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Abstract

In this paper, we enhance a recent algorithm for approximate spectral factorization
of matrix functions, extending its capabilities to precisely factorize rational matrices
when an exact lower-upper triangular factorization is available. This novel approach
leverages a fundamental component of the improved algorithm for the precise design
of rational paraunitary filter banks, allowing for the predetermined placement of zeros
and poles. The introduced algorithm not only advances the state-of-the-art in spectral
factorization but also opens new avenues for the tailored design of paraunitary filters
with specific spectral properties, offering significant potential for applications in signal
processing and beyond.

Keywords Matrix spectral factorization - Paraunitary matrix functions - Matrix
completion problem

Mathematics Subject Classification 47A68 - 65T60 - 15A83

Communicated by Chris Heil.

B Lasha Ephremidze
le23 @nyu.edu

Gennady Mishuris
ggm@aber.ac.uk

Ilya M. Spitkovsky
ims2@nyu.edu

I Division of Science and Mathematics, New York University Abu Dhabi (NYUAD), Saadiyat
Island, 129188 Abu Dhabi, United Arab Emirates

2 Department of Mathematics, Aberystwyth University, Ceredigion, SY23 3BZ Wales, UK

Razmadze Mathematical Institute of I. Javakhishvili Tbilisi State University, 6. Tamarashvili Str.,
0177 Thilisi, Georgia

Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00041-024-10100-3&domain=pdf
http://orcid.org/0000-0002-1000-3841
http://orcid.org/0000-0003-2565-1961
http://orcid.org/0000-0002-1411-3036

43 Page2of24 Journal of Fourier Analysis and Applications (2024) 30:43

1 Introduction

Spectral factorization is the process by which a positive (scalar or matrix-valued)
function S is expressed in the form

St) =SS5 (), teT, (1.1)

where S, can be analytically extended inside the unit circle T and S7 is its Hermitian
conjugate. There are multiple contexts in which this factorization naturally arises,
e.g., linear prediction theory of stationary processes [21, 30] optimal control [2, 6]
digital communications [3, 15] etc. Spectral factorization is used to construct certain
wavelets [5] and multiwavelets [20] as well. Therefore, many authors contributed to
the development of different computational methods for spectral factorization (see the
survey papers [22, 28] and references therein, and also [4, 17] for more recent results).
As opposed to the scalar case, in which an explicit formula exists for factorization:

S+(z) = exp (# T f_“f log S(1) dt), in general, there is no explicit expression for

spectral factorization in the matrix case. The existing algorithms for approximate
factorization are, therefore, more demanding in the matrix case.

The Janashia-Lagvilava algorithm [18, 19] is a relatively new method of matrix
approximate spectral factorization [10] which proved to be effective, see, e.g., [9,
12, 24]. Several generalizations of this method can be found in [13, 14]. In particu-
lar, the method is capable to factorize some singular matrix functions with a much
higher accuracy than other existing methods (see Sect. 3 in [9]). Nevertheless, the
algorithm, as it was designed originally, is not able to factorize exactly even simple
polynomial matrices. In the present paper, we cast a new light on the capabilities of the
method eliminating the above-mentioned flaw. The exact matrix spectral factoriza-
tion is important as it may be used as a key step in the construction of certain wavelet
or multiwavelet filter banks with high precision coefficients [20]. Furthermore, we
construct a wide class of rational paraunitary matrices, including singular ones with
some entries having zeros on the boundary; this construction process is of independent
interest.

Let P;VF be the set of polynomials of degree at most N and for p(z) = Z,](VZO crzk e
Py let p(z) = 2116\1:0 crz . Letalso Py := {p : p € Py}. The core of the Janashia-
Lagvilava method is a constructive proof of the following

Theorem ([19, Th. 1], [11, Th. 1]) Let F be a (Laurent) polynomial m x m matrix of
the form

1 0 0 0o 0
0 1 0 0 0
0 0 r -~ 0 0
F@)=| . : . . (1.2)
0 0 o .- I 0

$1(2) $2(2) ¢3(2) -+ P—1(2) 1
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where
$;€Py, j=12,....m—1

Then, there exists a unique paraunitary matrix polynomial of the form

u()  up@ o i@
u21(z) w2z - um(2)
U(z) = : : : : i (1.3)
Un—1,1(2) Um—1,2(2) - Um—1,m(2)
U1 (2 Up2 (@) Upm (2)
where u;;(z) € Pl <i,j < m, with determinant 1,
detU(z) = 1, for all z wherever U (z) is defined, (1.4)
satisfying
ul) =1, (1.5)
and such that
FU € (P)™ ™. (1.6)

Here (1.6) means that FU is an m x m matrix with the entries from 73;;. A matrix
polynomial U is called paraunitary if

U@)U ) = Iy,

where l7(z) = [u};] for U(z) = [u;j(2)], and I,, is the m x m identity matrix.

