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Abstract

In this paper we investigate the harmonic analysis of infinite convolutions generated
by admissible pairs on Euclidean space R”. Our main results give several sufficient
conditions so that the infinite convolution u to be a spectral measure, that is, its Hilbert
space L?(u) admits a family of orthonormal basis of exponentials. As a concrete
application, we give a complete characterization on the spectral property for certain
infinite convolution on the plane R? in terms of admissible pairs.

Keywords Spectral measures - Infinite convolutions - Spectra - Exponential
orthonormal bases

Mathematics Subject Classification 42A85 - 28A80

Communicated by Yurii Lyubarskii.

B Min-Wei Tang
tmw33@163.com

Yan-Song Fu

yansong_fu@126.com

School of Science, China University of Mining and Technology, Beijing, Beijing 100083,
People’s Republic of China

Key Laboratory of High Performance Computing and Stochastic Information Processing (HPCSIP)
(Ministry of Education of China), School of Mathematics and Statistics, Hunan Normal University,
Changsha 410081, Hunan, People’s Republic of China

Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00041-024-10088-w&domain=pdf
https://orcid.org/0000-0003-4687-5729
https://orcid.org/0000-0002-9710-5698

31 Page2of43 Journal of Fourier Analysis and Applications (2024) 30:31

1 Introduction

Let 1 be a Borel probability measure on Euclidean space R”, and let /& be the Fourier-
Stieltjes transform of p on R":

AE) = f e2EN du(x) (& e RY).

A fundamental problem in harmonic analysis for L?(u) is whether there exists a
discrete set A C R” such that the collection of exponential functions

E(A) = {ex(x) := 2™ *%) 2 ) e A)

forms an orthonormal basis for L2(u). If this holds, u is called a spectral measure
and A is a spectrum for u, and (i, A) is called a spectral pair. Thus, for a discrete
set A, there are two crucial ingredients for A being a spectrum of w: one is that the
system E(A) forms an orthogonal set for L2(/1,), that is,

B =2 = (e, en)pqy =0 ford #1eA;

the other is that E (A) is fotal in L?(), that is, if (f, ex) 2 = Oforall 2 € A, then
f = 0 holds p-almost everywhere.

It is known that the study of spectral measures has a long history, and the wide
research of spectral measures dates back to the famous Fuglede conjecture in 1974,
which asserted that the normalized Lebesgue measure restricted on a Borel set €2 is a
spectral measure if and only if €2 is a translational tile in R", the interested readers are
referred to [16, 25, 36] and references therein. In the year 1998, Jorgensen and Pedersen
[22] announced the first class of singular continuous spectral measures, in which they
proved that Bernoulli convolutions (g 2 is a spectral measure if R = 2k, and it is
not spectral if R = 2k 4 1. Later on, after the pioneering works of Strichartz [34]
and Laba-Wang [26], many significant progresses have been made in constructing
new spectral measures (e.g., see [1, 2, 5, 10]), classifying the structures of spectra
for some singular spectral measures (e.g., see [0, 8, 11, 17]) and investigating the
convergence or divergence of mock Fourier series (e.g., see [12, 20, 34, 35]). Among
them, a surprising and interesting phenomenon was that there are uncountably many
spectra such that the associated mock Fourier series of continuous functions converge
uniformly, and the mock Fourier series of L”-functions converge pointwise almost
everywhere [20, 35].

The present paper is devoted to investigating the question of spectrality of infinite
convolutions on R”. More precisely, here and below, we use the symbol * to denote
the convolution of two measures, and for a discrete set D in R”, we define a discrete
probability measure §p as follows

1
o0 =35> % (1.1
deD
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where &, is the Dirac point mass measure at the point d, and # D denotes the cardinality
of D. The interest of this paper is concentrated on the following well-studied problem
in spectral theory of measures.

Question 1.1 Given a sequence of matrices Ry € GL(n,R) and a sequence of digit
sets Dy in R”, under what conditions is the infinite convolution

W(Rg, Dy) == SRl—lDl * 8R1_]R2_1D2 * 8Rl_1R2_'R3_]D3 EIR (1.2)

(if it exists in the weak-star topology) a spectral measure?

