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Abstract

We establish injectivity results for three different spherical means on an H-type group,
G. The first one is the standard spherical mean operator, which is defined as the average
of a function over the spheres in the complement of the center, the second one is the
average over the product of spheres in the center and its complement, and the third
one is the average over the spheres defined by a homogeneous norm on G. If m is the
dimension of the center of G, injectivity of these spherical means is proved for the
range | < p < ’j—’_”l Examples are provided to show the sharpness of our results in
the first two cases.

Keywords Spherical means - Injectivity - H-type groups - Spectral projections -
Singular Integrals - Spherical functions

Mathematics Subject Classification Primary 43A80 - Secondary 22E25 - 43A90 -
44A35 - 42C10

1 Introduction

One of the problems in Integral Geometry is to find out whether a function can be
determined from its averages on spheres of a fixed radius » > 0. This leads to the
question of injectivity of the so called spherical mean operator. Let ! be the normal-
ized surface measure on the sphere {x € R" : |x| = r} in R". Here (as elsewhere

Communicated by Fulvio Ricci.

B4 E. K. Narayanan
naru@iisc.ac.in

P. K. Sanjay
sanjaypk @nitc.ac.in

K. T. Yasser
yasser_p160082ma@nitc.ac.in

Department of Mathematics, Indian Institute of Science, Bangalore 560012, India

Department of Mathematics, National Institute of Technology, Calicut, India

Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00041-024-10089-9&domain=pdf
http://orcid.org/0000-0002-8061-2255
http://orcid.org/0000-0002-0507-9075
http://orcid.org/0009-0005-4433-5691

33 Page2of24 Journal of Fourier Analysis and Applications (2024) 30:33

in this paper), normalized means the total mass is one. We use the superscript n to
denote the dimension of the ambient space. The spherical means of a function f are
then defined to be the convolution f % u!':

f*ui’(x)=f £ = ydp ).

[yl=r

The above is nothing but the average of the function f over the sphere of radius r
centered at the point x. The injectivity question is the following:

Suppose that, for a fixed » > 0, f * u!'(x) = 0 for all x € R". Does it follow that
f is identically zero?

In general, the answer to this question is no. For A > 0, let

iy (hlx))

————, x e R, (1.1)
(Axp2!

v.(x) =c¢

where J, denotes the Bessel function of order « and ¢ is a constant that makes ¢, (0) =
1. Then it is well known that

o x ur (x) = @ (rea(x), vr >0, x e R".

Hence, if r > 0 is a zero of the function s — J%_l (As) (which exists) then @y, * u? is
identically zero. On the other hand, Zalcman [21] proved that, if we consider averages
over spheres of two different radii 7, s > 0, then a two radius theorem is true, provided
r/s is not a quotient of the zeroes of the Bessel function Jn_y (t). That is if both the
convolutions f % wu} and f * uf vanish identically, then f too vanishes identically
provided /s is not a quotient of the zeroes of the Bessel function J 1y (t) (see [21]
for the proof).

It is known that the function ¢, (see 1.1) is in L”(R") if and only if p > nz%l It
follows that injectivity question raised above fails for L” (R"), nzTnl < p <oo.In
[20], a one radius theorem is proved for L? (R"), which establishes the injectivity for
therange 1 < p < nzT"l In other words, if f € LP(R") and f * u? is identically zero

2n

for a fixed radius r > 0, then f vanishes identically, provided 1 < p < -=5.

1.1 Spherical Means on the Heisenberg Group

Consider the Heisenberg group H" = C" x R with the group law

(z, H)(w,s) = <z+w,t+s+ %S(z-ﬁ)),

which makes H” into a step two nilpotent Lie group. Consider u%”, the normalized

surface measure on the sphere {z € C" : |z| = r} as a measure on H". The spherical
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means of a function f on H" is then defined to be f * ,u%” (z,1):

f*u%"(z,n:f

|lw|=r

l~ — 2n
f (z —w,t — zxs(z . w)) du" (w).

In [20], Thangavelu investigated the injectivity question for the above spherical
means on H" and established the following theorem:

Theorem 1.1 If f € LP(H"), 1 < p < oo and for a fixedr > 0, f *,u%”(z,t) =0
forall (z,t) € H", then f vanishes identically.

To prove the above result, Thangavelu used the spectral decomposition of the sub-
laplacian on H", and summability results proved by Strichartz in [18]. Below, we
briefly describe the method used to prove the above theorem.

Let £ be the sublaplacian on the Heisenberg group. Let Lz_l (t) be the Laguerre
polynomial of type (n — 1). For A # 0, let

1
o) =Ly"" (§|A||z|2) e~ iMIP 2 e o, (1.2)

and define

ep(z. 1) =e Mop ().

These functions are joint eigenfunctions of £ and 7' = i% :
Lep = 2k +n)|rlep, Tep = rep.

