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Abstract

Let p be a rearrangement-invariant (r.i.) norm on the set M(R") of Lebesgue-
measurable functions on R” such that the space L,(R") = {f € M(R") : p(f) < oo}
is an interpolation space between L, (R") and L, (R"). The principal result of this
paper asserts that given such a p, the inequality

p(f) < Co(f)
holds for any r.i. norm o on M (R") if and only if
p(Uf*) < Ca(f).
Here, p is the unique r.i. norm on M (R;), Ry = (0, 00), satisfying p(f*) = p(f)
and Uf*(t) = 01 /t f*, in which f* is the nonincreasing rearrangement of f on R.
Further, in this case the smallest r.i. norm ¢ for which p( f ) < Co(f) holds is given

by

o(f)=a(f"=p(US"),
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where, necessarily, p (fol/t X(O,a)) = p (min{l/t, a}) < oo, foralla > 0. We further
specialize and expand these results in the contexts of Orlicz and Lorentz Gamma
spaces.

Keywords Fourier transform - Weighted inequalities - Lorentz Gamma spaces -
Orlicz spaces - Interpolation spaces

Mathematics Subject Classification Primary 42B10; Secondary 46M35 - 46E30 -
46B70

1 Introduction

Given f an L{(R") function, its Fourier transform, defined by

(ﬁﬂ@%=ﬂ@=4¥ﬂﬂf”“ﬂu,sew,
satisfies the inequality

I Flleo < II£1I1-

Plancherel, in 1910, proved the n-dimensional version of the Riesz—Fischer theorem,
namely

I £l = 11 f 12

Standard interpolation theorems yield that L ,(R"), p’ = %, is an interpolation
space (defined in Sect.2) between Ly (R") and L (R”) for 1 < p < 2, leading to the
Hausdorff—Young inequality (1926),

£l < Coll £l s

in this case.

Inspired by the work of Jodeit and Torchinsky [13], in which the authors have
generalized the Hausdorff—Young inequality, replacing the L, spaces with Orlicz
spaces, we prove the following theorem which is central to the rest of the results in
this paper.

Theorem 1.1 Let p(f) = p(f™*) be an r.i. norm such that the Banach space L ,(R")
is an interpolation space between Lo(R") and Loo(R™). Then,

p(f) < Co(f), (1.1)

for any r.i. norm o if and only if
p(Uf*) < Ca(f), (1.2)

Birkhduser



Journal of Fourier Analysis and Applications (2024) 30:42 Page30f28 42

where C > 0 is independent of f € Ly (R™).

For ri norms p = p, and 0 = pp, where pp(f) = | fllp, 1 < p < o0,
% + ﬁ = 1, the space L oy (R™) = L, (IR") is an interpolation space between L3 (R")
and Lo (R™") when 1 < p < 2 and the inequality (1.2), amounts to

cnsrvzsoar=[[ () o] -[L(Lr) 2]

which is a special case of Hardy’s inequality; see [9, p. 124]. Therefore, Theorem 1.1
leads to the Hausdorff—Young inequality in this case.

The Orlicz spaces, L, (R"), are defined in terms of a nondecreasing convex (Orlicz)
function ® mapping R onto itself with the norm being given by

pcp(f)=inf{k >o:/ @('f(’“)')dx < 1}.
Rn A

Our reformulation of the result in [13] asserts that, given an Orlicz function &, one
has

pa, (f) < Cpa, (f),
in which
pa, (f) = pa(f)1?

and pe, defined in terms of 52, with

~ 1
P = — R;.
2(1) o0’ reRy

We discuss this and related results on Orlicz spaces in detail in Sect.4. Theorem 1.1
tells us that, for 1 < p < 2, the smallest r.i. norm o for which

oy (f) < Co(f),

is given by

Py ,
0(f)=(_7(f*)=,0p' (Uf*): |:/R+ (/Olf*>1’ le:|p _ |:/R+ (tl/pf**(t)>p dlti|” )

the so-called Lorentz norm p,, s, which is smaller than p,,.
In the next section we provide material on r.i. spaces and interpolation theory. The-
orem 1.1 and some of its consequences are proved in Sect. 3. Section4 deals with the
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Fourier transform in the context of Orlicz spaces and Sect.5 considers the bounded-
ness of the Fourier transform between Lorentz Gamma spaces. Section6 concludes
with some remarks on other related work.

Throughout this article, we write A >~ B to abbreviate C1A < B < C, A for some
constants Cy, C2 > 0 independent of A and B.

2 Rearrangement Invariant Spaces and the K-Functional

Definition 2.1 A rearrangement-invariant (r.i.) Banach function norm p on M(),

Q = R"” or Ry, satisfies

(1) p(f) =0, with p(f) =0ifand only if f =0a.e;

@) plef) =cp(f)c>0;

3) p(f+8) =p(f)+p(8);

) 0= fu 7 fimplies p(fn) /" p(f);

(5) p(xEg) < oo for all measurable E C €2 such that |E| < 00;

(6) fE f<Cgp(f),withE C Q,|E| < ocand Cg > Oindependentof f € M(L2);

(7) p(f) = p(g) whenever wy = pg. Here, up, for h € M(S2), denotes the
distribution function of / defined as u, (X)) = |{x € Q2 : |h(x)| > A}, L € R,.

Corresponding to an r.i. norm p on M (£2) is the class
Ly(Q):={feM):p(f) <oo},
which becomes a Banach space of Lebesgue measurable functions under the norm
o(f), f € L,(2). The space L,(£2) is then a rearrangement-invariant space.

