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Abstract

In the present paper we discuss the rate of the approximation by the matrix transform of
special partial sums of some two-dimensional rectangle (decreasing diagonal) Walsh-
Fourier series in L? (G?) space (1 < p <oo)andin C (G?). 1t implies in some special
case

2"—1

o ()= tm1Swiik(f) = f

k=0

norm convergence. We also show an application of our results for Lipschitz functions.
At the end of the paper we show the most important result, the almost everywhere
convergence theorem. We note that 7 summation is a common generalization of the
following known summation methods Cesaro, Weierstrass, Riesz and Picar and Bessel
methods.
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1 Definitions and Notations

Let IP be the set of positive natural numbers and N := P U {0}. Let denote the discrete
cyclic group of order 2 by Z;. The group operation is the modulo 2 addition. Let
every subset be open. The normalized Haar measure w1 on Z, is given in the way that

w({0}) = n({1}) = 1/2. That is, the measure of a singletonis 1/2. G := O; Zy, G is
k=0

called the Walsh group. The elements of Walsh group G are the 0, 1 sequences. That
is, x = (x0, X1, ..., Xk, ...) wWith xg € {0, 1} (k € N).

The group operation on G is the coordinate-wise addition (denoted by +), the
normalized Haar measure p is the product measure and the topology is the product
topology. For an other topology on the Walsh group see e.g. [9].

Dyadic intervals are defined in the usual way

IO(X) = Gv In(x) = {y € G : y = (X(), -~-v-xn—1v ynv yn-‘rlv )}

forx € G,n € Panddenote I,, := I,,(0). Intervals form a base for the neighbourhoods
of G. Denote by A, the o-algebra generated by the intervals I, (x). That is, A, :=
{I,(x) : x € G} (n € N).

We will use notations I := G \ [ forany I C G set, and J, := I, \ 1,41 for any
interval, where n € N.

Let L?(G) denote the usual Lebesgue spaces on G (with the corresponding norm
-1l p)-

lgor the sake of brevity in notation, we agree to write L* instead of C and set
I flloo := sup{| f(x)| : x € G}. Of course, it is clear that the space L*° is not the same
as the space of continuous functions, i.e. it is a proper subspace of it. But since in the
case of continuous functions the supremum norm and the L° norm are the same, for
convenience we hope the reader will be able to tolerate this simplification in notation.

Now, we introduce some concepts of Walsh-Fourier analysis. The Rademacher
functions are defined as

rp(x) == (=)™ (x € G,n € N).

The sequence of the Walsh-Paley functions is the product system of the Rademacher
functions. Namely, every natural number n can uniquely be expressed in the number
system based 2, in the form

oo
n=Y m2 nme{0.1} (keN,
k=0
where only a finite number of n;’s different from zero. We will use the notation

n® = 3% ng2%, where s € Nandalsothatn®m = Y oo [ng—mi|2F (1, m € N).
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Let the order of n > 0 be denoted by |n| := max{j € N : n; # 0}. It means
2"l < p < 2I"1+1 The Walsh-Paley functions are wo(x) := 1 and forn € P

wa () 1= [t (o) = (= Dk,
k=0

Let P, be the collection of Walsh polynomials of order less than #, that is, functions
of the form

n—1
P(x) =) agwi(x),
k=0

where n € P and {ay} is a sequence of complex numbers, and let PP, ,,, be the collection
of two dimensional Walsh polynomials

n—1m—1
Q! x?) =" " ar jur(xHw; (x?),

k=0 j=0

where n, m € [P and {ay_;} is a two dimensional sequence of complex numbers.

It is known [23] that the Walsh-Paley system (w,, n € N) is the character system
of (G, +).

The partial modulus of continuity are defined by

oh(f.8) = sup [IF(+1,.) = fC I,

|t]<8

Wb (f,8) = sup [ f (ot 1) = fC

|t]<é

and
wp(f,8) :=w,(f,8) + ) (f,d)

for f € LP(G?), where § > 0 with the notation

o0

X
x| == Zzl_-:-l forall x € G.
i=0

In the case f € C(G?) we change p by co. The mixed modulus of continuity is
defined as follows

oy (f,81,82) =
sup Hf(.—l—tl,.+t2)—f(.—i—t],.)—f(.,.+t2)+f(.,.)Hp,

[11)<681,11%| <82
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where 61, 2 > 0.
It is known, that

w2 (f,8,8) < wp(f,9). (1.1)
The Lipschitz classes in L” (G?) for each & > 0 are defined by
Lip(e, p, G?) := {f € LP(G?) : wp(f,8) = O(8%) as § — 0}.
Moreover,
Lip(, C(G*) := {f € C(G) : |f(x+y) — f)] <clyl* x,y € G},
where for y = (y', y?) € G? we define |y| by |y|? := |y!|? + [y?|>.
Further, for the simplicity we write Lip(«, 0o, G?) = Lip(e, C (G?)).

The (i, j)th Fourier-coefficient, the (k,[)th rectangular partial sum of the two
dimensional Fourier series and the nth Dirichlet kernel is defined by

fa, :=/ Fet xHwHw; e Hdp!, x2),
GZ

k—11-1 n—1
Ska(HG 6D =Y f, pHwixHw;(xh), Dy =Y wi, Do =0,
i=0 j=0 k=0

For two-dimensional variable x = (x!, x2) € G2 we use the notations
wh = w,(x), 1l i=ra(x’), Dl i=Dy(x), K} = K,(xh),

n

forany n € N, where i € {1, 2}.
Fejér kernels are defined as the arithmetical means of Dirichlet kernels, that is,

1 n—1
K, = -
n nZDkv
k=0

Marcinkiewicz kernels are defined as

3
|
—_

K = DD}

S| =

k

Il
S

and the nth decreasing diagonal mean is the following

n—1

1
o (f) = - Z Sn—te,k (),
k=0

Birkhauser
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where n € P.

