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Abstract

In this paper we focus our attention on matrix or operator-valued spherical functions
associated to finite groups (G, K), where K is a subgroup of G. We introduce the
notion of matrix-valued spherical functions on G associated to any K-type § € K
by means of solutions of certain associated integral equations. The main properties
of spherical functions are established from their characterization as eigenfunctions
of right convolution multiplication by functions in A[G]X, the algebra of K -central
functions in the group algebra A[G]. The irreducible representations of A[G1X are
closely related to the irreducible spherical functions on G. This allows us to study and
compute spherical functions via the representations of this algebra.

Keywords Matrix-valued spherical functions - Finite groups - Finite Gelfand pairs
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1 Introduction

The theory of scalar-valued spherical functions, or zonal spherical functions, goes
back to the classical papers of E. Cartan and H. Weyl. They showed that spherical
harmonics arise naturally from the study of functions on G /K, where G is the special
orthogonal group in Euclidean n-space and K consists of those transformations in
G which leave a given vector invariant. This study is carried out using methods of
group representations. However, to develop a theory applicable to larger classes of
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“special functions", it is necessary to consider other families of pairs (G, K). The
first general results were obtained in 1950 by Gelfand [11], who considered zonal
spherical functions on a Riemannian symmetric pair (G, K). Shortly thereafter, the
fundamental papers of Godement [12] and Harish-Chandra [15, 16] on spherical trace
functions appeared.

In the context of finite groups, Travis in [21], considers trace spherical functions
based on the paper of Godement. Brender in [2] also deals with these complex-valued
spherical functions and computes those corresponding to the pair of symmetric groups
(Gn, Gp—1).

Stanton, in the survey paper [18], studies scalar values spherical functions for
Chevalley groups over the finite fields GF (g). It is well known that zonal spherical
functions on rank one compact symmetric spaces lead to classical orthogonal poly-
nomials. Instead, Stanton considers a finite group G of automorphisms of a finite
metric space X and assumes that the metric is integer-valued and that X is a two-point
homogeneous G-space. Under these general hypotheses, the spherical functions are
certain sets of discrete orthogonal polynomials, given by basic hypergeometric series,
or g-series. We refer to the book by Terras [19] for a comprehensive introduction to
zonal spherical functions on finite groups.

More recently, in [6] Ceccherini-Sliberstein, Scarabotti, and Tolli consider finite
Gelfand pairs and study spherical functions associated to them. These functions are
also complex-valued and they are associated to the trivial representation of K. Later
in Chapter 13 of [5] they develop a theory of complex-valued spherical functions
associated with a multiplicity-free induced one-dimensional representation.

Following Godement’s work, in [20] and later in [10] the emphasis was put on to
work directly with the spherical functions associated to an irreducible representation
of alocally compact or a Lie group G rather than with their traces, giving an intrinsic
definition of them. Over time, this point of view has proven to be very fruitful in
developing research on matrix special functions, matrix orthogonal polynomials, time
and band limiting problems, and matrix differential operators, among others.

The first example of these connections was the seminal paper [13] on spherical
matrix functions associated to the complex projective plane SU(3)/S(U(2) x U(1)),
where a rich connection with matrix orthogonal polynomial was established. See also
[14]. After this, many papers on spherical functions and matrix orthogonal polynomials
have appeared involving different Lie groups and Gelfand pairs (G, K).

The present paper is the starting point for the study of matrix valued spherical
functions on finite groups. We focus on matrix or operator-valued spherical functions
associated to finite pairs (G, K). These functions arise by considering any irreducible
representation § of K. The particular case when § is the trivial representation corre-
sponds to classical spherical functions mentioned before.

The definition of a spherical function is based on an interesting functional equation
that replaces the multiplicative property of a representation of a group G.

Let G be a finite group and let K be a subgroup of G. Let K denote the set of all
equivalence classes of complex finite dimensional irreducible representations of K;
foreach s € K , let &5 denote the character of 8, d(8) the degree of §, i.e. the dimension
of any representation in the class 8, and xs = d(8)&;s.
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We shall denote by V a finite dimensional vector space over the field C of complex
numbers and by End(V') the space of all linear transformations of V into V.

We define a matrix valued spherical function ® : G — End(V) of type § € K as
a solution of the functional equation

1
P)D(y) = — Y x5k )P (xky), ()

Kl (%

for all x, y € G, where x5 = d(6)&s, d(8) and &; are respectively the dimension and
the character of §, (Definition 3.1).

The algebra A[G]X, of K -central functions in the group algebra A[G], is one of the
main character in the theory of matrix valued spherical functions of finite groups. It
plays a similar role as the subalgebra D(G)X of right invariant differential operators
under K in the algebra of all left invariant differential operators on a connected Lie
group G, with K a compact subgroup.

The main properties of matrix valued spherical functions ® are obtained from their
characterization as eigenfunctions of the convolution operators ® — & x f, for all
f € A[G1X. More precisely,

(© % f)(g) = PP * f)le), forallg e G, f e AIGIK. 2

The equivalence between Egs. (1) and (2), given in Theorem 3.6, is original and
highly nontrivial.

The irreducible representations of the algebra A[G]X are closely related to the
irreducible spherical functions on G. This allows us to study and compute spherical
functions through the representations of this algebra. First of all, we prove that A[G]X
is a direct sum of certain subalgebras,

AIGI* = @ 4§16,

sek

where AX[G] = As[G]1 N A[GIX and As[G] = (f € AIG] : Xs* f = f*Xs =

IK|f}.
Given a spherical function ® : G — End(V) of type § € K, the map

fr @) =) f(@P(g) = (P fe)

geG

is a representation of the algebra As[G], where f (g) = f(g~"). Moreover, we prove
that all irreducible representations of this algebra are obtained in this way from an
irreducible spherical function @ of type §. See Theorem 4.4. We also prove that any
irreducible representation of the algebra Af [G] can be obtain from an irreducible
spherical function of type §. (Theorem 4.13).

Irreducible spherical functions of a pair (G, K) also arise in a natural way upon
considering irreducible representations of G. Let (V, p) be an irreducible represen-
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tation of G in a vector space V and let Ps be the projection of V onto the isotypical
component of type 8. For g € G,

D(g) = Psp(g)Ps

is an irreducible spherical function of G of type §. Another main result in the paper
is that all irreducible spherical functions can be obtained in this way, the proof is
demanding and given in Theorem 7.1.

In a forthcoming paper, we describe all spherical functions of the pairs of symmetric
groups (G, K) = (6,6, x &) for m = 1,2. It is known that A[G1K =
AKX [x] respectively A[G1X = AKX [x, v]. An important and new consequence
is an interesting presentation of this algebra by generators and relations.

This paper is organized as follows. In Sect.2 we briefly recall some basic facts on
the representation theory of finite groups. In Sect. 3 we give the precise definition and
the generalities of spherical functions. We prove different characterizations of such
functions: one as eigenfunctions of certain convolution operators (Theorem 3.6) and
another as functions canonically associated to pairs (o, ) € G x K where 7 is a
subrepresentation of p, (Theorem 3.13). An alternative definition of spherical function
is also given in Definition 3.12.

In Sect.4 we study the algebras A5[G], A§< [G] and A[G]¥ and we characterize
their irreducible representations in terms of irreducible spherical functions on G.
Furthermore, we prove that Af [G] is a semisimple algebra with identity: it is a direct
sum of complex matrix algebras.

We consider the particular case when A(f [G] is a commutative algebra and we
prove that this happens precisely when all spherical functions of type § are of height
one.

In Sect. 5 we study the relation between spherical functions and Gelfand pairs. We
say that (G, K) is a Gelfand pair if the algebra A[G1¥*K of bi-K -invariant functions
on G is commutative, while it is a strong Gelfand pair if A{G]X is commutative. We
prove that for a strong Gelfand pair (G, K), the set of all irreducible spherical functions
of (G, K) are in a one to one correspondence with the set of all K-conjugacy classes
in G. Finally in Sect.6 we compute the spherical Plancherel measure of (G, K),
generalizing the classical Plancherel identity of a finite group, and we give the inverse
spherical transform.

The classic theory of spherical functions associated with Gelfand pairs has numer-
ous connections with classical special functions. We look forward to obtain soon
concrete examples of discrete matrix orthogonal polynomials from these matrix val-
ued spherical functions.

2 Background on Representation Theory of Finite Groups

Let G be a finite group and let G denote the set of all equivalence classes of complex
finite dimensional irreducible representations of G.
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The group algebra A[G] of a finite group, is the associative algebra of all complex-
valued functions on G, with the convolution product

fix )@= filgx N =Y i) fax""g), forall fi, fr € A[G].

xeG xeG

3

The algebra A[G] bears the left and right regular representations L and R of G
defined by (Lg f)(x) = f(g~'x) and (Rg f)(x) = f(xg). If §; denotes the delta
function at g, it is not difficult to see that Lg(f) = &g * f and Rg(f) = f * 84-1,
for all f € A[G], and g € G. We also have in A[G] a left and right invariant inner
product given by ( f1, f2) = deG f1(g) f2(g). Moreover A[G] is a G x G-module
with the representation L ® R, given by

(L R)(x, M f)(©) = (LiRyf)(g) = fF(x ' gy). 4

Let p be a unitary irreducible finite dimensional representation of G on V,,. Given
v, w € V), the function p, ,(g) = (p(g)w, v) for all g € G, is the matrix coefficient
puv,w of the representation p. The map w — p,_,, is an injective intertwining operator
from V, to (A[G], R) and also the map v > py , is an injective intertwining operator
from V,, to (A[G], L).