According to a fundamental result of Luxemberg [9, Chapter 2, Theorem 4.10],
there corresponds to every r.i. norm p on M (R") an r.i. norm p on M (R ) such that

p(f)=p(f*), feM®R". 2.1
Here,
@) = ijl(z) =inf{reRy:pup) <t} teRy.
There is only one such p since both R"” and R, are nonatomic and have infinite

Lebesgue measure, see [9, p. 64].
A theorem of Hardy and Littlewood asserts that

/ F (g dx < / g di. f.g € MRY). 22)
7 R,

The operation of rearrangement, though not sublinear itself, is sublinear in the average,
namely,

(f+"® = ) +g7®), f,.ge MR"), teRy, (2.3)
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in which
t
() =17 / h*, 0<heM@R,), teR,.
0

A basic technique for working with r.i. norms involves the Hardy—Littlewood—Polya
(HLP) Principle which asserts that

™ < g™ implies p(f) < p(g);

see [9, Chapter 3, Proposition 4.6]. This principle is based on a result of Hardy, a

generalized form of which reads
t t
[r=]s 2.4
0 0

implies

t t
/ fh*s/ gh*, 1eRy,
0 0

forall0 < f,g € M(R;) and h € M(R,). The Kothe dual of an r.i. norm p on
M (L2) is another such norm, p’, with

p'(g) == sup /If(X)g(X)Idx, f.8 € M(Q).
p(H=1/e

It obeys the Principle of Duality
p" =" =p. 2.5

Further, one has the Holder inequality

fQ Ifgmldx < p(P'(e).  frg € M.
Finally,
o' = (p).

The Orlicz and Lorentz Gamma spaces studied in sections 5 and 6, respectively,
are examples of such r.i. spaces.
The dilation operator E, s € Ry, is defined at f € M(R4), t € R4, by

(Esf)@) = f(st), s,1€R4.

Birkhauser
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The operator E; is bounded on any r.i. space L,(R,). We denote its norm by &, (s).
Using h, we define the lower and upper indices of L,(IR;) as

—logh —logh
ipzsupr(s) and I, = inf —loghp(s). (2.6)
s>1  logs 0<s<l  logs
respectively. One has
—logh —logh
i) = lim 28 ®) g = i Z208Me ),
s—>oo  logs s—0t  logs

Further, 0 < i, < I, < 1 and, moreover,
ip=1—1, and Iy =1—1i,.

For all this, see [8, pp. 1250-1252].

If we denote by k, (s) the norm of E; on the characteristic functions xr, FF C Ry,
|F| < oo, and define j, and J, by replacing A ,(s) in (2.6) by k,(s), we obtain the
fundamental indices of L,(R). It turns out that when L, (IR}.) is an Orlicz space or
Lorentz Gamma space i, = j, and I, = J,. For p an Orlicz norm see [9]; for p a
Lorentz Gamma norm see [10].

Finally, we describe that part of Interpolation Theory which is relevant to this paper.

Let X and X; be Banach spaces compatible in the sense that both are continuously
imbedded in the same Hausdorff topological space H, written

X, —>H, i=1,2.
The spaces X1 N X, and X1 + X, are the sets

XiNXy:={x:xe X and x € Xy}

and
X1+ Xy :={x:x=x1 +x, forsomex; € Xy, x € Xp},
with norms
1l nx, = max [[lx]lx,. [x]x,]
and

lxllx,+x, = inf { [lx1]lx; + lx2llx, : x = x1 +x2, x1 € X1, x2 € Xa}.

Recall that given Banach spaces X; and X, imbedded in a common Hausdorff
topological vector space, their Peetre K -functional is defined for x € X1 + X»,¢ > 0,
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by
K(t,x; X1, X2) = x=1§11f+x2 [IIx1llx, + 7 Ix211x, ] -

We observe that, for @ = R" orR, p € [1, 00), L, (2) and L, (£2) are compatible,
each being continuously imbedded in the Hausdorff topological space M (£2) equipped
with the topology of convergence in measure. One has

P 1/p
K(t, f; Lp(Q), Loo(R)) = [/ f*(s)pds:| ,1>0, (2.7)
0
fe(Ly+ Lo) (), see [12].
The inequality
t t
f () ()%ds < Cy / (Uf(s)ds, teRy, (2.8)
0 0

from [13] reads
K (1, (1) LaRy), Lao®1) ) < K (1, CUS™ La(Ry), Leg(R) . (2.9)
Definition 2.2 A Banach space Y is said to be intermediate between X and X if
X1NXy =Y X+ X>.

Definition 2.3 A Banach space Y intermediate between the compatible spaces X and
X, is said to be an interpolation space between X and X if every linear operator T
on X| + X satisfying

T:Xi—>X;, i=1,2,

also satisfies T : Y — Y.

1

Suppose now that y is an r.i. norm on M (R ) satisfying u (1—+t

by X, the set of all x € X1 + X» for which

) < 00. Denote

K, x; X1,Xz)>
f <OO.

Pu(x) =M(

Then, X, with the norm p,, is an interpolation space between X; and X, see [4].

Therefore, from (2.7), we have that the space X, ,, with the norm

P 1/p
Pup(f) =bup(fH = |t |:/0 f*(S)PdS:| . feM(E), (2.10)
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is an interpolation space between L ,(£2) and Lo (£2).

