increase in the tax rate, the curve ZZ may
move upward only slightly or even shift downward.9 Furthermore, as the numerator
of Eq. 20 is rewritten as zþ g 1�bð Þ

1þgþr
1�z
r n� r

1�z

� 	
, the greater β is, the larger the

rightward shift of the curve NN is when n < r= 1� zð Þ. A rightward shift of NN
curve means that parents substitute parental child-rearing time for the market child
care to have a given number of children, reducing after-tax wage income. Therefore,
the fertility rate falls when β is sufficiently great, while it may rise if β is sufficiently
small and/or the curve ZZ moves upward sufficiently. In either case, however,
parental child-rearing time increases. As a smaller β means a greater elasticity of
fertility with respect to parental child-rearing time, the increase in parental child-
rearing time tends to increase the fertility rate largely when β is sufficiently small,
whereas the positive effect of the increased parental child-rearing time will be small
if β is great.

As can be seen from Eq. 9, the purchases of child care outside the home depend
on the full income of individuals, which in turn decreases with parental child-rearing
time of the next generation. The increased child-rearing time due to a tax increase
tends to reduce the purchase of child care, which is substitutable for parental child-
rearing time. When τ is sufficiently small and the stationary equilibrium is above the
curve (Eq. 23), an increase in the tax rate not only raises full income but also
increases the purchases of child care outside the home when the fertility rate rises. If
the positive (full) income effect overwhelms the negative substitution effect of the
increased parental child-rearing time, the purchases of child care will be increased.
This situation corresponds to the case where the curve NN moves only slightly and
the curve ZZ shifts upward largely when the tax rate is raised. In this case, an
increase in parental child-rearing time will be relatively small, and an increase in the
purchase of child care may be great. In contrast, when τ is great and therefore the
stationary equilibrium lies below the curve (Eq. 23), an increase in the tax rate and
the induced decline in the fertility rate tend to decrease full income. Together with
the negative substitution effect of the increased parental child-rearing time, the
decreased full income reduces the purchase of child care outside the home. This is

9 The intercept of the curve ZZ with the vertical axis moves upward with a tax increase when n≥r, while it
may shift downward when n<r.
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the case when the curve NN moves rightward largely and when the curve ZZ moves
upward only slightly or shifts downward. In this case, parental child-rearing time
increases largely, and the purchase of child care decreases.

Formally, we may state the above results in the form of the following
propositions:

Proposition 1 dz
dτ > 0

Proof By differentiating Eq. 17 with respect to τ, we can see that

dz

dt
¼

q 1� zð Þwb b
1�b 1� tð Þw

h ib�1
g

1þgþrð Þ
1
r

1�tbð Þ
1�tð Þ

qwtb b
1�b 1� tð Þw

h ib�1
g

1þgþrð Þ
1
r þ 1�bð Þg

1þgþrð Þ
1
z2

ð24Þ

which is positive.

Proposition 2 Define η ¼ τ
z
dz
dτ :

(1) If η > τ
1�τ , then

dx
dτ > 0 and dn

dτ > 0.
(2) If τ

1�τ > η > βτ
1�τ, then

dx
dτ < 0 and dn

dτ > 0.

(3) If βτ
1�τ > η, then dx

dτ < 0 and dn
dτ < 0.

Proof From Eqs. 9 and 10, we obtain

dx

dτ
¼ � β

1� β
wzþ β

1� β
1� τð Þw dz

dτ
¼ β

1� β
wz

1� τ
τ

� τ
1� τ

þ τ
z

dz

dτ

� 
:

ð25Þ
Making use of Eqs. 14 and 15, we have

dn
dτ ¼ �θβ β

1�β 1� τð Þw
h iβ�1

βw
1�β zþ θ β

1�β 1� τð Þw
h iβ dz

dτ

¼ θ β
1�β 1� τð Þw

h iβ
z
τ

τ
z

dz
dτ � βτ

1�τ

� 	 : ð26Þ

From Eqs. 25 and 26, the results follow immediately.
The intuitions are as follows. An increase in the payroll tax rate increases parental

child-rearing time through a decline in the opportunity cost of child rearing within
the home. When τ is sufficiently small relative to the tax-rate elasticity of child-
rearing time, the tax increase raises full income through intergenerational income
redistribution and increases the purchase of child care and the number of children
through the income effect (case 1). In contrast, when τ is relatively high, a decline of
income due to the increased child-rearing time in addition to the tax increase
decreases the purchase of child care, and thereby, the number of children if the
contribution of market child care to the fertility function, β, is sufficiently great (case
3). However, if β is not so great, the fertility rate may increase because of the
increased parental child-rearing time, although the purchase of child care decreases
(case 2). In both cases 2 and 3, the lifetime full income declines, which in turn