Let R be the set of rational functions in the complex plane, R+ C R be the set of
rational functions with the poles outside the open unit disk D := {z € C : |z| < 1},
and let R_ C R be the set of rational functions with the poles inside . It follows
readily from well-known facts (see Sect.5) that, in the above theorem, if ¢; € R_
in(12),j=1,2,...,m—1,thenu;; € R4 in(1.3),1 < i, j < m. Nevertheless,
in the existing form, the Janashia-Lagvilava algorithm would find only a polynomial
approximation to the rational entries u;;. In this paper, we construct them exactly. In
particular, we provide a constructive proof of the following

Theorem 1.1 Let F be an m x m matrix function of the form (1.2), where ¢; € R_.
Assume also that the poles of functions ¢ ; are known exactly. Then one can explicitly
construct the unique paraunitary matrix function U of the form (1.3), where

uij € Ry, forl <i,j<m, (1.7)
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satisfying (1.4) and (1.5), such that
FU € (Ry)™™. (1.8)

Here, foru € R, itisassumed that(z) = u(1/z), which coincides with the introduced
definition for u € P;.
The first step in the Janashia-Lagyvilava algorithm is Cholesky-like factorization of

(1.1):
S(z) = M(2)M*(2), (1.9)

where M is the lower triangular matrix with the corresponding scalar spectral factors
on the diagonal:

fir @ 0 - 0 0
&1 f@ - 0 0

M@z) = (1.10)

E11(2) &—12) - f1,@ 0
E1(2) &) &1 fT(2)

If S is a polynomial matrix function, then the entries of M are rational functions. How-
ever, in general, M cannot be constructed exactly even for simple polynomial matrices
S. The reason for this limitation is that, apart from elementary operations, construct-
ing M entails the spectral factorization of certain polynomials (see, for instance, the
beginning of Sect.3 in [8]), which can only be performed approximately unless the
polynomial’s degree is very low and its roots can be exactly determined. Nevertheless,
there exist specific cases where the leading principal minors of S exhibit simple struc-
ture, allowing for the exact determination of their spectral factors, which are involved
in the diagonal entries of M. Under these circumstances, all (rational) entries of M
can be determined exactly. If, furthermore, the poles of the functions §;; inside T can
be precisely identified, the assertion of the following theorem is that we can proceed
with the exact spectral factorization of S. Specifically, leveraging Theorem 1.1, we
establish.

Theorem 1.2 Let S be an r x r polynomial matrix function which is positive definite
(a.e.) on T, and let (1.9) be its lower-upper factorization. If the entries of (1.10) and
the poles of the functions &; inside T are known exactly, then the spectral factorization
of S can also be found exactly.

Remark 1.1 We emphasize that the diagonal entries of (1.10) may have zeros on T,
however, we do not require knowledge of their exact locations.

Remark 1.2 Observe that (1.10) in its turn yields the exact factorization of the deter-
minant. As demonstrated in [1], knowing the latter is necessary and sufficient for
the more general Wiener—Hopf factorization to be carried out exactly. The algorithm
described in [1], while allowing to exactly factorize any polynomial matrix functions
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with a factorable determinant (possessing an arbitrary set of partial indices, unstable
among others), does not work in singular cases where the determinant has zeros on T.
As mentioned in the previous remark, our algorithm does not have this restriction.

Polynomial paraunitary matrix functions play an important role in the theory of
wavelet matrices and paraunitary filter banks (see [11, 26, 29]). They are also known
as finite impulse response (FIR) lossless filters banks, and designing such filters with
specific characteristics is of significant practical importance. In particular, construction
of a matrix FIR lossless filter with a given first row, known as the wavelet matrix
completion problem, has a long history with various solutions proposed by a number
of authors [7, 11, 16, 23, 25, 27]. Theorem 1.1 leads to a solution of the rational
paraunitary matrix completion problem for a broad class of given first rows. Namely,
we prove the following

Theorem 1.3 Let
Vi = (v, v2,...,0n), wherevi € Ry fori =1,2,...,m, (1.11)

be such that

V@V =Y" w@i@=1(= " [uoOF=1forechiT).
(1.12)

If
E m X |vi (z)] > O for each z € D, (1.13)
1=

then one can precisely construct a paraunitary matrix V with the first row (1.11).

Theorem 1.3 enables us to design rational lossless filter banks with preassigned zeros
and poles of the entries in the first row.

The paper is organized as follows: after notation (Sect.2) and preliminary obser-
vations (Sect. 3), we prove some auxiliary lemmas in Sect.4. Proofs of Theorems 1.1
and 1.2 are given in Sects.5 and 6, respectively. The matrix completion problem is
solved in Sect.7, while the last Sect.8 provides some numerical examples of exact
spectral factorization and rational paraunitary matrix construction.

2 Notation and Definitions
This section summarizes the notation used in the paper, with some already introduced
in the introduction.

Let T := {z € C : |z] = 1} be the unit circle in the complex plane,

Ty=D:={zeC:lz] <1}andT_ ={z € C: |z| > 1} U {oc}.
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For a set S, let S™*" be the set of m x n matrices with the entries from S.
Accordingly, the term ‘matrix function’ denotes matrices with entries as functions, or,
equivalently, functions that yield matrices as values. I,,, = diag(1, 1, ..., 1) € C"*™"
stands for the m x m identity matrix and 0,, x,, is the m x n matrix consisting of zeros.
For a matrix (or a matrix function) M = [M;;], M T =M ji] denotes its transpose, and
M* = [M_ji] denotes its Hermitian conjugate, while [M ], stands for its upper-left
m x m principal submatrix. On the other hand, for a € C, we let a* = 1/a.

Let P be the set of Laurent polynomials with the coefficients in C:

P = {Z]::Iq Cka:Ck e C, ki, ky € Z; kq sz}. 2.1
We also consider the following subsets of P: PT, P~, Py, 73;; and Py, where N is
a non-negative integer, which correspond to the cases k; = 0, ko = 0, =N = k; <
ko =N,0=k; <k =N,and —N = k; < k; = 01in (2.1), respectively. So, Ptis
the set of usual polynomials, and 77;,' is the set of polynomials of degree less than or
equal to N.