Given a function f on H", we can decompose f into the joint eigenfunctions of £
and 7 as

fen=em™" "y /Rf*e,é(z,r) A" dA. (1.3)
k=0

The above was studied in detail by Strichartz [ 18]. Among the many results established
by Strichartz, we mention the following Abel summability result, which played a
crucial role in the injectivity proof by Thangavelu [20].

Theorem 1.2 Forany f € LP(H"), 1 < p < 00, the modified Abel means

N? I\K N
emy™ "ty (1 — N) /N fxer(z,0) A" dh
k=0 -

converges to f in the L? norm as N — oo.

Now, we highlight the key ingredients in the proof in [20] as we will be closely
following these in our proofs.
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(A) The functions e,)} (z, t) are eigenfunctions for the spherical mean operator. Indeed,

Ki(n — 1)!

Gan_11 or(rer(z,1).

ef * 1u2(z,1) =

(B) LP-boundedness of the spectral projection operator: For each k, define the spectral
projection Py by

Pku/ fxep(z,ot) A" da.
R

Then f — Py f is a bounded operator on L” (H"), for 1 < p < oo.

(C) Applying Theorem 1.2 to f * ,u%" and using (A) and (B) above, it can be shown
that the Fourier transform of Py f in the 7-variable is supported on a discrete subset of
R which implies that P, f = O for every k, as p < oo.

For p = o0, one has a two radius theorem for H"” which is proved using a Wiener-
Tauberian theorem for the radial functions on the Heisenberg group (see [4]). We refer
the reader to [2, 3] for related results. See also [19] for a generalisation in the context
of Gelfand pairs associated to H".

Extending and generalising the result in [20], we establish injectivity results for
three different spherical means on an H-type group. In the remaining of this section
we define these spherical means and state the injectivity results obtained.

1.2 Spherical Means on H-Type Groups

Let G be an H-type group, identified with its Lie algebra g via the exponential map.
Then g admits an orthogonal decomposition g = v @ 3, where 3 is the center and v its
orthogonal complement. It is known that dim v has to be even, say dim v = 2n, and
let m denote dim 3. We will identify v with C" and 3 with R™. This requires fixing an
orthonormal basis on v and 3. For most of our purposes, this can be an arbitrary chosen
orthonormal basis, however for certain computations we will choose a basis with some
properties (see (2.1), (2.2), (2.3)). We will write (z, t) for points in G, where z € C”
(identified with v) and + € R™ (identified with 3). The group law then is given by

(z,H(w,s) = (z +w,t+s5+ %[z, w]) ,

where [ , ] denotes the Lie bracket. The Haar measure on G is given by the Lebesgue
measure on g and will be denoted by dzdt. Denote by Q = 2n +2m the homogeneous
dimension of G.

Next, we define three different spherical means and state the injectivity results.
Since m = 1 corresponds to the Heisenberg group, we will always assume that m > 2
unless explicitly stated. As earlier, let 12" denote the normalized surface measure on
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the sphere {z € v : |z| = r} and consider the spherical means of a function f,

fru 1) =/

|w

f (Z —w,t — %[Z, w]) duf”(w).
|=r

Theorem 1.3 Let f € LP(G), 1 < p < -2 Iffor a fixed r > 0,

— m—1"

fu2(z,1) =0 forall (z,1) € G,

then f vanishes identically. Moreover, for any p > %, the injectivity fails.

Next, let 1}, s > 0 be the normalized surface measure on the sphere {y € 3 : |y| =
s}. Consider the measure p, ; = uf" x . That is,

‘i;f&,ﬂdundat)=tﬁ;f&,ﬂdﬂ?ﬁwduTOl

Then, we define the bi-spherical means of f by

f* mrs(z,1) = /|

w

/ f<z—w,t—u—%[z, w]) du%"(w)dug’(u).
|=r Jul=s

We have the following theorem.

Theorem 1.4 Let f € LP(G), 1 < p < -2 Ifforafixed r > 0,

m—1°
fxurs(z, t)y=0forall (z,t) € G,

then f = 0. Moreover, for any p > %, the injectivity fails.

Finally, we define the homogeneous spherical means. Let |(z, t)| denote a homo-
geneous norm on G (see the next section for definition). There exists a unique Radon
measure o on the unit sphere £ = {(z, 1) : |(z, )| = 1} such that for all f € L'(G)

/fwﬂﬁm=/w/f@mﬂwﬁmw&ur
G 0o Jx

where §, denote the dilations that act as automorphisms of G (see the next section for
the definition). Dilating the measure o using §,, for » > 0 we can define o, by

or(f) =00 f) = /E f@r(z,0))do(z,1).

The homogeneous spherical mean of a function f is defined as the convolution f %o,
of f with o,. For the homogeneous spherical means we have the following theorem.
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Theorem 1.5 (1) Let m > 2 and let r > 0. If f € LP(G), 1 < p < 2% and
f *0r(z,t) =0forall (z,t) € G then f vanishes identically.

(2) Let G = H", that is m = 1, then the above injectivity holds for the range 1 < p <
00.