574 M. Hirazawa, A. Yakita



reduces the purchases of market child care, while the tax increase causes parents to
increase parental child-rearing time, thereby reducing the labor supply. It should be
noted that the fertility rate may rise or decline, depending on the relative effects of
the tax elasticity of parental child rearing, η, and the market child-care services
elasticity of fertility, β.10

4 Welfare effects

This section examines the welfare effects of a change in the size of the PAYG social
security system. From Eqs. 2, 6, 7, 10, and 12, the utility of an individual of
generation t is given by

ut ¼ γ ln nt þ ln ct þ ρ ln dtþ1¼ 1þ γ þ ρð Þ ln zt þ 1þ γβ þ ρð Þ ln 1� τð Þ þ Γ

ð27Þ
where Γ � ln qg w

1�bð Þg
� �

bw
1�bð Þ

� �gb
rrw
1�bð Þg

� �r
� �

. The stationary level of an individual’s

utility is given by

u ¼ 1þ g þ rð Þ ln zþ 1þ gb þ rð Þ ln 1� tð Þ þ Γ ð28Þ

where z is the stationary state when the tax rate is equal to τ. Differentiating Eq. 28
with respect to τ, we have

du

dτ
¼ 1þγþρð Þ 1

z

dz

dτ
� 1þγβ þ ρð Þ 1

1� τ
¼ 1þ γ þ ρð Þ

τ
η� 1þ γβ þ ρ

1þ γ þ ρ
τ

1� τ

� �
:

ð29Þ
Thus, we obtain the following Proposition:

Proposition 3 (1) If η >
1þγβþρ
1þγþρ

τ
1�τ is satisfied, then du

dτ > 0 holds.

(2) If η <
1þγβþρ
1þγþρ

τ
1�τ is satisfied, then

du
dτ < 0 holds.

The intuitional explanation is as follows. When η is sufficiently small enough to
satisfy the condition in (2) of Proposition 3, the increase in parental child-rearing
time will be small and the fertility rate will decline or rise only slightly. In this case,
as the tax rate is relatively high, the tax increase reduces the lifetime full income, as
is shown in Proposition 2. Therefore, the negative effect of the lower full income on
utility will be dominating even if the fertility rate rises. In contrast, when η is
relatively great as in case 1 of Proposition 3, the increased parental child care tends
to raise the fertility rate, which affects utility positively. The increased fertility also
tends to affect the full income positively through intergenerational income transfers.
In this case, as the tax rate is relatively low, the negative effect of the tax increase
will be more than offset by the positive effect of higher fertility.

We can see that there is an optimal tax rate such that du=dτ ¼ 0. However, as η is
a function of τ, we cannot solve the optimal tax rate explicitly nor rule out the

10 Appendix C gives a numerical example for a set of plausible parameter values.
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multiplicity of the optimal tax rate. As condition 1 > 1þgbþr
1þgþr > b always holds, and

taking into account Propositions 2 and 3 above, we have four cases involving long-
term changes in the individual’s purchase of market child care, the fertility rate, and
the utility level of a representative individual. These results are summarized in
Table 1.

In Proposition 3, we are concerned with comparative statics of stationary state
utility levels and not with the transition paths between the steady states. Although it
is difficult to provide definitive general policy recommendations, we can show the
possibility for Pareto improvement. Assuming that the economy is initially on a
stationary state path with tax rate τI, we then consider that the tax rate is
unexpectedly changed to τN in period T. Generation T is taxed at rate τN, and the
retired generation T−1 receives pension benefits corresponding to that tax rate.
Identifying the initial stationary-state values before the policy change with asterisks
(e.g., n* and z*), we have n� ¼ θ β

