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Abstract

We investigate a class of Fourier extension operators on fractional surfaces (&, |£]%)
with & > 2. For the corresponding «-Strichartz inequalities, we characterize the pre-
compactness of extremal sequences by applying the missing mass method and bilinear
restriction theory. Our result is valid in any dimension. In particular for dimension two,
our result implies the existence of extremals for « € [2, o) with some «g > 5.

Keywords Sharp Fourier restriction theory - Extremals - Fractional Schrodinger
equations - Strichartz inequalities
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1 Introduction

For o > 2 and the corresponding «-order free Schrodinger equation, the classical
a-Strichartz inequality of [26, Theorem 3.1] states the following estimate
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where 2/g + d/r = d/2 with g > 2 and

(@—2)

My.g.0 := sup { H[D e eV

LI®)LL(RY)

N2 wey = 1}

is the sharp constant, as well as

€1V £ (x) 1= F LM F () = / e e,
R

@)l
[D*u(x) == F g[S F £ (x).

Here .% denotes the spatial Fourier transform

FfE) = f@):f e F(x)dx, xE=x1E + 06+ + xaka

R4

for x = (x1,x2,...,xq) and & = (&1, &, ..., &) in RY. Indeed, this a-Strichartz
inequality (1) belongs to the wider class of Fourier extension estimates since the
space-time Fourier support of [¢!/IVI*]  is on the fractional surface (£, £|*) C RI*1,
For convenience, we denote that

[Ea1f(t,x) = [D® [T £ (x),

2d +4
qo = d N Md’a = Ma’yqoya, SZ = Md,Z'

Note that 8} is the corresponding sharp constant for the classical Schrodinger operator
[¢!'2] and the case o = 2 is also known as the Stein-Tomas estimate for paraboloid.

The relevant symmetries for these «-Strichartz inequalities are the space-time trans-
lations and scaling as follows

[gn]f (x) 1= (h) 2L ™ VY f (hux 4 x0),  (Byy X, 1) € Ry x RY X R;

and the associated group G is defined by
G = l[gn] * (hns X 1) € Ry x RY % R].

Then we say a sequence of functions (f;,) in L>(R?) is precompact up to symmetries
if there exists a sequence of symmetries ([g,]) in G such that ([g,] f,,) has convergent
subsequence in L?(R%). Meanwhile, a sequence of functions (f,) in L?(R%) is an
extremal sequence for My 4 o if it satisfies

2 o
ol =1, lim H[D 217 £,

‘ =My ,qa-
L,&(Rd‘*l)
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Furthermore, a function f, € Lz(Rd ) is called an extremal for My 4 « if fi can make
the inequality (1) an equality and || fi|[;2 = 1.

The sharp Fourier restriction theory, equivalently the extremal problems for
Strichartz type inequalities, has received much attention recently. Readers are referred
to the survey [19] and the references therein for some progress on this theory, see also
the recent survey [35]. We sketch briefly some of the works as follows.

e Paraboloid: Kunze [30] showed the existence of extremals for the Fourier exten-
sion operator on one-dimension parabola (£, £%) C R? based on an application
of concentration-compactness principle from Lions [32, 33]; then Foschi [17]
proved that the only extremals are Gaussians for the case of one-dimension and
two-dimension paraboloids by solving some functional equations and investigat-
ing some Cauchy-Schwarz inequalities; meanwhile, Hundertmark and Zharnitsky
[23] established the same result independently by giving a new representation for
Strichartz integral based on some orthogonal projection operators; later, Shao [39]
showed the existence of extremals for the case of arbitrary dimensional paraboloids
by applying the profile decomposition consequence of [3].

e Cone: for the case of (£, |£]) € R?*! with low dimensions d = {1, 2, 3}, the only
extremals are known to be exponentials by the works of Foschi [17] and Carneiro
[8]; for the case of higher dimensions d > 4, the extremals exist due to the work
of Ramos [37].

e Sphere: Christ and Shao [12] showed the existence of extremals for the Fourier
extension operator on the two-dimension sphere S* by following the general con-
centration compactness framework, as well as establishing some strict comparisons
for the sharp constants of sphere and paraboloid; then, for this S? case, Foschi [18]
proved that the only extremals are constants by investigating the Cauchy-Schwarz
type estimates for some quadratic forms based on the geometric feature of S?;
later, Shao [40] obtained the existence of extremals for the one-dimension sphere
St by combining the outlines in [12] and the profile decomposition ideas in [2, 7];
then for arbitrary dimensions, Frank, Lieb and Sabin [20] established a charac-
terization for the precompactness of extremal sequences by applying the missing
mass method from Lieb [31].

e Other situations: There are many related works such as the odd curves [6, 21,
38], hyperboloids [9, 10], perturbations [36], and non-endpoint type estimates [14,
15, 22], as well as L? extremals [4, 11, 16, 42].

The natural generalization of the paraboloid case is to investigate the sharp Fourier
extension on fractional surfaces (&, |£]%) c R?*!, which s corresponding to the frac-
tional Schrodinger equations. For the case (d, o) = (1, 4), Jiang, Pausader and Shao
[24] established a dichotomy result on the existence of extremals by establishing the
corresponding linear profile decomposition for one-dimension forth order Schrédinger
equations; for the case (d, @) = (d, 4), Jiang, Shao and Stovall [25] studied the high-
dimension forth order Schrédinger equations and established a dichotomy result on the
existence of extremals; then for the case (d, @) = (2, 4), Oliveira e Silva and Quilo-
drén [36] resolved this dichotomy and obtained the existence of extremals by applying
some comparison principle for convolutions of certain singular measures; later, Broc-
chi, Oliveira e Silva and Quilodran [6] established a dichotomy result for the case of
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(d, @) = (1, @) by following some concentration compactness arguments and further
obtained the existence of extremals for all @ € (1, «g) with some «p > 5 by applying
the aforementioned comparison principle; recently, the authors [13] established same
dichotomy result for the case of (d, «) = (1, o) by establishing the corresponding
linear profile decomposition for one-dimension fractional Schrédinger equations, and
then further studied the asymmetric as well as non-endpoint Strichartz inequalities.
For the case of one-dimension fractional curves, both of the proofs in [6] and [13] are
based on some refined Strichartz estimates, which follows from the Hausdorff-Young
inequality and Whitney decomposition. However, these techniques cannot deal with
the higher-dimension fractional surfaces case.

In this article, we investigate the general (d, ) case. One of our main results is the
following existence of extremals consequence Theorem 1.1. This result generalizes the
aforementioned result of [36, Theorem 1.6] which claims the existence of extremals
for the case of (d, a) = (2, 4).

Theorem 1.1 For dimension d = 2, there exists one constant ag > 5 such that for
arbitrary o € [2, ag) the extremal for My  exists.

To prove this result, we need the following precompactness Theorem 1.2, which
gives one characterization for the precompactness of extremal sequences. With this
precompactness theorem in place, as we will show later in Sect. 6, our Theorem 1.1
follows directly from the previous results in [36, Proposition 6.9] and the classical fact
that Gaussians are extremals for S3.

Theorem 1.2 All extremal sequences for My o are precompact up to symmetries if and
only if

My > (o — 1) (/2) 55 SE. )

In particular, if the strict inequality (2) holds, then there exists an extremal for My .

Itis obvious that the Strichartz norm is invariant under the actions of aforementioned
symmetries,! hence precompact up to symmetries is the best one can expect. Note
that Theorem 1.2 states some universal property for all extremal sequences instead
of identifying the extremals. Similar consequences are also established in previous
literature, such as [20, Theorem 1.1] for the sphere and [21, Theorem 1] for cubic
curve. As mentioned above, the one-dimension case of Theorem 1.2 has been proved
in the recent works [6, Theorem 1.3] and [13, Theorem 1.1] by different methods. For
the sharp constant S%, it is conjectured in [17, 23] that the only extremals are Gaussians
and then the corresponding constant can be obtained by the residue theorem. It can be

—1 —d
seen from the asymptotic Schrodinger Lemma 4.1 that (o — 1) 27+ (¢ /2) 2+ S is a

1 Indeed, the Strichartz estimates are also invariant under some other transformations such as the rotation
symmetries f(x) > ¢'*0 f(x). However, we will not use these symmetries here since they do not lead to
loss of compactness in Lz(Rd) and are inessential in our situation. Furthermore, for the special case & = 2,
there are also frequency-translation symmetries f(x) — /%60 f (x) which does not maintain the Strichartz
norm for general «.
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lower bound for My . In addition, the strict inequality (2) has been proved for some
special cases and further details are discussed in Remark 4.2.