The plan of the paper is as follows: In the next section we recall all the required
definitions and also state some known results that will be used later. In the third
section we study the spectral decomposition of the sublaplacian of G and prove the
Abel summability. Using this, we prove the injectivity results in the final section.

2 Preliminaries

In this section, we recall some definitions and properties of H -type groups introduced
by Kaplan [14]. Let g be a finite dimensional real inner product space endowed with a
Lie bracket that makes it into a two step nilpotent Lie algebra. Let 3 be its centre and
v be the orthogonal complement of 3. For each v € v, consider the map ad, : v — }
defined by

ad,(v') = [v, V']

Let f, be the kernel of this map and b, its orthogonal complement so that

0 =f, ® by.
We shall say that g is Heisenberg type or H-type if the map ad,, is a surjective isometry
for every unit vector v € v. A connected and simply connected Lie group G is of
Heisenberg type if its Lie algebra is H-type. For each non-zero z € 3 we can define
the linear operator J; : v — v by

(J.(0), V) = (z,[v,v'])  forallv,v € v.
Then J, is a skew-symmetric linear isomorphism. Then g is H-type if and only if
2 2

J; = —z|I.
This means that J; defines a complex structure on v when |z| = 1 and therefore the
dimension of v is even. Hence, we identify v with C" = R?" and 3 with R™ for
n, m € N. As mentioned in the introduction this requires fixing an orthonormal basis
in v and 3.

The exponential map from g to G is a diffeomorphism. We can therefore parametrise

the elements of G = expg by (z,¢), for zin v = C" and ¢ in 3 = R™. By the
Baker—Campbell-Hausdorff formula, it follows that the group law in G is

! N / li 1 / / /
(z,)(Z,t) = z+z,t+t+5[z,z] V(z,1),(z,t) € G.
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Since [v, v] C 3, the Lie bracket on v can be written as (see [6])
.21 = (z. U/Z))

in terms of 2n x 2n skew-symmetric matrices U i, j = 172,...,m. Since JZ2 =
—|z|%1, U/ are orthogonal and satisfy

U'lul+ U0 =0, i #j.

The left invariant vector fields on G which agree respectively with %, ai at the
j0Yj

origin are given by

k=1 \Il=1
) 1 m 2n 9
- 33 (Tt o
J . L,j+n
dy; 2 =\ otk
wherez; = xj, zj40 = V1,1 = 1,2, ..., n. The vector fields T} = aitk,k =1,2,....m
correspond to the centre of g. Then the sublaplacian L5 = — ) j (X? + sz) is given
by
n 1 m
— 2 2y 2 k
Lo == X+ Y] = A+ 1 PT =} (2. UV,
j=1 k=1
where
SN LN I o \"
A= = T=-2 55 Vz=(—,—,...,—) .
ot 07;07; = 0 0z1 922 FoM

For a € R™ (identified with 3*) let f¢(z) stand for the inverse Fourier transform of
the function f(z, r) in the central variable. That is

U z) = / f(z, 1) €@ dr.
]Rm

For a # 0, let J, be the linear mapping on 3 defined earlier by
(Jau, w) = a([u, w]), foranyu,w € 5J‘.
Choose an orthonormal basis

{Ei(a), E2(a), ..., Ex(a), E1(a), Ex(a), ..., Ex(a)} 2.1
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of 3 such that
JaEi(a) = —|a|Ei(a), JoEi(a) = |a|E;(a)

and an orthonormal basis
{e1, €2, ..., €m} 2.2)

for 3, such that (a, €;) = |a| and {(a,€;) = O for j = 2,3,...,m. If g is identified
with C" x R™ via this orthonormal basis, the first coordinate of the Lie bracket takes
the form (see [17])

[z, 2T = (z, Ulz)—Z(x Yi = yixi) =3z ).

Hence the convolution with functions of the form g(z, ¢) = e—iat >go(z) can be written
as

f*xg(z,t) = / / f <z —w,t—§ — %[z, w]> p(w)e @) duds
/ fa(z_w)¢(w)e l(at a[z w]) dw

= e 1D £ % 0(2),

2.3)

where the twisted convolution x |, of two suitable functions fi and f> on C" is defined
by

Ji X 2(2) = ./cn fiz = w) fr(w) e293ZT gy,

Also, one obtains the following result regarding the action of the sublaplacian Lg on
functions of the form e~/ @) g (z).

Lemma2.1 LetO #a € 3*. If f(z,1) = e @1 ¢(z), then

L f(z,1) =e " “ILi0@2)

where, for A > 0

is the twisted Laplacian on C".

For a proof, see Lemma 1 in [17]. Define, for 0 # a € 3,
ef(z. 1) =e gl 2.4)
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where (p]La\ is defined in (1.2). Then, from the above lemma it follows that
Lgef = 2k +n)lalef. 2.5)

An H-type group admits a family of dilations which act as automorphisms of G
by

8(z,1) = (rz, r’t), r > 0.