Definition 2.4 A Banach space Y intermediate between the compatible spaces X| and
X is said to be monotone if, given x, y € X1 + X», with

K(t,x; X1,X2) < K(t,y; X1, X2), teRy, (2.11)

one has y € Y implies x € ¥ and ||x|ly < ||ylly.

The result of Lorentz—Shimogaki in [17, Theorem 2 and Lemma 3] asserts that
the r.i. interpolation spaces between L ,(€2) and L (£2) are precisely the monotone
spaces in that context. Further, the inequality (2.9) is a special case of (2.11). Thus,
for L,(R") between Lo(R") and L, (R"), there holds

p(F) =5 (/) = C25 (UFY)
< MCy5(f7)
= MCyo(f),

whenever the r.i. norms p and o on M (R") satisfy
pUf*) <Ma(f*), feM®R". (2.12)

Remark 2.1 We have, for simplicity, chosen to restrict attention to functions f €
L1(R"), since then f is defined as a classical Lebesgue integral. Again, it is well
known that for f € L, (R")

lim fx)e ¥ gy, & e R,

R—00 J{xeR" : |x|<R}

exists in the norm of L, (R"), which can be used to define f . Thus, the Fourier transform
can be defined as a function for all f € (L1 4+ Ly) (R"). Indeed, it is shown in [3] that
(L1 + L) (R") is the largest r.i. space of functions that is mapped by .# into a space
of locally integrable functions.

The Editor has referred us to the paper [28], among others, where it is shown that,
essentially the set of functions f for which f is defined as a function is the amalgam
space £ (L1(R")), which in the case n = 1 has the norm

o0 k41 2\ 172
( 3 (/ If(x)ldx> ) .
k=—00 k

This is a Banach function norm on M (R") that is not rearrangement-invariant, namely,

it satisfies (1)—(6) in Definition 2.1, but not (7). Thus, we need spaces other than the
r.i. ones to study the Fourier transform in the context of this space.

Birkhduser



Journal of Fourier Analysis and Applications (2024) 30:42 Page90f28 42

3 Proof of Theorem 1.1

Proof The “if” part was proved towards the end of the Sect. 2. For the “only if” part, let
B be the unit ball in R” centered at the origin. Then ¥ 5 is real-valued, radial and contin-
wous, with X5(0) = |B. Also,0 < x5 % x < |Blx2s € L' and (x5 * x5) = ()*.

Choose r > 0 such that x3 > |B|/2 onrB.Let0 < f € L'(R") be radial and
radially decreasing. For t € R, choose s > 0 such that |sB| = r~!. Then

1/t
UrH@) = fr =/ fdy
0 sB

=( ”S)H/Bf(r‘lsy) dy

() [ @t r () dy

( ls) |B|2f (XB*XB)(y)f( )dy

:( ) |B|2(rs‘1)"f (XB*XB)@)f( —ls)dg
= gle [, 17 (7)o

= (1)’ flnl%_l | Fopldn

Sl O

a0y

e [ =at ()

where we further shrink r to be such that 2"7"|B|*> < 1 and the constant C,, > 0
depends only on n.

Therefore, for f € (L1 N Ly)(R") such that f(x) = g(Jx|), x € R", with g | on
Ry,

IA

FUS < Cod (% /O (f))
<c5((F))
=C,p (f)
< CC,o(f), byassumption,
=CC,o(f7).
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where the second inequality is the boundedness of the averaging operator,
P:gmr— %fé g, on L;(Ry), which follows from our hypothesis on L;(R;) that it
is the interpolation space between L (R ) and L (R4 ), and the Hardy’s inequality.

Givenh € (L1 N Lz) (Ry), let g(¢) = h*(|B|t") and set f(x) = g(|x|). Then, the
rearrangement of f with respect to n-dimensional Lebesgue measure is equal to the
rearrangement of s with respect to 1-dimensional Lebesgue measure. The foregoing
argument then yields

pWUN) < p(UR) =5 (Uf*) < Ca(f*) = C&(h*) = Ca (h).

The space (L1 N Lz ) (R4) includes all bounded functions of compact support whence
the monotone convergence theorem and the Fatou property of p and 6 completes the
proof. O

Boyd in [7, pp. 92-98] associates to each r.i. norm p on M(2), 2 = R"” or Ry,
and each p > 1 the functional

PP () = p(fIP)P. fe M. 3.1)

He shows that p‘?) is an r.i. norm on M(2) and that p(f**) < C5(f*) holds with
p=p»=p0.

The space defined by the norm p‘P) is now referred to as the p-convexification of
L,(R"). It was studied in a series of papers by G. Lozanovskii about the time Boyd,
independently, introduced his spaces. See the references to G. Lozanovskii’s work in
[19]. This latter paper treats the K -functional of p-convexifications, as does the paper
[1]. These papers should shed light on the work involving o in this and the next two
sections.

Theorem 3.1 Let p be an r.i. norm on M(2). For fixed p > 1, define p'P) as in (3.1).
Then, L, (S2) is an interpolation space between L, (S2) and Loo(S2).

Proof Suppose the linear operator T satisfies
T:Lp(2) = Lp(R) and T : Loo(R2) = Loo(2).
Then, according to [9, Theorem 1.11, pp. 301-304], there exists C > 0, such that
t '
/(; (TH*(s)Pds < C/O fr)Pds, fe(L,+ L)), 1eR. (32

The HLP Principle involving p yields

p ((TH?) =5 ([(TH*]")
(Lr71%)

p
p(1f17), feL,m (),

IA

5
C
c
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and hence

pPUTf) < CPpP(f), [ € Lyn(Q).
O

Theorem 3.2 Let p and o be r.i. norms on M(R") determined, respectively, by the r.i.
norms p and & on M(Ry) by p(f) = p(f*) and o (f) = o (f*), f € M(R"). Then,

pP(f) < Ca(f), fe(Ly N LDRY,
if and only if
p@(Ug) < Ca(g), g€ MRy).