LetT := (tl-, j)?i':o be a doubly infinite matrix of numbers. It is always supposed
that matrix 7 is trieingular. Let us define the nth decreasing diagonal matrix transform
mean determined by the matrix 7'

n—1

o ()= ten1Sukk(£).

k=0

where {t; ,—1 : 0 <k <n —1, k € N} be a finite sequence of non-negative numbers
foreach n € P.
The nth matrix transform decreasing diagonal kernel is defined by

n—1
T . 1 2
KB = "t,1D) D}
k=0

It can be seen easily seen that
o () = / F@EE @+ x)dpw),
G

where x := (x',x?) € G? and u := (u', u?) € G?. This equality (and its analogous
versions for special means) shows us the necessity of observing kernel functions.
We introduce the notation At , = ftx , — tk+1,0, Where k € {0, ..., n}, n € Nand
tht1,n := 0.In Sect. 7, we give some examples of known summation methods that fall
within the scope of the T summation discussed in this paper.
More material on the theory of multidimensional Fourier series can be found in
Weisz’s book [43].

2 Connection to Triangular Means

The triangular partial sums of the two-dimensional Walsh-Fourier series are defined
as

k—1k—i—1
S (NG =" 3" Fi, HwiHw; (). Q.1

i=0 j=0

The reason that (2.1) is called triangular partial sums is that geometrically double
partial sums are defined on triangles. See Herriot [22], Weisz [43], Karagulyan and
Muradian [26] and Bakhvalov [1].

The triangular (C, ) means is defined as follows

1 n—1 ~ N
o (f) = Aa_l ZAZ_II_kSk (),
n=1 k=0

Birkhauser
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where A = w ando # —1,-2,....
It is easily obtained (see e.g. [16]) that

ot (f) =0l () =), 2.2)

so matrix transform decreasing diagonal summation is a kind of generalization of the
triangular Fejér summation. This property disappears, however, for all other o # 1.
That is, the summation we introduce differs from the triangular summation. Matrix
transformations of triangular partial sums are defined as follows:

n—1
ol (f) = Ztk,wlSkA(f)

k=0

This happens to coincide with our definition of the decreasing diagonal mean in
the case of #; ,—1 = 1/n (for all k). In other cases it does not.

Of course, it would be interesting to examine the convergence properties of the gen-
eralized triangle summation method. In this paper, we present a convergence theorem
based on the comments and suggestions of one of the referees of our article.

3 Historical Notes

Matrix transform means are common generalizations of several well-known summa-
tion methods. It follows by simple consideration that the Norlund means, the Fejér (or
the (C, 1)) and the (C, @) means are special cases of the matrix transform summation
method introduced above.

Our paper is motivated by the work of Méricz, Siddiqi [30] on the Walsh—No6rlund
summation method, the result of Moéricz and Rhoades [29] on the Walsh weighted
mean method and work of Chripké [10] on Jacobi-Fourier series. As special cases,
Moéricz and Siddiqi obtained the earlier results given by Yano [46], Jastrebova [24] and
Skvortsov [36] on the rate of the approximation by Cesaro means. The approximation
properties of the Walsh-Cesaro means of negative order were studied by Goginava
[18], the Vilenkin case was investigated by Shavardenidze [35] and Tepnadze [37].
Common generalizations of these two results of Méricz and Siddiqi [30] and Méricz
and Rhoades [29] was given by Nagy and the author [4, 5].

In 2008, Fridli, Manchanda and Siddiqi generalized the result of Méricz and Sid-
digi for homogeneous Banach spaces and dyadic Hardy spaces [12]. Recently, L.
Baramidze, D. Baramidze, Memi¢, Persson, Tephnadze and Wall presented some
results with respect to this topic [2, 3, 7, 27, 28]. See [11, 40], as well. For two-
dimensional results see [0, 8, 31, 32].

For the trigonometric system Herriot proved [22] the a.e. (and norm) convergence
onA (f) = f (f € L"). The first result for triangular means on Walsh-Paley system
is due to Goginava and Weisz [21]. They proved and each integrable function the a.e.
convergence relation of,,( f) = f (f € LY. Later Git verified [16] Herriot’s result
with respect to the Walsh system. See also papers of Weisz [39-42, 44], Karagulyan
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and Muradian [26] and Bakhvalov [1]. The main difficulty is that in the trigonometric
case we have a simple closed formula for the kernel functions of this triangular means
and this is not the case in the Walsh situation.

We also note that it could also be interesting to investigate summation methods
where the corresponding kernel function is not the weighted mean of the D}h kD,%

two-variable functions. But some D(}“ (k) Diz (k) functions. In this direction (just in
the case of #; ,—1 = 1/n) one of the authors has some a.e. convergence results in the
article [15] for the Walsh-Paley system. No version of these results in [15] is currently
known for the trigonometric system.

4 Auxiliary Results

To prove our theorems we need the following results.

Lemma1 (Paley’s Lemma [34], p. 7.) For n € N we have

2n g I,

Dan(x) = el

0, ifxé¢l,.

Lemma2 ([34],p.34) For j,n € N, j < 2" we have
Dynyj = Dy +r,Dj.

The next lemma is also a simple one. It can be found in several articles in the literature.
See for example article [25].

Lemma3 For j,n € N, j < 2" we have
DZ"—j = D2n _ wzn_le_
Lemma4 ([34], p. 28.) For n € N we have
o0
Dy(x) = wy(x) Y ngri(x) Do (x).
k=0

Corollary 1 If x € Jy, := [ \Ix+1 and v, n € N, then we have

v—1
Dy (x) = w,w (x) <Z ni2k — nv2”> .

k=0

Proof Using Lemma 1 for x € J, we get

00 v—1 00
D (D% Dy (x) = Y (D2 £y (=D'2" + D mp(=1™0
k=0 k=0 k=v+1

Birkhauser
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v—1
= anZk —ny,2".
k=0
On the other side,

W () = (— D hhomen = (L ZRomOHE L mok — (YL e — ().

Hence Lemma 4 proves this statement. O

Lemma 5 [45] The norm of the Fejér kernel is bounded uniformly. That is, if n € P,
then

Kl < 2.

In 2018 Toledo [38] improved this result, but for our proof the knowledge of the exact
supremum of || K, |1 is not necessary, just its boundedness.

Lemmaé6 [17] Letay,...,a,,q € Rand 1 < q < 2. Then

n 1/q
<cen~Va (ZaZ) )
1 k=1

Corollary 2 The norm of Marcinkiewicz kernel is bounded uniformly, namely there
exists a positive constant ¢ such that

1
n

n
> DD}
k=1

I1Callt < ¢ foralln e N.