We denote with E,, the complex subspace of A[G] generated by all matrix coeffi-
cients of p. By Schur’s orthogonality relations we have that £, and E,, are orthogonal
subspaces when p and o are not equivalent and

|G|
d(p)

(v, Pvrw) = Y PV, w) (P, w) = —— (v, V') (w', w),
xeG

forall v, w, v, w’ € V,,

where d(§) is the dimension of §. Let &, be the character of p € G and Xo =d(p)é,.
Foro, p € G, itis easy to prove that

|Glx, ifp=o,
%k = 5
Xo * Xo {O in other cases. ©)
Let (V,, p) be a unitary finite dimensional representation of G and let K be a sub-
group of G. Thus V,, = } ;0 msVs. The sum of all submodules of type § appearing
in the decomposition of V), is called the §-isotypic component of V,, and ms is the
multiplicity of Vj in V,. The linear operator

1

Ps = —
rq

D xs k™ pk) 6)

keK

is the orthogonal projection of V), onto the §-isotypic component V/s).
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If (V,, p) is an irreducible representation of G, then the contragradient represen-
tation (V,y, p') is defined in V,» = V] the dual vector space of V,, by

(0" (@M () = A(p(g Hv), forall ge G, reV/, ve V.

Given A € V;), w € V, we consider p; ,, € A[G], given by p; (g) = A(p(g)w).
We know that there exists a unique v € V, such that A(w) = (w, v) forall w € V.
Thus, px,» = puv,w 18 the matrix coefficient associated to the elements v, w € V,,.

Since Ly Ry 05w = Pp'(x)r,p(y)w WE have that the linear map A @ w = py y is a
G x G-morphism. Moreover, V/; ® V, is G x G-irreducible, because it is the tensor
product of two irreducible G-modules. Therefore

V'(/) ® Vp —> A[G] AQ W Py @)

is an injective G x G-morphism and Vﬁ’) ® V, can be identified with E,, the space of
p-matrix coefficients in A[G]. These G x G-modules are orthogonal to each other.

Theorem 2.1 (Peter—Weyl theorem) If G is a finite group, then

AlGI=EPV,®V,
peG

where the sum on the right-hand side is an orthogonal direct sum of irreducible G x G-
modules. Moreover L ® R = @peé o X p.

Let us observe that the orthogonal projection P of A[G] onto Vﬁg ® V), is given by

1

1
PfZ—Xp*fzﬁ

iG] I * Xp ®)

and ﬁ X, 1s the identity of the two-sided ideal V/; ® V, of A[G]. Therefore A[G] is

a semisimple algebra since V/Q ® V) is a matrix algebra.

A function f € A[G]is central if f(xy) = f(yx)forallx, y € G.In other words,
if it is constant on each conjugacy class of G. Let A[G]¢ be the space of all central
functions on G. Therefore A[G]€ is the center of the group algebra A[G]. Let C(G)
be the set of all conjugacy classes of G.

Corollary 2.2 If p is an irreducible representation of G and let &, be its character:
Then {&,:p € é} is a basis of A[G1°. In particular |G| = |C(G)].

Now we introduce the subalgebra of all K-central functions f in A[G], that is
flkxk™") = f(x) forallx € Gandk € K,

A[G]Kz{feA[G]:Sk*fzf*Sk, forall k € K}. )

This subalgebra of A[G] will play a crucial role in the theory of spherical functions
of finite groups. For the benefit of the reader we remind the following notations: If
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oceGandw € K leto’ (resp. ') be the contragredient representation of o (resp.
), and let (V) (resp. (Vo) (x)) be the 7’ (resp. 1) -isotypic component of (V)
(resp. Vo).

Proposition 2.3 We have

AGIE = P (VD) ® Vo)m)”

oeG,mrekK

where the summands on the right are two-sided ideals. In particular the algebra A[G1¥
is semisimple.

Proof We have that A[G] = _~ V. ® Vo =~ _~End(V,). Then

ceG "0 oeG

K
A[G]¥ = @ Endk (Vo) = @ P Endk (Vo)) = D (VD)) ® (Vo)) -
oel oeG ek o,z

Let f € (Vé)(n/) ® (Vo)) and h € (V/;)((;/) ® (Vp)s), witho, p € G. Then we
get f+xh =0,foro # p.Inthecaseoc = pandxw, 4§ € 13,77 # & we can take {v,}

and {w; } orthonormal bases of (V) () and (V,)s), respectively. Let {1,} and {u;} be
the dual basis of (V) and (V/;)(gf), respectively. We compute

(O ® v5) * (i ®W))(Q) = Y Ar(0(gX)vs)pi (0 (x ™ Hw))
xeG

=Y (p(x)s. v (o Hwj, wi) = Y (o (x)vs. o (g™ Hvr) o wy, w;) =0,
xeG xeG

by Schur orthogonality relations. Hence (V) ) ® (Vo) () is anideal in A[G]. There-

fore ((V(;)(ﬂ/) ® (Vg)(n))K is an ideal in A[G]X, which is isomorphic to the matrix
algebra Endx ((V5)(x)). This completes the proof. O

If o is anirreducible finite dimensional representation of G we extend it to a function
o of A[G] into End(V,) by

o(f)=) f®o(e., feAlGl

geG

Proposition2.4 If o € G, then the linear map f +— o(f) is an irreducible repre-
sentation of A[G]. Conversely, if L is an irreducible representation of A[G], then
L extends some o € G. Therefore there is a bijective correspondence between the
irreducible representations of G and those of its group algebra.

Moreover, the set of all irreducible representations of A[G] separates points. In
other words, if f € A[G]lando(f) =0forallo € G, then f=0.
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Proof The first assertion follows at once upon observing that 0(§g) = o(g). To
prove the second one let 0 # f € A[G]. From the Peter-Weyl theorem, we can
write f = Zpeé fp with f, € V; ® V,. By hypothesis f,» # 0 for some o €
G. If {v;} is an orthonormal basis of V,/, then f,/(g) = Zi,j a; j{o' (g, vj) =
>ij ai,j{o(g)vi, v;). From the orthogonality relations we get

(@ (s, vr) = D for (@) (@5, vr) = Y aij Y {0(@)vi, v} o ()vs, vy)

8eG ij geG
_ 16,
d(U) S,r-
Therefore o (f) # 0, and this completes the proof. O

Let (V,, p) be an irreducible representation of G then (V/, p’), the contragradient
representation of p is also an irreducible representation of G. From Proposition 2.4 we
have that p’ : A[G] — End(Vﬁ;) is an algebra homorphism. Therefore itis a (G x G)-
morphism. Recall that in A[G] the action of G is given by L(g)f = J, * f and
R(g)f = f 3,1 and End(V,) becomes a G x G-module by defining (g1, g2) - T =

p(eNTp(gy ).

Proposition 2.5 The linear map p' : V, ® V, — End(V)) is a G x G-algebra
isomorphism.

Proof We already know that o’ : A[G] — End(V/)) is an algebra homomorphism and
that V, ® V,, is a two-sided ideal in A[G] with ﬁ X, as an identity. Now we have that
p/(ﬁxp) = I is the identity of V/, because for A € V, and v € V,, we get

P (7G1%0) ) () = /\(ﬁ > xp(g)p(g‘l)v) = A(v).
geG

Therefore p’ : V,®V, — End(V,) is anonzero G x G-morphism between irreducible
modules, thus it is an isomorphism. O

3 Spherical Functions

A zonal spherical function ¢ on G is a complex valued function which satisfies p(e) =
1 and

1
PPy = — Y ¢(xky) x,y€G. (10)
|K| keK

A fruitful generalization of the above concept is given in the following definition.

Definition 3.1 A spherical function ® on G of type § € K is a function ® : G —
End(V) such that
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1) ®(e) =1 =1y : V — V the identity transformation of V),

.. 1 _
00¢ummo=ﬁa§:m@ YD (xky), forall x, y € G.
keK

As an immediate consequence of the definition of a spherical function, we have the
following result.

Proposition 3.2 [f ® : G — End(V) is a spherical function of type § then:

1) P(kighkr) = @ (k1)P(g)P(k2), forall ki, kr € K, g € G,
(i) k +— D (k) is a representation of K such that any irreducible subrepresentation
belongs to 4.

Proof Letk; € K and g € G. From the definition we have

1 1
(ki) = 2P (kix) = 17m D xsk T (kkix) = i D s k™D (kikx)

|K |K
keK keK
= O (k) D(x).

In the same way we prove that ® (xky) = & (x)D(kp).
Now we observe that from part i) and ®(e) = I, we have @ (k1k2) = P (k1) P (kp),
therefore k — @ (k) is a representation of K. By definition we get

1

[ =d()d(e) = —
(e)@(e) K]

> sk Ho ),

keK

and by (6) the right-hand side is the orthogonal projection of V onto the isotypical
component of type § under the representation k — & (k). Thus, we have that I = Ps,
and therefore all irreducible subrepresentations of k — & (k) are of type 4. O

Remark 3.3 Concerning the definition let us point out that the spherical function ®
determines its type univocally (Proposition 3.2) and the number of times that § occurs
in the representation k +— @ (k) is called the height of ®.