Now we give some remarks on the proof of Theorem 1.2. Recall that the Banach-
Alaoglu theorem implies that all extremal sequences must have weak limits up to
subsequences. Hence the precompactness of extremal sequences (as well as the exis-
tence of extremals) usually comes from two steps: finding a nonzero weak limit and
then upgrading this weak convergence to strong convergence. The first step often relies
on some refinement of the original «-Strichartz estimates (1), and the second step often
follows from some compactness arguments. In this paper, we achieve these two steps
by using the bilinear restriction estimates and the missing mass method separately.

The fact that Tao’s bilinear restriction estimates [43] could deduce some refined
Strichartz estimates is first shown by Bégout and Vargas for the classical Schrodinger
equations in [3], which generalizes the previous low-dimensional results in [26, 27, 34]
to higher dimensions. And then numerous consequences are established by following
this idea, see, for instance, [10, 20, 29]. In fact, it is also mentioned in [6, Sect. 2]
and [21, Sect. 3.3] that the refined Strichartz-type estimates usually come from the
bilinear restriction estimates. However, both of them can simply use the Hausdorff-
Young inequality instead, since they both only study the one dimensional fractional
curves. This Hausdorff-Young inequality is also used by the authors in the recent
work [13]. Inspired by these previous results, in this paper we will use Tao’s bilinear
restriction estimates to establish the desired high dimensional refined «-Strichartz
estimates Proposition 2.7 for fractional surfaces and then use this result to establish
the non-zero weak limit.

However, there are two potential difficulties we should resolve: one is that the frac-
tional surface (&, |£]|%) has zero Gaussian curvature at the origin point, which means
that we cannot use Tao’s bilinear restriction estimate [43, Sect. 9] directly; another
one is that (except for the origin point) the geometric structure of fractional surface
is different from that of paraboloid, which implies that we need to investigate the
corresponding quasi-orthogonality of these fractional surfaces in order to apply the
bilinear-to-linear arguments in [45]. As shown later in Sect.2, we settle the first dif-
ficulty by applying some annular orthogonality consequence Lemma 2.4 and then
restrict our attention to the annular case, which are inspired by [10, 25, 28]; further-
more, based on one geometric result Proposition A.1, the second difficulty can be
solved by dividing the angle into a large number of regions (see the number K4 o in
Sect.2) and then investigating the quasi-orthogonality of each regions.

To upgrade the weak convergence to strong convergence, we use the missing mass
method which is invented by Lieb [31] in the content of Hardy-Littlewood-Sobolev
inequality; see, for instance, [20, 21] for the applications of this method in sharp Fourier
restriction theory lately. One crucial tool to apply this method is the Brézis—Lieb type
lemma due to [5, 31], and here we use a more general version [20, Lemma 3.1]. There
are also various other kinds of generalizations appeared in the literature such as [6,
9, 14]. For a sequence of functions, when we decompose each function into different
parts, these Brézis-Lieb type lemmas can give some limit-orthogonality properties
under some suitable conditions. More specifically, the main required condition is
a pointwise convergence assumption which in turn relies on the corresponding local
smoothing estimates. Furthermore, in high dimensions, there need some multi-variable
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analysis such as the multi-variable Taylor’s theorem and decay estimates for multi-
variable oscillatory integrals.

Let us roughly explain how our strategy works. It seems that this also obeys Lions’
concentration-compactness principle [32, 33]. Note that the loss of compactness in
L?*(R%) is the main enemy in our situation. Also recall that there are some symme-
tries when we investigate the precompactness of extremal sequences for My . These
three parameters (4, t,, x,) in the symmetries represent three possible ways to lose
compactness in L?(R¥): scaling and space-time translations. Fortunately, by using the
terminology “up to symmetries" to eliminate the effect of these three parameters, we
do not need to worry about the aforementioned three ways of losing compactness.
However, there is obvious another way to lose compactness in L?(R¢): the frequency
translations f(x) — e**& f(x) with parameters |&,| — oo. Notice that the Strichartz
norm changes when frequency translation occurs. Therefore, to establish the precom-
pactness of extremal sequences (up to symmetries), we should at least understand the
effect of frequency translations and exclude this type of possibility of losing com-
pactness. Then we are led to the asymptotic Schrodinger behavior Lemma 4.1 and
this is why the strict inequality (2) appears in our Theorem 1.2: to exclude the loss of
compactness deduced by frequency translations. In this sense, our Theorem 1.2 states
one fact that essentially the aforementioned four ways are the only ways of losing
compactness when investigating the extremal sequences of My 4.

The outline of this paper is as follows. In Sect.2, we use the bilinear restriction
theory to deduce the refined «-Strichartz estimates as well as the non-zero weak
limit consequence; meanwhile, our arguments in this section rely on an auxiliary
geometric result whose proof is postponed to the Appendix A. Then in Sect.3, we
present some pointwise convergence results so that we are able to apply the Brézis-
Lieb type lemma. Next in Sect. 4, we study the effect of frequency parameters including
the asymptotic Schrodinger behavior and the corresponding pointwise convergence
property. In Sect. 5, we apply the missing mass method to establish our precompactness
Theorem 1.2. Finally in Sect. 6, we show our existence of extremals result Theorem 1.1.

We end this section with some notations. The familiar notation x < y denotes
that there exists a finite constant C such that |x| < C|y|, similarly for x 2 y and
x ~ y. If necessary, we may use the notation x <, y to show the dependence of this
aforementioned constant C = C, = C(«). Finally the indicator function of a set E
will be denoted by 1 g and we further define f;g =1 Ef.

2 Bilinear Restriction and Refined Strichartz
In this section, we apply the bilinear restriction theory to establish our desired high
dimensional refined «-Strichartz estimates, see Proposition 2.7 below. To achieve this,

we need an auxiliary function and a relevant geometric result which is provided in
Appendix A. For a vector § = (§1,&,---,&4) € R4, we introduce the notations

1§ lmax := max{|&1], [&2], ..., &1}, 1§ Imin := min{|&1], |&2], ..., [5al}.

Birkhauser
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Let D denote the family of all the classical dyadic cubes in RY. We further define the
annular dyadic cubes as follows.

Definition 2.1 For N € 2%, we define the dyadic cube-annular Ay on Fourier space
as

Ay i={§ €RT: N < & llmax < 2N
Moreover, for r € 2Z+, we decompose Ay into annular dyadic cubes which are
N
Dy,:=jt€D:t C AN, )= —1.
r

To apply some Whitney-type decomposition and achieve some quasi-orthogonal
properties, we need the following preliminary definitions and notations.

Definition 2.2 For dyadic cubes T C Ay and t/ C Ay, we write T ~ t/ C Ay if
£(t) = £(7') and they are not adjacent, their parents are not adjacent, their 2-parents
are not adjacent,..., their (N4 , — 1)-parents are not adjacent while their N, o-parents
are adjacent. Here we say two regions are adjacent if their closures intersect, and the
number Ny, € Z4 will be determined later in (3).

Notice that  ~ 7/ will imply £(t) = N /r with some r > 2V4.«_ To use the bilinear
form and the Whitney-type decomposition, we divide the unit sphere S¢~! into K 4
parts which will lead to the following angle decomposition

Kd.a
Av=J A of =swlocm: @ meal <Al

j=1

such that 0]{, < 04, with the angle range 6,4, depending on K, .. Here 6(&, n)
denotes the angle between the vectors & and n. By symmetry we may assume |§| > |n],
meanwhile we can set K 4 large enough to let the angle region 6,4 o as small as we
want. Here the numbers Ny o and K4 o are chosen based on the angle decomposition
result Proposition A.1. Indeed, using the notations in Remark A.2, our numbers Ny 4
and K 4 are chosen such that

arctan(d /22 Nawy 4 Od.e < 60- 3)

Since the angle 6 is fixed and depends only on (d, &), we know that this condition
(3) must can be achieved as long as Ny o large enough and 6, o small enough which
means K, , large enough.