Proof The result is a consequence of Theorems 3.1 and 1.1. O

From our discussion on the spaces X,  , with the norm p, , given by (2.10),
Theorem 1.1 guarantees

Theorem 3.3 Let i and o be r.i. norms on M (R") determined, respectively, by the r.i.

norms (L and 6 on M(R). Suppose [1 (ﬁ) < 00. Set

2 1/2
Pu2(f) =Pun(fH=p |t [ /0 f*(s)zds}

Then,
pu2(f) < Co(f). fe(Ls N LR,
if and only if
Pu2Ug) < Ca(g), g€ MRy).

Finally, consider an r.i. norm p on M (R") determined by the r.i. norm p on M (R_)
and set

pu(f) =P o) (f")=pUS), fe€MR".

One has py an r.i. norm if (p o U) (x(0,r)) < oo forall t > 0, or, equivalently,
0 (%) < 00. In that case, L.y (Ry) is the largest r.i. space to be mapped into
L;Ry)byU.

With this background we now have
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Theorem 3.4 Let p be an r.i. norm on M(R") defined in terms of an r.i. norm p on

M (R,) such that
_ 1
— ) <
P 141t

Assuming L5(Ry) is an interpolation space between Ly(Ry) and Loo(Ry), one has

that L, (R") is the largest r.i. space of functions on R" to be mapped into L,(R") by
Z.

4 .7 in the Context of Orlicz Spaces

An Orlicz gauge norm is given in terms of an N-function

d>(x)=/x¢, x € Ry;
0

here ¢ is a nondecreasing function mapping R onto itself. These N-functions are
convex functions of the type from [13] referred to in the Introduction. Specifically, the
gauge norm pg is defined at f € M(2), 2 = R" or R, by

,0<1>(f)=inf{)» >O:/Q<I>(|ff\x)|>dx < 1}.

One can show pe (f) = po(f™*), so that the Orlicz space

Lo(R2) ={f € M(Q2) : po(f) < o0}

is an r.i. space. The norm (p¢)’ dual to pe is equivalent to the gauge norm 0§, Where
d(1) = [yt € Ry, see [9].

The definitive work on .% between Orlicz spaces is due to Jodeit and Torchinsky.
See, in particular, [13, Theorem 2.16]. This theorem asserts that if A and B are N-
functions with Lo (R") C (L{ + L2)(R"), Lg(R") C (Lr + Loo)(R") and ¥ :
Ls(R") — Lp(R"),thenthereexist N-functions Aj and By with L 4, (R") D Lo (R")
and Lg, (R") C Lg(R") for which .# : L, (R") — Lp,(R"). Moreover, B (1) =
1/A1(tY); A1 (1)/t2 | on Ry and so By(1)/t2 1 on Ry.

Using the results in the previous sections we now show L 4, (R4) is an interpolation
space between L1 (R4) and Lo (R,), while L g, (R4) is an interpolation space between
Loy(Ry) and Loo(Ry).

To begin, we observe that By (¢)/t*> 1 is equivalent to B; (t) = ®(¢%) for some N-
function ®. Indeed, given the latter, one has Bj(t)/t> = ®(¢%)/t> 1 on R,.. Again
Bi(t)/t> 4 implies By (t'/%)/t 1, so that (1) = B (¢'/?) is such that B (1) = ®(¢?).
Next,

P2 (f) = po(F7T = ps, (f).
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According to Theorem 3.1, then, L g, (R") is an interpolation space between L, (R")
and Lo, (R™).

Now, B (t) = 1/A;(t7") is equivalent to Aj(r) = 1/B;(r"), whence A;(r)/12
= (t~1H2/By(t") and so B;(r)/t> 1 amounts to A;(¢)/t> 1, that is, L (R")is an
interpolation space between L, (R") and Lo, (R"). Since L i (R") is the Kothe dual
of L4, (R") we conclude that L 4, (R") is an interpolation space between L1 (R") and
Lo (R").

The monotonicity conditions on A; and B translate into conditions on their
associated fundamental functions. For example, L, (R") has fundamental function
o5, () = pp (x0n) = /By ("), t € Ry. Thus setting r = 1/Bi(y) in
o5 0 _ L we arrive at (2L 2 which increases in d theref

a7z = Brl(t’1)11/2 ( y2 ) > y an therefore
decreases in ¢, so ¢ﬁl/(2t) .

We observe that L4, (R") is not the largest r.i. space that .% maps into L, (R");
that space has norm pp, (U f*). In the Lebesgue context, in which, say, B (t) = 7,
1l<p<?2,

;v 1 Tk
ooy =| [ wrora] " <[ [ o] $
R, Ry t

which is the so-called Lorentz norm p,, .. This norm is smaller than p4, = pp. For
more details see the next section.