Proof It implies from Lemma 6 immediately, choosing ] = --- = o, = 1. O

Lemma?7 [19]

b—r
/ sup |Ky(x)|du(x) <c o

[n|=b

forallr <beN.

From now we will use notation

Fx,u):=f(x+u) — f(x).

Lemma8 [33] Let P € Py, f € LP(G?), where A,B € Pand 1 < p < oo. Then
there exists a positive constant ¢ such that

<c|[Plhoy(f.27%).

H / ra(u") Dy PPV F (. ) (u)
G2 p

Birkhauser
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Corollary 3 Let f € LP(GZ), where A, B € Pand 1 < p < oo. Then there exists a
positive constant ¢ such that

< cwi,(f,ZfA),
p

H f P Dy K ) (w1 ) F () dp(u)
G2

for j <24 and A < n, wherei € {1, 2}.

Proof Since |wy:_1| = 1, and in the definition of the modulus of continuity we find the
absolute value of expression F(., u) (because of the L” norm), as well as K; € Pya
if j <24 and | K jlli < ¢ (see Lemma 5) we obtain this statement by Lemma 8
immediately. O

Lemma9 [32] Let Q € Paa 4, f € LP(G?), where A € Pand 1 < p < co. Then
there exists a positive constant ¢ such that

<cllQlho!,(f, 274,274,
p

H/m rahra@®) Qu)F(., u)du(u)

Corollary 4 Let f € L”(Gz), where A € Pand 1 < p < oo. Then there exists a
positive constant ¢ such that

H [ a0 (wrs @ F ) diao
G2

<cof,(f.274 274,
p

for j <24 and A < n.
Proof Similarly to Corollary 3, but it is proved by Lemma 9. O

In the next lemma, we give a decomposition of the kernels K ET

Lemma 10 Let n be a positive integer, then we have

n—1 2/ -1 n—1 2/-2
NT _ i 2 , | 2 20
Ky' =D ) Dy; Y tiigon g+ D Z’j D kKAL) pon
=0 7 k=0 =0 k=1
n—1 n—1 2/ 1
| 2nj 2 A o 1 2 .
+ Dy Y i@ = DK hyjst on = wy_y D DyiD3 Y byiigon
j=0 Jj=0 k=0
n—1 2/ -2 n—1
o 201 20, o 21 i k2 ,
wyn_y D riDy; Y kKAt oon = wyn_y ) riDy; (2N = DKS; ikt g n
=0 =1 =0
n—1 2/ -2 n—1
o 12 In. o 112 i el _
wyn_y Y 7iD3; Y kK Aty gn y —wyu_y Y riD3; Q) = DK by gy
=0 k=1 Jj=0

Birkhauser
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-1 2/ -2 n—1
1 1.2 1 1.2nj
— Wy Y riry Y KKk AL oon = wan_y ) riri @ = DKy ety
j=0 k=1 j=0
10
=) K
Jj=1
Proof We can write
n—12/+1—1
NT 1 2
Ky =" Y 21Dy Dj.
Jj=0 [=2i

Lemma 3 means for us
1 _ pl 1 1
Dyu_j = Dyw —wyn_y Dy

From Lemma 2 we get

pX R 2/ -1
1 2 _ , 1 1 1 2
Z tl,2"—1D2"71D1 —_ Z t2-/+k,2”71 <D2n - w2"—1D2j+k> D2j+k
1=2J k=0
2/ -1 271
_pl n2 ) 1.2 _ 2
=DyD3; Y g+ Dyri Y i D
k=0 k=1
271
1 1 2
—whi_y ) i1 Dy Dy
k=0

Using Abel-transform

271 2/-2
2 2 i 2
Y i DE =Y Atyyigon (kKE 4ty g0 (27 = DKS, |
k=1 k=1
So
2/ -1

-1
8T _ pl 2 .
K5 =D Y Dy Y g
i=0 k=0

2/-2

n—1
+ DJ Z”]z Z Aty ypon kKR 4ty 01 (27 — DK,
=0

k=1
n—12/-1

I 12
—wh_y Y D hika-1Dy DYy
J=0 k=0

Birkhauser
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Let us decompose the last expression. Using Lemma 2 twice

n—12/—1 2/—1
Z Z bk 1Dy Dy = ZDy D3, Z Ditk,2n—1
J=0 k=0 k=0
2i-1
+Z riDy; Zt2/+k n_1 D}
2i-1

+ Zr D3, Z tai 21D}

20-1

n—1
1.2 112
+er}’j Zt2j+k,2"71Dka'
j=0 k=1

Applying (4.1) we have fori € {1, 2}

2/ -1 2/ -2
Z t2j+k’2n_1D;€ = Z At2j+k,2”—1kK]l( + t2j+l_1’2n_1(2] - 1)K£j7]
k=1 k=1
and
2/ -1 2/ -2

) 1n2 _ ) . J .
Z [21+k’2n71Dka = Z AtZ-H»k,Z"*lk’Ck + t2j+|71’2)171(2 - I)ICZ-/fl'
k=1 k=1

Summarizing these it completes the proof of Lemma 10. O

Theorem 1 requires Lemma 10. But to prove the norm convergence, the following
simpler decomposition suffices.

Lemma 11 Let n be a positive integer, then we have

2n—-2
K2E,,|T = D%n Z Atl)znfllKlz + D%ntznflyznfﬂzn — 1)K22n,1
=1
22
— wén71 Z Aty on_ 11K — w%niltzn_l’zn_l(zn — Doy
=1

Birkhauser
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Proof From Lemma 3 we get

2"—1
T
KZE", = Z t[,zn_1Dén_lD[2
=0
2"—1
1 1 1 2
- Z [1’2"_1 <D2n - wzn_lDl) Dl
=0
2"—1 2"—1
1 2 1 112
= D2n Z tl,2”—lD1 - wZn_l Z tl,2’7—1D1 Dl .
=0 =0

Using Abel-transform, equalities

2"—1 2"-2

Z tn1 D} = Z At (K} +tr_y 01 (2" — DKJu_,
=1 =1

and
21 pi)
Z fin_1D} D} = Z Aty on AL +ton 1 n 1 (2" — Doy
=1 =1
hold. By summarizing these, the proof of Lemma 11 becomes complete. O

5 The rate of the approximation in norm by subsequences of matrix
transform

Theorem 1 Let f € LP(G?) (1 < p < o0). Foreveryn € N, {txn_1 : 0 <k <
2" — 1} be a finite sequence of non-negative numbers such that

2"—1
fgon—1 =1 (5.1
k=0

is satisfied.