The reason we construct this condition (3) is that it will imply the result (11) which
is a critical estimate in the proof of Quasi-orthogonality Lemma 2.3. Meanwhile it
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should be pointed out that

max
1<j<Kia

- (4)

40
LI,X

V1 £

o = “[ei"v' 1f Ay
1,x

Ka,o
-
<X i
= o T4,

We further introduce the annular-restricted notation Tt ~ 1t/ C Afv which means
t~7T CAy, TNAL#Y, TNAL #0.

Recall that ) is very small and much smaller than 7 /8. Hence by dividing Ay into
K4 « parts as above, except for a null set, it can be achieved that for arbitrary (£, & N e
Aj, x A3, there exists unique pair T ~ v/ C A} satisfying & € v and &’ € 7’. This
fact deduces the Whitney-type decomposition which will be used later in the proof of
annular refined estimates Lemma 2.6.

In our bilinear setting, the first crucial fact is the following quasi-orthogonality
lemma.

Lemma 2.3 Supposethatd > 2and jo € {1,2..., Kg,o}. Then the following inequal-
ity holds

Z [eitlvla]fr . [eit\V|“]fr/ S Z H [eitlv‘a]fr : [eitlvla]fr/

) “ )
‘[’\'T/C.A{O LTO twr’C.A{O
tx

40

2

ﬂzl )
Lt,x

2(md P 7 J
forall f € L*(R?) satisfying supp f C A{’.
Proofof Lemma 2.3 At the beginning, we mention that all the dyadic cubes in this
proof have intersections with A{O. Given 7 € Dj ,, denote & := c(t) the center of

7. Then for every £ € 1, considering the radial direction and angle differences, some
geometry observations give that

el = leol| S 177 glisol - 880" S 1 )

Furthermore for 7 ~ 7’ € Dy, and &) := c(7’), there holds

+ (150118 — &g /> ~ 1/r. (©6)

1601 - 161

Denote 7, 7’ the lifts of 7, v/ into the surface (£, |£|*) ¢ Rt!. Based on the quasi-
orthogonality result [37, Lemma 2.2], our main task is investigating the geometry of
the sum-set

T+t = {E+ELE"+HIE") (6, E) e x T} R

Birkhauser
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We claim that the collection {(z,t") : T ~ 7/ C A{O} can be finitely decomposed

into universal number of subsets {7, }Ko_l, and then for each subset .7, there exist a

universal number K| and a universal constant 8 > 0 such that the following property
holds: for every (z, 1) € 9,, we can find K parallelepipeds {P; = Py(t, ""/)}121
satisfying

(F+7) (UPK> [(1—l—,B)-Pg]ﬂ[(l—l—,B)-Py]:(Z)forﬁ;éE’.

Here (1 4 B) - Py denotes the centered dilation of P, which means
(I +p)- Pe:= 1+ PP —c(Po)] + c(Pp)

with ¢(P¢) denoting the center of P,. Let us postpone the detailed proof of this claim
and use it to prove our final result now. Define W, := 1 p,. Since Py is a parallelepiped,
for every exponent g > 1, the boundedness of Hilbert transform implies the following
multiplier boundedness

| F ®E||L4(Rd+l) < ||F||Lq(Rd+l) )

for all F e L4(R4*+!). On the other hand, note that the space-time Fourier support
satisfies

supp(1e¥1"1 £ [V 1, )A” (F+7).

Hence by the claim and triangle inequality, we only need to show the following estimate
holds

@
S (1L )+ B
(t,7)eTm Lt%
" ;
< VI £V
SED DI (TR VAT T ®)
(r,7)eT, X
foreachm € {1,2,..., Ko} and each ¢ € {1, 2, ..., K1}. This estimate (8) comes

from a direct application of [37, Lemma 2.2] and the boundedness (7). Indeed, since
Py is an affine image of the unit cube, for each (z, t’) € .7, we can construct a bump
function ¢ = ¢(t, t’) satisfying

suppp C (1+B) - P, @(x) = 1forx € Py, [[@]l1ra+1) < C,
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where the constant C is independent of (z, t’). Thus, [37, Lemma 2.2] deduces that

N

490
2

> ([ei"v'a]ff[e”‘v'a]fr/) 7

(r,7)eTy LthO
o o -
s Y H<[ezz|V| 1fo1eY! ]fr,)*qje w .
L2
(t,7)€Tm ~

This conclusion and the boundedness (7) immediately give the desired estimate (8).
It remains to prove the aforementioned claim. For the sum-set t + t’, considering
the length along radial direction and the angle differences, it is not hard to see that

/ 1/2
6+ &1~ 160+ 81| S 1/r. 16 +1160 + &1 — € + 8V +8)] > S 17
©)
Meanwhile some further investigation will imply the following estimate
1% + 181 —1g +£'19/2% 7 ~ 1% (10)

Indeed, without loss of generality we may assume |£| > |&’|. If we define the auxiliary
function

Fer(8) = |E|% + €']* — & +&|%/247,

then for every fixed &’ € R? the function F¢r(§) has non-degenerate critical point
& = &'. In other words, the Hessian matrix Hess F¢/ (§') is positive-definite and

VFg (&) =0.

Also notice that Fg/ (& ") = 0 at this point and F¢:(§) is a smooth function. Moreover,
since we have

EEerxt, t~7cC AP,
the condition (3) and Proposition A.1 then imply
detHessFy/ (&) ~ 1. (11D
Hence when © ~ t’ € Dy, which leads to [§ — &§’| ~ 1/r, we can use the multi-
variable Taylor’s theorem to obtain | Fg/(§)] ~ 1/ r2. This gives the desired estimate
(10).

Then we follow some similar arguments in the proof of [10, Lemma 5.2]. First, we
can find a universal constant C such that for every fixed T ~ 7’ € D ,, the number
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of corresponding p ~ p’ € D), satisfies the following quantity bound
#{(p.p):p~p €Dy, G+THINGB+p) #0} <Cy.

In fact, if (T + 7') N (p + p’) # B, it is not hard to see that the estimate (10) implies
s ~ r; and for each fixed s, the estimates (5), (6) and (9) can imply that for given 7,
the number of possible cubes p € D;  is universally bounded; then for each fixed p,
the number of p’ is obviously uniformly finite. Therefore we obtain the existence of
the constant Cj.

Second, note that (10) gives the universal constant ¢ > 0 and ¢3 > 0 with the
following relation

T+7 C o,
Fovi={@m e @+7) x R: (1722 +eofr? < < Jg17/2° 4 ey

Meanwhile the estimates (9) give the rectangle R; . C R? such that T + 17/ C Ry 1
with center c(Ry ;) at the point yp := &y + &; and every side length comparable to
1/r, as well as one edge aligned with the vector yy. By a centered dilation R} , :=

(1 4 ca4) - R; o with constant ¢4 > 0 small enough independent of (z, t’), we can let
the following sets still have bounded overlap

S = {60 € RE o x Ro[617/277 4 /202 < i < Jg17/2° 7" + 263/

Hence we are able to decompose the collection {(z, ') : T ~ 1/ C A{O} into universal

number of subsets {.7},,} 5": |»such thatfor each .7, there is a corresponding set { X 1/},
whose elements are pairwise disjoint. Thus, we may fix some m = m( and investigate
one subset .7,, from now on.