It is easy to see that G with this family of dilations is a homogeneous Lie group whose
homogeneous dimension is 2n + 2m which we denote by Q (see [13]). The Koranyi
norm on G is defined as

1/4
@0l = (Iz* + 1112)

It is clear that |6, (z, 1)| = r|(z, 1)].
A smooth kernel K on G \ {0} is said to be homogeneous of degree — Q if

K (z, 1) =r 2K(z,1),¥(z 1) € G\ {0}.

Smooth (away from identity) homogeneous kernels K which satisfy a cancellation
condition (see below) define singular integral operators on G via principal value inte-
grals. We will denote such an operator by f +— P. V. f* K. The cancellation condition
is given by

/ K(z,t)dzdt =0,Y0 <a <b < 0. (2.6)
a<|(z,t)|<b

Notice that, since {(z,1) : a < |(z, t)| < b} is relatively compact, the above integral
is well defined. For more details on such operators, we refer to [13]. Now we collect
some of the results about singular integral operators on G which will be used later.

Theorem 2.1 Let G be an H-type group and let K € C*°(G \ {0}) be a kernel which
is homogeneous of degree — Q. Assume that K satisfies the cancellation condition

/ K(z,t)dzdt =0,Y0 <a < b < 00.
a<|(z,t)|<b

Then the singular integral operator, defined by
f—>P.V.fxK

is bounded on L*(G).
Proof This is a special case of Theorem 1 in [15, p. 494]. O

The next theorem says that for the above operators, the L2-boundedness imply the
L?-boundedness.
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Theorem 2.2 Let G be an H-type group and K € C*°(G \ {0}) be a kernel that satisfy
the cancellation condition and is homogeneous of degree — Q. If the operator

f—=P.V.fxK

is bounded on L*(G), then it is bounded on L? (G) for 1 < p < .
Proof Follows from Theorem 5.1 of [16]. O
We end this section by restating the cancellation condition.

Lemma2.2 Let K € C%(G \ {0}) be homogeneous of degree —Q. Then the
cancellation condition in (2.6) is equivalent to the condition

/ / K(z,u) dzdp'(u) =0
n Sm—l

where ' is the normalised surface measure on the unit sphere in 3. In particular, if
K is radial in the t-variable, the cancellation condition is equivalent to

/ K(z,1)dz=0.

Proof Since K is homogeneous of degree —Q, one has

/ K(z,1) dzdt:/ / / K (z, su)s™ 'dsd ' (w)dz
a<|(z.nl<b n Jsm=1 Jat <)z 52 <bt
Z
= K==, u)s" Ydsdp" (w)dz
/" [S’”"l /a4<|z4+s2<b4 <\/E ) !

ds m
= — K (w, u)du| (u)dz.
n J gm—1 a4<s2(]+|w|4)<b4 S

Now the result follows from the fact that

2
/ ds / it ds | (bz)
E— — Og R
4_g2 4_pt S a2 ) a?
a*<s*(1+|w|*)<b N
is independent of w. O

We need the following result which is a special case of a result due to Christ (see
[7, p. 575D).

Theorem 2.3 Let G be an H-type group, with dilations {§; : t > 0}. Lety : R —> G
be an odd homogeneous curve, that is y(t) = exp(6;(Y4)) fort > O and y(t) =
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exp(8_;(Y_)) where Y, = —Y_ € g, so that y(t) = —y(—t) = y (=Y. Then, the
operator

d
H, £ (x) =P.V./ﬂ; ey

is bounded on L? (G) for 1 < p < 0o with norm independent of the curve y.

We shall also need the following result connecting the L” membership of a function
on R™ with the dimension of the support of the Fourier transform of the function.

Theorem 2.4 Let f € L?(R™) and support of f( distributional Fourier transform of

f) is contained in a C ' -manifold of dimension0 < d < m. Then f vanishes identically

provided 1 < p < 27’" Ifd =0, f vanishes identically provided 1 < p < oco.

Proof When the support is a sphere, this follows from [20] (see Lemma 2.2 and
Theorem 2.2 there). For the general case see [1] (Theorem 1). m]

3 Spectral Projections and Abel Summability

In this section, we prove a summability result for the spectral decomposition of the
sublaplacian on L? for 2 < p < co. We follow the methods in [18]. For a € R™ and
(z,t) € G = C" x R™, recall that (see 2.4)

¢z, 1) = e el 2,

where the scaled Laguerre functions (p,i‘ for A > 0, defined by
A 2
@=L (%) ek =0,1,2,...

in terms of the Laguerre polynomials LZ”, are the eigenfunctions of the twisted
Laplacian L, with eigenvalue (2k + n)|A|. Hence,

Lee(z, 1) = e DLy 0 (2) = (2K + n)lalef (z, 1).