When X is a subgroup contained in the center of G a spherical function ® on G is
nothing but a representation of G. In fact we have for all x, y € G:

1
IK]

1

Px)P(y) = Kl

> x5k (xky) =

keK

D xkTHe @D (xy) = D(xy).

keK

Therefore when K = {e} the spherical functions on G are precisely the finite dimen-
sional representations of G and when G is abelian or G = K, the spherical functions
are the finite dimensional representations of G which satisfy that all irreducible sub-
representations are equivalent to each other.

A spherical function ® : G — End(V) is said to be irreducible if the only subspaces
of V invariant under the set of linear transformations {®(g) : g € G} are 0 and V.
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Proposition 3.4 Any spherical function ® of type § is the direct sum of irreducible
spherical functions of type 6.

Proof Let (-, -) be an inner product on V and define (u, v) = deG(tb(g)u, D(g)v).
Then it is easy to see that (-, -) is an inner product such that

(@(xX)u,v) = (u, ®(x ") forallx € G. (11)

If U < V isaninvariant subspace under ®(g) forall g € G and U’ is the orthogonal
complement of U with respect to the inner product (-, -), then it follows from (11) that
U’ is also invariant. We complete the proof by induction on dim V. O

Let ¢ be a complex-valued solution of equation (10). If ¢ is not identically zero then
@(e) = 1. (cf. [17], Proposition 2.2, p. 400). This result generalizes in the following
way.

Proposition 3.5 Let ® be an End(V)-valued nonzero solution of equation ii) in Defi-
nition 3.1. If ® is irreducible, then ®(e) = I.

Proof See Proposition 1.3 in[20]. For v € V, the vector space W,, spanned by {®(g)v :
g € G}is ®(G)-invariant, therefore W, is either 0 or V. Hence, we can choose v € V
such that W, = V. We also have,

1
OO = = > (D xsk sy ') @ (xkry)
| | keK kiek

1
= — Y sk HP(xkiy) = D) (),

|K| keK

where we have used that xs % xs = |K|xs. Thus ®(x)®(e) = ®(x) and in particular
®(e) is a non-zero projection. On the other hand, if ®(e)®(y) # P(y) for some
y € G, then there exists v € V such that (®(e)®(y) — ®(y))v # 0. Hence, by
irreducibility, the linear space {w € V : ®(x)w = Oforall x € G} = V, which is
a contradiction. Therefore ®(e)®(y) = ®(y) forall y € G and P (e) is a projection
that commutes with @ (x) for all x € G. Once again by irreducibility ®(e) = I. This
completes the proof of the proposition. O

The matrix valued spherical functions associated to a connected semisimple Lie
group G and K a compact subgroup can be characterized as eigenfunctions of the
subalgebra D(G)X of right invariant differential operators under K in the algebra of
all left invariant differential operators on G. In the case of finite groups, we can obtain
a similar result: the spherical functions are eigenfunctions of operators defined from
the subalgebra A[G1¥ of K-central functions on A[G].

Given f € A[G]wedenote by D s the right multiplication by f on A[G], where f is
defined by f(g) = f(gfl). The map D : A[G] — End(A[G]) givenby D(f) = Dy
is a representation of the algebra A[G] on the vector space A[G]. For a function
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® : G — End(V) we extend this definition by D ¢ (P) = & * f, ie.

[Ds®1(2) = (@ ) =) flg” D)D)

xeG

For any f € A[G]X, the operator D 7 is left invariant under G and right invariant
under K,ie. LgDy = DyL,and Dy Ry = RyDy forg € G,k € K.

The main goal of the rest of this section is to prove the following characterization
of a spherical function on G of K-type §.

Theorem 3.6 A function ® : G — End(V) is a spherical function of type § if and
only if
@) ®(e) =1,
(i) P(kigks) = P(k1)P(g)P (k) forallki, kr € K, g € G,
(iii) [Dy®I(g) = P(g) [DsP(e) forall f € A[G]X,
(iv) the restriction m = ®|, as a representation of K is equivalent to a direct sum of
copies of §.

We start by proving the following proposition, which completes the proof that a
spherical function ® : G — End(V) of type § € K satisfies conditions (i) - (iv) in
Theorem 3.6.

Proposition 3.7 If ® : G — End(V) is a spherical function then
[Dy®@I(g) = P(g) [DyPI(e),

forall f € A[G]X, g € G.

Proof By using that [D y®](e) = (P f)(e) we have that for f € A[G]X

1
D()[DsPle) = D(g) Y P f() = X DY xskH ey k)
yveG veG kekK

since f is a K-central function

1 <
T K| DD whTHo@yk f() =) By f() = (@ (@) = [(DrI(g).
veG kekK yeG

This concludes the proof of the proposition. O

To give a proof of the converse of Theorem 3.6, we will show that for certain
functions @ the condition (iii) in this theorem is equivalent to identity (ii) in Definition
3.1. See Theorem 3.11 below. For this purpose, we introduce a function W closely
related with @, which in fact could be taken as an alternative way to handle the
concept of spherical function.
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Let (V, ) be a finite dimensional representation of K that it is a multiple of § K.
We consider the following vector spaces

={®: G — End(V) : P(kigkr) = (k) P(g)m(k2)},
={¥:G — Endg (V) : Wis K-central and x5 * ¥ = |K| V}.

Proposition 3.8 For ® € A and ¥ € B, we define the linear maps T and S by

d(8)?
|K|

1
(TP)(g) = T4l r()®(Qm(k™") and (S¥)(g) =
keK

> wwk'g).

keK
Then T is an isomorphism of A onto B and S is the inverse of T.

Proof If ® € A we will see that T® € B: It is clear that (T ®)(g) € Endg (V) for all
g € G, and that T ® is a K-central function. Furthermore 7 & satisfies x5 x (T ®) =
|K|T ®:

1
(s % (TP =— > xsR)mk) @Kk Q)m(k; ")

|K| k,kieK
_ -1
—kgmko(m > xsm k) e@m ki)
=Y wk)®(@mk; ) = [K|(TD)(g),

k1eK

since IITI Y kek xs (k)7 (k=) = I.On the other hand, if U € B then S¥ € A. In fact,

(SW)(kigka) = “kigky) = kg
|K| keK |K| keK
d(8)?
= |(K)| > wlkikky) W (k')
keK
_d©)?

7 (k1) Z T ()W (k™' @) (ko) = 7 (k1) (SW) ()7 (ka),

K] kek

we have used that, by hypothesis, 7w (k)W (g) = W(g)m (k) forallg € Gand k € K.
To see that S is a right inverse of T we take W € 3 and we observe that

d(8)?

(TSW)(g) = KIE

DO wlkm ) Wik 9wkt

kieK kreK

d 8
Lk D0 mlkakok HWik; ).

koeK k1eK
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Now we note

Klxs k
Y ko) = E0C) ;((;)(22)

ki1ekK

(12)

In fact, by Schur’s Lemma ZkleK 8(k1k2k1_1) = c(kp)Is for some c(ky) € C. By
taking trace in both sides we obtain, | K |£5(k2) = c(k2)d(8). Since 7 is a direct sum
of copies of 4, (12) follows. Therefore

1

1
TSV = 0 - a6 ¥s ' 9) = G (@) = V).
kreK

This proves that S is a right inverse of 7. To see that S is a left inverse of T we take
® € A, then we get

d(s)?

STP)(g) = K

>0 wknm )@k 9w ky )

k1€K kreK

D atknmtk)m g Ho(@)mk; )

ki1€eK kreK

1
=i D wk) ()T ky ) = D(g).
kyeK

_d©)?
e

This completes the proof of the proposition. O

Remark 3.9 If (C, 1) is the trivial one dimensional representation of K, then A =
B = A[G1¥*K and T = S = I. In fact, that A = A[G]¥*K is obvious. More-
over if W is a K-central function such that x; * ¥ = |K|W, then (x1 * ¥)(g) =
Y kek X1 k~HWw(kg) = Y kex Y(kg) = |K|W(g). Therefore W is K-left invariant,
and since W is K-central it is also K -right invariant. Conversely, A[GIX*K < B is
obvious. Then T = § = I is a straightforward consequence of the definitions.

In particular, if ¢ is a zonal spherical function, then ¢ = T¢ = .

Lemma3.10 Let ¥ : G — End(V) be K-central. If ¥ satisfies [D y¥](e) = 0 for
all f € A[G1X, then ¥ = 0.
Proof If f € A[G], let f°(g) = ﬁZkeK f(kgk™"). Then f +— f° is the K-
projection of A[G] onto A[G]X.If f € A[G] we have [D;W](e) = (¥ * He) =
deG W(g) f(g). Therefore

1 1
[DsWl(e) = = SN Wikigky D fkigk ) = = Do W@ ftkigkh
| | kieK geG | | geGkiek
=) W) f°(g) =Dy Wl(e) =0 (13)
geG
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for all f € A[G], by hypothesis. In particular, by taking f = §, it follows W(g) =0
for any g € G. O

Theorem 3.11 Let ® € Aand W = T ®. Then the following conditions are equivalent:

(i) W satisfies the functional equation

1

V)W) = —
(D)W (y) K]

Z lIl(kxk_ly), forallx,y € G.
keK

(ii)  satisfies the functional equation

1

SO0 =

Z X,;(k_l)CD(xky), forallx,y € G.
keK

(iii) forall f € A[G1X

[Df®](x) = ®(x)[D;Pl(e), forallx € G.
(v) forall f € A[G]X

[D¥](x) = Wx)[Dr¥l(e), forallx eG.