The foregoing argument can be used to associate a pair of N-functions (A, B) to
a given N-function ® such that & : L4 (R") — Lp(R"). Moreover, L 4(R") is an
interpolation space between L (R") and L,(R"), while Lz (R") is an interpolation
space between Ly (R") and L, (R"). Indeed, we have

Theorem 4.1 Let ® be an N-function. Set B(t) = ®(?) and A(t) = l/B(t_1 ). Then,
essentially, % NS

F : La(R") — Lg(R")
or, equivalently,
Z : Lg(R") — L;(R")

with L o (R") an interpolation space between L1(R") and L (R"), while Lg(R") is
an interpolation space between Lr(R"™) and Loo(R™).

Proof The preceding discussion shows~p B = pep@ Whence L g(R")isbetween Ly (R")
and Lo, (R™). Again B(t)/ 12 4 and A(r)/t%> 1 which means L i 1s an interpolation
space between L, (R") and L (R"), whence L 4 (R") is an interpolation space between
L1(R") and Ly (R"). Finally, Theorem 3.10 in [13] ensures

F: La(R") - Lg(R"Y),

since B(1) = 1/A(t™") is equivalent to A(r) = 1/B(t ™). O
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5 .7 Between Lorentz Gamma Spaces

In this section, we make use of the operators P and Q defined by

I o0 d
(PH@) = ;/o f and (Qg)(t)=/ g(S)?s, fige MRy), 1 € Ry.
t

These operators satisfy the equations
/ gPf=1[ fQg f.ge MRy,
R, R,

and
PQ=QP=P+0Q.

Fix anindex p € (1, oo) and a weight 0 < u € M (R, ). The Lorentz Gamma norm

1/
Pp,u defined in terms of the Lorentz norm A, , (f) = A, . (f*) = (flR+ f*(t)pdt) g
by

pp,u(f) = )Vp,u(f**)» feME),
where, once again, Q2 = R"” or R,..

To guarantee pp ,(xg) < oo for all measurable sets E C €2 with |E| < oo, we
require

/ “O 4 < oo 5.1)
R, | +17

The Lorentz Gamma space
Tpu(R) ={f € M(Q): ppu(f) < o0},

is then an r.i. space. The norm, p,/ ,/, dual to p, , is given by

1/p'
Pp v (8) = (A g**(t)pv/(t)dt) , 8§ €M)
+

where, p’ = p/(p — 1) and
P/ +p-l fé u [ u(s)sPds

P+l
[fot v+1P ftoo u(s)s—l’ds]

V(1) =

This is shown, for example, in [10].
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In this section we study the inequality

Ppu(f) < Cpgo(f), fe(LiNTy)RY. (5.2)

We begin by assuming I'j, , (R ) is an interpolation space between Ly (Ry) and
L (R;), then address the question of when this is the case later in the section.
Recall that Theorem 1.1 ensures that (5.2) holds if and only if

Ppu(Uf*) = Cogo(f¥), f€M®Ry). (5.3)

Theorem 5.1 Let the indices p, q and weights u, v be as described above. Then, given
that T'), ,(RY) is an interpolation space between Ly(R,.) and Lo (R.), one has (5.2)
if and only if

Pgv (&) < Copruy (87, g€ MMRy). (5.4

where, as usual, p’ = %, q = qul’ fR+ v = 00,

rd'+a-1 f(; v ftoo v(s)s9ds
"+l
[f(; v+t ftoo v(s)s*‘ids]q

wp(t) = u(@ P2, / Up = 0,

Ry

V() =

and

/ — t o0 —_
tPp lfo up [ up(s)s~Pds

/+1 9
[fot up +1t° ftoo up(s)s_l’ds]p

Mp/(t) = S R+.

Proof The inequality (5.3) tells that the space determined by the r.i. norm o, , (U f*)
is the largest one mapped into I', ,(R;) by U. Now,

PpuUf*) = [ /R PUF* 1) u(r) dr} "
+
PUF @ =t (PQfH) ™.

Further,

/R[t_l(P(Qf*))(t_l)]pu(t)dt:/ [ (P(QF*) 0] u "y 2ds.
N

R4
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We have shown that

pu(Uf*) = [ /R (P(Qf) (t)pup(t)dti| !
= ﬁp,up(Qf*)-

Therefore, any I'y , (R4.) mapped into I", ,,(R) by U must be embedded into this
largest domain; that is,

Ppuy(Qf") = Chgu(f¥), feMRy). (5.5

But, since (5.5) is equivalent to (5.4), its dual inequality, (5.5) may be tested over
any 0 < f € M(R;), asis seen in

/g*Qf=/ ng*Sf f*Pg*=/ grofr.
Ry Ry Ry Ry O

The inequality (5.4), and hence (5.2), amounts to

[ (Ph)q’v’]
Ry

with h = g** belonging to

1

<C U hp/up/i|p , (5.6)
Ry

_ =

Qo1R)={0<heM®Ry):h(t) | andzh(t) 1 on Ry}

Such inequalities are shown in Theorem 4.4 of [10] to be equivalent to a pair of
weighted norm inequalities involving general non-negative measurable functions. In
the case of (5.6) this leads to

Theorem 5.2 Let the indices p, q and weights u, v be as in Theorem 5.1. Then, (5.6)
holds if and only if

L
7

[ / [(P+ Q)gl? v/}" <cC [ / g”/upl"’/] (5.7)
Ry Ry

~

and

1 1

[ (P2g)"/v’]q <C U gP’ul,l—P’}" , 0<geM®RyY).
R, Ry

Proof According to Theorem 4.4 in [10], one has (5.6) if and only if

1 1
U (P + Q)Qg]”up}p <c U g‘]v”‘q]q
R, R,
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and

1
[ [P(P + Q)gl” v’]" <C [ / g’”upl"”}” ,

holds forall 0 < g € M(Ry).
These are dual inequalities. We choose the second one, which easily reduces to
5.7). O

To deal with the case ¢ < p we will use special instances of the following
combination of Theorems 1.7 and 4.1 from [6].