Third, for y € R?, we define T(y) to be the tangent plane of the surface
(€, |€]%/2%~1) at the point (y, |y|*/2%~1) as follows

Ty i={ 0 22 +viv e R wlaly 2y /22 =}

Let (eq, €2, . .., e44+1) denote the canonical basis in R*!. Without loss of generality,
we may assume the center yy = |ypleq. Consider the point y = key which is very
close to yp. In this case, the corresponding hyperplane can be computed as

Ty = {0 1“2 ) + (1, va, .. Vg, vk 29 sy e R, i =1,2, .., d};
and lifting the rectangle R, . to the tangent plane 7 (y) amounts to choosing

|(v17v2""’vd71)|§1/r’ vdsl/r'

Birkhauser
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Hence we can precisely set y = (vy, v2..., vg—1) and assume

Iyl <c¢s/r. |val < ce/r (12)

with the constants cs, cg to be determined later. Under these assumptions, in the direc-
tion e44+1, we can use the multi-variable Taylor’s theorem to estimate the largest
displacement between the tangent plane and the surface (£, |£]%/2%~!) as follows

10 ke w172 = (/27 gk 2271) S 10 v = (¢ + )/,

Here we have used the fact k ~ 1 which leads to all the second-order partial derivatives
and the Hessian of this corresponding function g(£) = |£]%/2%~! comparable to 1.
Hence we can choose some universal constants cs, ¢ small enough such that this dis-
placement is less than 267‘ This conclusion further gives the desired universal constant
K| comparable to (c5) I=d(¢6)~1 such that the rectangle R, ;+ can be decomposed into
K smaller rectangles

K
Rr,r’ = U Rl’
(=1

where the smaller rectangles R; = Ry (t, t’) have the same size with disjoint interiors
and satisfy the condition (12).

Then for each ¢, let ¢, be the center of the rectangle P, and let T (R,) denote the lift
of Ry into the tangent plane T (c;). Define the parallelepiped Py = Py(t, /) C R94t!
as the sum-set

Cc3
=)

Note that distinct Py have disjoint interiors and the following inclusion holds

)
O8]

Po:=T(Ro) + {Sed-i-l s s

[\]
)

(fT+7)cTvC (G P[) .

=1
Moreover, by the construction of R:‘ o and Ry, there exists § > 0 such that
1+p8) R C R;‘ o holds for every £ € {1, 2, ..., K;}. Taking the aforementioned

displacements into consideration, recalling the choice of constants ¢s and cg, we can
guarantee that

(1+/3)'P€ Czr,r”

possibly choosing a smaller 8 but still universal. This finishes the proof of our desired
claim. O
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One basic refinement of the original «-Strichartz inequality (1) is the following
annular orthogonality Lemma 2.4. Indeed, a direct application of the Littlewood-Paley
theory and the mixed-norm estimates (1) will give this refinement. Similar arguments
can be found in [25, Lemma 2.3]. See also [10, Proposition 2.1] and [28, Lemma 4.1].
We omit the proof here for simplicity.

Lemma 2.4 Letd > 2. We have the following annular orthogonality estimate

IEa1f 1% S sup LB Al 11 e

qu (Rd+1) NeaZ L;/(i (Rd+1)

for every f € L>(RY), where ﬁv = llANf.
Based on this annular orthogonality result, we are able to focus on the annular case
and aim to establish some suitable control for the item ||[[Ey] fn | 190 - At this point,
1,x

the advantage is that the truncated surface has non-zero Gaussian curvature. Hence
we are able to apply Tao’s classical bilinear restriction estimates in [43].

42 < p < T2and jo € {1,2..., Kg.o). Then for every

T~17 C .A]O, the following bilinear estimates holds

Theorem 2.5 Suppose that

-2
St i felli2l folle

tx

TR r

forall f € L>*(R?) satisfying suppf C Aj. Therefore, by interpolation there exists
so € (1, 2) such that

H [eit|V|a]fT : [eit‘vrx]ff/

-2 ~ —~
19072 Sl ol fellzsoll forllzso-
1,x

Proof of Theorem 2.5 This result follows from a standard parabolic rescaling argument
by Tao’s bilinear estimates on the paraboloid [43]. Note that our surface (&, |£]%)
restricted on the unit cube-annular A; is a elliptic-type compact surface in the sense
of [45, Sect. 2]. Hence we can use the bilinear estimates [43, Sect. 9, third remark]
to deduce this desired conclusion. See [20, Theorem A.1] for further details on this
parabolic rescaling argument. O

As mentioned above, on each annular, we are going to apply this bilinear estimate
Theorem 2.5 to deduce the following annular refined «-Strichartz estimate Lemma 2.6.
The arguments (from bilinear-type estimate to refined-type Strichartz estimate) are
classical, and similar arguments can be seen in the works such as [3, 21, 44]. Here
we follow the ideas in these works, and show the details for the convenience of the
readers.

Lemma 2.6 Letd > 2. There exists y € (0, 1) such that the following estimate

e g

v
_ ; o 1—
L0 < |: sup sup |r|71/? H[emVI ]fTHLOO:| IFl,"
rx x

Lix re2Z+ €Dy,
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holds for all f € L*>(R?) satisfying suppr Aj1. Moreover, by rescaling, the follow-

ing estimate
Y
I-y
Lw} 17152

Proof of Lemma 2.6 Due to the relation (4), it suffices to fix some jo € {1,2, ..., Kg.4}
and prove that

Nqo

’[e”‘v' 1f

L N[sup sup 7772 (11" £,

t.x re2?+ teDy r

holds for all f € L*(RY) satisfying supp f C An.

eV 1 4

o0
1,x

< [ sup sup [7|7/2 [V £,
Ly

re2Z+ teD1,

¥
1—
:| IIfIIL%y- 13)
Our strategy is using the bilinear estimates Theorem 2.5. Thus, the Whitney-type
decomposition gives
1/2

1711 o

S D D Ll VAR P T
Lt,x

~ Jo
~T'CA] L;I(l/z

Then the quasi-orthogonality Lemma 2.3 and Hoélder’s inequality imply that

12
Z [ ll|v‘a]f lt|v| fr
T~/ C AP L0/
1
290
5 H[eltlvl 1fz - le “lv| 1fz qu/z
T~T C.A/O
< sup VY f 1MV £ Ll:gﬂ (14)
T~T/ C AL
1
290
o o s
B IN [ VAN T VN I (1s)
. 1x

~t/ C.A{O
Here the inequality is valid for all 0 < s < qo, though we will choose 1 < s < go
later. In the remainder of this proof, we will estimate (14) and (15) by different ways

which will finally lead to the desired result (13).
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Firstly for the term (14), we have that

—1
La0/2 = (|f|
t,x

) <|T|g?)l H[eit‘vw]ff : [e

e e £ [V fz - e

_2
1 @
’
L7%

2
q0
!’
Lix
d+3 d+2

where 775 < p < “7=. Then the bilinear estimates Theorem 2.5 gives the following
estimate

2p

1—
I T R T Y I SR T P R

_2p 4p

—1/2)1,itIVI* q
s (11720 iz ) 1S,

which immediately means

- -
sup [V 1fz- [V 1fr 40/2
r'vt’CA{O Lix
1/2)1,itIV|* T “
— t
S| osup sup (o2 £ L1 (16)
re2Z+ t€Dy *

For the term (15), a standard application of bilinear estimates Theorem 2.5 concludes
that

Z H [eit|V|"‘]fr NP

s 1-2/s0 | 7 = s
Nwn s X [0 f 0l Felen ]
t,x

r~r’C.A{O r~r’CA{0
1—2/son 72 |°
S DI LA VAT
rNI/CA{O
1—2/son 72 |°
SO IR VAT
TCA
SIFIS.
L

where in the last inequality we have used [3, Theorem 1.3] with s > 1, see also [44, p.
279]. Thus, this estimate and the previous (16) directly imply our desired conclusion

(13). O

Finally, we are able to show our main result in this section, which is the following
refined a-Strichartz proposition.
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Proposition 2.7 Let d > 2. There exists 0 € (0, 1) such that the following estimate

@y

%
_1 _
IlEo]fll 00 < | sup Q|72 A (17)
t,x QED Lr,x x

holds for all f € L>(R?).

Proof of Proposition 2.7 Combining the annular orthogonality Lemma 2.4 and annu-
lar refined «-Strichartz Lemma 2.6, we directly obtain this conclusion by applying
Bernstein’s inequality. O

There are standard arguments to deduce the following non-zero weak limit result
Corollary 2.8 from the aforementioned Proposition 2.7. In fact, the L7 -norm in
(17) gives space-time translation parameters and the supremum of dyadic cubes gives
scaling-frequency parameters. Readers can see [20, Corollary 3.2] for further details
and the detailed proof are omitted here for simplicity.