The set of rational functions {f = p/q : p,q € P} is denoted by R, and R
(resp. R—) stands for the rational functions which are analytic, i.e. without poles, in
T4 (resp. in a neighbourhood of T_ U T). We assume that functions from R _ vanish
at oo and constant functions belong to R4, sothat R =R, @ R_,ie.,every f € R
can be uniquely decomposed as

f=r+ 5 2.2)

where f~ e R_and fT e Ry.

For f € R, it is assumed that f(z) = f(1/z2) = f(z*), and for F = [Fij] €
(R)™*" it is assumed that F = [I::j/i] € (R)™™, Note that f(Z) = f(z) and ﬁ(z) =
F*(z) forz € T.

Of course,

I fe R+ and f is free of poles on T — f = Const. 2.3)
A matrix function U € R™*™ is called paraunitary if
U@U @) = In

(when we write an equation involving rational functions, we assume it holds wherever
the rational functions are defined, which is everywhere except for their poles). Note
that U € R™*™ is paraunitary if and only if U (z) is unitary (i.e., U(2)U*(z) = 1)
foreachz € T.

A matrix function § € R™*™ is called positive definite, if S(z) € C™*" is positive
definite for each z € T, except for some isolated points (where the determinant of S
might be equal to zero, or some entries of S might have a pole).

If f is an analytic function in a neighborhood of @ € C, then the k-th coefficient of
its Taylor series expansion is denoted by c,:r{ f,a}.
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The notation (-, -)cm and || - ||c» are for the standard scalar product and norm on
C™. The symbol §;; stands for the Kronecker delta, i.e., §;; = 1ifi = jand §;; =0
otherwise, and e¢; = (81}, 825, ..., (Smj)T is a standard basis vector of C"*1,

Throughout this paper, we understand the term ‘construct’ as ‘finding the object
exactly’, with its precise meaning emerging from the surrounding context. For instance,
‘constructing’ p € P amounts to finding its coefficients exactly, while ‘constructing’
f € R means determining coprime p and g such that f = p/q. In theory, we can
also find exact solutions for certain problems, such as determining Laurent series
coefficients or solving linear equations with known matrices and vectors. These facts
will be employed implicitly in the subsequent sections.

3 Preliminary Observations

3.1
We will need the following simple observation. Let

anzi +b1zi +anze +b12za + - -+ ainzn + b1nzn = €1

a21z1 +bn1z1 +anz + by + -+ awmzn bz = 3.1

An121 + bp1Z1 + a2 + bp222 + -+ Apnzn + bpnZn = cn

be the system of n equations with unknowns z1, 22, ..., z,. It is equivalent to the
following 2n x 2n system of equations with the unknowns x; = 9(z;) and y; = J(z;),
i=1,2,...,n,

(agl + b}il)xl + (blll - ail)yl +-t (aTn + b}in)x’l + (blln - ain)y” = C}i

(a;ll + b;ll)xl + (b:'ll - al[ﬂ)y1 +ot (a;m + b;m)xn + (bﬁm - a;‘m)y" = C;
(alll + blll)x1 + (ah - bql)yl +-F (alln + blln)x" + (a{n - bqn)yn = cll

(a’i“ + biill)xl + (a;;l - brrzl)yl +ot (allm + bfm)x” + (al};n - bl};n)yn = wa
3.2)

where a” = R(a), a' = J(a), and the same for b and c.

Remark 3.1 If system (3.1) has a unique solution, then system (3.2) has a unique

solution as well and, therefore, the determinant of its 2n x 2n coefficients matrix is

nonzero.
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3.2

If a matrix polynomial S € (Pxn)™*™ is positive definite, then spectral factorization
(1.1) has the form

S(z) = 84+ (2)81(2), z € C\{0},

where Sy € (P;,r)’"x’”. Under the usual requirement that the spectral factor S is
nonsingular on T, the spectral factor is unique up to a constant right unitary multiple.
This theorem is known as the Polynomial Matrix Spectral Factorization Theorem, and
its elementary proof is available in [8].

Since every positive definite matrix function R € R™*" can be represented as
aratio R = S/P, where § € P™*™ and P € P are positive definite, the spectral
factorization theorem (alongside with the uniqueness) can be extended to the rational
case:

Theorem 3.1 If R € R™*™ is positive definite, then there exists an unique (up to
a constant right unitary multiple) Ry € RE*™ such that det Ry (z) # 0 for each
ze€ Ty and

R() = R+ (R4 (2) (3.3)

for each z where both sides of (3.3) are defined.

Remark 3.2 To be specific, if Ry and Q4 are two spectral factors of R, then there
exists a unitary matrix U € C™*™ such that R, (z) = Q+(2)U.

Remark 3.3 Factorization (3.3) provides also the spectral factorization of the determi-
nant

det R(z) = det R (z)det R ().

33

Knowing the coefficients fi; of the expansion of an analytic function f in a neigh-
borhood of a € C,

o
= —_ k =
f@) = E o Jk@—a)>, fueC k=01...,
we can (explicitly) compute the coefficients of the expansion of its /-th power, f':

[f(Z)]lZZ::Oflk(Z—a)k, freC, k=0,1,..., (3.4)

in the same neighborhood for each [ > 1 by the following recursive formula

fierk= Y2 fikmifiy (3.5)
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For the sake of notational convenience, we also assume that for = &ox for k =
0,1,2,....
If b € T and a function &' € R_ has the form

~ N cl
Q= o T

then

!