The investigation of measure ©(Rg, D) and similar measures dates back to the
1930s, and it was shown [23] that it is either absolutely continuous or singular continu-
ous with respect to Lebesgue measure. Also, several sufficient and necessary conditions
for the the existence of w(Rk, Dy) were given in [23] and [29]. In particular, if Ry = R
and Dy = D forall k € N, they are self-affine measures pug p := w(Rk, D) in fractal
geometry (cf., [14, 21]), and Bernoulli convolution i g » mentioned above is obtained
by taking Ry = R € Rand Dy = {—1, 1} forallk e N.

In the published literatures, in order to settle down Question 1.1, one basic but most
important condition is the concept of admissible pairs (cf., [10, 22, 26, 34]):

Definition 1.2 Let R € GL(n,7Z) be an n X n integer matrix, and let D C Z" be a
finite subset. The pair (R, D) is called an admissible pair if there is a set C C Z" with
the same cardinality as D such that the matrix

HR_ID,C = — e

V#D

is unitary, i.e., H;;,ID CHR*ID,C = [. Following [10, 26, 34], the system (R_ID, C)
is called a compatible pair, and (R, D, C) is called a Hadamard triple.

1 [ 27ri(R’1d,c>i|
deD,ceC

Based on admissible pairs, a lot of one-dimensional spectral infinite convolutions
W(Ry, Dy) as in (1.2) were obtained in [26, 34] and the references given there, espe-
cially see the recent works [19, 28-30, 32]. However, to the best of our knowledge,
there are only a few classes of higher dimensional spectral measures p(Ry, Dy) on R”
are known. Let us describe some of the previous work on higher dimensional infinite
convolutions being spectral. Strichartz first showed [34, Theorem 2.8] the following
theorem:

Theorem A [34] If the measure L (Ry, Dy) on R" as in (1.2) satisfies that

(i) there are digit sets Cy with 0 € Cy such that {(R,:1 Dy, Ck)},fil forms a sequence
of compatible pairs which are chosen from a finite set of compatible pairs, and
each matrix Ry is expandingl;

1 Here, the notation “expanding” denotes that, for the sequence { Ry} with finitely many distinct matrices,
there exists r > 1 such that || Rgx||p > r|x|| for all k, where || - || denotes the Euclidean 2-norm on R”,
see [34, pp. 216, line 1-2]
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(ii) the zero set Z, of the Fourier transform of § p—1 , is uniformly disjoint from the
n n

sets (RY - - - R:)_lcl +(R;--- R:)_ICZ - -+R:71Cnf0ralln € N. That is, there
is a common positive number § > 0 (independent on n) such that their distance
satisfies that

d(Zy, (Rt R'Cl+ (RS- RH'Cy-- -+ R*'C)) > 8 forall neN.

Then the measure (R, Dy) in (1.2) is a spectral measure with a spectrum
o
A=|J(Ci1+R{Cr+ -+ R R;_,Cy).
n=1

Unfortunately, the condition in Theorem A(ii) is not a necessary condition, and it
might be very difficult to check, even for self-affine measures. Fortunately, Dutkay,
Haussermann and Lai [10] completely showed that one admissible pair automatically
yields a self-affine spectral measure on R”, i.e., condition (ii) can be removed in this
case. Nevertheless, there are non-spectral measures of infinite convolutions generated
by more than one admissible pair, cf., [4, Example 5.2]. To some extent, this means
that it is a very challenging question to give a complete answer to Question 1.1 for
general convolutions. At last, we point out that Dutkay and Lai [13] (also see [18,
Section 3]) investigated the spectrality of a class of infinite convolutions on R", where
Ry = R for all k and there are only finitely many distinct Dy such that (R~ Dy, C)
forms a compatible pair for some common digit set C C 7", and some additional
conditions were given to guarantee infinite convolutions to be spectral (e.g., see [13,
Theorem 1.5]).