1�β 1� τ Ið Þw
� �β

z�.
Now, we consider the utility level of generation T−1. As the first-period

consumption, c*, and the number of children, n*, were determined before the tax
rate change, they are not altered by the policy impact. However, the second-period
consumption in period T is affected, as the pension benefit is changed both directly
by the tax rate change and indirectly by the change in the child-rearing behavior of
generation T. The time devoted to child rearing by generation T must satisfy the
following condition:

θ 1� zTð ÞwτNβ β
1� β

1� τNð Þw
� �β�1 γ

1þ γ þ ρ
1

r
¼ 1� 1� βð Þγ

1þ γ þ ρ
1

z*
: ð30Þ

Setting τ =τI and z=z* in Eq. 17, subtracting it from Eq. 30 and rearranging
terms, it follows that

1� zTð ÞτN
1� z*ð Þτ I ¼ 1� τN

1� τ I

� 1�β

: ð31Þ

The pension benefit in period T is given as PT ¼ 1� zTð ÞτNwn*, where the
fertility rate n* is predetermined, while the stationary level of pension benefits with
τ =τI is P* ¼ 1� z*ð Þτ Iwn*. Therefore, from Eq. 31, we can see that P*><PT as
τ I

<
>
τN , i.e., pension benefits increase with a reduction in the tax rate. This is

because individuals augment the labor supply via a higher after-tax wage rate, thus
reducing parental child rearing. As their savings were determined in the previous

Table 1 Long-term effects of a tax change

η h < bt
1�t

bt
1�t < h < 1þbgþr

1þgþr
t

1�t
1þbgþr
1þgþr

t
1�t < h < t

1�t
t

1�t < h

dx
dt <0 <0 <0 >0
dn
dt <0 >0 >0 >0
du
dt <0 <0 >0 >0
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period, the consumption in retirement of generation T−1, dT ¼ rsT�1 þ PT ,
increases with the tax cut.11 Therefore, the only possibility for Pareto improvement
lies in the case of a tax cut when h < 1þgbþr

1þgþr
t

1�t, although there is no guarantee that
such a tax cut generally leads to a Pareto improvement allocation. However, we can
show that if the choice of parental child-rearing time is not too elastic with respect to
the tax rate, a contraction of the PAYG social security scheme will make all current
and future generations better off.12

Proposition 4 If h < 1þgbþr
1þgþr

t
1�t, a tax cut may lead to a Pareto-improving

intertemporal allocation.

The intuition is simple. As parental child-rearing time is not reduced largely by a
tax cut, the fertility rate may not decline largely and may even rise. In this case, the
tax cut may increase the full income of the initial generation, whose tax rate is cut,
through intergenerational transfers. As under the assumption of stability, parental
child-rearing time and hence the lifetime utility converges fluctuation-wise to the
new and higher steady state level [see (2) of Proposition 3], all generations will be
better off with a tax cut under the condition of Proposition 4 (see Appendix C for a
numerical example of a Pareto improvement).

This result is in contrast to that in previous studies such as those by Breyer (1989) and
Groezen et al. (2003). Breyer (1989) showed that a decrease in the size of the PAYG
social security system is not Pareto-improving when fertility is exogenous, while
Groezen et al. (2003), assuming away parental child-rearing time, showed that merely
reducing the tax does not allow for a Pareto improvement even with endogenous
fertility. Our result shows the possibility of Pareto improvement of a PAYG payroll tax
cut when there is a child care market, which is substitutable for parental child rearing
within the home. It should be noted that as the long-term fertility rate may increase or
decrease in this case (as illustrated in Table 1), the fertility rate on the transition path
may be higher or lower than the rate before the policy change. Notably, if it is Pareto-
improving in the case 3 of Proposition 2, a tax cut increases both the fertility rate and
the labor supply in the market, making all current and future generations better off.