Corollary 2.8 Let ( f,) be abounded sequence in L>(RY) withd > 2. If ||[E¢] f | L0

0, then there exists (tp, Xn, &, hp) C R x RY x RY x Ry with hy||&y |lmin > 1/2, such
that up to subsequences

[gnlfn (6 + haE) =~V

in weak topology of Lz(Rd) with V # 0. Moreover, if ||fn||L% < B and
limsup,,_, o [|Ee full j90 > A, then we have
tx

IVil,2 > CAPB™Y,

where C, B, vy depend only on the dimension d and «.

3 Local Smoothing and Local Convergence

In this section we show some local smoothing property for the solution [¢!/IVI*]f.
Then this property further deduces some local convergence and pointwise convergence
results which will provide the desired input for Brézis-Lieb type lemma [20, Lemma
3.1]. Similar arguments can also be found in [20, 21]. Our local smoothing consequence
is the following lemma.

Lemma 3.1 Let ¢ € L' (RY) be a Schwartz function. Then for all f € L*(R?), there
holds

o o 2
/R L [T ()| dxdr S 112
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Proof of Lemma 3.1 We will mimic the proofs in [20, Lemma 4.4] and [21, Lemma
4.3], albeit with a small twist.
Let .%; be the Fourier transform on time space. Then there holds

Fe ' (0) = 278 (A — ay).

Here § denotes the Dirac delta function. Thus, Plancherel theorem implies the follow-
ing estimate

a—=2 . o 2
[, o0 T 0o axe
Rd+1

S

b /R /R SE — OIEIT 11T FEOFES(E" — 18'1%)dEds.

By Schur test, we only need to show
-~ a—1 a1
SI;P/Rd PE —&IENT IET T 815" — IE*)dE" < oo,

Setting polar coordinate &’ = k6 with # € S~! and denoting & = |¢ |0¢, it remains to
deduce

supl'™! [ [3(1€160: o)) a0 < oo

The dominated convergence theorem implies that fsd—l ’Zb\ <|.§ [0 — 9)) ‘ dé is a con-
tinuous function with respect to &, hence it suffices to prove

/SH ‘$(|EI(95 - 6))‘ do =0 (|g|1—d) (18)

as |&| — oo. A changing of variables gives

/S‘H 6 (1616 — 0)) a0 = m% /Sgl 16(0)|do,

where ngl := {0 € R? : |0 — 0| = ||} is the sphere centered at 6 with radius |£].
Then the fact that ¢ is a Schwartz function deduces the desired result (18) and finishes
the proof. O

Lemma3.2 Letr B < % and define the operator [E_ﬁ] = [Dﬁ][ei”v'a]. For a

bounded sequence of functions (f,) in L*(RY), if we have
Sn—0
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weakly in L>(R?), then up to subsequences there holds [E gl fu(t,x) — 0 almost
everywhere in R4+,

Proof of Lemma 3.2 Based on the local smoothing Lemma 3.1, the proof is standard.
Similar proofs can also be found in [20, Proposition 4.3], [21, Lemma 4.3] and [21,
Lemma D.1].

We aim to show that [Eg] f, — Ostrongly in L7 (R?*!), which implies the desired
result by a Cantor diagonal argument. Let K C R?*+! be a compact set and & > 0. For

A > 0, define

[PAlf(x) == F g, F f(x), [PA1f(x):= f(x) = [PAlf(x).

Here B, is the ball in R? centered at origin with radius A. For the [P[f] term, since
B < “T_l, we use Lemma 3.1 to conclude that
|x[?

”]1K[Pf][£_?,g]f,, e—\xlz[D%][emw“]

, = H]lKe
Lt X

LOO

2 2
Ix Ly—Li,

x |piipA=*

2
A AT

< Cx AT,

where Cg is independent of n and the notation ||[T]||Lr— ¢ denotes the norm of the
operator [7]. Hence we can choose A large enough independent of n such that

<e&.

|0k PR1ES

L

X

Then for this large A and the [PA] term, we claim that for every fixed ¢ € R there
holds

1g (¢, )[PAIDPIE Y1 — 0 (19)

strongly in L% (Rd) as n — oo. Indeed, for any (¢,x) € R x R4, since fn—0in
L% (R?) we have

Tx (t, H[PAUDPUE Y ] fu(x) = Tk (2, x) A@ Lyjgj<n) &P TTER £ (£)de — 0

as n — oo. Meanwhile, by Cauchy—Schwarz and the boundedness of || f, || 12 there
holds

L PAIDPIE ™1 £, (0| S a6, AP 12 Sa 1k ).

Therefore, dominated convergence theorem gives the desired claim (19). Notice that
there holds

[ L PADP 1 £ 0)

<
L Sa L,

X
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Hence, the claim (19) and dominated convergence theorem imply that T x [ Py | [E slfn —
0 strongly in L7 . (R?*1) as n — oo. This completes the proof. o

4 Approximate Symmetry

As mentioned in the introduction, to establish the main precompactness result Theo-
rem 1.2, one should understand the behavior of approximate symmetries in the sense
of [21, Remark 2.6]. In other words, we should investigate the effect of frequency
parameters &,. In this section, for frequencies (§,) C RY with |§,] — oo, then up to
subsequences we introduce the following notations

£, = Sn £ := lim &,.
n—o0

180l
For an unit vector & € S?~!, we define the linear transformation Ao on R as follows
Aok 552+ 8 ale = 1)/2, &= o)k, & =5 8"
and the associated unitary operator [Ao] on L2(R?) is defined by
[Ao]f (x) := | det Ao| /> f (Aox). (20)

Note that the absolute value of determinate | det Ag| = (r/2)%/>+/or — 1. The approx-
imate symmetry mainly investigates the operator

a=2 . . o~
731/ (1, %) = / € +&al 0 SR 76y dg @1
R4
and the following function

i+§n

a=2
e th| SO e, )

Fl'(t,x) = [T"f(t,x) := /
]Rd

where

P, (8) =

ez [ B el - alsl ]

Indeed, it is not hard to see that there holds
1T N0 = [ Eo ] oo -

Our first result on the aforementioned approximate operator [7] is the following
asymptotic Schrodinger behavior lemma.
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Lemma4.1 Let f € L2(R?) with || f||,2 = 1 and frequencies (&,) C RY. Set

@) = FE —£), al, = (@ — )2 (a/2)2.

Then, up to subsequences, we have the following asymptotic Schrodinger behavior

[e" 21l Aol f

lim ||[E = lim |[[T = a} :
m Eadfull o, = lim |(T71f [ 00 = 2 wn

Remark 4.2 Based on the existence of extremals for SZ by [39], this Lemma 4.1 imme-
diately gives

Mo = (@ — 1) 7+ (a/2) 7S],

For the case d = 1, after some accurate numerical calculations, it has been shown in
[6, Theorem 1.4] that there exists o1 &~ 5.485 such that the strict inequality (2) holds
for indices o € (1, ov1)\{2}. For the case d = 2, it has been proved in [36, Proposition
6.9] that there exists g > 5 such that the strict inequality (2) holds for o € (2, ap).
These consequences suggest that the aforementioned strict inequality might hold for
all general (d, @) with @ > 2. However, it remains an open question for us.

Proof of Lemma 4.1 The change of variables can yield that
IEalfull o0 = [(TZ1f | oo -

N2 2 p0 = T2 o g0 = NEedl o0 =Maa.  (23)

Hence by some dense argument we may assume f has compact Fourier support at the
beginning. Using our aforementioned definition (22), we can obtain that

a—2
a=2 _ |90 . . @ o~
ITLf Nl a0 = |&,] + & | eETEET pe)de
¢ Lix R4 1€
LqO
1,x
a—2
€ - w0 ixgyirlEHal
_ / W Fe)de
R4 |‘§n| L?(}c
= | Fa ] oo -

Then the Taylor’s theorem, paired with the assumptions |§,| — oo and f has compact
Fourier support, will directly imply the following pointwise convergence

o€ + a(a — 2)|E&
. .