N cl No_az
_ _a _ar 3.6
@ =, (1/z=Db)! 2y (1= bz .

If now a € T4 (a = b is not excluded), we have the expansion

1 _ 00 b* P
I — b 2 G —ap ¢

in a neighborhood of a (to be specific, for |z — a| < |b* — al) and hence (using
z=z—a+a)

_ z B ab* 0 (b*)Z Y N
f@ =175 = el e = Zflk(z ).

Applying now formulas (3.4), (3.5), we can expand (3.6) in the same neighborhood
of a as

N N 00
u(z)zz <l—bz> Z Z bz —a)k = Z(Z aber ) (z — a)k,
=0 =0 k=0 k=0

where the coefficients flk , which depend on a and b, can be recursively computed
foreach/ =0,1,...,Nandk =0,1, ...

Thus, in order to compute the first L coefficients car , cf“, R czr_ | of the expansion
of the function (3.6) in the neighborhood of @, one can use the linear transformation

(s cfvenef D! = Ay @ e e, 3.7
where A%Z}V isan L x (N + 1) matrix whose k/-th entry is equal to
[A% T =f% 0<k<L, 0<I<N.

We emphasize that the entries of A v depend only on a, b, L, and N.
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4 Some Auxiliary Lemmas

For given rational functions ¢; € R, j = 1,2,...,m — 1, let us consider the
following set of conditions, which originates from the Janashia—Lagvilava method
(cf. [11, eq. (31)]) and plays an essential role in the proposed constructions:

P1xm — X € R4
D2Xm —-% € R+

“4.1)
Gm—1Xm — Xm_1 € R+
$1x1 4+ P2x2 + -+ Pm—1Xm—1 + X € Ry
We say that a vector function X = (x1, x2, ..., xm)! € (R+)’"><1 is a solution of

(4.1) if its coordinate functions are free of the poles on T and satisfy the conditions in
4.1).

Lemma4.1 (cf.[11,Lemma 3]) If X and Y are two solutions of (4.1) (not necessarily
different), then

m—1

Z Xk Yk + Xmym = Const. 4.2)
k=1

Proof Since both X and Y are solutions, we have in particular:

D1Ym _)71 € Ry

¢m—1)’m - )Tr-n\:/l S R+
d1x1+d2x2 + -+ Pp_1Xm—1 + Xn € Ry

Taking the linear combination of these conditions with the weights —xp, ..., —x;—1
and yy,, respectively:

m—1

Zxkﬁc + XmYm € R.
k=1

Since the conditions on X and Y are symmetric, we also have

m—1

Y Fk + Jmkm € Ry,
k=1

and since the functions x; and y; do not have poles on T by definition, the relation
(2.3) imply (4.2). O
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The set of solutions S, of (4.1) is not a linear space. In order to make it linear, we
need to modify it and consider

. ~\T . T
S = {1, %2, .o, X1, X)) T (X1, X2, X— 15 Xm) T € Sl

Then S becomes a linear space in the usual sense: X, Y € S = aX + BY € Sj; for
each a, B € C, where a(x1, ..., Xm—1,%m)T = (ax1, ..., xXm—1,xm)! (not ax,
in the last position). From now on, slightly abusing the notation, we may also call
Si = Sii(b1, P2, - - ., d—1) the space of the solutions of (4.1) (along with S,;;) and
denote its elements (xl, e X1, o) T by X.

Since X(z) = x(z) for each z € T, Lemma 4.1 implies the following

Corollary 4.1 IfX and Y are two solutions of (4.1), then (X(z) Y(Z))(Cm is constant
on T. In particular, IIX(z) llcm is constant on T and le(z) = 0 for some 7 € T, then

X=0and X =0.
Corollary 4.2 Let )A(l, )A(z, R )A(m be m solutions of the system (4.1) such that
Xi(1) = (8i1, 82, -, 8im)T, i=1,2,...,m, 4.3)
and let
C=(ci,ca,...,cm)T e C™¥L,
Then

A m A
Xc = Zi:] ciXi

is the unique solution of the system (4.1) for which X (Hh=cC

5 Constructive Proof of Theorem 1.1

For F defined by (1.2), consider the positive definite matrix function
R(z) = FQF(2). .1)

Due to spectral factorization theorem for rational matrix functions (see Theorem 3.1
and Remark 3.2), there exists the spectral factorization (3.3) of (5.1) such that

R.(1) = F(1). (5.2)

Remark 5.1 We emphasize that such factor R (z) is unique (see Remark 3.2).
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Since det R(z) = 1 = det F(z) and spectral factorization yields the factorization
of the determinant as well (see Remark 3.3), we have

det R4 (z) = Const

and, due to (5.2), this constant is equal to 1. Therefore,

det Ry (z) =1. (5.3)
Consequently, the matrix function

U@) = F ' (2R (2). (5.4)
which is paraunitary since
V@U@ = F ' @R QR @F (@) = F'@QF O FQF @) = I,

has the determinant equal to 1,

detU(z) = 1.

Let U(z) = [Uij ()] i1 and investigate its further properties.
If we write the inverse of the matrix (1.2) explicitly as

1 0 0 0 0
0 1 0 -~ 0 0
» 0 0 1 - 0 0
F ()= ) . . : . > (5.5
0 0 0 -~ 1 0
—¢1(2) —¢2(2) —3(2) -+ —Pm-1(2) 1

it follows from (5.4) that
UjeRiforl <i<m,1<j<m.