Proof (i) = (ii). By assumption ® = SW, then

d()* - _
*WOY) = T > wk) Wk )Wk y)
ki,krekK
d()* 1 —1,—1
= Kp > wkika) Y WkkxkT k)
ki,kpeK keK
d®)* PP
= TKF > wlaky) Y Wik kkyxkT!y)
k,k1,koeK keK
d(3)* IR
= K2 > wk) @ (ki xky)
k,k1eK
d()* - _
= K7 > wlkikky Yok y)
k.kieK
1
=X > xs ()@ (xk!y),
keK

in the last equality, we have used (12).
(i1) = (iii). This was proved in Proposition 3.7.
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(ii) = (iv). For f € A[G]X, we have

[DfWi(e) =Y Wy f(y) = —ZZcb(kyk )f ()

yeG )eG keK

= Z D P =Dyl

)eG keK

and

7 (R)[Dy @) (k™") =m(k) Y P f(wCk™")

yeG

=Y Okyk ) f() =Y PO f() = [DsPl(e).

yeG veG

We also have,

[DrW](x) =) W(xy)f(y) = X Z Y P (xy) f(mk")

veG veG kekK

1
|K|k6Kn(k>[Df<b]<x)n(k )
=5 7 (k)@ (x)[Dd)(e)m (k™1

keK
= V@) [DsPl(e) = W(x)[DyW¥](e).

(iv) = (i). We observe that for any x € G the function

W)W (y) - ﬁ D wlkxk™'y)
keK

is K-central as a function of y. If we apply the operator D to it and evaluate at the
identity e € G we obtain

1 _
W(x)[D;W¥](e) — X Z W (kxk~H[Dw](e) = 0.
keK
Therefore, by applying Lemma 3.10, (i) follows. O
Now we are in condition to complete the proof of Theorem 3.6.

Proof of Theorem 3.6 If ® : G — End(V) is a spherical function of type § € K then
(i) holds by definition, (ii) and (iv) follow from Proposition 3.2 and (iii) follows from
Proposition 3.7.
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For the converse, if a function ® : G — End(V) satisfies (i) - (iv) then ® belongs
to the vector space A, with m = ®|x and satisfies (iii) in Theorem 3.11, which is
equivalent to the functional equation defining a spherical function of type §. O

If ® : G — End(V) is a spherical function of type § and height p, then the function

V=T®:G— Endg(V) >~ Mat,y,(C)

should be considered as the other face of the same coin: O

Proposition 3.12 The function ¥ : G —> Mat,« ,(C) satisfies
1) V() =1,
(i) xs * ¥ = |K|V¥,

1
(iil) W(x)W(y) = —

K] Z \Il(kxkfly),forallx, yeG.

keK

Spherical functions of a pair (G, K) arise in a natural way upon considering rep-
resentations of G. If (V, p) is a representation of G in a vector space V that contains
the K-type §, we recall that

1

Ps = —
rq

> xskHpk)

keK
is the K -projection of V onto Vs, the isotypical component of type 8. (See (6)).

Theorem 3.13 Let (V, p) be a finite dimensional irreducible representation of G that
contains the K -type 8. Then ®(g) = Psp(g)Ps, g € G, is an irreducible spherical
function of G of type 8. Conversely, any irreducible spherical function of the pair
(G, K) is of this form.

Proof In fact, if v € V(5) we have

1
Q)P (y)v = Psp(x)Psp(y)a = T4l D sk Pspx)p(k)p(y)v
keK

I )
— (ﬁ kZK 1K HD(xky) Jo.

To prove that & is irreducible let W be a nonzero ® (G)-invariant subspace of V(s
and let Q be a ®(G)-projection of V(5) onto W. Then

0= Psp(g)QPs — QPsp(g)QPs = (I — Q)P5sp(g)QPs

(I=identity transformation of V(s)). Since the linear span {p(g)a : a € W) =V, it

follows that / = Q which completes the proof of the first part of the proposition.
The last part of the statement is proved in the Appendix at the end of the paper
because we need more sophisticated tools which will be developed in the next sections.
O
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4 Spherical Functions and Representations of Algebras

We extend to A[G] any function ® : G — End(V) by defining

®: A[G] — End(V),  ®(f)= D f(©)P(g).

geG

Observe that ®(f) = (D * f)(e) and ®(8,) = P(g), forall g € G.

Definition 4.1 Lets € 12, and x5 = d(8)&s where &5 is the character of §. We introduce
the following subalgebra of A[G]

AslGl={f € AlG] : Xsx [ = f*Xs =|KI| [}
Observe that ﬁys is an identity of A5[G].

Lemma4.2 The map P : f — ﬁys * f % X5 is a linear projection of A[G] onto
AslG.

Proof We get x5 xxs = |K|X5. Therefore for all f € A[G] we have P2(f) = P(f)
and P(f) € As[G]. Moreover if f € As[G] then X5 * f * X5 = |K|> f. Thus
f = P(f) and the proof is completed. O

Proposition 4.3 Let ® : G — End(V) be a function such that xs * ® = O * x5 =
|K| ®. Then ® satisfies the functional equation

1

WM =

> Xk Hd (xky),

keK
if and only if ® is a representation of As[G].

Proof Let f € A[G], then ®(f) = deG f(@)P(g) = (P f)(e). Therefore

D5 x f*As) = (P Tsx f*%5))e) = (D (xs % f * x5))(e)
= K[ (D * f % xs)(e) (14)
= K| (xs % D * f)le) = |KI* (@ f)(e) = |K|> D(f),

where we have used that (f « h)Y =i % f,%s = xs and (f * h)(e) = (h % f)(e).
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Now, by using (14) we obtain

D(Grs*f *Xs5) * (Xs *h % X))
= K| Dy % [+ X5 ¥ hx Xs) = IKI> D(f X5 %)
=|KP Y (f*Xs x MO =1KP Y Y (f # X))~ y)®(y)

yeG yveG xeG

=1KP Y Y fak X (k)h(y) D (xy)

veG xeG kekK

=K Y form( Y % 15k xky)).

yeG xeG keK

On the other hand, by (14) we have

D (x5 * fxA5) POs % h* Xs)
= [K[*o(H)Dh) = [KI* DY FERG)P @)D ().

xeG yeG
Now the proposition follows immediately. O

We are in a position to state a very important result that establishes a close connec-
tion between spherical functions of type § and representations of the algebra A;[G].

Theorem 4.4 If ® is an irreducible spherical function of type § € K, then the linear
map

O:f> Y [P

geG

is an irreducible representation of As[G). Conversely, if L is an irreducible represen-
tation of As[G], then L is the representation ® defined by an irreducible spherical
function ® of G of type é.

Proof Let ® : G — End(V) be an irreducible spherical function of type 8. Then

(@*xs)(9) = ) ®ghxsk ™) = @(e) ) @Mxsk™) = [KI D). (15

keK keK

because @, is a direct sum of representations of K all in the class § and then
ﬁ D kek xs (k1)@ (k) = I by (6). Similarly, we get that x5 + ® = |K|®.

Now, by Proposition 4.3, we have that ® : A;[G] — End(V) is a representation
of As[G]. Since ®(5;) = P (g) the irreducibility of a spherical function is equivalent
to the irreducibility of the representation ® of As[G].
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Conversely, let L : As[G] — End(V) be an irreducible representation of As[G].
Let ® be the End(V)-valued function on G defined by

O() = L(Xs*8g % Xs)-

K

If f € A[G], then f = Zg f(g)d;. Thus by linearity, we have

LXs* f*Xs) =Y F@LXs*8 %Xs) = |KI* Y f(2)0(g) = K[> O(f).

geG geG

Therefore if f € As[G],then ®(f) =
of A5[G].

Let ® = ﬁ){g * O % x5. Thus x5 * ® = & *x xs = |K| . We also have, for all
J € AslG]

IK\Z L(xs* f+*x5) = L(f)isarepresentation

O(f) = (@* ) = —=(xs% O x x5 % f)(e) = |2(®*xa*f*xa)(e)

1
|K |2 K

|K|2(®*(Xa*f*X5) )(e) = (© x f)(e) = O(f) = L(f).

Therefore @ is an irreducible representation of the algebra As[G]. By Proposition 4.3
and Proposition 3.5, we have that @ is an irreducible spherical function of type é such
that @ (f) = L(f) forall f € As[G]. O

Corollary 4.5 The irreducible representations of As[G] separate points.