(a) If the finite sequence {tyon—1 : 0 < k < 2" — 1} is non-decreasing for a fixed
n, then

o5 () - pr < cngrw,l,zn,]w,, (f.277) +cop (£.277)
=0

holds, where the constant ¢ does not depend on n.

Birkhauser
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(b) If the finite sequence {ty 2n—1 : 0 < k < 2" — 1} is non-increasing for a fixed n,
then

o5 - 1] < S 2ty s (7.279) el (7.27)
Jj=0

holds.

Remark 1 We mention, that assuming (5.1) is natural, because many well-known
means satisfy it and this equality is a part of regularity conditions [47, page 74.].

Proof of Theorem 1 The proof is carried out in cases where 1 < p < oo, while the
proof of case p = oo is similar. Recall that by the case p = co we mean that we are
considering the space of continuous functions.

During our proofs ¢ denotes a positive constant, which may vary at different appear-
ances.

We use equality (5.1), the usual Minkowski inequality and Lemma 10

L
P

s = 1], = ([ Jo87 i = s aucn)
P G?

10

=2

j=1
10

= Z Ij,n-
j=1

p

?

/G K5 G0F G, i) du(x)>

/~ Kjn@)F (., u)du(u)
G2

p

Using generalized Minkowski’s inequality [47, vol. 1, p. 19], inequality
Feawl < 16 +ulo® +u?) = fat +ul A+ 1+t 0 = f ot )
Lemma 1 and equality (5.1) we write that

n—12J—1
I, < Z Z Dyj 1k, on—1

—1

/G Do) Dy ) F (00 0)

j=0 k=0 p
n—12/-1 %
=< Dyj 1k, on—1 / Don (Ml)Dzj (”2) (/ |F(x,u)|? d,u(x)) du(u)
. G? G?
j=0 k=0
n—1 2/ -1
1 - 2 —j
< cop(f. 2+ ey 0 (£.27) D b
j=0 k=0

Birkhauser
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Now, in case a)
n—1
Il’n < CC();)(f, 27'1) + szjt2j+l_l’2n_la)§ (f, 27j) .
j=0
in case b)
n—1
I = cob(£.27") 4¢3 2ty 0} (£,277).
j=0

Recall that

w21 @) F e, )| = 1Pl

similarly to estimate of /1 , we get

n—12/-1

Iy, < Z Z byjqgon—1

j=0 k=0

/ Dy (u")Dy; (u?) (w2"71 WHF( + u)) du(u)
G2

p

n—12/-1

<Y Y e [ 02Dy ([ 1Pl duc) auc

j=0 k=0
n—1 2J 1
< CZ ((1)11) (f, 2_‘/) + CL)IZ7 (f, 2_J>) Z l‘2j+k,2n_1.
j=0 k=0
Now, in case (a)
n—1
14,,1 < szjtzj-;—l_]’zn_l <C();) (f, 27‘1) + C()i (f, 27])) ,

Jj=0

in case b)

n—1
Lw<c¢d 2t (a)ll, (f, 2—/) + o) (f, 2—/')) .
=0

For expressions I , and I3 , usual Minkowski’s inequality yields

n—12/-2

12’,1 S Z Z |Al‘2j+k,2n_l|k H/;z rj(uz)Dzn(ul)Kk(uz)F(., M)dM(u)

j=0 k=0

’

p

Birkhauser



Journal of Fourier Analysis and Applications (2024) 30:51 Page 15 of 35 51

n—1

13,;1 S th[—;—]ilyznf](zj - 1) H\/GZ rj(uz)DZ"(ul)KZ/f](MZ)F(W u)du(u)
j=0

P
From Lemmas 5 and 8 we write

n—12/-2
.
bha<c) Y |Ab | kIKeliop(f,277)
j=0 k=0
n—12/-2

=c Z Z | Atyjgon | ke (f, 277,

j=0 k=0

n—1
L e iy m 1) = DIKy_ilheon(f,27"
j=0
n—1
¢ iy 2wl (f,27).
j=0

IA

At first, let us observe expression I . In case a.) we have

2/ -2 2/ -2
Z | Aty g | k= Z(t21+k+1,2n—1 — i an-Dk
k=0 k=0

2/-2
(2] —_ 2)[2]4—1_1,211_1 - Z t2-/+k,2’1—1
k=0

<@ =Dty iy

and
n—1
. 5 »
b, < szjtzi-%—l,]yzn,]wp (f, 2 j) .
j=0
In case b.)
2/-2 2J_p
Z | Aty k= Z k-1 — 27 = Dtyjei_y gny
k=0 k=0

2/ -2
) Jt .
= Z Digkon—1 = 2 1y) gy
k=0

Birkhauser
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and

n—1
Iz,n < szjtzj,zn_la)i (f, 2_1) .
j=0

Now, we discuss expression /3 ;.

n—1

. ) .
13’,1 S C221t2j+1_1’2n_16()p(f, 2 ]),

Jj=0
so we are ready in case a.). From this inequality in case b.) we obtain

n—1

Iy < cZ2jt2_;’2n,1wf,(f, 27)