Theorem 5.3 Consider 0 < K(x,y) € M (R4 x Ry), which, for fixed y € R,
increases in x and, for fixed x € Ry, decreases in y and which, moreover, satisfies
the growth condition

K(x,y) <K(x,2)+K(z,y), 0<y<z<x.

Let t, u, v and w be nonnegative, measurable (weight) functions on Ry and suppose
D (x) = f(;c ¢1 and O (x) = f(;c ¢o are N -functions having complementary functions
Vi(x) = f(;c ¢1_1 and W) (x) = f(f ¢2_1, respectively, with ®| o @, ! convex. Then
there exists ¢ > 0 such that

@] (/ @, (cw(x)/ K (x, y)f(y)dy) t(x)dx)
R, 0
Ry

0< feMRRy,), ifand only if

YKy, <ca(k,x)K(x,y)>d <y

o u®) ru(y)v(y)
and
1 ceB(A,x) _
d A,
/0 ™2 (xu(y)v(y)> y=e
where
a(h,x) = r0 @ (/ D ()»w(Y))l(y)d)’)

and

Bh, x) = Pr0d;! (/ P, ()»w(y)K(y,X))t(y)dy> :
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Theorem 5.4 Let p, g, u,u’, up, v, v’ beasinthe Theorem5.1, with1 < g < p < o0.
Then, given that I ,,(Ry) is an interpolation space between Ly(Ry) and Lo (R4),
one has (5.2) if and only if

(1)
(/0 up(y>dy>”< / v’(y)y‘q’dy>"'sc
2)
(/0 v’(y)dy>q/(/ up(y)y_”dy>p§C
3)
X 14 L o0 L/
X 4 , o q
(/ (log—> up(y)dy) (/ v (y)y qdy) <C
0 y x
4

1 ’ L
X » 00 . 1 y q q
</ up(y)dy) (/ v(y)(—log—> dy) <C.
0 x y X

Indeed (1) and (3) can be combined into

o0 X P % o , _ i
([ e 3) o) )

Proof The first inequality in (5.7) amounts to

a

1 1
[ (Pg)q’v’]" sC[ / g”'u}a”/]p
R, R

and

1 1
[ (Qg)Q’v’]” <C [/ g”’u}f”]” . 0<ge MRy,
Ry Ry
the latter inequality being, by duality, equivalent to

1 1
[ (Pf)P up} "<c [/ 74 v”‘q}q L 0< feMR,).
R, Ry
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We illustrate the method of proof with the second inequality in (6.7) involving
) 1 [~ X
(P7e)(x) = — [ log| —Jg(y)dy.
X Jo y

Thus, taking, in Theorem 6.3, K (x, y) = 10g+;—f, Oi(x) = xq/, Dr(x) = xP (observe

q_
that (®10®>~1)(x) = x 7', whichis convex wheng < p), w(y) = y~ L, 1(y) = v/(y),
w(y) = up( ' v() = up(y) we get

2
!

a(h, x) = AP (/oo v/(y)y_q/dy> !

and

B x) =7 (/ v (v og2 )’ dy)q ,
X X

from which the conditions in Theorem 5.3 yields (3) and (4). We point out that A
cancels. O

The inequality (5.2) is much easier to deal with when

1
Ppu(f) = dpu(f) = (fR f*(l)pu(t)dt)] ; (5.8)
+

which equivalence is not all that uncommon, as we will see later in this section. Indeed,
given (5.8),

ppu(Uf*) ~ ( /R (UF*) (1)” u(r)d:) ’

= </ 0P up () dt>p
Ry

= Pp,uy -
We thus have
Theorem 5.5 Let p, q, u, u, and v be as in Theorem 5.1. Then, given that T}, ,(R)

is an interpolation space between L(Ry) and Loo(Ry), with pp, , satisfying (5.8),
one has

Ppu(f) < C ppou, (f)- (5.9)

Moreover, there is no essentially smaller r.i.-norm that can replace p , , in (5.9).
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Finally, there is a relatively simple condition sufficient to guarantee (5.2). It comes
out of working with the inequality (5.5) and involves the norm of the dilation operator
E; as a mapping from Iy ,(R4) to Fp,up (R4), namely,

h(Fq,v, Fp,u,,)(t):inf {M >0: iép,up (f(ts))zﬁp,up((Etf)(s))EMﬁq,v(f) <OO} .

The argument in the proof of Theorem 4.1 of [16] ensures (5.5) provided

o dt
/ h(Tg.0. T pou,) (1) — <o
1

Again the argument in the proof of Theorem 5.2 in [10] yields

1
L3+ /07 55 up 0y Py )"
h(Tq,v, Fp,up)(t) = sup

1 ’
s>0 [fov+s7 [Zv(y)yady]
when 1 < g < p < oco.

Altogether, we have

Theorem 5.6 Let p, q, u, u, and v be as in Theorem 5.1, with 1 < g < p < oo.
Then, given that I ,,(R4) is an interpolation space between Ly(Ry) and Lo (R4),
one has (5.9) provided

1
o R wp 0r [0y rdy] g
/ sup — < 00.
1

1
20 [T v+ [Zu(y)yady]t

Proof The result follows from the preceeding discussion, since (5.9) and (5.5) are
equivalent when I'j, , (R ) is an interpolation space between La(Ry) and Lo (Ry).
O

We now consider the question of when I", ,,(R,) is an interpolation space between
Ly(Ry) and Loo(R4).