Since

Ux)=U"'(z) = [Cof (U (21" = [Cof (U ()],

1
det U(z)

we have

—_—

Upj =cof(Upj) € Ry, forl <j<m,

i.e., the entries of the last row of U are in {u € R : u € R} (note that since U is
a unitary matrix function on T, it does not have poles on T). Consequently, we can
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modify the notation for the entries of U and assume that it has the form (1.3), where
(1.7) holds. Thus the matrix function (5.4) satisfies the conditions of Theorem 1.1 and,
taking into account that

ul) =1,
(see (5.2)) and such U is unique (see Remark 5.1), we will construct it explicitly.

First observe that the columns of U satisfy the system of conditions (4.1). Indeed,
since R;l € R as a spectral factor and U 1 = U, it follows from (5.4) that

UF'=R'eR;.

Thus, if we write the product UF~! explicitly, taking into account equations (5.5)
and

—~—

Uy U21 ... Um—1,1 Uml
~ s 135 ... Um12 U
U= 12 U22 m—1,2 Um?2 .
Ulm U2m -+ Um—1,m Umm

we obtain the first m — 1 conditions in (4.1) for each column of U. The last condition
directly follows from the relations FU = R} € R+.

Remark 5.2 'We emphasize that the columns of U are solutions of the system (4.1).

Suppose now that the functions ¢; € R_ are of the form

ni Nik

gi=33 T i m-,

_ 1’
k=1 =1 (Z azk)
ie., ¢; haspolesata;1, a2, ..., ain;, laik| < 1,of orders N1, Nj2, ..., N; ,, respec-
tively. Assume also that
U {a,l,a,g, ey @i} = {am1, am2, - .. Amon,,} and Ny = max{Nj : aix = amy},
1 <v < ny, ie., we combine poles of all functions ¢;,i = 1,2,...,m — 1, and set
their maximal order at each pole as the order of the pole.
Foreach j = 1,2, ..., m, we construct the j-th column of U. To this end, assume
that j is fixed and let u; = u;;,i = 1,2, ..., m. Since functions u;,1 <i <m,have

poles only in T (see (1.7)), it can be observed from the first m — 1 equations of (4.1)
that functions u;, 1 <i < m, have the form

ni Nik
D =Cit) Y Ciu (5.6)

A
o= @ aie)
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and it follows from the last relation of (4.1) that

Nm Nmk C
~ ki
Um(z Cu + m 5.7
n(@ = Cn kZ”ZI(Z_amk)l (5.7)
The functions (5.6), fori = 1,2,...,m — 1, and (5.7) overall contain

mo:=m+y Z Nig (5.8)

i=1 k=1

unknown coefficients:
Ci,1<i<m,and Cigy, 1 <i <m,1<k=<n;, 1 <I]=<Ny. (5.9

We will construct a linear algebraic system of equations (with these coefficients
as unknowns) consisting of the same number of equations. Indeed, m equations can
be obtained from the relation that the j-th column of U (1) is equal to e; (see (1.5)),
namely we have

ni  Nik
Cint .
ui(l) =C; +ZZ(1—ak)l= 8j, fori =1,2,....m. (5.10)
k=1 I[=1
In addition, for each function ¢;,i = 1,2, ..., m — 1, considering i-th relation of the

system (4.1) which is satisfied by u,, and u;,
Gitty — i € Ry, (5.11)
and equating N;; negative indexed coefficients to O in the Laurent expansion of the

function in (5.11) in a neighborhood of a;;, where 1 < k < n;, we get the following
N;j equations written in the matrix form

+ _ .
Yikl YVik2 Vik3 * Yik.Nig—1 VikNig c(—)r{um’ at-k} Cinl
Yik2 Yik3 Vik4 * - VikNy 0 CLF{M’”’ aik} Cirz
Yik3 Vikd Yiks - 0 0o |.| Qlumai}t || Cis | (512
Yieny 0 0 -+ 0 0 N1 Ui @ik} CikNyy

Using equation (5.7) and the relations described by (3.7), we can substitute

N

+ + T aixa —~ T
(co {ums @ik}, - .., CN,-k—l{um’ ai})’ = ZAZ\Z(;CI’G;T (Cms Cmr1s Cr2s - oo Ciey)
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in (5.12). The resulting system will contain only (5.9) as the unknowns. Performing
the same procedure for each pole a;; of ¢;, we obtain ZZ’:I N, equations for each
i=1,2,...,m — 1, and thus in total

my = Z:l ZZZI Nix (5.13)

additional equations.
Consider now the solution of the last condition in (4.1):

drutr + ¢our + -+ + Gm—tUm—1 + ity € Ry.