Next, we explain the L? spectral decomposition. Applying the Fourier inversion
formula in the central variable and using the special Hermite expansion of a function
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on C", we obtain

1
2m)m

— 1 |a|n — a \a\ *l.(a,t)
~Qmm /Rm Q) ];(f Xla| @5 (2))e da.

fz, )= / F)e 4 dg
Rm

1 > , )
- W_/‘mkgof*ek(z’t)) |a| da

l o0
= — k o , 1 nd .

Since L is left invariant, LG (f * g) = f * Lcg. Hence f * e are eigenfunctions
of the sub-Laplacian £ with eigenvalues (2k + n)|a|. Therefore the above expansion
is in fact the L? spectral decomposition of f. We also have, by the Plancherel formula
(see [17, p. 2717)),

1 o
1f26) = . D / la|*" f | el z, 0) dz da.
(27'[)” m =0 m cn
Let A denote the spectral projection operator on L? defined by

A f(z, 1) = / f*ei(z, 1) |al" da. (3.1
]Rm

Our aim is to extend this spectral projection operator 4; to L”(G) and prove
its L? boundedness. We will achieve this by showing that each 4y is a singular
integral operator whose kernel satisfies the requirements of Theorem 2.2. Notice that
if f(z, t) is a Schwartz class function on G, whose Fourier transform in the ¢-variable
is compactly supported, then following the proof given in [20] (see pp. 269-270) we
can show that

/ fxeg(zt)lal" da = f* A(z, 1), (3.2)
]Rm
where Ay is given by
Ak(z, 1) 2/ ex(z,1) lal" da
Rm

:/ e o (2)lal" da.

Due to the presence of the Gaussian in the integral defining Ay, it is easy to show that

- entity. Si lal .y — pn—1 (lallz?) ,— 4|z
Ay is smooth away from identity. Since ¢, (z) = Ly 5— ) e~ # %1, the kernel
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Ag(z, t) is a linear combination of functions of the form

m

: . . la| .
Al(z. 1) = |z|2ff emHat) o= T1P gt da, j=0,1,... k,

which too are smooth away from the identity. A simple change of variables shows that
A,]; (sz,5%1) = S_QAli (z, 1),

which is the required homogeneity for singular integral operators on G.
Using polar coordinates, we obtain

oo Jm 1 (M|t
Ly

(e e
t)z2—

Alen) = cm|z|2f/
0

where ¢, is a constant that depends only on m. We prove that Ax(z, 1) is a Calderon-
Zygmund kernel by showing that each A,jc (z,t) is. Since A,’c (z, t) is homogeneous of
degree —Q and belongs to C*°(G \ {0}), we need to show that these kernels satisfy

the cancellation condition as in Lemma 2.2. Since A,{ (z, t) is radial in ¢, it suffices to
show the following:

Lemma 3.1
[@Ai(z, Ddz=0, j=0,1,2,.... k.

Proof We start with the integral

o Jm_ (L)
In(7) =/O S vl 10 (3.3)

Azl

Then for any ¢ € R such that |[¢| = 1, itis easy to see that the above (up to a constant)

equals
/ e—i(x,t} e—r\xl dx,

which equals the Poisson kernel,

T

9 m+1

S S
(1+1%)2

for some constant c,,;,. Now,

% Jm_ () , Jnti
2 —TA yn+m+j—1 —
/0 Azl e d* dr"ti (I (2))
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=13 ().

Hence, to prove the lemma, we need to show that

) 2
/ 2|2 1) (%) dz=0, j=0,1,2,... k.

Since the integrand is radial, this reduces to showing that

) r? 2n+42j—1 mi2j—1 [ i) i—1
/ In™’ (Z) P21 g = 92 42) - / LBy b ab = 0.
0 0

Now, writing

we get,
Iy (b) = bW (b) + (n + jHW D ),
Hence

1) . %)
/ Irgln'i'J)(b) bl’H—j—l db :/ \I’(n+j)(b) bVH—j db
0 0

oo . .
+(n —i—j)/ wO+i=D gy prri=l gp
0

= lim p" T/ @ ti=Dp)

b—00
which is easily verified to be zero as m > 2. This proves the lemma. O

From Theorem 2.1, it follows that the operator
fr=>P.V.fx A

is a bounded operator on L%*(G) and therefore (by Theorem 2.2) bounded on
LP(G),1 < p < 0o as well.
Hence, we have proved the following theorem.

Theorem 3.1 The spectral projection operator Ay is the convolution operator f +>
P.V. f x Ay and is bounded on L?(G), 1 < p < 0.

Next we show the Abel summability of the spectral decomposition for f € L”(G).
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Theorem3.2 Let2 < p < oo and f € LP(G). Then

o0
lim Zrk/ fxei(z 1) lal" da= f(z,1)
R”l
k=0

r—1

in the LP norm.

As in [18] (see Theorem 3.3 and Corollary 3.4 there, also the first paragraph in p.
375), it is enough to show that the operators

T, f(z,1) = Zrk/ fxel(z, 1) |al" da, (3.4)
k:O Rﬁl

are uniformly bounded on L?(G), 2 < p < oo. To prove this, we need the following
lemma.