J=0

immediately.
It follows from Corollary 3 that

n—12/-2
’n < Z Z |Af2]+k2n lka
=0 k=1
x| [ iy K (s ) i
G p
n—12/-2
<Y Y Aty | kep(f.277),
Jj=0 k=1
similarly to expression I ,, as in the next case.
n—12/-2
’n< ZZ |At27+k2" |kX
Jj=0 k=1
| [ i) K (s ) i
G p
n—12/-2
<> D Aty ke (f.277),
j=0 k=1

and this is what we obtained estimating /3 ,. And so on

-1

Iow < ) (27 = Dyt g n_yx
j=1
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| [ iy Ky ) (w2 F ) dat)
G p
n—1
<c) Yty jon(f,27).
j=I
It means that we got exactly the same expression, as in case I ;.
n—1
Iyn < Z(Zl = Digjri_y gn_y X
j=1
| [ i) Ky ) (w2 @ F ) dat)
G P
n—1 ) )
<c szfzﬂlf],znf]w};(f, 277)
j=l1
just in case I ,, but a)}, instead of wf, in it.
At the and, let us consider Corollary 4 for Iy , and I19 .
n—12/-2
I9,n =< Z Z |At2,i+k’2n,1|kx
j=0 k=1
| it e (w21 G o) i
G P
n—12/-2
= CZ Z | Aty g kwy?(f. 277, 277),
j=0 k=1
similarly to /> , and other expressions.
n—1
Lon < ) (2) = Diyii_j gy %
j=1
x / Dy Ky @) (w1 @ F ) dp)
G p
n—1
e 2 qwb?(f, 279, 279),
j=1

like is case I3 , and so on.
Summarising these facts, considering Inequality (1.1) the Theorem 1 is proved. O
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6 Application of the Norm Estimation

In this section, we apply Theorem 1 for Lipschitz functions.

Theorem2 Let f € Lip(«, p, G2) for some o > 0 and 1 < p < oo. For matrix
transform O'ET we suppose that the conditions in Theorem 1 are satisfied.
(a) Let us suppose, that equality

tn_1on—1 = 027" (6.1)
holds. Then next estimate is true

oR™), f0<a <1,
[ (5 - 1| =Yoma™. ifa=1.
" loe™, ifas 1.

(b) The equality
n—1 .
o8 = 1| =0 X2 | +0@™
=0

holds.
Proof In part a), Condition (6.1) yields that

n—1
o5 () - pr =0 [ Y 2tyer_y g 277 2
=0
n—1
=0 |11 sz(l—a) 427"
=0
n—1
=0 |2 sz“—“) + 027",
j=0

From this form we get our statement easily.
At last, we discuss part b).

n—1
HUET(]“) - f”p == 0 sztzjyznflz_ja + 2_"0‘
j=0
n—1 )
=0 Y 1,20 | +002™).
j=0
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7 Boundedness of the L' (G?) Norm of 2"th Decreasing Diagonal
Matrix Transform Kernel, Norm Convergence

Theorem 3 For everyn € Nlet {tyn—1 : 0 < k < 2" — 1} be a finite sequence of
non-negative numbers such that

2"—1

> iy =0(1) 7.1)
k=0

is satisfied.

a) If the finite sequence {ty 2n—1 : 0 < k < 2" — 1} is non-decreasing for a fixed n
and the condition

11 =0 (27") (7.2)

is satisfied, or

b) if the finite sequence {ty o1 : 0 < k < 2" — 1} is non-increasing for a fixed n,

then the L'(G?) norm of the 2"th T decreasing diagonal kernel is bounded uni-
formly. Namely,

NT
&3], =

holds.

Proof of Theorem 3 We use Lemma 11 and the usual Minkowski’s inequality

4
NT ’
|x57], = ],
j=1

= Z Jj’n.

j=1

For expressions Jj , and J> , it yields

2n_2
Ba< Y ’Al‘l,zn—l’l/ | Dy @) K6 s,
=1 G?

S = 1@ =) [ [P Kroa )
G

From Lemmas 1 and 5 we write

22
Jin<c Z | At 2011,
I=1

Jon <ctn_1on1(2" = 1) <c.
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Let us observe expression J ;. In case a.) we obtain with help of Condition (7.2)

i
Jin<c|@"—Dton_jn_1 — Z f1on_1
=1

< C2nt2’l_1,2"—1 <c.
In case b.) from Condition (7.1)

2"—1

Jin<c Z o1 — " = Diton_y 0y
=1
71

=c Z fjon—1 = C.
=0

Let us consider Corollary 2 for J3 , and J4 ,. We have

22

J3n Z |At1,2"71}l/G2 ‘wzful(ul)’Cz(M) dp(u)
I=1

IA

P
c Z ’Atzyznfl |l <c,
=1

IA

similarly to Ji ,, and

J4,n

IA

@ = s [ w0 duw
G

c" = Dtyn_1n 1 <c,

IA

like in the case of J3 .
This completes the proof of Theorem 3. O

Theorem 4 For everyn € N, {tx i1 : 0 < k < 2" — 1} be a finite sequence of
non-negative numbers such that

2"—1

Dot =1 (7.3)
k=0

is satisfied.
(a) If the finite sequence {ty 2n_1 : 0 < k < 2" — 1} is non-decreasing for a fixed n
and the condition

1o =0 (27") (7.4)
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is satisfied, or
(b) if the finite sequence {ty 2n—1 : 0 < k < 2" — 1} is non-increasing for a fixed n
and suppose that

lim foon—1 = 0. (7.5)
n—o00

Then have the L' (G?) and C(G?*)-norm convergence
o (f) = f.

Remark 2 This norm convergence in L” (G?) for 1 < p < oo also holds. It is a trivial
corollary of the norm convergence of the two dimensional rectangular partial sums. Of
course we also need Conditions (7.3) and in case b) (7.5) (but do not need to assume
(7.4) in neither case).

Remark 3 In the non-decreasing situation statement of (7.5) trivially holds.

Proof of Theorem 4 The proof is a simple consequence of Theorem 3 and the known
fact, that the set of two dimensional Walsh polynomials is dense in L”(G?) for each
1 < p < oo. Besides, for any Walsh polynomial P we have S»_j x(P) = P for
sufficiently large ng < n and appropriate 2" < kg < k < k; < 2". Then, using
Condition (7.5) we have

ko—1

op (P) =Y tron 15w g x(P)
k=0
ki—1

+ Z fkon—1 P

k=ko
2"—1

+ > e 18w gk (P)
k=k|

—P

in norm and also everywhere. O

8 Almost Everywhere Convergence

Theorem5 Let f € L'(G?). For everyn € Nlet {tyon_1: 0 <k <2" — 1} be a
finite sequence of non-negative numbers with properties

2"—1

Z ooy =1 8.1)
k=0
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and

2"—1

Z tin = 0@Q™". (8.2)

k=0

Ifn — oo, then
ol () > f

almost everywhere.

In particular, we would like to emphasize that in Theorem 5 the sequence {f ,n_; :
0<k<2VN_— 1} is not assumed to be monotone. We only assume that the sum of
these non-negative numbers is 1 and the sum of their squares is oM.