Equating again negative indexed coefficients to 0 in the Laurent expansion of the above
function in a neighborhood of a,, for each k = 1,2, ...n,, we get the following
Nk equations

.
Yivl  Yiv2 Viv3 * " YivNu—1 VivNu Cgr{“z.v Ami } g’"“
Yiv2 Yiv3 Vivd  VioN O ci{u“ Amic} k2
Yivds Viva Vivs -+ 0 0 o {uisamy | — _ | Cwi
VioN 00 - 0 0 cﬁmkﬂ{ui,amk} Crik Ny
(5.14)

Here, the summation is with respect to those ies for which a;, = a;; for some v < n;
and it is assumed that y;,; = 0 if N;,, < Ny and N;, < I < N,x. Again, we can
eliminate extra unknowns in the above equations by making the substitutions (see
(5.6) and (3.7))

nj
+ + T amkQit /7~ T
(e uis @i}, ey iy am)T =Y AYEG (Ci, Cirt, Cira, -+, Cieng)
=1

This way, we get

nm
my = i Nk (5.15)

additional equations, and summing up m (the number of equations in (5.10)) with m;
in (5.13) and m, in (5.15), we get mg in (5.8). Consequently, we can construct the
system of m algebraic equations with my unknowns (5.9). Some of these unknowns
enter in this equation with their conjugate like C; or C;z;, however, the existence and
uniqueness of the solution to this system is known beforehand and, taking into account
Remark 3.1, these unknowns can be found explicitly by the standard way.
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6 Constructive Proof of Theorem 1.2

By applying Theorem 1.1, the proof of Theorem 1.2 closely follows the approach out-
lined in previous publications [12, 19]. However, it is crucial to note that the obtained
intermediate terms can be computed exactly, which is a central focus of this paper.
Particularly, throughout this section, when we refer to “constructing”, we understand
“computing exactly".

Note that the triangular factor M in (1.10) can be constructed within the field of
rational functions using a process similar to the Cholesky factorization algorithm for
standard numerical matrices. The key difference is that, instead of extracting square
roots as the standard algorithm requires, one performs scalar spectral factorization.
It is assumed that the poles indicated in the theorem can be precisely determined
during the construction of such M. Observe also that the determinant of (1.10) can be
analytically extended inside T everywhere and

det M(z) #0 foreachz e T4 6.1)

since it is required that the diagonal functions f,,,, m = 1, 2, ..., are spectral factors.
The spectral factor S5 can be represented as the product

S4(2) = M(2)U2(2)Us(2) - - - Uy (), (6.2)

where each matrix U,, is paraunitary and has the following block matrix form

Um(z)=< Un(2) 0’"*“‘”’)), m=23,....r (6.3)

O(rfm)xm Ii—m

Matrices (6.3) are constructed recursively in such a way that [My,, 1, xm =: ([STnxm)+
is a spectral factor of [S],, xm, Where

M,, = MU,U;3---U,
(the term U; = I, is omitted as [M]1 x| = ffr is already a spectral factor of [S]1x1;

see (1.10)). This can be achieved by using Theorem 1.1. Indeed, let us assume that
U,, Us, ..., U, are already constructed so that

[S@Im—D)xm—1) = [Mm—1@Im—1)xmn—1) [Mn—1 (@D In-1)x(m—1).  (6.4)
Since matrices (6.3) are paraunitary and they have the special structure, we also have

(S Tmsxim = [Mon—1 ()T [ M1 (2) I e

Furthermore, [M,,—1(2) ] xm has the following block matrix form

+ +
(M- Tmxem = [[S]an—l)x(m—l) 0<m—1>xl} — [[5]<m_1>x(m_1) O<m—1>xl]
[ZTix(m-1) ¥ 01 x(m—1) I
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x |: Iy 0(m1)x1:| — [[S]Etnl)x(ml) O(m—l)xl:|
Clixm-n/fw 1 O1x(m—1) I

Iy Opn—1)x1 Iy On—1)x1
, 6.5
[[¢ lixm-1 1 [0 lixm—1) 1 ©.5)

where [Z11xm-1) = [¢1, 82 -+ s Lnet1]s [T Nixm—1) == [¢F, 5, ..., ¢ ] and

Gl =0+, i=12,....m—1,

is the decomposition of a rational function according to the rule (2.2). The first two
factors in the right hand side of (6.5) belong to (R4)™*™ and their determinants are
free of zeros in T. Assuming now that F is the last matrix in (6.5) and applying
Theorem 1.1, we can find a paraunitary matrix U,, = U of the form (1.3), satisfying
(1.7) and (1.4), such that (1.8) holds. Hence,

My~ 1lmscmUnm = [Mymxm (66)

is a spectral factor of [S],,xm, and equation (6.4) remains valid if we change (m —
1) to m. Note that, although the factors in (6.6) are merely rational matrices, the
product [M lmxm = ([Slnxm)+ € (P+)™*™ due to polynomial spectral factorization
theorem (see Sect. 3.2).

Thus, if we accordingly construct all the matrices U, Us, ..., U, in(6.2), we obtain
a spectral factor S...

Remark 6.1 In this paper, our focus is on exact factorization. If we cannot precisely
handle the factor described in Theorem 1.2 as given by (1.10), we can still obtain its
entries and corresponding poles in T with any prescribed accuracy. This allows us
to derive an approximation of M by a rational matrix function, say M. We can then
proceed with M and apply the algorithm as previously described. This results in an
approximate spectral factor S+ ‘We anticipate that the convergence S+ — S+ should
occur under the condition that M — M , which will be the focus of our future work.

In our opinion, the ideas developed in this section can also be used to factorize
matrices depending on a parameter.