Proof Let 0 # f € As[G]. From Proposition 2.4 there exists p € G such that
p(f) # 0. By hypothesis f = ﬁys * f x x5. Therefore

p(f) = |K|2,0(X5)p(f)p()(a) = ®(f) #0,

where @ is the spherical function of type § associated to p. O

We say that the spherical functions ® : G — End(V) and &; : G — End(V})
are equivalent if there exists a linear isomorphism 7 : V — V; such that ®;(g)7T =
TP (g),forall g € G.

Proposition 4.6 The irreducible spherical functions ® : G — End(V)and ®1 : G —
End (V1) of type & are equivalent, if and only if the corresponding representations
® : A5[G] — End(V) and ®; : As[G] — End(Vy) are equivalent.

Proof Let T be an isomorphism of V onto Vi such that ®{(f) = T®(f)T ! for all
f € As[G]. Then, using (14), we have

i(f) = Dy (Xs * f*X5) = TOXs* f*X)T ' =TT

IKP? IKJ?

Birkhauser



48  Page 20 of 37 Journal of Fourier Analysis and Applications (2024) 30:48

for any f € A[G]. Therefore ®{(g) = T®(g)T ! for all g € G. The converse
assertion is obvious. O

As a corollary of Theorem 4.4 and Proposition 4.6 we obtain the following result.

Proposition 4.7 The irreducible spherical functions ® and ®1 are equivalent if and
only iftr ®(g) = tr &1(g) forall g € G.

Proof Itisobvious thatif ® and ® are equivalent they have the same trace. Conversely,
since in particular tr ® (k) = tr (k) forall k € K, ® and ®; are of the same K-type
8. Moreover, tr ®(g) = tr &1(g) for all g € G, implies that tr () = tr &((f) for
all f € As[G]. Since ® and & are two irreducible finite dimensional representations
of an associative algebra over C having the same trace they are equivalent. Hence, by
Proposition 4.6 the spherical functions ® and & are equivalent. O

Recall that A[G]X denotes the subalgebra of A[G] of all K -central functions. Let
us define

AK[G]1 = A[G1X N A5[G] and  As[K] = A[K]N As[G]. (16)

Hence Af[G] and As[K] are subalgebras of As[G] with identity ﬁm.
We also observe that

As[K] = A[K] % X5. a7

Infactif f € A[K]NAs[G], then f = |Tl\f*78 € A[K]xxs = As[K]. Conversely,
forany f € A[K]wehave f x5 = X5* f because xs is a K-central function. Then
f * X5 € As[G] N A[K]. In particular, we obtain that As[K] is a two-sided ideal in
A[K].

If § = 1 is the trivial representation of K, then A;[G] = A[G]¥*K = AK[G]. In

fact, (x1 * f)(g) = |K|f(g) (respectively f «x; = |K|f ) is equivalent to f being
K-left invariant (resp. K -right invariant). On the other hand, A[G]¥*K < AK[G] <
A[G] = A[G]K*K,

Lemma4.8 Lets € 1% ifV=Vs®---®Vsas K-modulesand A(T)y=T&---&T
for T € End(Vy), then the linear map p : Endg (V) ® End(Vs) — End(V) defined
by p(S®T) = SA(T) = A(T)S is a surjective isomorphism of algebras.

Proof Let {v;} be a basis of Vs and wij =(,...,0,v;,0,...,0) the element v; in
the j'-position. Then {wij} is a basis of V. Given an ordered pair (j, k) let S; x €
End(V) be defined by Sj,k(wl.j) = wlk and S; x(w;) = O for all i, if » # j. Then
Sik € Endg (V) maps the j th_summand onto the k'"-summand and all the other
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summands to zero. Besides let T; , € End(V;) be defined by T; , (vy) = &7 v,. Then

(Tir @ - ® ;) Sja(w)) = w,
Tiy®--- & Ti,r)Sj,k(wij//) =0if (', j)) # G, J),
Sja(Tir ® - ® T ) (w)) = wf,
Sia(Tir ® - @ T )(wl) = 0if (', j') # (. ).

Then the linear map p : Endg (V) ® End(Vs) — End(V) is onto, and that (T @ - - - &
NHNS=8STe.---&T).
On the other hand, if % is the multiplicity of V; in V, then

dim (Endg (V) ® End(Vs)) = h*d(8)> = (hd(8))* = dim (End(V)).

This completes the proof of the lemma. O

Proposition 4.9 The map m : Ag([G] ® As[K] —> As[G], givenby f @ h+— fxh
is an algebra isomorphism, i.e.

AKIG1® As[K] ~ A5[G].

Proof The linear map m is a homomorphism of algebras because f x h = h * f for
all f € AK[G], h € As[K].

By the Peter-Weyl theorem, we have A[G] = @p G fo ® V,. We know that
Pf = #75 * f % X is a projection of A[G] onto As[G].

Given (p, V,) arepresentation of G, (p’, V/,) denotes the contragredient representa-
tion of p. We also denote P, 5 the K-projection of V/; onto the K -isotypic component
V) ©)-

For w € V,, and A € V, we have

1 _ 1
T Hex @ w))(g) =

% Il Y x5k WM (p()w) = (P 51 @ w)(g),

keK

and similarly we get

1 _ 1 -
TG BWTE = 7 DG eOW R 1K) = 08 Py,
kek
Then
1 _ 1 —
mxa*()»@w):Ppg(;)\@w and m()\.@U))*XSI)\.®Pp75/w.
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Therefore, P(A ® w) = Py 51 ® P, yw, P(V/; ®V, = (V//))(g) ® (V) (s and

AsLG1 =P V)i © (Vo)s)- (18)
0eG
Also
AKIG1 = D (V) ® (Vo))" (19)
0eG

is a direct sum of two-sided ideals. On the other hand, from (17) we have As[K] =
A[K]*xs = X * A[K]. Then the homomorphism m : A?[G] ® As[K] — As[G]
is the direct sum of the homomorphisms

my : ((V,Q)@ ® (Vp)(a/))K ® As[K1— (V))5) ® (Vp)s),

p E é, defined by m,(f ® a) = f *a. Let p, : Endg ((Vp)(g)) ® End(Vs) —
End ((Vp)(g)) be defined by p,(S ® T) = SA(T), see Lemma 4.8.

We use Proposition 2.5, by changing p by p’ and taking into account that x, =
X p» to obtain that p : V, ® V/; — End(V,) is an algebra isomorphism, and that

P((V))s) ® (Vo)) S End((Vy)(s)), because
| )1 B . .
p (WXS * f*Xs> = WP(Xs)p(f)p(Xa) = Py sp(f)Pp.s,

since ﬁp(ﬁ;) = P,5. Moreover dim ((V})) ® (V) s)) = dim (End((V,)(s))),
therefore

0 (Ve ® (Vp)ey — End((Vp) ) (20)
is an algebra isomorphism. By the same reasoning, § : As[K] — End(V;) is an

algebra isomorphism.
Now we prove that the following diagram of algebras is commutative,

(VDo) ® (Vo)) ® 1K1 —2— (V))s) ® (Voo

p®6l lp

Endk ((V))s) ® End(Vs) —2— End ((V,)@),

where the vertical arrows are isomorphisms of algebras. We get

pla)y =" a®)pk) =Y at)A@Kk) = A@(a)). @1

keK kekK
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Hence, on one hand, we have

p(mp(f ®a)) = p(f*a)=p(fpa) = p(f)AG(a)),

and on the other we get

Po((p ®)(f ®a)) = pp(p(f) ®d(a)) = p(fHA((a)).

This proves that the diagram is commutative.
By Lemma 4.8, p, : Endg ((V,)(s) ® End(Vs) — End ((V,)(s)) is an isomor-
phism, hence

mp: ((Vy)e) ® (Vp)(é’))K ® As[K] = (V)i ® (Vo))

is a surjective isomorphism for all p € G. Therefore m : Af[G] ® As[K] — As[G]
is a surjective isomorphism of algebras, completing the proof of the proposition. O

Remark 4.10 For § = 1, since A[K ] can be viewed as a subalgebra of A[G], it follows
that A1[K] < A{[G] = A[G1X*K  Therefore A{[K] < A[K]X*K = C (the constant
functions). Hence the proof of Ag([G] ® As[K] >~ As[G] is trivial when § = 1, in
fact it reduces to: AK[G]1 ® A1[K]~ AK[G]® C ~ A[G].

Corollary 411 For 8 € K, AK[G] = @) Endk (V,)@))- In particular AX[G] is a

peG
semisimple algebra.

Proof From (19) and (20) we obtain that

AKIG1 =D (V)oy ® (Vo)) = @D (End((V) )" = €D Endg (Vo))

peG peG peG

Then Ag{ [G] is a direct sum of matrix algebras, which are simple. O
Given ® : G — End(V) a spherical function of type é of (G, K), we defined in
Sect.3 a function ¥ : G — Endg (V), closely related to @, by

1
W(g) =Td(g) = — »_ Dlkgk™).
|K| kekK

Now, we will see that these functions W are representations of the algebra Af [G].