We now present some examples of known summation methods that fall within the
scope of the T summation discussed in this paper and in this Theorem 5. Basically,
we have to check property (8.2), that is, Z;é tkz,nfl < c¢/n because all the other
properties are trivially fulfilled. That is:

(1) The Cesaro (or (C, o)) summation. Let @ > 1/2 and A§ = W,

1 n—1 »
A® ZAZ—I—kSkf'
n=1 k=0

ol f =

. Ae”l L . . L
That is, let #; , = —4z*=". It is quite obvious that all the required properties (in

n—1
this paper) hold for this summation method. Especially,

n—1 n—1 20—2 n
2 (n—k) Co 20—2
D ten—1 S Ca—— S 2 ) KT < ca/n
k=0 k=0 k=1
(In general Cesaro summation is valid for any o # —1, =2, ..., but property

(8.2) needs restriction o > 1/2.)
(2) The Weierstrass summation with parameter y > 1/2. The n-th Weierstrass mean
is defined as

Z e_<"kﬁ>yf(k)wk.
k=0

(Y
That is, let 7, = Ae (”“) = —#e‘“y(—l)yu”_l, where u is between
y—1
K/(n 1) and (k + 1)/(n+ 1) Then 1, < 77 (757)" and this gives
n—1 ) c n—1 1 c 2y
Ztk n—l =72y Z 22y = " =c/n
k=0 k=1
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(3) The Picar and Bessel summation with parameters ¢y > 1,y > 1/2. The n-th
Picar and Bessel mean is defined as

- 1

Z ﬁf (k)wg.

S0+

(Special cases @ = 1 means the Picar and y = 2 means the Bessel summation.)
Then let

1 —1 1
tk,n =A - r=1

(1+(Gx))" T w7

where u is between k/(n+1) and (k+1)/(n+1). Then t; , < ayu?~V/(n+1).
If y > 1, then #x , < ¢/n and we are finished. On the other hand, in the case of
1>y > 1/2 we have

n—1 c n—1 1 c

2 2y—1

! <Y 5 <" =c/n
kZO kn=1 =2y k2=2y — p2v /

k=1

(4) The Riesz summation with parameters « > 1,y > 1/2. The n-th Riesz mean is

defined as
n k V . )
/§)<1_(n+1> ) fywg.

Then let

k Y\ —1 =1 yo1
en=A11- " =n+lot(1—(u)) (=Dyu ,

where u is between k/(n+1) and (k+1)/(n+1). Then we have 1., < &7 @b
and this gives

n—1 n—1

5 c 1 € a2y
t < - Z = < —oh =c/n.
Z kn—1 =2y K22y — p2v /

k=0 k=1

The proof of Theorem 5 is based on some lemmas below. To formulate the first
one, we need to introduce a new operator and kernel function. Let a,(f) := f * Hy,
the definition of the kernel functions H,, is given as.

21
H,:=|> 201D/ D}|. (8.3)
=0
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In Lemma 13 we prove the operator &, := sup,, |h,(f)] is quasi-local. Before this
we need Lemma 12. Let

2N ]

. 1 2
HN’a — Z tl,2N—1Dl Dl .
[=24

Now, we turn our attention to the mentioned Lemma 12.

Lemma 12 For every a, N € N let {tk,szl 0 <k <2N— 1} be a finite sequence
of non-negative numbers such that Conditions (8.1) and (8.2) are fulfilled. Then we
have

/ sup Hy 4 <c.
_ N>a
1,xG

In particular, we would like to emphasize that the sequence {l‘k’zN_l 0<k <
2N — 1} is not assumed to be monotone. We only assume that the sum of these non-
negative numbers is 1 and their sum of squares is O (2~V).

Proof Setn, N, p € Nas N = n + p. We discuss the integral

2"—1

— 1 2
/ Hn,a,p — / Z tZ,Q,N—lDl Dl N
—nn—1
JaxJ o JaxJ I=2"
where v! < a, n, D, v!, v? € N are fixed. We remark that n > a is supposed.
Since

21 o=l

t D! D? = t D! _, D?

12N P Y = =11 oN 1 Mon—1 1 Pon-14
|=2n~1 1=0

and in case of z = (z', z%) € J,1 x J,2 from Corollary 1 we get

vl—1
1 1 1 j v!
Dy (@ = wy o @ | DD 127 =102
Jj=0

By the help of the Cauchy—Buniakovskii inequality we have

1 o\ 1/2

o1
f Hyap < fz vl /2 / Z t2,1_1+,’2N,1D%,H_HD;H_H (8.4)

JU] XJvz ‘Iv2 J 1 =0

v
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In the sequel we investigate the inner integral on the set J,1. It is,

2)1717]

1 1
E Ton=1 4k 2N —1Tan=1 41 2N 1 Wyt gl (2 )Wy 1) (27)
J, ki=0

v

vl—1 . vl—1 .

) | D k2l — k2 | Y 120 =12
j=0 Jj=0

X D%,l_]+k(Z2)D§,,_]+l(z2)d,u(zl) (8.5)
Pl | vl—1 1 vl—1 1

= Z t2"*1+k,2N—lt2”*1+l,2N—1 Z kaj - kU|2” Z 112/ - lv12v
k,1=0 j=0 i=0
x D3, (Z)D3,0,,(2%) / Wy, 1y poh @DWy e @HEh).
J1

v

The integral | W1y o)) (! )w2"*1+z<v‘) (z")(z") can be different from zero only
ol
in the case when

k(vl) ® l(Ul) —0.