7 Completion of Paraunitary Matrices

In this section we prove Theorem 1.3. Since a matrix V is paraunitary if and only if
VT is paraunitary, for notational convenience, we assume the given data is the first
column of the matrix and construct its completion. Hence we assume that

= (vi,v2, ..., 00T e R™*, where v; € Ryfori=1,2,....,m, (7.1)

is given which satisfies \71 V1 = 1 and we obtain a paraunitary matrix V with the first
column Vj. This completion follows the same idea as demonstrated in [11, Sect. 5]
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for polynomial matrices: first we construct a rational row vector

@1, ¢, Pm1) € RV (7.2)

and then, applying the procedures described in the proof of Theorem 1.1, we construct
the corresponding completion. To this end, we consider the same system of conditions
as (4.1),

dr1om — 01 € Ry
¢2vm - lTé € R+
(7.3)
¢mflvm - 17}’;1\;/] € R+
$1v1 + P2+ -+ P 1Vm—1 + U € Ry,

however, now we treat v; € R4 (for 1 <i < m) as known functions and ¢; € R_
(for 1 < j < m) as unknown functions. A necessary and sufficient condition for the
existence of this solution is provided by the following

Lemma 7.1 For given functions v; € R4, i = 1,2, ..., m, satisfying
m ~
Y ui@E@ =1, (7.4)
there exists solution (7.2) of system (7.3) (¢1, ¢, .. T, $p; € R, j =
1,2,...,m — 1, if and only if there exist functions h; € Ry, 1 < i < m, such
that
m
> hivi=1 (15)
1=

Proof General solutions of the first m — 1 conditions in (7.3) have the form

o = [:—l} -+ 1, where ¥; € R_ and ¥;v,, € Ry. (7.6)

m
Substituting these relations into the last condition of (7.3), we get

m—1 51 m—1 b by +
Z([—’] +wi>vi+%=2(—l+%—[—’} )vi+6,7,eR+
— Um Um v

i=1 mn

m—1 ~

Z Vi Vi + Yivmv; n Vi U ik € Ry

: Um Um
i=1
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and, by virtue of (7.4),

m—1
1+ Zi:l Yivmvi = hyopy,.

Thus, if we introduce the notation h; = —yv,,,i = 1,2,...,m — 1, where h; € R4+
due to the last condition in (7.6), we get (7.5) and the first part of the lemma is proved.
Suppose now that (7.5) holds and define functions

o e b
¢i=[”’ ’] =12 .m—1.

Um

Then the first m — 1 conditions in (7.3) are satisfied and, for the last condition, we
have

Y _ 1~ A~
[0 —hi (Ui hi ~ e Ju-h]t
L= RS S CE PR | L
. Um N Um n Um
= i=1 i=1

m—1 ~ ~ m—1 m—1 -~ +
Dy Vivi U — D1 hivi Z v; — h; ;
= - i
Um

Um

i=1

L=y b ST - iy g
- izt U S Ry
Um Z Um B " Z Um B -

i=1 i=1

Hence the last condition of (7.3) is also satisfied and the lemma is proved. m]

Remark 7.1 It is well known that condition (1.13) is equivalent to (7.5) satisfied for
some polynomials i; € P, 1 <i < m.Moreover, these polynomials can be explicitly
found by solving the corresponding system of linear algebraic equations.

We proceed with the proof of Theorem 1.3 as follows. Suppose
Vi() =C = (c1 ¢, ..., cm)" € C™L

We can complete C to the unitary matrix W, i.e., we can construct a unitary matrix W
with the first column C.

Lemma 7.1 guarantees that we can construct a row vector (7.2) which is the solution
of system (7.3). Use these ¢;, i = 1,2,...,m — 1, to construct a matrix function F
defined by equation (1.2), and let U be the corresponding paraunitary matrix deter-
mined according to Theorem 1.1. We have that the columns

A

Uj = (rj,uzjs sttt i), j=1,2,...,m,
of the matrix U are solutions of system (4.1) (see Remark 5.2) and
0](1):(81]’82]’.”78”1])7" j=1527"‘7m
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(see (1.5)). Hence
m A
Ve = Zj:l ¢;U; (7.7)

is the solution of system (4.1) which satisfies V¢ (1) = C. However, such solution of
the system (4.1) is unique (see Corollary 4.2). Therefore, V- defined by (7.7), which
is the first column of U(z) - W, coincides with (7.1). Obviously, the matrix

V@) =U)-W (7.8)

is paraunitary, therefore the proof of Theorem 1.3 is completed.

8 Numerical Examples
8.1

In this section, we provide some examples of exact constructions which rely on the
methods presented in this paper. First we factorize the following matrix

227 V46427 11z7'+22472
S(z) = ,

727V 4224+ 11238271 + 84 + 382 @.1)

which is positive definite, however, it has a singularity (of order 4) at the isolated
point z = 1. In particular, det S(z) = 72 42-722 =2 =1DE>-1). An
approximate factorization of this matrix, varying in both speed and accuracy, is given
in [12, 19]. Now, by using Theorem 1.1, we can factorize (8.1) exactly as it admits
exact lower-upper factorization (1.9) with

b+az 0
M(z) = <7+222+1112 l—z2> ; (8.2)
a+bz b+az

where a = V3 — /5 and b = V3 + V5. Arguing as in (6.5), the matrix (8.2) can be

represented as
b+az 0 10
M(Z) - 1— 2 < ) ’
( 0 b+éz> ¢ 1

where ¢ = (7 + 22z + 11z%)/(a + bz). The function ¢ has a single pole in T, at
20 = —a/b = (/5 — 3)/2 with the residue yy = (25 — 11+/5)/2. Therefore, the
function ¢ can be splitinto ¢ = ¢+ +¢~, where ¢~ (z) = yo/(z —z0) and ¢ € R
Hence, we have to take the 2 x 2 matrix function