Proposition 4.12 Let ® : G — End(V) be a spherical function of type § and let
U = T . Then its extension ¥ : AX[G] — Endk (V) is a representation of AX[G].
Moreover, if ® is irreducible, then \V is irreducible.
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Proof If f € AX[G] and 7(k) = (k) for k € K, then

1
V(=) f@UEQ=m D Y f@rk@@mk
8eG | |geerK
1
=2 > [®Pksk™)
| |geerK
1
K| Z Z fUg)@(g) = Z F(e)®(g) = D(f)
geG kek ¢eG

and

O(f) =Y flkgk™ () =Y (DK "gh) = (k") (f)m (k) € Endg (V).
8eG geG

Since @ is a representation of As[G] and Endg (V') is a matrix algebra because V =
Vs @ - - - @ Vs, the first assertion follows.

Now we want to prove thatif ® is irreducible, then W is an irreducible representation
of A§< [G]. By Burnside theorem, it is enough to prove that W : Af [G] = Endg (V)
is surjective.

Given M € Endg (V) let f € As[G] be such that M = ®(f). Recall that if
f € As[G], then f° € AK[G]where f°(g) = ﬁ > rex f(kgk™!). Now we observe
that

1
V() =(f)=—=> > f(@Pkek™")

1K geG kek

1
- k)® kY =M,
|K|keKN() (k™)

since ®(f) = M € Endg (V). Hence M = W(f°) with f° € Ag([G] and therefore
W is an irreducible representation of A§< [G]. This completes the proof of the lemma.
]

We observe that in the proof of the previous proposition we obtained
O(f) =w(f), forall fe AX[G]. (22)

With the notation of Proposition 4.9, we have that the following diagram is com-
mutative:

AKIG1® AsIK] —— As[G]
ml }b : (23)
Endg (V) ® End(Vs) —2— End(V)
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In fact, if f € AX[G]and a € As[K] then

O(f xa) =) P((fxa)g) =) Y gk )f(@ak™)

geG geG keK
=Y @) f(®) ) ak)m(k) = d(f)m(a).
geG keK

From (21) we obtain 7 (a) = ZkeKa(k)n(k) = Zkeka(k)A(S(k)) = A(8(a)).
Thus,

(f xa) = P(HAG(@) = ¥(HAG(@) = p(¥(f) ® ().

We also have that W, §, and ® are irreducible representations of algebras.
Next, we characterize the irreducible representations of the algebra A §< [G].

Theorem 4.13 The irreducible representations of the algebra Ag( [G] are, up to equiv-
alence, the extensions of the functions ¥ = T ®, for irreducible spherical functions
® of type 5. Moreover if f € Af[G] and V(f) =0 forall ¥, then f = 0.

Proof From Proposition 4.12 we have that W is an irreducible representation of A g( [G]
for W = T® and ® : G — End(V) an irreducible spherical function of type 3.

Let M be a finite dimensional irreducible representation of A f [G], without lost of
generality we may assume that M is a matrix representation M : A g( [G] = M(p,C).
Let us consider the K-module V = V5 & --- @ Vs, sum of p-copies of V5. Then, by
Schur’s Lemma, M (p, C)) can be identify with Endg (V).

With the previous notation we define L = p(M ® §)m (see diagram (23)). Since
8 is an irreducible representation of A[K] we obtain that M ® § is an irreducible
representation of Ag( [G]® As[K]. Thus L is an irreducible representation of As[G].
Therefore, from Theorem 4.4 we know that L = & for anirreducible spherical function
of type 8, and it is easy to check that W = M.

To prove the last assertion let 0 # f € Af [G]. From (19) we know that

K . .
AFIGT = @, (VDo) ® (Vo)) and write [ = 3 s fp with f, €
(V)i ® (Vp)((;/))K. By hypothesis f,/ # 0 for some o € G. Let W be the spher-
ical function of type 8’ associated to o. If {v;} is an orthonormal basis of (V{,)(y),

then f,/(g) = Zi’j ai,j{o' (i, vj) = Zi’j a;,j(o(g)vi, v;). By recalling that
W (f)= ®(f), from the orthogonality relations we get

(WP, o)=Y f@(@@u,v) = Y fo(@){o(@vs, vr)
g€G,peCG g€G,peCG

_ G
= E aj,j E (o (@i, vj){o(g)vs, vr) =—C|l(8|)ax,r.
i.j

geG

Therefore W(f) # 0. This completes the proof of the proposition. O

Birkhauser



48  Page 26 of 37 Journal of Fourier Analysis and Applications (2024) 30:48

Proposition 4.14 For any (G, K) the following isomorphism of algebras holds

AIG1* = @ Af1G1. (24)
sek

The corresponding projection Q5 : A[G1X — Ag([G] is givenby Qs(f) = ﬁf *Xs
and it is an algebra homomorphism.

Proof The first statement follows from Theorem 2.3 and (19). We have that Qs(f) =
|17|f * Xs 1s the projection because x5 * xs = |K|xs and x5 * X, = 0if 6 # 0. We
also have that f % xs = xs * f, for all K-central functions f. Thus

1 1
Qa(f*h)=ﬁ(f*h)*ia=wf*ia*h*ia=Qa(f)*Qa(h),

and this completes the proof of the proposition. O

Theorem 4.15 For any (G, K), let Qs A[G1K - Ag([G] be the projection onto
Ag( [G). The irreducible representations L of A[G1X are precisely those of the form

L = ® o Qs, where ® is the extension of an irreducible spherical function ® of type
8.

Proof The proof follows at once from Theorem 4.13, since W(f) = ®(f) for all
f e AK[Gl. o

Proposition 4.16 The following properties are equivalent:

@) Af [G] is commutative.
(i1) Every irreducible spherical function of type § is of height one.
(iii) AX[G]is the center of As[G].

Let us recall that the height of a spherical function ® : G — End(V) of type § € K
is the multiplicity of § in the representation k — @ (k). Note that height one means
that V is an irreducible K-module and dim Endg (V) = 1.

Proof (i)<=(ii). Let ® : G — End(V) be an irreducible spherical function of type
8. Thus W : AX[G] — Endk (V) is an irreducible representation of the AKX [G].

IfA f [G] is a commutative algebra then every finite dimensional irreducible rep-
resentation of Ag( [G] is one dimensional and this implies that ® is of height one.

On the other hand, if every irreducible spherical function of type § is of height one,
then all irreducible representations of Af [G] are one dimensional, and they separate
points of A g( [G]. Therefore (i) holds.

(i) = (ii). Let f € Ag( [G] and h € A;[G]. For any irreducible spherical
function ® of type § and height one we have that ®(f) = W(f) is a scalar. Then we
have

Q(fxh)=D(/HP(h) = Ph)P(f) = P(hx* f).
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Therefore f xh = h * f,i.e. Af[G] is contained in the center of As[G].

For f € A[G] the projection of A[G] onto AK[G] is given by f — f°, with
1) = g ke S (kgk™").

Let f be in the center of As[G], then @ ( f) is a scalar for every irreducible spherical
function ® of type . Hence

1
D(f)=— > Y D(g)fkgk™") = K Zcb(k o ()@ k) = (),

K]
geG kek keK

which proves that f° = f. Therefore f € Ag( [G].
(iii) = (i) is trivial and this completes the proof of the proposition. O

Theorem 4.17 IfA g( [G] is commutative, then the irreducible spherical functions on G
of type 8 are in a one to one correspondence with the one dimensional representations
B of A[G1X such that B(j5) # 0 and B(%s) =0 forall § # o € K.

Proof We have seen that there is a one to one correspondence between irreducible
spherical functions on G of type § and the irreducible representations L of the algebra
Af [G], which in this case are one dimensional.

Hence, given L an irreducible representation of Af [G], wehavethat 8 = Lo Qs :
A[G]X — C is a one dimensional representation of A[G]X that satisfies B(xs) =0,
for all o # & and B(xs) = | K|, because %25 is the identity of Ag([G].

Conversely, any one dimensional representation of A[G]K is of the form g =
L o Qg, for some one dimensional representation L of A [G]. If §' # § we get
K| = B(xs) = L(Qs(xs)) = 0, which is a contradlctlon and this completes the
proof. O

5 Spherical Functions and Strong Gelfand Pairs

Let K be a subgroup of a finite group G. We say that (G, K) is a Gelfand pair if
the algebra A[G1X¥*K of bi-K -invariant functions on G is commutative, while it is a
strong Gelfand pair if the algebra of the K -central functions A[G]X is commutative.
A representation (V,, p) of a group G is multiplicity-free if all irreducible sub-
representations are pairwise nonequivalent. A subgroup K of G is a multiplicity-free
subgroup of G if for every p € G the restriction Res® g © is multiplicity free.
Now we give a useful characterization of finite Gelfand pairs.

Theorem 5.1 The following conditions are equivalent:

(i) (G, K) is a Gelfand pair, i.e, the algebra A[G1X*K is commutative.
@ii) The G- module A[G/K is multiplicity free.
(iii) Forany p € G, Res@ x P contains the trivial representation of K at most once.

Proof The equivalence between (i) and (ii) is contained in [4], Theorem 4.4.2.
Let (V, p) be an irreducible representation of G. The trivial representation of K is
contained in p as many times as the dimension of the K-invariants vectors in V,

={veV:pkjv=uo, forallk € K}.
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In [4], Theorem 4.6.2, it is proved that (G, K) is a Gelfand pair if and only if dim VX <
1, for all irreducible representations (V, p) of G. O

Theorem 5.2 The following conditions are equivalent:

(1) (G, K) is a strong Gelfand pair. _
(i) (G x K, K) is a Gelfand pair, where K = {(0,0) : 0 € K}.
(i) K is a multiplicity free subgroup of G.