That is, k,i = 11, kyip = [1,4,.... Use the notation: A(k, n) := min(k, n). It is
easy to see that

2
D21, @) = e2ne?,

That is, for the integral [ (-)* we have the following upper estimation:
I

=l

C 1 2

} : 2 : 2v' A2A(n,v°)

_21)' t2"’1+k,2N—l l‘2n—l+l’2N_12 2 .
k=0 {l:l_;:k_,',jzvl}
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Check this sum Zin:f)l yn—1 4k 2N _| Z{lzlj:kj’ijl} tyn-14; v _1 out. We prove that it
is not bigger than 2V /2N . The obvious inequality ab < a”/2+ b*/2 and (8.2) gives

=l

Z Iyn—14 g 2N | Z Iyn=141 2N 1
k=0

{l:ljij,ijl}

2n=1—]
= Z fon=1 4k 2V -1 Z Tyn=1 k0N 112V
2;1—]_1 vl_l
8.6
= Z Z (2'1 kN T 2,, kb4, 2N,1) (8.6)
k=0 =0
l2"—1
v 2
=c Z n=1 4k 2N +c Z Z Z tzn k@b 4y 2N
k=0 ko,....k |7le{0,l}k 1yeerkn—1€{0,1} =0
2n 1_ 2U1
U
S Z t2n 1+k2N <C2 Z[kzN 15 2N-

This gives an upper estimation for the integral f (1)2. More precisely, for (8.5)
‘Ivl

2)1—]_1
20! 2A(n,v2)
Doty Y. i 22
= {l:ljij,jzvl}

22v1+2/\(n,v2)
< cC————

2N
That is,

2"—1
/ Z tlZN—lDl D}
J]XJQ J=on—1

ol 22v1+2/\(n,v2) 172
=c 27/ AN

J 2 2

v /2 9 A, v?)
SCoNE o

For symmetry reasons, it can be assumed that v! < v2. Check the following integral
(remember that it was N = n + p above).
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2"—1

00 oo a—1 n—1 (8.7)
DD 3D 3D MY D ITESL L

p:O n=a+1 yl=0 U2=U]]v1 XJUZ ]=2n—1

a—1 2"—1

[ ol o}
DIPIP I D IELE,

+1 vl—OJ 1 <1, [=2n-1

=: A + Aj.
By the above written estimations we have for term Aj:

a—1 n—1 21}1/2 21}2
A1<CZ Z Z Z 2092 52

p= =0n=a+1 yl=0 y2=yp!

2a/?2
CZ Z Z(” v )2n/2+p/2 —CZ Z (n — 2n/2+p/2 (8.8)
p=0n=a+1yl=0 p=0n=a+1

o0

SZ#Sc

p=0

IA

On the other hand, by the above written we have

oo oo a-l1 21,1/2 on [N a/2 e’} c
=e2 2 ZW'Z—nSCZ 2. g = 2 g =
=0 n=atl im0 =

p=0n=a+1

(8.9)

Since (remember that we used the notation N = n 4 p above)

sup Hy 4
N>a
2N
= sup Z 1081 D) D}
N>a |=2a
o0 ) 2"—1

IA

Z Z Z ll’2n+p_1Dl]D12

p:() n=a+1 |]=pn—1
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oo o0

=2 ) Huap

p=0n=a+1
then the inequalities (8.7), (8.8) and (8.9) complete the proof of Lemma 12. O

Lemma 13 Suppose that the finite sequence {t; ,n_; : 0 < k < 2N — 1} satisfies
properties (8.1) and (8.2). Then the operator h.. is quasi-local.

Proof of Lemma 13 Because of the shift invariance, we can assume that the square Q
is of the following kind: Q = 1, x I, = Ia2 for some natural number a. Then

f ()
G2\Q

5/ sup
Iy x1, n>a
—|—/ sup
Iy x1, n>a

+ / sup
Iy x1, n<a

=: A1 + Ay + A3.

du(u)

/I- , fx) Hy q(x +u)dp(x)

2¢—1

/ S x) Z ton_1 D (x4 ' Dy 4 u?)?
I, x1, =0

/] , f @) Hy (x +u)dp(x)

dp(x)|dpu(u)

du(u)

Since for [ < a the function Dl1 D12 is .Ag measurable, then we have
201
141 2,2
sup | > 1001 Dy () Dy (u?)

Ay = / du) =0
I, x1, n=a 1=0

/ F(x)dp(x)
I, x1,

as it is given by | Lx1, f = 0. In the same way we also have
A3 =0.

That is,

[oomn= [ s
G2\ 0 Iy x1, n>a

Birkhauser
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Since we integrate on I, x I, whichis (I, x G) U (G x I,,), then

/ sup
IoxIg n>a

du(u)

/1 . SO Hy o (x +u)dp(x)

= ﬁ sup / FHyo(x +u)dp(x)| du(u)
I, xGn>a |JI,xI,

+/ __sup / f(x)Hn,a(x 4+ u)du(x)|du(u)
Gxlg n>a |JI;x1,

= B; + B».

For the estimation of B; we apply Lemma 12.
By = / LfOl | sup Hyodp)du(x) < cll flh.
Iy x1, 1,xG n>a

To discuss case term By, we apply the Lemma 12 in the same way, we just have
to take note that the variables in the kernels H,, H, , are interchangeable. That is,
By < c|| f1 as well. This completes the proof of Lemma 13. O

The next lemma we need:
Lemma 14 ||H,||; <c.

Proof The proof is basically a direct application of Lemma 12. More precisely, the
formulas in (8.7), (8.8) and (8.9). That is,

”HaJrl,a,p ”1

< ﬁ Hysrap()di(2)
I,xG

+ /G ' Hoptap(dp(2)

x 1,

+/ Hyi1,a,p(2)dpn(z) =: Ay + Ay + As.
1, x1,

Lemma 12 (formulas in (8.7), (8.8)) gives Ay, A < c/2”/2. Besides, by (8.1),
(8.2) and the Cauchy-Buniakovskii inequality

pa+l_q

1,1 2.2
A3 =f Z t[’2a+1+p_1Dl (Z )Dl (Z ) dlL(Z)
laxla | j—pa
2a+1_1 2a+1_1 1/2
=c Z fpasiep_g < €29/ Z t12,2a+1+p_1
[=2¢4 =24

< 29/2=a/2=p/2 < :p=P/2,
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That is, | Hyt1.4,pll1 < c27P/2. Finally,

2"—1

112
”Hn”l = ZU,Z"*]D[ Dl
=0

n—1|2e+1—1

52 Z f1.01_1 D} D}

a=0 | [=2¢ 1

n—1
< CX:Z_("_“)/2 <c.
a=0

This completes the proof of Lemma 14. O

The next step towards realizing the proof of Theorem 5 is based on Lemma 13 and
aims to prove that operator /. (f) = sup,, | f * H,| is of weak type (LY, LY.