Lemma 3.2 Let K(z,t) be an odd kernel that is smooth away from the identity and
homogeneous of degree —Q. Then the operator norm of f — P.V.f x K on
L?(G), 1 < p < oo is bounded by

Cp/n/SW1 |K (w, u)| dwdu

for some constant C, depending only on p.

Proof Using the homogeneity of the kernel K, we can write f * K as,

f*K(z,t)z/ f f(z—w,t—s—l[z,w]>K(w,s)dwds
(Cn Rm 2

—/ /00/' f( —wt—ru—l[ w])rf”me<i u)
oo Jen 7T 2 NG

= drdudw

[
:/ _/ 1 / f (Z—\/;w,t—ru_g[a w]) K(W,M)rildwdrdu
0 gm— n

> d
:2/ / / f(z—rw,t—rzu—i[z’wD K(w, u) ldudw.
n Sm—l 0 2 ,

Since K is odd, the above integral becomes

2// (/ f(Z—rw,t—rzu—i[z,w])d—r
n J gm—1 0 2 r

e 5 r dr
_/ fGz+rw,t+r M+§[Z,UJ])— K (w, u) dudw
0 r
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Now, the inner integral,

/0 f(z—rw,t—rzu—%[z,w])i—r—/o f(z—i—rw,t—i—rzu—i—%[z,w])i—r
equals
i _p dr © dr
f f(z, (6 (w,u))™") — —/ f(z, (6 (w, u))) — (3.5)
0 r 0 r
since

0 d 0 d
/ f((z,t)(S_r(—w,—s))*‘)Tr=f f((z,t)S_r(w,s))Tr

o0 dr
—/ fz, D (w, 5)) —.
0 r

The expression (3.5) is the Hilbert transform H,,

w.J Of [ along the curve y(y s
in G, given by,

. 8 (w,s) forr >0
Vo) = {5_,(—w, —s) forr <0
Hence
f*K(Z,f)=/ Hy, [z DK (w,s)dwds.
cn Jgm—1 ”
Therefore,
175Kl = [ [ Ve £l o)l duds
n Sm—
= C[J”f”p/ / |K (w, s)|dwds
cn Jgm—1
where C), is a constant that depends only on p (by Theorem 2.3). O

Now we are in a position to prove the uniform boundedness of |7, |, using the
previous lemma. We note that 7, is a convolution operator with kernel

oo

Zrk/ el (z,)lal" da,
Rm

k=0

which we compute using the following generating function identity of Laguerre
polynomials:

o0
oL@ ==l Il < 1.
k=0
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It then follows that

o

; R
Zrk/ e;(z,n)|al" da = (1 —r)_"/ e @D ema = 1allZ% g 1n gq.
k=0 JR”

m

Since this is not an odd kernel, we bring in the Riesz transform in the ¢- variable.
Define the operator R ; by

(R; )(z) = |"a—’| £

which is just the j-th Riesz transform in the central variable. Clearly, R ; is bounded
on L?(G) for 1 < p < oco. Now, define the operator

RjAcf (2. 1) —f frel t)ﬂ|a|" da.

Since Z;’;l R? = 1, it suffices to prove that the operator norm of Y oo r*R ; Ay is
indepedent of . Now the kernel of the above operator is

. 14r a;
Z / el (z, t)—|a| da=0-r)" /R gmitat) g3 tslalizl? |’| la" da.

Writing in terms of the polar coordinates and using the Hecke-Bochner identity, we
obtain that the above integral is a constant multiple of

A=r"t /OO TOUD st yromt gy
o (Aleh2

When ¢ € $"~!, we can write the above expression using the function I, (see (3.3))

as
11+7r
(1=r)" I,E,"H”( S |z|2>.

Since

dzdt

1 1 + r
(n—2) 2

=€ —<1 o f 'Iﬁnﬂ?(a)ia"‘l da,

the proof is complete as it can easily be verified that

f 117 @)a" " da < C.
0
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Remark 3.1 We comment on the difference in the proofs in the case of Heisenberg
group and Heisenberg type groups. In [18], Strichartz obtains explicit expressions for
the kernels of the spectral projections (see pp. 361-362 in [18]). From the expressions,
the necessary properties of the kernel can be deduced. However, in the present case, due
to the higher dimension of the center, this does not seem to be possible. Nevertheless,
we obtain an integral expression for the kernel from which we are able to deduce the
properties of the kernel. Notice that, using the generating function for the Laguerre
polynomials, it is possible to obtain an expression (not explicit) for the kernel of the
spectral projections Ay. Indeed,

o

i _114r 2
E rk / et(z,t) lal"da=(1—r)™" / e i@t gmar=rlallZl 11 ggq.
k_O R”l Rm

Using polar coordinates in the above leads to the expression (up to a constant)

(1—r)" /OO Ta 1 CUD i et gy,
o (ehz!