Jim @, (§) = (24)

Birkhauser



Journal of Fourier Analysis and Applications (2024) 30:40 Page 210f35 40

Therefore it is reasonable to expect the following estimate

(25)

. n
nli{rolo H [Ta ]f L?qc

f pixeritfale P 2+a@-2)1660/2) Fg)ag
R4

q0
L;x

Let us postpone the proof of this result and go ahead by using this estimate (25). From
the definition of Ag and [Ag], we know that |Ap&|? = a|&|2/2 + a(a — 2)|E&0|%/2.
Then a direct computation yields that

/ piEHitfalél 2+ate=2) 1560 /2] Fg)dg
R4

/Rd eix§+it|Ao§\2f($)d$

L L

X

= |det Aol ™% | [ AT Aol f (A ' x)

40
Lt,X

= |det Ao| /0112 (21 o] £

qay
Lr..\'

Finally, the fact |det Ag| = (¢ /242 o — 1 gives the constant a;’a = (x —
D77 (a/2) 75,
Now it remains to prove (25). Indeed, we can obtain the following stronger result

F'(t,x) —> /R ) pirEtit[algl?24a(@—2)E5]%/2] f&)de (26)

strongly in L{°,(R¥™1) as n — oc. Firstly for any (r,x) € Rl since f is a
Schwartz function with compact Fourier support, dominated convergence theorem
and the estimate (24) imply

: n - ixg+itals?/24a(@=2)I551%/2] 7
lim_ F2(, ) /R e Fie)ds. @7)

On the other hand, for n large enough, by a standard application of stationary phase
method we can deduce the following two decay estimates

IF2 . x)] < CA+ 12+ x5 (28)

and

| Hy (1, %) = ‘ / AP 2D Fgyag | < (1412 4+ xS,
R

(29)

where the constant C is independent of n. Assume for the moment these two decay
estimates and let us show the desired convergence result (26) first. From the decay
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estimates (28) and (29), after taking a subsequence, we have that for all n and some
constant C’ there holds

C/
/ (1Fn(r, )17 + |Ho (1, x)|7) drdx < —.
(£, 5)|> R R

By setting R > 0 large enough, this term can be arbitrary small uniformly in n. Hence
it suffices to prove that for any fixed R > 0, there holds

ﬂBR(t’-x)F(g(ta X) — IlBR(t’ X)Ha(ta X)

strongly in Lf’f)x (R4*1) as n — oo. By dominated convergence theorem, this follows
immediately from the pointwise convergence (27) and the following uniform bound
(for n large enough)

|F2 (@, )| S Nl < oo

Thus, it remains to prove the decay estimates (28) and (29) by means of stationary
phase method. In view of the Fourier extension on the surface

§i= (5 aleP/2+ @ - Dls81/2).
then the fact that S has non-zero Gaussian curvature and [41, p. 348, Theorem 1]
directly give the result (29). Indeed, a direct computation shows that the determinant

of corresponding Hessian matrix is a constant ad(2a — 2). To deduce (28), since
|&,| — oo, we point out that for n large enough there holds

|Fit, x)| < 3 ‘ / e"x5+"f“’"<5>f(s>ds'.
Rd

Let ®,(x,1,&) = x& + i®, (&) with (x,7) := (x,1)/|(x,1)]. We investigate the
gradient

Ve (7, 6) =T+ [l + 61726 + &) — 2l 5,

and the Hessian

Hess, (7.7, ) = (alg + &l 2Ea + 0@ = 218 + & " L] L),

7
[

where E is the identity matrix, L, := (¢ +§,) is viewed as row vector and L,{ is the
transpose of L,. Then we can compute the absolute value for the determinant of this
Hessian

(@h)?(a — D& + &,|7@2
|&,4@=2)

|det Hess®, (¥, 7, )| =
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Since |&,| — oo and the £-localization, we have the following estimates

lim [V®,| = |¥ +a(@ — DiEl, lim |detHess®,| = (@) (@ — 1).
n—>0oo n—>oo

Thus, for n large enough, the proof is divided into two cases. Firstly if 7 > ¢ for some
small ¢ to be determined later, then we always have |det HessCfDn| pe ¢?. Hence the
uniform stationary phase estimates of Alazard, Burq and Zuily [1, Theorem 1] will
give the desired estimate (28). Secondly if 7 < & which means |x| > +/1 — &2, duo to
the &-localization, we can choose ¢ small enough such that |X| > a(a — 1)7]&| + 1/8
uniformly in &. Then we always have the following uniform estimate

]Vd_D,,] > |x| —ala — Di|E] > 1/8 > 0.

Therefore, the classical integration by parts arguments [41, p. 341, Proposition 4] will

deduce an even faster decay than the desired conclusion (28) and complete the proof.

O

As we have done in Sect. 3, to use the Brézis-Lieb type lemma, analogously the

corresponding local smoothing and local convergence results are required to be estab-

lished. At this point due to the parameters £,,, we need to do some extra estimates by
using the Taylor’s theorem.

Lemma 4.3 Suppose that ¢ be a Schwartz function and |n| > 100. There exists C > 0

such that for arbitrary function f € L*(R?) which has Fourier support in {€ : || <
[nl/5}, we have

_ 2
L, s@ltmonizse o] av < cifiz,

where [Ty is defined as in (22) with parameter 1 substituting &, and

a=2

(&) = 0| ® 1812 g + g

Proof of Lemma 4.3 By Plancherel theorem, as in the proof of Lemma 3.1, we inves-
tigate

fRd /Rd BE — @ ENnl &+ |& 0T FENFE)S
[®,(&) — ©,(&")] d&de".

Then Schur test implies that it suffices to bound the following term
sup /R (BE —E)NEIIEN 28 [@(6) — @y(8)] dE

Birkhauser



40 Page 24 of 35 Journal of Fourier Analysis and Applications (2024) 30:40

independently of 7. For every & € R? and € R?, denote the set

Ve =& 1 1E + | —an|*?ng" = |& +n|* — aln|* &)

Then a direct computation shows that the aforementioned term can be bounded by

@l oo |E]Y/2E V2 n|e—2
sup sup .
§ &Vey allg' +n|*2E + ) — Inl*2n

First, we states the following claim whose proof is postponed

Il oo |E] /2 1€ 112 )@ —2 Pl roc|£]'/2
sup sup ~o SUp SUp T
§ £V allE +nle2(E + ) — In]*2n g eV, ¢

. (30)

Now we turn to prove |§| ~, || forall&” € Vg , uniformly in 5. Then this estimate
and the claim (30) will immediately give the desired uniform bound Cy||¢| 1z~ and
complete the proof. Indeed, the set V: ;, can be rewritten as

Ve = {8 18 + 71" — alf'|cos0(&".m) = I + 71" — alE|cos 0. ]
where
E=¢Inl, q=n/lnl. &=/l

Note that || < 1 /5 and 1€l < 1 /5. Without loss of generality, we may assume
n=(1,0,...,0). Then for £ € Vg , we have

(1 + 28] + [E'1)*/? — af| = (1 +2& + |E[H™? — o). 31)

Here we have used the notations € = (£1,&,...,&;) and & = (5[, 52;, ...,56/1).
Moreover, we can use Taylor’s theorem to deduce the estimates

IA

(1428 +18P) " ~ i

_ a(a—1) SN2 .y
=1+ =—— (1+0) "

(1428 +182)" — ok

with 0 < 6y < 1; and on the other hand there exists 0 < 6; < 1 such that

~ ~ a2 ~ ~
(1428 +1E17)" —odf =1+ 18P
a(a—1)

v D oo+ #m] 7 (81428)
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Hence if there holds || <« |€/| < 1 /5, then it will deduce a contradiction to the
identity (31). Similarly |£'| < |&| is not possible. Therefore we obtain the desired
estimate |£| ~, |&’| and it remains to prove the claim (30).