1 0
F(z) = ( Y0 1)
i—20
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in the role of (1.2) and construct a paraunitary matrix U according to Theorem 1.1.
Postmultiplying M by U, we get a spectral factor

S+(z) = MU (2). (8.3)

Formulas (5.6) and (5.7) suggest that we have to search solutions u#| and u; of the
system (4.1) in the form

- C - C
1) =C1+ —— and @@ =Cr+——.
7—20 7—20
Consequently,
Ci+ (Ci1 — Crz0)z Co + (C21 — Crz0)z
ui(z) = and us(z) =
1 —z0z 1 —z0z

(since we deal with real coefficients, we do not use the conjugate sign for C;) and the
system derived from the equations (1.5), (5.12), and (5.14) has the form

Cu

Ci+ 15Z0 =1

C+ 12 =0

Y0 (Cz + fsz) —Cn =0 (8.4)
]

w i+ S22 )+ 0 =0.
l—z0

For u17 and u2;, we just have to change the right-hand side of (8.4) to (0, 1, 0, O)T.

The code was designed to perform the exact arithmetics in the quadratic field
Q(\/g) and the following solutions of (8.4) and its companion system were obtained
by the Gaussian elimination: C; = (35 — 7\/5)/20, Ci1 = (—11+ 5\/5)/4, Cy =
(5 —+/5)/20, Co1 = (=3 + +/5)/4 for uyy, uz1, and C; = (=5 +~/5)/20, C1; =
(3 = /53)/4, C2 = (35 — 7+/5)/20, C21 = (—11 + 5+/5)/4 for u1», u». Hence the
unitary matrix (1.3) was constructed

35—7J§+ —1145+/5 —5+J§+ 3—/5 143z —l4z
20 4(1/z—z0) 20 4(1/z—z0) az+b az+b (8 5)
5-V5 L 345 35-7W5 | 1145Y5 —lz 347z |° '
20 4(2_20) 20 4(2_20) (l+bZ ll+bZ

where ¢ = b(5 — v/5)/20 = /3 + v/5v/25 — 10/5 + 5/20 = 24/10/20 = 1/+/10.

The spectral factor (8.3) is equal to the product of (8.2) and (8.5). Given that the
theory implies that the entries of S are polynomials of order 2, we can assert that
the obtained rational functions are indeed polynomials, allowing for exact divisions.
Indeed we get

g, —cf 713 —l+z
T="\24+167 —2+27)°
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a result that can be verified through direct multiplication.

8.2

In the next example, we construct a paraunitary matrix with the first row

Vi) = (£ £ 2L) = 010, »6), HQ). (8.6)

One can check that [v1(2)|* + [v2(2)|*> + |v3(2)|*> = 1 for each z € T, i.e., condition
(1.12) of Theorem 1.3 is satisfied and we follow the procedures described in its proof
in order to perform this construction.

Since v3(z) = (z 4+ 1)/(5z + 6) is analytic in T together with its inverse, the
solution ¢1, ¢, of the system (7.3) can be identified by

v 11 Y1 " —11 2!
¢1 = | — = =: and ¢2 = | — = = 5
V3 2(6z +5) Z—20 U3 6(6z +95) Z—20
where y; = 11/12, y» = —11/36, and z9p = —5/6. Thus, we construct the matrix
function F of the form (1.2) and search for the corresponding paraunitary matrix
(1.3). Since zp = —5/6 is a single pole of functions ¢ and ¢,, we search the solutions
(u1, us, usz) of the system (4.1) in the form
- Ci )
Ti(2) = Cj + . j=1.2.3,
=20

and the system derived from the equations (1.5), (5.12), and (5.14) has the form

Ci+ lc_lz'o =41
Cy + G _ 5.
I—2z0 2
Cs+ 2L =83
2 (C3 + —?_ljg) —Cn =0 (8.7)

72 <C3 + ?_fg) —Cy =0

-5

yi (cl + f”?) + 1 (Cz + —fﬂ;g) +C31=0.
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Taking i = 1, 2, and 3 in the system (8.7), we get the coefficients of the entries of the
first, second and third columns of (1.3). Thus we obtain

Q+ 3z 1 z 1 z
7 T 35:76) 22 T 25:46) 22 2(5:76)
I R S S
UR)= |2~ 35:76) 66 T 665:76) 66 T 655:76)
1 1 —1 1 —1 1
2 T 36:75) 66 T 6675 66 T 66219

For the function V; defined by (8.6), we have V(1) = ﬁ (6,9, 2). We used the Cayley
transform V = (I — A)(I + A)~! and searched for skew-symmetric matrix A which
satisfies the conditions (I — A); = Vi(1)(I 4+ A), where (I — A); is the first row
of I — A. This provides the orthogonal matrix W with rational entries and the first
column V|’ (1):

30 —45 -10
1
W=—145 26 18
55
10 18 =51

Using formula (7.8), we get a paraunitary matrix V with the first column VlT:

Ly =z 7 _ 13 1 _ __9% 3243 _ 242421 _ _7z43
2T 25:76) ~ 10 ~ T0(5z+6) 10 _ T0(5:16) 546  5(5:16)  5(5216)

15 _ z 13 13z 3 3z | 4z+5 13z+13 9z49
V@ =|5" 5570 30 T 30646 10T 106570 | = | 3546 3506:46) 350:46
14 1 AT) _4_ 1 z4+1 Tz+11 242427
6 T 6(6z+5) 30 T 30(62+9) 5 7 5(6z15) 6245 35(6z+5) 56249

and the matrix we search foris V7.
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