Lemma 15 The operator hy is of weak type (L', L' and of strong type (L?, LP) for
each 1 < p < oo.

Proof We prove that operator 4, is of strong type (L°°, L°°) in the first place. Basically,
this property of the operator 4, is a trivial consequence of Lemma 14, the fact that
the kernel functions H,, is (uniformly in n) bounded in L'. That is, the operator &,
is of strong type (L°°, L*) and since it is o -sublinear, then by a standard argument
the fact that it is quasi-local (Lemma 13) gives that it is also of weak type (L', L).
Finally, the interpolation theorem of Marcinkiewicz for sublinear operators completes

the proof of Lemma 15. O
Let

1,NT 1,NT E= 1,NT 1,NT

oS ()= kST = x| Y w0y DR ST = sup oS ().
1=0 "

Recall that
-1

oS ()= f xRS = fx Y n Db DF 0BT (f) = sup 0BT ()]
1=0 "

We continue to assume only that the {f; o»—; : 0 <[ < 2" — 1} fulfils properties
(8.1) and (8.2) (no monotonicity of any kind is supposed).

Lemma 16 The operator U*I’NT is quasi-local, is of weak type (L', L) and of strong

type (L?, LP) for each 1 < p < oo.
Proof We prove that operator UJ’NT is of strong type (L°°, L*°) in the first place.

Introduce the finite sequence {fron_1 : 0 < k < 2" — 1} = {tor_1—k2n—1 : 0 <

Birkhauser
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k < 2" — 1} and apply Lemma 14. The point is that since the only properties for
the finite sequence {f;n—1 : 0 < k < 2" — 1} is supposed (8.1) and (8.2). No
monotonicity of any kind. Of course these two properties hold for the “reversed”
sequence {fxon_1 : 0 <k <2" —1}.

This property of the kernel function of the operator 021,; BT s leia ! o1 Dén _ Dl2

= ‘ 2 i wmo DD, ‘ and consequently we can estimate its L '-norm by the help
of Lemma 14 as follows. Besides, by Lemma 3 we can also use the fact that

2n—1

Z tl,2n_1D%n,[Dl2

=0
2"—1 2"—1

= D%n Z tl,zn_lDlz — w%n_l Z tl’zn_lDllDlZ = H,
=0 =0

on the set I, x G. Then we have

2" —1
Y 21Dy D}
=0 1
2" —1
1 2
S/ ZIZ,Z”—IDZ"leZ
I, 1 xG 1=0
2" —1
by 112
+ tl,2"—1D[ D2"7[
GxlIl,—1 1=0
2" —1
1 2
+ tl,Z"—IDznlel
In—1X1y—1 1=0

2"—1
4
< |Hullh + | Hyll1 + zTn Z t]’zn_122n <c.
=0

(Of course, the second H,, is taken wit respect to sequence {f}.) That is, we proved
that operator O@,} BT g of strong type (L°°, L°°). Then we prove that it is quasi-local.
In order to get this, we have to verify that for any f € L'(G?) supported on some
square I, x I, and [, f =0

2" —1
1 2
/ sup f# | Y tron-1Dy DE|| <cllflh.
IaXIa n =0
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Since
2"—1 2"—1 2"—1

Z t[,zn_lD%nlelz = D%n Z l‘l’zn_lDlz — w%n_] Z tlﬁzn_lDll Dlz = H,
=0 =0 1=0

on the set I, x G and then by Lemma 15
ﬁ oS =clflh.
I, xG

To discuss the integral on the set G x I, is quite the same thing. We just use again

2n—1 2n—1 2n—1

1 2 112 by 112
§ 1,211 Dy_ Dff = E ton—1-121-1D; Dyn_; = E 1,011 Dy D3y
=0 1=0 =0

That is, instead of the sequence {f;on_1} we use the sequence {fxon_1} =
{ton_1—x -1} (k € {0,...,2" — 1}) and again we can apply Lemma 15. The key
point is that the only properties for the finite sequence {#x 221} is supposed (8.1) and
(8.2). No monotonicity of any kind. And of course these two properties hold for the
“reversed” sequence {fk,zn_lzofkszn_ 1}. That is, the operator J*I’EIT is quasi-local.

The rest of the proof of Lemma 16 follows the steps of the standard method. O

The proof of Theorem 5 The proof is an immediate consequence of Lemma 16, the
inequality

oS () <alBT(f)D

which gives that the operator o7 is of weak type (L', L'). Furthermore, the rela-
tion0 < fxon_1 < ¢/ 2"/2 (which comes from (8.2)) and the fact that we have a.e.
convergence for Walsh polynomials (a set of which is dense in the Lebesgue space of
two-dimensional integrable functions) complete the proof of Theorem 5. O

The following comment is due to one of the reviewers of the article. This - as you
can see below raises new questions and problems.

Remark 4 Let f € L'(G?) and foreveryn € Nlet {tx ,—1 : 0 < k <n—1}beafinite
and monotone (not necessarily in the same sense for different n’s) sequence of non-

negative numbers with ZZ;(I) tx n—1 = 1. Letus also assume that in the non-decreasing
case it holds t,—1 ,—1 = O(1/n). Then we have the a.e. relation

ol (f)— f.
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Proof The Abel transform gives

n—1 n—2
AT A A
ka,n—lsk fl= Z(tk,n—l =t 1n—Dkoy [+ th—t n—1no, (f)
k=0 k=0
n—1
A
< sup o, (f)‘ Z |tk,n - tk+1,n|k + In—1,n—10
" k=0
< A
<csup [02(/)|.
n

Finally, the fact that the operator sup,, ’onA is of weak type (L', L") (see [16]) implies

that the operator sup,, ‘onA T‘ is also of weak type (L', L'). From here, by the usual
density argument, the statement follows. O

Problems 1 The following open questions might be of interest.

o Is it true that if the sequence {ty—1 : 0 < k < 2" — 1} is assumed to have
properties (8.1) and (8.2), but not monotonicity of any kind, even then for any
two-variable integrable function, it holds

o2 () — f

or at least GZ%T( f) — f a.e. (In this case, of course, the lack of monotonicity
makes the Abel transform “not helpful”.)

e What be said about the sequence of operators (O'HNT) ?

e Can the Condition (8.2) be weakened (and still preserving a.e. convergence)?
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