Substituting the well known integral formula for the Bessel function in the above, we
get (again up to a constant)

1 o0
/ (1— sz)m%} ((1 - / I g3 TR yntm—1 dk) ds.
“1 0

Now, the kernel Ay, is the k"_derivative of the above with respect to r, evaluated at
r = 0. However, the inner integral can be computed as in [18, p. 362]. We obtain that
the expression

1 1+r

S 2
a- r)—n / elth\ g_Zﬁ}‘lz‘ )LrH—m—l dx
0
equals (ignoring some constants that depend only on n and m)

(=" [ = iste) +r (el +4isiep]

Differentiating the above k times and evaluating at r = 0, we obtain that

1
Ar(z, 1) = (=Drepm / (1= )" Pe(z. slt]) ds (3.6)
-1
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where ¢, is a constant depending only on n and m and

min(k,m) . 2 N
k m! m+m+k—j—D!(z|*—4it)!
Pi(z,1) = Z ( ) /

= m—p! kKm+m=Dt (|22 +4in)]

(2] + 4it)*
(|Z|2 _ 4it)”+m+k :

When m is odd, p = mT—'% is a non-negative integer and one can expand the term

(1—=s%P in (3.6) and prove the cancellation condition for the kernel Ay by a somewhat
long induction argument. However, this does not seem to work when m is even.

4 Injectivity of Spherical Means
In this section we prove the theorems stated in the introduction. We follow the

proofs given in [20] closely. The important point is that the functions e} (z, t) are
eigenfunctions for the three spherical mean operators we have considered.

4.1 Proof of Theorem 1.3

First we look at the spherical means with respect to the normalized surface measure
M%" on the sphere {z € v : |z| = r}. Asin (2.3), we can see that

10 ol s g 127 (2).

) = e
Since (see [20])

k!(n — 1)!

(/)/Lal X|a| M%H(Z) — m |a|(r)(p|a‘(z)
we obtain,
ef # 2 (2. 1) = cin 9 (1) €z 1), ¥ (2.1) € G, @1
where ¢; , = (]Z!j_"nill))!, Now, let f € LP(G),1 < p < =2 and assume that f *
u%” vanishes identically. Convolving f with a smooth approx1mate identity, we may

assume that f € LP for2 < p < % From the above identity (4.1), the spectral

decomposition of f * M%" is given by

o
fruP@n = ZfR Cin @ (1) f * €f(z.1) lal" da.
k=0
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If f % ,u}” (z,t) = 0for all (z, t), by Theorem 3.2,
o
I k ! “(z,1) la" da =0
fim 3 s L, o et tar da

where the convergence is in L”(G). Applying the k™ spectral projection operator Ay
and using Theorem 3.1 we obtain that

/ o ) (£ a1 0f") @ e “al da =0, V(2,0 Yk =0,1,2, ..
Rm

Arguing as in [20, p.276] (also see [19, pp. 257-258]), we obtain that, for almost
all z € C", the support of f9 x4 (p,‘ca‘(z), the distributional Fourier transform of

Ai f(z, ), is contained in the zero set of Lz_l(%|a|r2), which is a finite union of
spheres in R™. But this implies, by Theorem 2.4, that Ay, f (z, t) is zero as Az f € L?
forl < p < % This finishes the proof of Theorem 1.3.

Next, we show that the above range is optimal by an example. For a fixed k > 1
and s > 0, let

F(z,1) = ———— ¢ (2)
K 2
= / e ol 2) Al (@)
lal=s

_ / ez, 1) doy (a),
lal=s

where uf' as earlier, is the normalized surface measure on the sphere {a € R : |a| =
s}. An easy computation using (4.1) shows that,

F s u2™(z,1) = cpn @i (r) F(z,1),
for all (z,7) € G. Choosing s suitably, we can make sure that (p;i (r) = 0. From the
2m

asymptotics of the Bessel function it is clear that F' € LP(G) if and only if p > ==,
which proves our claim.

4.2 Proof of Theorem 1.4

Now we look at the bi-spherical means defined using the measures (t, s = uf" X it
Recall that the measure p, s for r > 0, s > 0 was defined by

Mr,s(f) = K K fz, 1) d“%n(z) d/’«;n(t)s
Z|l=r t=s
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where d uf” and d " are the normalized surface measures on the spheres {z : |z| = r}
and {r : |t| = s} respectively. Assume that f € LP(G) for2 < p < % and f* @y s
vanishes identically. Proceeding as in the earlier proof, using the identity (4.1), we get
Jy 1 (sla))

(sla))2 !
Ju_y(slal)

sn m_
(slal)2

—ila,t)

€ %y s(2,1) = Cpp € o' o' (2)

= ¢ ol (r) ef (2, 1).