Proof We start by proving that (ii) and (iii) are equivalent. Let us consider A[G] as a
G x K-module with the action

((g. k) fH(x) = f(g 'xk), forall g,x € G, ke K, f e A[G].

The decomposition of A[G] into irreducible G x K-modules follows from the Peter-
Weyl theorem (Theorem 2.1):

@V ®V, =P PRes§p.0)V, ® Vo = P € End(V,. V,,).

peGaeK pef}aele

Therefore

AIG1* = @ P Endk (Vs V).

peGoek

Moreover, this equality is indeed an isomorphism of algebras. Now it is obvious that
A[G1¥ is commutative if and only if (p, o) < 1 forall p € Gandallo € K.

To prove that (i) is equivalent to (ii) we will show that the algebras A[G]X and
A[G x K15¥*K are isomorphic; recall that by definition (G x K, K) is a Gelfand pair
if A[G x K1¥*K is commutative.

We start by observing that the K x K-orbit of (g, k) € G x K is the set
{(k1gka, k1kk2) : k1, ko € K}. Hence, any K x K-orbitin G x K is the K x K-
orbit of an element of the form (g, e) with g € G. Then, we can define a map from
the set K\(G x K)/K of K x K-orbits in G x K into the set C(K, G) of conjugacy
classes of K in G by setting y : (K x K) - (g,¢) — K - g. It is not difficult to see
that y is a bijection. This bijection lifts to the following map

A[G x K1¥°K 5 A[GIK, (T f)(g) = IK|f(g. e).

It is immediate to see that I is a linear map into A[G]X. Moreover, it is easy to check
that the characteristic function of the K x K-orbit of (g, ¢) maps to the characteristic
function of the K-conjugacy class of g. Therefore, I' is a linear isomorphism of

A[G x K ]K <K onto A[G1¥. We are only left to show that I" is multiplicative. Let
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f1, f2 € AIG % K]KXK.Then

(C(f1 % f2)(8) = [KI(f1 % f2)(g,€)
=Kl Y. A&k AT E

(x,k)eGxK
=K1Y > filgxk™ &) frlkx™", e)
x€eG kekK
=K filgy, 00 a(y™" &) = (T f1) * (T f)(g)-
yeG
The theorem is thus proved. O

Theorem 5.3 Let (G, K) be a strong Gelfand pair, F the set of all equivalence classes
of irreducible spherical functions of (G, K) and C(K, G) the set of all K -conjugacy
classes in G. Then

|7 = 1C(K, G)I.

Proof The characteristic functions of K -conjugacy classes in G form a basis of A[G]X.
Then dim AX[G] = |C(K, G)|. The set F is the (disjoint) union of the sets F(8), of
all equivalence classes of irreducible spherical functions of type §, which are in a one
to one correspondence with the equivalence classes of irreducible representations of
Af [G], by Propositions 4.13 and 4.6. From Corollary 4.11 we know that

A 1G] = @D Endk (V) s))-
peG

Since K is a multiplicity-free subgroup of G, the representation § appears in p at most
once and, by Schur’s lemma, we get Endg ((V,)5) = C if and only if (p, ) = 1.
Thus dim Af[G] ={p € G : (p,8) = 1}| because a simple algebra has only one
equivalence class of irreducible representations. Therefore

IC(K,G)| = dim A[G]X = Z dim AX[G] = Z |F©)| = |F|. (25)
sek sek
The theorem is proved. O

Proposition 5.4 If (G, K) is a strong Gelfand pair, then the set of representations of
A[G1X which are extensions of ® € F is a basis of the dual of the complex linear
space A[GIX.

Proof For & € F, we have that ® is a one dimensional representation of the algebra
A[G]¥ by Proposition 4.15. Taking also into account Theorem 5.3 we have

D : A[G]X - C: @ € F}| = |F| = dim A[G]X.
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Thus we only have to prove that the set {® : A[G]X — C : ® e F} is linearly
independent.

Let {®: A[G]K - C: ® € F} = {®, Dy, ..., D,,} and take h € A[G]X such
that ®;(h) # ®;(h) for all i # j (choose & in the complement of the union of the
hyperplanes ker(®; — & ;) withi # j)'IfZI§j§m aj®; =0,thenfor0 <i <m-—1

> aj®;(h)y= Y aj®;(h) =0

1<j<m 1<j<m

is a system of m linear equations in m unknowns a;’s. The coefficient matrix is

1 1 1
@1 (h) Gy(h) -0 DPp(h)

®1(h)?>  Dr(h)? - Dy(h)?

@ (h)" ! Da(m)" - @y ()"

which is a nonsingular Vandermonde matrix. Therefore a; = O forall 1 < j < m.
This completes the proof of the proposition. O

5.1 The Pair (G, K) = (G, Gnem X Gm)

Let G = &, denote the group of all permutations of the set {1,...,n} and
K = 6, x 6, where G,,_,, and &, are, respectively, the subgroups of G of
all permutations of {1,...,n —m}andof {n —m +1,...,n},forl <m <n —m.
Let (1) denote the identity permutation and (i, j) be the transposition of the elements
iand j.

The group G acts transitively on the set X of all subsets of n — m elements of
{1, ..., n}. Theisotropy subgroupat Og = {1,...,n—m} € Xis K. Thus X = G/K
is the set of all subsets of n — m elements of {1, ..., n}. The K-orbits in X are the
subsets of all sets with the same number of elements as in Op. Thus X is the disjoint
union of its K-orbits, X = K - OgU---U K - O,, where

O, ={l,....n—m—r}Un—m+1,....,n—m+r}, 1<r<m.

Let us also introduce the subset A = {xq, ..., x,} of G, where the finite sequence
{x;} is defined inductively by:

xo=(), and x;=m—m—i+1l,n—m+1i)xj_, forl <i <m.

Observe that A is a commuting set of permutations and a®> = 1, foralla € A. We
get the following relation between the K -orbits O, = x; Oy.
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A very important property of this set A is that
G = KAK. (26)

In fact, if p : G — X denotes the projection map then for any g € G there exists
0 < j <msuchthat p(g) € K- O;.Since O; = x;0p we get p(g) € Kx; - Op and
thus g € Kx; K.

Lemma 5.5 (Gelfand’s Lemma, cf. Section 4.3 in [3]) Let G is a finite group and let K
be a subgroup. Suppose there exists an automorphism t of G suchthat g=' € Kt(g)K
forall g € G. Then (G, K) is a Gelfand pair.

Proof We observe that if f € A[G]X*X we have that f(t(g)) = f(g~!) for all
g € G. Then, for fi, f» € A[G]¥*K and g € G we get

(fix )(@(@) =Y fitt(@h) fazh™ ) =" filgh)™ ) fa(h)

heG heG
=Y AW AGT g = (fx fi)e™H = (fx f)(T(e).
heG
Therefore A[G]X*K is commutative. m]

Proposition 5.6 For 1 <m < n — m we have

i) (G, 6yhm X 6y and (6, 6, x &,_n) are Gelfand pairs, for all m.
ii) (Gy,Gh_m X &) and (G, &, X &,_,) are strong Gelfand pairs if and only
ifm=1orm=2.

Proof From (26), if g = kjak, € G withk;, k) € K,a € A, then
1l -1 ~1
=k, a | = (kika)” kiaky(k1ky)™ € KgK.

Hence, by Lemma 5.5 we have that (G, K) is a Gelfand pair.

On the other hand, it is known that the irreducible representations of G,, are in a
one to one correspondence with the Young diagrams of n elements. In terms of this
parameterization if V, denotes the irreducible &,,-module associated to the Young
diagram v, Pieri’s formula says that Res 5 Ot Vy =D, Vi, the sum over all diagrams
obtained from v by removing one box (see [9] p. 58, also Section 3.5.3 in [4]). As a
consequence of this branching rule, it is not difficult to obtain that K = S,,_,, X G,,,
with 1 < m < n —m, is a multiplicity-free subgroup of G = G, if and only if m = 1
or m = 2. Hence, from Theorem 5.2 we have that (&, G,,_,, x G,,) is a strong
Gelfand pair. See also [1], Theorem 1.2 for a classification of all strong Gelfand pairs
(Gn, K). O
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6 Spherical Transform

It is known that when G is a finite group the following Plancherel identity holds,

1
o If@P = T Y dp)r(p(HHp()) 27)
§eG peG

for all f € A[G]. In other words, the Plancherel measure is w(p) = d(p)/|G|. This
result can be generalized to matrix valued spherical functions as follows.

Proposition 6.1 Let F = {& =P, 5:p € G,s €K, V, = Vs} be the space of all
equivalence classes of irreducible spherical functions of the pair (G, K). Then

1
Yo If@P = Gl > d(p) (@R (28)
geG P=, seF

forall f € A[G] VK . (The * stands for the adjoint operator defined by an inner product
such that ®* = ).