To begin, recall that p,, >~ A, , was shown in [2] to be equivalent to the B,
condition

[ee} ds t
tp/ u(s)s—p < C/O u, teRy. (5.10)
t

We have

Theorem 5.7 Fix p € (2,00) and a weight 0 < u € M(R,). Suppose u satisfies
the By > condition. Then, T'p ,,(R,) is an interpolation space between Ly(Ry) and
Loo(RJr)'
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Proof The B, > condition is necessary and sufficient in order that p,/2 ., >~ Ap/2.4.
Thus,

A
2

<

péz/)z,u(f*) ~ [[R (F* O u@) dt]
= Apu(f).

But, B> condition implies

[e ] o] p 00 5 t
tP/ u(s)d—s :/ u(s) (£> ds < / u(s) <£> ’ ds < C/ u, telRy,
t Sp t N t N 0

and so

Apa(F) = ppu(f). f e MRy).

We conclude I', ,(Ry) = L @ (R4) and hence, in view of Theorem 3.1, I, , (R5)

P p/2.u
is an interpolation space between Ly (R, ) and L (R4). O

Remark 5.1 G. Sinnamon in [27] proved that, given u € B/, and provided 0 < g <
2 < p < 00, one has (5.2) if and only if

Pp.u(X©0.0) < Cpgv,(X0.), T E€Ry,
with v, (t) = vt~ 1) 972, t € Ry. Theorem 5.7 and the fact that p, , (Uf*) ~
ﬁp,up(f*), ensures that, for p € [2, 00) and any g € (1, 00), one has (5.2) if and only
if

P, (X0.0) = Cpgv(X©0.0)s t€R4.

In the proof of Theorem 5.10 below we require a corollary of the following result
of R. Sharpley from [25, Lemma 3.1, Corollary 3.2]

Theorem 5.8 Let p be an r.i. norm on M(R™). Suppose the fundamental indices of
= P

Ly(Ry) lie in (0.1). Given p € (1,00), set up(t) = X0t ¢ R, Then,

oy (X0.0) = P (X)), t € Ry Moreover,

Py (F) = hp i, (f) [ € MR).

Corollary 5.9 Let p = pp,y be as in Theorem 5.8. Then, p = pp ., where ju, (1) =
= 4
2Gwn)” R,

Proof The spaces I, ,(R") and I, ., (R") have fp u, (x0.0) = Ppu (X0.0) 1 €
R.. As such, the spaces are identical, in view of [10, Theorem 5.1]. O
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The principal result of this section is

Theorem 5.10 Fix p € [2,00) and 0 < u € M(R), with fR+ ffgi, dt < 0. Suppose

the fundamental indices of ', ,,(R") lie in (0, 1). Then, I, ,(R") is an interpolation
space between L, (R") and L (R") (and hence between Ly(R") and Loo(R")) if and
only if

_ p = P
sup P (x09)” _ - Ppau (x00) , (5.11)

s>t N t

for some C > 0 independent of t € R,. Moreover, the optimal r.i. domain for F
corresponding to I, ,(R") has the norm

lap,u(Uf*) x~ )\p,u(Uf*) = ﬁp,u,,(f*)~

Proof Suppose first that p = 2. Given T : Ly(R"), Loo(R") — Ly(R"), Loo(R")
one has, according to [9, Theorem 1.11, p. 301] and [12],

t Mt t
f (Tf)*(s)*ds < C'M3 F*(s)%ds = C'MaMyo / F*(Ms)?ds,
0 0 0

L> 4+ L) (Ry), in which M = M,/ M3, My being the norm of T on Ly (R),

S el
k =2, 00.In view of (5.11), HLP yields

:52,14 (X(O,s))2 di
N

— 2
/ Ty 2000 2
R, ! R4

s>t

_ 2
< C'MyM,, / F*(M1)? sup P tos)”
]R+ y

s>t s

_ 2
< CC'MaMy, | f* (M2 P2 XOn) (’:(0”)) d

R4

Z

f € (L2 + L) (R4). Theorem 5.8 now ensures the latter is equivalent to

_ 2 - 2
R, R,

where A (t) is the norm of the dilation operator E; onI"p ;,, (Ry) = T"p , (Ry), ua(s) =

- 2
P21 (10.0)" by Corollary 5.9, that is, T : Ty, (R") — T ,(R"). Thus, [, (R") is
between Ly (R") and Ly (R").
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Suppose, next, p > 2. The “if” part of our theorem will follow in this case if we
> P
can show (5.11) implies the weight w(z) = w satisfies B> condition. But,

= P = p
(/2 /°° ppu (X0.)" ds <2 /wsup P (X0.0)" ds
t s spP/2 = ty=s y sp/2

- p 00

ds

< 22 gup P (xo.») / il
S

y=t y
; Pp.u (X(o,z))p
t

t = 14
Sczf wd& IGR+.
0 N

<C

This completes the proof of “if” part.
As for the “only if” part we rely on a result of L. Maligranda [18] asserting that if
L,(R") is an interpolation space between L ,(R") and Lo (R"), then

P(X(0.5)) |: S\ 7 :|
— < C - , 1. 5.12
P(x,1)) = & max (l) ©12)

Indeed, for ¢t < s, (5.12) yields

P(X0.9) _ C(S)l%

p(xo,n) — N\t
or
P (x©,5))" <C ,5()((0,:))”’
s - t
from which (5.11) follows. O

To this point the Lorentz Gamma range norms have been equivalent to functionals of
the form

hopu(f) = [ fR f*(s)”u(t)dt} "
+

This need not be the case for the p3, , in Theorem 5.12 below.