5 Concluding remarks

We have examined the long-run effects of a PAYG social security scheme on the
labor supply, fertility, and welfare. An increase in the social security tax rate
increases parental child-rearing time, as it reduces the opportunity cost. It means that
the tax increase reduces the labor supply of individuals. The impact of a tax increase
on fertility depends on the relative magnitudes of the following three effects: the
standard intergenerational redistribution effect from the working generation to the

12 Further details are available from the authors upon request.

11 It should be noted that the positive relationship between the tax rate and the benefit level occurs at the
time of policy change. It is natural to assume that a tax increase leads to an increase in tax revenue over
the long run, too.
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retired generation through the social security system, the (implicit) subsidy effect
through tax-exemption of child rearing at home, and the price effect through changes
in the relative price of market child care. The redistribution effect depends on the
difference between the real interest rate and the population growth rate. The subsidy
effect tends to reduce the number of children as consumption goods, as it reduces the
full income of working generations. The price effect makes the fertility rate higher
through declines in the opportunity cost of parental child rearing when market child
care is produced by using market goods. Thus, when the population growth rate is
sufficiently high, the intergenerational redistribution effect is great enough to
dominate the subsidy effect and increase full income. The positive income effect
together with the price effect raises the fertility rate. In this case, the purchases of
market child care will be increased. In contrast, when the fertility rate at the policy
change is low, an increase in the tax rate reduces full income. If the negative income
effect overwhelms the positive price effect, the fertility rate will be lower. In this
case, the purchase of market child care will be decreased.

Welfare changes of various generations caused by a tax increase are ambiguous,
as the transition to a stationary state is not monotonic. However, we show that if the
tax rate and/or the contribution of market child care are sufficiently large and the
change in the labor supply of the generation working at the policy change is
sufficiently small, a reduction in the tax rate may bring about a Pareto improvement.

Three points should be mentioned: First, child care outside the home may require
labor as well as goods as inputs. As shown in Appendix A, assuming identical
individuals, an increase in the tax rate lowers the price of children, as in the case
without labor inputs. However, this consideration will be more important when labor
employed in the child care production outside the home is different from that in
goods production, as assumed in Martinez and Iza (2004). In this case, the uniform
tax rate cum lump-sum benefits pension scheme would involve intragenerational as
well as intergenerational income redistribution. Second, we have assumed that
individuals in each generation are identical. If individual endowments of labor are
varied, effects of a change in the size of a social security system are different from
individual to individual. In this case, consideration of income distribution within
each generation will be important and necessary. Third, we have not considered a
kind of externality generated by a PAYG social security asserted, for example, by
Cigno (1993) and Sinn (1998). PAYG social security may be insurance against those
not having children, while parents may not take into account the externality of
having children on future output. However, these interesting issues in the presence of
market child care must be left to future research.
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Appendix A

Market child care produced with labor and goods

Assume that the production function of market child care is written as

xt ¼ m"
t l
1�"
xt ð32Þ

where mt is market goods purchased and lxt is labor employed, and that individuals
decide how much market child care is produced by employing goods and labor. The
budget constraint becomes

1� tð Þw 1� ztð Þ ¼ ct þ st þ mt þ wlxtð Þ ð33Þ

where mt+wlxt is the spending for the market child care. Labor of individuals, 1−zt,
is employed either in production of market child care, lxt, or in goods production, 1−
zt− lxt. The wage rates in both production sectors are the same by arbitrage.
Assuming that Eq. 2 holds as in the text, the optimal demand plans are obtained in a
similar way as in the text:

ct ¼ 1

1þ g þ r
1� tð Þwþ Ptþ1

r

� �
ð34aÞ

mt ¼ g"b
1þ g þ r

1� tð Þwþ Ptþ1

r

� �
ð34bÞ

lxt ¼ 1

w

gb 1� "ð Þ
1þ g þ r

1� tð Þwþ Ptþ1

r

� �
ð34cÞ

zt ¼ 1

1� tð Þw
g 1� bð Þ
1þ g þ r

1� tð Þwþ Ptþ1

r

� �
ð34dÞ

Making use of the budget equation, we have

st ¼ r
1þ g þ r

1� tð Þw� 1þ g
1þ g þ r

Ptþ1

r
ð35Þ
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In this case, defining the cost of child rearing as

Ct ¼ 1� tð Þwzt þ mt þ wlxt

we have

p ¼ 1

q"b
1� tð Þw"b
1� b

� 1�"b b 1� "ð Þ 1� tð Þ
1� b

� b "�1ð Þ
ð36Þ

from which we obtain dp=dτ ¼ �p 1� βð Þ= 1� τð Þ < 0. Therefore, assuming labor
as well as goods as inputs in the market-child-care production does not alter our
result essentially.