Proof Since ®(g)* = ®(g~'), we get that d(f)* = dD(?). For any f € A[G1X we

have that f € A[G]K and ®(f)D(f)* = ®(f)®(f) = ®(f % f). By Proposition
2.3 we have

AGKK = @ (VD)) ® Vodm) ™,

oeG,mek

where the summands on the right-hand side are two-sided ideals. For f € A[GIX, we
. K
let f =3y 1 for With for € (V) (x') ® (Vo)) and we get

f*]gz Zfﬂ,n*f:a,rp

Therefore

T(@(NP(S)) = w(@(f * ) = A D(forr * for)).

<o

On the other hand, since {f5 , : 7 € K ,0 € é} is an orthogonal set of functions we
have | fI? =Y, 1 | for|*.

We may assume that f € ((V;)(nr) & (Vg)(n))K for some o € G, T e I%, T <o.
Let {v,} be an orthonormal basis of (V;)(r) and {A,} the dual basis of (V). The
functions A, ® vy in A[G] are the matrix coefficients of the representation o

7 s(8) = (A ® 5)(8) = (0()vs, vy). (29)
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It is easy to verify that ¢7 ; = cs . and ¢ = cZ, where o’ is the contragradient

representation of o. By usmg the Schur orthogonahty relations we also get c *c

|G|
d(a)3/ rels

Let f = Zr,s ar,sc;r,s € ((Vé)(n/) b2 (Va)(n))K. Then f = Zr,s &r,sC;, and f* f —
% Zr,s,p ars&psc;:p- Hence

q)(f*f) d( ) Z rsapsz rp(g)(l)(g)

r.s.p geG

If® =, withp € G,6 € Kand V, > Vs, then (g)u; = Y (p()ui. uj)u,.
where {u;} is an orthonormal basis of (V) s) (cf. Theorem 3.13). Thus,

g G B —
O(f * flu; = % r%; ArsQps Z ( Z C,q,p(g)cﬁ')’i(g))uj-

J  &€G

By the Schur orthogonality relations, for all (p, §) # (o', '), we get ®(f * f:) =0.
For (p, 8) = (o', ®") we may assume that u; = v; for all i. Then

tr(P(f * f)) =53 ar,sAp,s Cr (g)C, ,(g) 7Ry ar sQr.s
d( ) P d( )

i,r,s,p geG

By the Schur orthogonality relations, we get dec [ f())? = % Do la,.s|%.
Thus

(@)D = r(@(f % /) = m S 1r@P,

geG

forany f € (V) ® (Vo) (ry)X. This completes the proof of the proposition. O

Proposition 6.2 (Inverse spherical transform) Any f € A[G1X can be recovered from
its spherical transform f(®) = ®(f) by

1
f() = o dp)yur (@ He(s).
|G| b=, seF

Proof Let f € (V))xy® (Vo)) ,and ® = &, 5, witho, p € G, 7,8 e K, < &
and § < p. With the same notation as in Proposition 6.1 we have

@ =) arscl (8) =) ars(o(2us, vy).
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We also have ®(g)u; = Zj(p(g)ui, ujju;j, where {u;} is an orthonormal basis
of (Vp)). Then ®(fHvi = 3., (arsVj D e (0(8)vs, vr)(p(Q)ui, uj). Since

(p(Qui,uj) = C(;,i = ¢° j.i» by the Schur orthogonality relations it follows that

®(f) = 0 for all (m,0) # (&', p'). In the case (7, o) = (&, p’), we may assume

us = v for all s and we obtain ®(f)u; = % Zj a;,jvj. Now we compute

_ |G| -
(g HP(fHui = — ij i ,
() = 7= J;a Pl wiug
and
_ G| . |G| o G|
(@ HO) = - Y aijlpe Huju) = —— > a; jel (&) = ——f (@)
d(p) 4= (") = J d(p)

The general case, forany f =" _ for € Dy, (V;)(ﬂ/) ® (Vg)(n))K, follows
easily by linearity. O

In the particular case when K = {e} is the trivial subgroup of G, the irreducible
spherical functions of G are exactly the irreducible representations of G,i.e. ®, 1 = p.
Hence we get the classical Fourier’s inversion formula, as a corollary of Proposition
6.2.

Corollary 6.3 (Inverse Fourier transform) Any f € A[G] can be recovered from its
Fourier transform f(p) = p(f) by

1 A
F® =15 Y dp)r(pe " p)).

peG

7 Appendix: Proof of Theorem 3.13

Theorem 7.1 Let (V, p) be a finite dimensional irreducible representation of G that
contains the K-type 8. Then ®(g) = Psp(g)Ps, g € G, is an irreducible spherical
function of G of type 8. Conversely, any irreducible spherical function of the pair
(G, K) is of this form.

Proof The first part was proved in Theorem 3.13. Now let & : G — End(V) be an

irreducible spherical function of type § and let L be a maximal left ideal in End (V).
If

I ={f € As[G] : such that ®(f) € L},

then 7 is a maximal left ideal in As[G]. In fact, ® : As[G] — End(V) is a surjec-
tive homomorphism, see Theorem 4.4. Hence I = ®~1(L) is a left ideal in A5[G].
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Moreover As[G]/I and End(V)/L are left As[G]-modules by defining
h-(f+D)=hxf+1, h-(T+L)=d"hT+1L

for all h, f € As[G] and T € End(V). Then the linear map u : As[G]/I —
End(V)/L defined by u(f 4+ 1) = ®(f) + L is an As[G]-morphism.

Considering End (V) as left End(V)-module it is known that End(V') is semisimple.
Therefore there exists a left ideal L such that End(V) = L @ L. Moreover L1 >~ V
as left modules. Hence End(V)/L ~ L; ~ V. Thus by considering V as aleft As[G]-
module by defining f-v = ®(f)v we get A;[G]/I ~ End(V)/L =~ V which implies
that 7 is a maximal left ideal of As[G] since V is an irreducible As[G]-module.

Let

J={f €A[G]: xsxhx f x x5 € I forevery h € A[G]}.

We will prove now that

e J is aregular maximal left ideal in A[G].
o I =JNAs[G].
e fxxs=|K|f mod (J),forall f € A[G].

The fact that J is a left ideal is obvious; that J is regular means that there exists
u € A[G] such that u is a right identity of A[G] mod (J).For f,h € A[G], we have

Xo % b (f % ey Xs — f) % X5 = 0.

Hence f % xs = |K|f mod (J) andu = ﬁ)_(a satisfies that f xu — f € J,i.e. uis
a right identity of A[G] mod (J).

Toseethat I C J N As[G]let f € I and h € A[G]. Thus xs x h x f % x5 =
Xs xh* xs* f € I,because x5 x h x xs € As[G]. Hence f € J N A;[G].
By the maximality of 7, it is enough to prove that J N As[G] is a nontrivial ideal in
As[G]. But we have that ﬁ Xs ¢ J, otherwise would have that

Xo % hx Xs = Ko h s g Xs * Xs € I, forallh € A[G]

and hence A5[G] = 1.

In order to prove that J is maximal let N be a left ideal, / € N C A[G]. If
N N As[G] = As[G] then u = %)Zg € N.Since fxu— f € J C N, for all
f € A[G] we get that f € N, thatis N = A[G]. Therefore, by the maximality of /
weseethat NN As[G]l=1.If f e N, f*xs—|K|f € J C N,hence f *x xs € N.
Therefore

Xsxhx fxxs=xsxh*xfxuxyxs € NNAs[G]=1 forallh € A[G].
Thus f € J which proves that N = J.

The left regular representation on A[G] induces a natural representation p of G on
the space E = A[G]/J,by p(g)(f+J) = Sg* f+J,because J isaleftideal in A[G].

Birkhauser



48  Page 36 of 37 Journal of Fourier Analysis and Applications (2024) 30:48

It is easy to see that the extension of U to A[G]is givenby p(f)(h+J) = fxh+J.
Since J is maximal, p is irreducible.

Let E s be the isotypical component of type 6 in E and let Ps : E —> E be the
orthogonal projection onto Es). Thus

Ps(f + ) =7 D 2s®pR(f +I) = grpGo)(f + ) = ey s * f+J.
keK

Henceo : f +— f+Jisamapping of A;[G]into Es). Since f * xs = |K|f (mod J)
forall f € A[G]wehave Ps(f+J) = Ps(ﬁ)@g * f ok x5+ J) which proves that « is
onto. In this way « gives rise to the isomorphism of As[G]-modules Es) >~ As[G1/1,
because I = J N As[G].

The spherical function ®| : G — End(Es)) of type § associated to the irreducible
representation p of G is given by ®1(g) = Psp(g) Ps. To see that @ is equivalent
to @ it is sufficient to show that the representations & : As[G] — End(V) and
@, : As[G] — End(Es)) are equivalent (Proposition 4.6).

We observe that if ®(f) = 0, f € As[G], then ®1(f) = 0. In fact, if &(f) =0
we have that ®(f x k) = 0 for all 2 € As[G], which implies that f xh € [ < J.
Thus 1(f)(h+J)=fxh+J=0.

Therefore, the well defined linear map & (f) > & (f) is an algebra isomorphism
of End(V) onto End(E(s)), because E(sy =~ As[G]/I > V.Hence, there exists a linear
isomorphism 7' : V — Es) such that ®;(f) = T®(f)T~!, since any automorphism
of the associative algebra End(V) is inner (See [7], Theorem 3.26). This completes
the proof of the theorem. O
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