Lemma5.11 Fix p € (1,00) and 0 < u € M(R;), with

t
| 5 <.
R, 1+17
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Then,

1

1 1
( / FH@P u) dr) "< ( / f*(t)”u(”)(t)dt> " feM®y), (5.13)
R, R,
where
uP (1) = pt"’_1 /oou(s)s_”ds, reRy;
t

moreover, u'P) is essentially the smallest weight for which (5.13) holds.

Proof 1t is shown in [21] that

( PO u) dr)” < ( / f*(t)f’v(z)dr)”, e MRS,
R, R,

if and only if

t oo t
/ u(s)ds +tp/ u(s)s Pds < C/ v, teR,.
0 t 0

But,

t t o0
/ u(p)(s)ds=/ psp71/ u(y)y Pdyds
0 0 s
t ‘ t o0
:/ psp_I/ u(y)y_pdyds+|:[ psp_ldsi| [/ u(s)s_pdsi|
0 s 0 t
t y 00
:/ (/ psp_lds> u(y)y_pdy+tp/ u(s)s~Pds
0o \Jo !
' 0o
=/ u—}—tp/ u(s)s Pds.
0 '

We conclude that

1

(/ [k u(t)dr)p <C </ )P uP (1) dr)" . feM®Ry).
Ry Ry

Theorem 5.12 Let p and u be as in Lemma 5.11. Then,
N = A\ * ~ kY
p2pu(f) = p2pu((f)7) = szp,ugfj (") = pzp’ug))(f), (5.14)
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where

oo
ué’;)(w:u“’)(fl)rzl’*:p(f‘)"*‘( / ]
t

Proof Applying the construction in (3.1) to the functionals in (5.13) yields

: » %
(/ <z—1 / f*(s)2d5> u(t)a't) 5(/ f*(t)2Pu<P)(t)dz>
Ry 0 Ry

Again,

t 2p t p
(fl/ f*(s)ds) < (fl/ f*(s)zds)
0 0

by Holder’s inequality.
Hence, using HLP in (2.8), yields

p2p,u(fA) =< ;Op,u(|]?| 2)]/2
< Cppu((UfHH'?
= C)sz,uw)(Uf*)

€L

2p
=C ( WO u® 1) dt)
Ry

1
=C ( O ud) 1) dt) 7
Ry

= Cpr,ug/? ().

Example 5.1 Fix p, 1 < p < 00, and set

2p—1 1\—«
u(n) = tpl(log;) , 0<t <1,
P, t>1,

with 0 < o < 1. Then, one has

P2pu(f) # X2pu(f), [ € MRy),

or, equivalently,

o0 t
t2pf u(s)s 2Pds < C/ u, teRy,
t 0

u(s)sfpds> t2”72:ptp71/
t 1

|
s‘”

u(s)s Pds.

=2, u» (f)-

(5.15)

Birkhauser



42 Page260f28 Journal of Fourier Analysis and Applications (2024) 30:42

does not hold. Indeed, the left hand side of (5.15) is equal to C*” (log %)_‘Hl, while
the right hand side is

t t
/ u =/ s2p—1 (log %)_a ~ 2P (log %)_a, 0<rt<l,
0 0

in view of L’Hospital rule. The ratio of the left side to the right side in (5.15) is,
essentially, log 1 which — oo ast — 0*.

6 Other Work

Inequalities involving Fourier transform other than those considered in this paper are
weighted Lebesgue inequalities

L

(f |f<x>w<x>|qu)" < c(/ If(x)v(x)l”dt)p
R7 R

and weighted Lorentz inequalities

N é 1/[ p P
(/ (f)*(t)"w(t)dt) sc(/ (/ f*) v(t)dt> ,

inwhich0 <v,we MR") and 1 < p,q < oco.

In both [15, 20] conditions are for the Lebesgue inequalities that apply not just to w
and v but to all weights equimeasurable with them. The extreme cases of these are the
decreasing rearrangement, W, of w and the increasing rearrangement, V, of v. This
reduces the considerations to the case w | and v 1.

The weighted Lebesgue inequalities are shown in [15, 20] to be equivalent to
inequalities of the form, for example when 1 < p < ¢ < o0,

1! % t . %
/ w (/ wP1> < B, telR;. 6.1)
0 0

In [15] the sufficiency is proved using the inequality (2.8) from [13]. The necessity
comes out of the inequality

pa (P w) = p2 (Ufw)

from [15]. The proofs in [20] are more complicated. The conditions for the weighted
Lorentz inequalities are similar to (6.1).

A brief survey of papers on these inequalities, from the pioneering work of
Benedetto and Heinig [5] through that of G. Sinnamon [26] and Rastegari and
Sinnamon [24], is given in the paper [22] of Nursultanov and Tikhonov.
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In this paper we have seen the behaviour of .% on r.i. spaces depends on its action on

radially decreasing functions. But what about the size of f if f is radially decreasing?
This question is taken up in [11] in the context of Fourier series where functions with
a cosine series having decreasing coefficients as |[n| — oo are studied.
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