Appendix B

Derivation of dynamic equation (Eq. 16)

Combining Eqs. 14 and 15 (or Eqs. 10 and 12), we have

nt ¼ q
b

1� b
1� tð Þw

� �b
zt ð37Þ

Substituting Eq. 37 into Eq. 14, we obtain

zt ¼ 1� bð Þg
1þ g þ r

1

1� tð Þw 1� tð Þwþ 1� ztþ1ð Þwtq
r

b
1� b

1� tð Þw
� b

zt

" #
ð38Þ

Dividing both sides of Eq. 38 by zt and rearranging them, we have the dynamic
Eq. 16.

Appendix C

Numerical example

We show a numerical example, assuming parameter values of the model as follows:
β ¼ 0:3; θ ¼ 30; γ ¼ 0:1; ρ ¼ 0:3 � 1þ 0:05ð Þ�24

h i
; r ¼ 2:033 � 1þ 0:03ð Þ24

h i
;

and w=1.5.
One period is considered to consist of 25 years. These parameters are set so as to

have the annual growth rate of population equal to about 1.5%, i.e., about 43% per
period, at the tax rate of 20%. The steady state values of variables at various tax rates
are presented in Table 2.
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Table 2 Numerical example

τ z x n η τ/(1−τ) βτ/(1−τ) du/dτ

0.05 0.052 0.031 1.336 0.034 0.053 0.016 −0.450
0.10 0.054 0.031 1.362 0.076 0.111 0.033 −0.419
0.15 0.056 0.030 1.394 0.127 0.176 0.053 −0.375
0.20 0.058 0.030 1.432 0.193 0.250 0.075 −0.312
0.25 0.061 0.030 1.479 0.277 0.333 0.100 −0.224
0.30 0.065 0.029 1.538 0.386 0.429 0.129 −0.100
0.35 0.070 0.029 1.613 0.531 0.538 0.162 0.0787
0.40 0.076 0.029 1.711 0.729 0.667 0.200 0.3361
0.45 0.084 0.030 1.844 1.006 0.818 0.245 0.7128

Time path

0.50105

0.50115

0.50125

0.50135

- 4 - 3 - 2 - 1 0 1 2 3

generation

child-rearing time (z)

Time path

0.876

0.8761

0.8762

- 4 - 3 - 2 - 1 0 1 2 3

generat ion

Utility (u)

a

b

Fig. 2 a Time path of parental child-rearing time. b Lifetime welfare of generations
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The results can be summarized as follows: (1) As Proposition 1 predicts, the
child-rearing time is increasing with the tax rate; (2) at the tax rates from 0.05 to
0.35, as the condition of (2) of Proposition 2 holds, the fertility rate increases with
the tax rate, but the purchases of the market child care decrease because of declining
disposable income; (3) at even higher tax rates, as the tax-rate elasticity of child-
rearing time becomes greater and the condition of (1) of Proposition 2 comes to be
satisfied, the purchases of the market child care come to be increasing with the tax
rate. In this situation, the market child care is purchased with the lowered disposable
income. This reflects the fact that parents try to have many children to raise the
social security benefits when retired; (4) as the weight on the utility from having
children is relatively low in this example, the fertility rate rises with the tax increase.

The last column of Table 2 indicates the steady state welfare change at each tax
rate. At the tax rates from 0.05 to 0.3, the tax increase diminishes the steady state
welfare of individuals, while at the tax rates above 0.35 (up to 0.8, although this is
not shown in the table), the tax increase improves the steady state welfare. It
should be noted that the situation implied in the third column of Table 1 holds at
tax rate 0.35.

Finally, to explain the mechanism of a Pareto improvement, we consider a tax cut
of 0.01 from 82.5%. Suppose that the economy is initially at the steady state, then
that the government cuts the tax rate by 0.01% in period 0. The time paths of the
child-rearing time of individuals and the utility level of each generation are depicted
in Fig. 2a,b, respectively. Although the initial tax rate is not plausible, we can see the
mechanism of the Pareto improvement. As explained in the text, generation −1,
retired in period 0, obtains a windfall of extra benefits because of the increased labor
supply of generation 0.

The simulation analysis of this simple model does not generate plausible values of
endogenous variables for the economy. It is partly because some other factors than
those taken into account in this study affect the dynamics of the model. However, the
conclusion of our study holds at least qualitatively.
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