Continuing exactly as above we get that the distributional Fourier transform of
A f (z, t) in the 7 variable is supported in the zero set of (as a function of @)

Jy (slab

lal
i % ()
(slap®=t "
which is a union of infinitely many spheres in R™. It then follows that Ay f = 0 from
Theorem 2.4,if 1 < p < W%Tl. This completes the proof of Theorem 1.4.
Next we show that the above range is the best possible. To this end, we need to
recall some results on bi-radial functions on an H-type group G. Define the averaging

operator (see [5, p. 221]) IT on integrable functions on G by

() 1) = / f fzlu, [tv) dpt™ ) dpf (v),
sm—1 §2n—1

where du%” and duf' are the normalized surface measures on the unit spheres
{z : |z] = 1} and {¢ : |t| = 1} respectively. The operator IT is then an averaging
projector satisfying several properties (see [5, p. 220]).

A bi-radial function on G is a function f that satisfies [1(f) = f. Clearly, f is
bi-radial if and only if f is radial in both the z and ¢ variables. Fork =0, 1, 2, ... and
A > 0, define the functions ®} (z, 1) by

Ty _1Gslel)

D (z,1) = Ck,n,m) 9 (2) ———5—,
(slz])2

where C(k, n, m) is a constant so that CD%(O, 0) = 1. We have the following result
about the class of integrable bi-radial functions, denoted by L' (G)*.

Theorem 4.1 (1) The space LY (G is a commutative Banach algebra under convo-
lution.

(2) The space of multiplicative linear functionals on L'(G)* coincides with the
collection {<I>£ cA>0k=0,1,2,...}.

For the proof of above see [5, Proposition 5.3]. We also need the product formula
satisfied by the functions @2.
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Proposition 4.1 Let ® = CD% for some k and A. Let (; 1y® denote the left translate of
the function ® by the point (z,t). Then,

I(,nP)(w,s) = Pz, 1) P(w, s).

For a proof, see Proposition 2.3 in [9]. Now, a simple computation shows that the
identity in Proposition 4.1 reduces to

D # pr s (2, 1) = D(r,5) P 1),
Choosing A and k > 0 such that ®z(r, s) =0, we get
O %y 5(2,1) =0V (z,1) € G,
2m

which proves our claim as CD; (z,1) € LP if and only if p > =

4.3 Proof of Theorem 1.5

Finally, we look at the homogeneous spherical means defined using the measure o;..
First we deal with the case m > 2. Recall the homogeneous norm on G, given by

1G] = (2] + [1)5.

Also, recall that there exists a unique Radon measure o on the unit sphere ¥ = {(z, ¢) :
|(z, )| = 1} such that for all f € L'(G)

/f(g)dg=/ /f((Sr(z,t))do(z,t)rQ*ldr
G 0 >

where §, denote the dilations that act as automorphisms of G. The measures o,, for
r > 0 are defined by

or(f) =00 f)= L f@r(z, 1)) do(z,1).

The homogeneous spherical means of a function f is then defined as the convolution

f * o, of f with 0.
We have the formula for the measure oy, s > 0 given by

os(f) = / f(z,t)dog(z, 1)
1 = - d — m—.
2/ / / f(s;fznﬂmt) d %"(z) ml (t)r2” 1 (1 r4)T2 dr.
0 Jiz|=1JJt|=1 1 n

See [12, Proposition 2.7] or [11, p. 102] for the proof of this formula.
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It follows that

m—2

A =M dr

1
f*05=2/0 f*xu

sr,.rz ]—r4

where f s, » ;7 are the bi-spherical means defined earlier.
As above we compute
a 5 L g m-1 g _ 4252,
ep *05(z,1) = /0 [ *Msmzm(z,t)r 1=r7) r

1 J%,l(szx/l —r4a))
=Ckn 2/ —_
0 (s2y/1—rHapz!

Write |a| = A, and notice that the function

-2
(o Ve (R b dr) (2, 1).

o) Pl (1= " T ar 4.2)

/1 J%_l(s2«/1 — %)
A= —
0 (2V1=r%)2"1

is holomorphic for 91X > 0 and so the above function has at most countably many zeros
A € (0, 00). Now the proof can be completed as above for the range 1 < p < %, if
m > 2. We believe that the range obtained is optimal. This will be true if the function
in (4.2) has a zero in (0, 00).

When m = 1, G = H", the Heisenberg group. The formula for the measure o,

takes the following form (see [10, p. 95]):

O’szcn'/

where the measure 1, s is the normalized surface measure on the sphere {(z,s) €
H" : |z| = r}. Now the proof can be completed as earlier. We omit the details. This
completes the proof of Theorem 1.5.

[SE]

n—1
- M cos@,%@sin@ (cos 0) de,
2

Remark 4.1 The Abel summability result for the spectral decomposition will be true
forall 1 < p < oo, if we can estimate the operator norm of 4. It is a natural question
whether a two radius theorem is true for functions in L? (G) for % < p <ooand
whether our results can be proved for averages over K-orbits where (G x K, K) is
a Gelfand pair as in the case of the Heisenberg group. We hope to return to these
questions and some others in the near future.

Remark4.2 When 1 < p < 2, it is possible to take the Fourier transform in the
central variable and prove the injectivity results for the spherical means with weaker
conditions of growth on the function. See [8].
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