First, we assume & = x and |(§}, ..., éc/l)l =y for real numbers x and y. Recall
the aforementioned vector 7 and consider the vector (x, y) € R? with [(x, y)| <1/5.
To prove the desired estimate (30), we only need to show that

(e + 1y = (11 + 1, )1 2,0)

N

which means

G D@ A DY 20+ DI+ D271 )

CZ
1 x2 + y2

cs.

(32)

If |(x, ¥)| = co for some c¢g > 0, the existence of C; and C; is obvious. Hence we
should investigate the upper and lower bound for the case |(x, y)| — 0. In this case, by
denoting z = x% + y? 4+ 2x and using Taylor’s theorem, we conclude that the middle
item in (32) equals to

X242+ (@ = Dx(x2+y24+2x0) 4+ 0D —2(x + DO + 02 + 0(z*7?)
X2 +y2 N

The limit does not exist as (x, y) — (0, 0), but we can give the bounds for all points
(x, y) in the neighborhood of origin. Notice that for |(x, y)| < min{3/(a¢ — 2), 1/5}
there holds

2 2
e
(@ —2Dx(2 4+ )2 +22) = Ty (@ — 2)x(x® + y2 + 2x)

< 3@ =)@+ 7).
Hence we obtain the desired lower bound 1/2 and upper bound 3« for the case

[(x, ¥)| < co with cg small enough. This further implies the desired conclusion (32).
O

Lemma4.4 Let (£,) C R with |&,| — oo. If a bounded sequence of functions (f;,)
in L2(RY) satisfies

supp fu C {€ : €] < 1&41/5),  fu—0

weakly in L>(R?) as n — oo, then up to subsequences we have
[Tolf]fn -0
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strongly in L? (R¥*1Y and hence [T}]f.(t, x) — O almost everywhere in R4+,

loc,t,x

Proof of Lemma 4.4 Considering the function v,,(£¢) defined in Lemma 4.3, it is not

hard to see that for any given ¢ > 0, there exists A large enough depending only on ¢
such that for all |§| > A with |£]| < |n|/5 there holds

1
U (§)

< é.

Hence the desired conclusion follows from a standard argument by imitating the proof
of Lemma 3.2, which means controlling the [P IJ\-] term by using Lemma 4.3 and
estimating the [ P ] term by using dominated convergence theorem since we have the
pointwise convergence (24). Similar proof also can be found in [21, Lemma 4.3], and
the details are omitted here for avoiding too much repetition. O

5 Method of Missing Mass

In this section, by adapting the arguments in [20, Sect. 2] and [21, Sect. 2], we show
how the missing mass method can give the desired precompactness result Theorem 1.2.
First, we introduce some definitions.

Definition 5.1 Let (f,,) C L*>(R%). We write f, ~ 0if for all sequences of symmetries
([gn]) C G there holds the weak convergence [g,] f,—0 in L?(R?).

Define the set

P = {(f) W fall2mey = 1, fu ~ O}

and the sharp a-Strichartz constant with respect to P as follows

M, = sup{hmsup||[Ea]fn||qu(Rd+l) (fn>eP}

n—o0

As we consider the precompactness of extremal sequences for My 4, it is obvious that
the sequences in P are not precompact up to symmetries and thus are our enemies.
On the other hand, our next result Proposition 5.2 states that all the enemies are in P.

Proposition 5.2 Let d > 2. All the extremal sequences for My o are precompact up to
symmetries if and only if

My o > My,

Proof of Proposition 5.2 It is clear that My, > M, ,. Hence the ‘only if” part comes
from the definition of M* and Theorem 5.3 Wthh claims that the supremum value
M, , can be attained.

Thus, we only need to show the ‘if” part. Assume that My, > M,  and (fy) is
an extremal sequence for My . In this case there exists ([g,]) C G such that, up to
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subsequences, [g,] fu—v # 0 weakly in L2(R) as n — oo since (f,) ¢ P. Hence
if we write

Vp = [gnlfns 1= vp — v,

then for n — oo we have r, —~0 weakly in L?(R?) and further
L= 1fullZ2 = loall72 = 0172 + l7all3 2 + 0(1) (33)

due to the fact that L? is a Hilbert space. Meanwhile the local convergence Lemma 3.2
implies that [Eq]r,(f, x) — 0 almost everywhere in R4*! since g9 > 2. Then as
n — 00, a variant of Brézis-Lieb lemma [20, Lemma 3.1] gives that

M, = ILEalun ], +o()

= ILEaI0lla + ILEalralifs +o(D)
= M2, (1018 + Irl9) + o (D).
Combining this estimate with (33) and letting n — oo, we conclude

q0/2
t< ol + (1= i)™

Therefore the fact go > 2 implies either [[v[|?, = 0or 1 — [[v[?, = 0. Since v # 0,
we obtain that

0=1—v||>, = lim |ry]|?, = lim [Jv, — v]%,.
lols = tim a3, = Tim v, — vl

This states that v, = [g,] f, convergence strongly to v in Lz(Rd ) and completes the
proof. O
The Proposition 5.2 above gives a characterization on the precompactness of

extremal sequences for My ,. Hence our main result Theorem 1.2 is reduced to the
following Theorem 5.3 which is also used in the proof of Proposition 5.2.

Theorem 5.3 Suppose that ay , = (o — l)ﬁ(a/Z)ﬁ and d > 2. There holds
M, = 81,80

Furthermore, the supremum M,  is attained. In other words, there is a sequence

(f) € L2RY) with || full .2 = 1 such that f, ~ 0 and limsup,,_, o [I[Ea] full ;20 =

M ’
d,o"
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Proof of Theorem 5.3 The proof follows from a more involved version of missing mass
method. We first show that M;’a > a{’;’aS;. For a sequence (§,) with |§,| — oo and
¢ € LER?) with ||¢|;2 = 1, we define f,(£) := (& — &,). It is not hard to see that
fn ~» 0. Then Lemma 4.1 implies that

[eitA]¢‘

lim ||[E =a’ .
nﬁoo”[ a]fn”L?g d,o Ltqg

Hence we conclude

* *
Md,a = ad,ot

[eitA]d)‘

q
Lt,x

By taking supremum over all such functions ¢, we obtain M; , > aj ,Sj.

Furthermore, from [39] it is known that there exists an extremal for S;. Then
taking ¢ in the above argument to be this extremal will give the sequence (f;) with
I fullz2 =1 and f,; ~» O such that

lim ||[E, =a) S¥.
Tim [Eal full 0 = a7 oS
Therefore, it remains to prove the reverse inequality Mj; , < a d’aS ¥

We may assume M, , > O without loss of generality. By the definition of M, ,
there exists ( f,) C L>(R?) satisfying || f,||;2 = 1 and f, ~ 0 such that

) 1
lim sup ”[E“]f””L?qc = EMZ',(J > 0.

n—oo

Then Corollary 2.8 yields that there exist ([g,]) C G and &, with h,|&,| > % such
that up to subsequences there holds

(gn) fu (€ + M) ~V(E), (V]2 =7 > 0.

Here y := y(d, @) depends only on | the dimension d and «. Note that f, ~» 0 implies
h,1&,] — oo. Otherwise we have V = 0 which is a contradiction. Hence if we set
E, :={& € R?: [&] < hy|£,]/5) and write

P = L, ([gnl a4 ha) = V) G = (o = 15,) ([8alfa + ) = V).
then there holds

E) fall o = W Eallgnlfall a0 = NTy10n +gn + V)l a0
= 710w + Gn + V)ll 0.
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where [7] and [T(f] are defined as

[TI1f (2, x) = / 6+ Iy | 0 eSS Fe)dg
]Rd
and

a—2
§ £l N ixE+itd, () 7
+ &, " dg.
T lEn] & e f(&)dg

[T (t, x) = /

R4

Here £, := &,/|£,| and the function ®, (£) is defined by

®, () = |:|%_ + hpénl® — |hnnl® — a|hn‘§n|a72hn§ng:| .

|hn&n|®—2

Notice that g, — 0 strongly in L? (Rd ) and further r, —0 weakly in L? (Rd). Hence the
uniform boundedness of the operators [Tof’] as shown in (23) implies that [Tg]qn -0
strongly in L?,Ox (R4+1). Meanwhile, by the local convergence Lemma 4.4, we conclude
[T(;‘]r,, — 0 almost everywhere in R*!. Note that the strong convergence result (26)
implies

=0.

a0
Lt.x

: i . ixg+it[alE?/2+a(a—2) |55 % /2] 7
nll>n;0 H[TQ]V(t,x) _/Rde V(§)dé

Thus as n — o0, applying the variant of Brézis-Lieb lemma [20, Lemma 3.1] with
= / et e @882 P (2yde,  py = [T ],
R4

we can obtain that
I fullfay = NIV [T + Tl g +o(D)
= [tv % w0 + 0Ty Trall % o +o(D). (34)

Due to the asymptotic Schrodinger behavior Lemma 4.1 and Strichartz inequality (1),
we obtain the following asymptotic estimate

lim || T} ]V||qu =ag, [e"2[Ag]V

n—oo

a0
Lt.x

IA

2 SilVIL2.

Here [Ag] is an unitary operator on L% defined in (20). On the other hand, a changing
of variables deduces [T} ]r, = [Eqlw, With @, = 7 (- — hy&,). Since [gy]fn ~ 0

Birkhauser



40 Page 30o0f35 Journal of Fourier Analysis and Applications (2024) 30:40

and V(- — hp&,) ~ 0, as well as the Fourier transform is an automorphism operator
on L2, we obtain that w, ~ 0. This fact implies

. , 172
tim sup | (7217 | . = tim sup [{EqJonll o < Mo (1= 1VIZ)
n— 00 Hx n—00 1,

Inserting these two limit estimates into (34) and taking limit n — oo can deduce the
following inequality

90/2
lim sup | Ea £l < (7o) IVIE: + (M) (1= 1VI5)"

n— o0

and this inequality can be rewritten as

(M )™ [1 -(1- ||V||iz)q20] = (aa) " 1V = (M5,)"

—lim SUp, 00 ||[E(x]fn |qu .

Since go > 2 and ||V ||;2 € [y, 1], we conclude

[(Mz,a)qo - (a;,ocS;)qo] quo = (M;kl,oz) — lim sup ILE fn”qu .

n— oo

Finally, taking supremum over all such sequences ( f;;) yields the desired conclusion.
(]

6 Existence of Extremals

Based on the precompactness Theorem 1.2 established in the previous section, one
direct way to show the existence of extremals for My 4 is to compare this sharp constant
M, . with the constant S;‘,. In fact, as mentioned in the introduction, several works
have been done in this direction, and similar strict-inequality phenomena have been
appeared in other surfaces such as the sphere, see for example the articles [6, 12, 20,
36, 40].

For our fractional surface situation, with the dimension d = 2 and the index « in
some region, Oliveira e Silva and Quilodran [36, Proposition 6.9] have established the
desired strict inequality (2) by applying some comparison principle for convolutions
of certain singular measures. This result helps us obtain the existence of extremals for
M, ,, with the index « in this corresponding region. For the convenience of the reader,
we recall the result [36, Proposition 6.9] in this article and then show the detailed proof
for Theorem 1.1.

Here we recall the strict-inequality result of Oliveira e Silva and Quilodran [36,
Proposition 6.9]. For d = 2, they have investigated the following convolution inequal-
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ity
1 fou foull,z @) < Qullf 2@,
where Q, is the sharp constant and the singular measure o, is given by
doy (y. ) = 8(s — Y[y “Tdyds, (y.s) € B2 x R.

Then they have established the following proposition.

Proposition 6.1 (Proposition 6.9 of [36]) For the dimension d = 2, there exists a
constant oy > 5 such that for arbitrary o € (2, o) there holds

b4 b1
<Q§§—.

ava —1 o

Finally, we show the desired existence of extremals Theorem 1.1 and complete this
section.

Proof of Theorem 1.1 Let us first recall the classical result that up to symmetries Gaus-
sians are the only extremals for Sj when d = {1, 2}. Hence, by direct computation,
one can obtain the following sharp constants

St=127112 §5 =27172,

Then applying the precompactness Theorem 1.2, we obtain that the extremals for M ,,
must exist if we can show the following strict inequality

M;, > Qava—1)7" 35)

Denoting the space-time Fourier transform by .%; , with dimension d = 2, one can
observe that

(DN £ (1, x) = @) 2T (Fou) (1, =),
Hence for the sharp constants My , and Q,, by the Plancherel theorem, there holds
Qm)M3, = Q5.
Then applying the aforementioned Proposition 6.1, we obtain that the desired strict

inequality (35) holds for @ € (2, op) with some index o9 > 5. This completes the
proof. O
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Appendix A: One Geometric Consequence

For a parameter n, we define the following function
Fy(&) = E1" + In|* — & +n|*/2%7"

on the set E; := {§ € R? : |&| > |n|}. This appendix is devoted to showing a geo-
metric result related to this function. Roughly speaking, the Proposition A.1 below
states that if the angle between & and 7 is small, then the Hessian matrix of F,(§) is
positive-definite which means the corresponding surface has positive Gaussian curva-
ture. Hence, in this situation, the multi-variable Taylor’s theorem will give some nice
displacement estimates around the critical points. These estimates are crucial when we
establish the quasi-orthogonality Lemma 2.3 and apply the bilinear restriction theory.
We first introduce some notations.

For two positive semi-definite matrices A and B, we write A > Bif A— B > 0
which means A — B is positive semi-definite. Similarly for A > B,A < Band A < B.
Meanwhile the vectors in R? are viewed as row vectors and the notation &7 denotes
the transpose of . For two vectors £ and 7 in R?, we use the notation 6 (&, 1) to denote
the angle between & and 5. In addition, Ej is the d x d identity matrix. Then our result
is as follows.

Proposition A.1 There exists a number I?d,o, € Zy such that the unit cube-annular

A can be divided into Kq o, parts A = Ufif‘ R}, and in each part R j we have the
following properties:
c1Ey < HessFy(§) < c2Ey

holds for all pairs (§,n) € Rj x R; with§ € E,,.

Proof of Proposition A.1 Firstly it is not hard to see that, by dividing the unit sphere
S9! into K 4. disjoint parts and then decomposing .4; accordingly, we can achieve
that for every (§,7) € Rj x R and every y € R¢ there holds

cosO(&, y) —cos? (& + 1, y)| < ! . (36)
200 — 4

Indeed, since [0(§ + n,y) — 0(&, y)| < 05 +n,n) < 6(,n), the continuity of
trigonometric functions gives the existence of such number K 4.
A direct computation shows

a—2
&+l ]Ed

HessF,(§) = [IEI"‘_2 Bl

& +nl**E+ T E+ n)] '

+a(@ = 2) [|s|“4sTs - o
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Therefore the inequality | + n%2 < (J&] + [nh¥ 2 < 29 2|g|e2 implies the
following estimate

alg|* 2 ¢ E+n"E+n
HCSSFH(S)Z TI:Ed-’-(O{—Z)W— a—2)w]
We aim to show that for every y € R¢ there holds
T T
2 _255_ _2(54‘77) (§+TI):| T
cslyl §y|:Ed+(Ol )—|§|2 o )—|§+n|2 ;

where c3 is independent of y. This fact will give the desired constant ¢; since |§] ~ 1
in our situation. By homogeneity we may assume y € S?~!. Then we conclude that

gTg ($+n)T(E+n)] T
E —)I - (-2t ST
y[ T Ao
ey + n)yfq
e )[ TS
> 1= (@=2) [c0s? 6, ) — cos 0 + 1. )|
> 1),

where in the last inequality we have used the condition (36). Finally, since F;(§) is
smooth and the domain is bounded, the existence of ¢ is obvious. O

Remark A.2 By the proof, we can define

Oj :==sup{0(&,n) : (§,m) € Rj x Rj, §] = Inl},
fo :=min{d; : j =1,2,..., Ky}

Using these notations, Proposition A.1 implies that if 6(&, n) < 6 with €] > |n],
then there holds

c1Eq < HessFy(§) < 2 Ey.
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