Continuing the line of the research above, the purpose of this paper is to further
investigate the spectrality of higher dimensional measures p(Ry, Dy) as in (1.2) on
R" under the condition of admissible pairs or compatible pairs, and we will settle
down Question 1.1 partially. More explicitly, given a sequence of admissible pairs
{(Rk, D) : k € N} on R", we define

Ry = RiRi—1... Ry (1.3)
and assume that the following infinite convolution as in (1.2)
= w(Rg, D) = 5R(‘D1 * 8R51D2 EINE | 8R;‘Dk E (1.4)

converges to a Borel probability measure p in the weak-star topology. For each k € N,
the measure p in (1.4) can be decomposed as

n = pg * (v o Ry),
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where v; o Ry (E) = v (Ri(E)) for all Borel set E C R”, and the Borel measures
WUk, Vi are respectively represented as (sometimes, we also write v = (R, D))

Mk = SRlel * 3R51D2 IS Skale
and

Yk = aRk_Jlleﬁ-l * (SRl;lle_J:szﬂ * SRI;Ile_leRk_#DkH ¥ (1.5
Asin [2, 10, 13], we know that the sequence of measures vy plays a critical role in
determining the spectral property of u(Rk, Di). Here, based on [10, Lemma 4.7], it

is reasonable to define the concept of equi-positive family on some compact set.

Definition 1.3 Let M (R") be the convolutional algebra of Borel probability measures
on R" and let X C R” be a compact set. A subset ® of M (R") is said to be an equi-
positive family on X if there are positive numbers €, § such that for all x € X and for
all v € @, there is an h(x, v) € Z" such that

V(x+h(x,v)+y)| >¢€

for all y € R" with || y|l2 <, and A(x,v) =0if x = 0.

Principal Assumption. Throughout this paper, by o (R;) we denote the set of all sin-
gular values of Ry € GL(n,Z), i.e., the set of all nonnegative square roots of the
eigenvalues of the positive semidefinite matrix R} Ry. We always assume that the
singular values of Ry, appeared in (1.2) or (1.4), satisfy that

k= inf mino (Ry) > 1, (1.6)
k>1

(this ensures that all matrices Ry are expanding in the sense of Strichartz [34]) and the
compact set X in Definition 1.3 is chosen to be X = B(x), where

. n. ﬁl{

(this requirement will become clearer in the proof of (3.4)) is the 2-norm closed ball
in R", with the interpretation that

B(c0) == {x € R" : |lx|l2 < V/n/2}.

Here, ||x||2 denotes the Euclidean 2-norm of a vector x € R". Clearly, [—% %]n -
B(c0) € B(k) forall « > 1.

The following is our first main result, which gives a sufficient condition to guarantee
the spectrality of arbitrary infinite convolutions.
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Theorem 1.4 Suppose {(Ry, D) : k € N} is a sequence of admissible pairs on R"
such that the measure p as in (1.4) exists and (1.6) holds (i.e., k > 1). If there is a
strictly increasing sequence of positive integers {k j} such that the family {vi;} written
as in (1.5) is equi-positive on B(k) as in (1.7), then the measure p in (1.4) is a spectral
measure.

Remark 1.5 (1) The similar results for one-dimensional spectral measures have been
obtained in [2, Theorem 3.2], [32, Theorem 2.4] and [28, Theorem 1.4], in which
Ry > 2, Dy € Z and the compact set B(k) in Theorem 1.4 is chosen to be the
closed interval [0, 1]. After the submission of this paper to JFAA, we noted that an
analogous result of Theorem 1.4 was also obtained in [31, Theorem 1.1]. (2) If we
take n = 1 in Theorem 1.4, then Ry € GL(n,Z) and Dy C Z" are just respectively
reduced to that 0 # Ry € Z and Dy C Z, and « > 1 furthermore implies that « > 2
or Ry > 2 for all k € N and hence the compact set B(x) is always contained in
the closed interval [—1, 1]. Therefore, Theorem 1.4 gives an effective supplement to
the one-dimensional case compared with the previous research mentioned in (1) for
R. (3) The spectral measures given in Theorem 1.4 may have no compact support,
one can find more one-dimensional such examples in [29]. Also, it should be pointed
out that infinite convolutions appeared in other results in this paper all have compact
support. (4) By the definition of equi-positivity in Definition 1.3 and the fact that
[—%, %]" C B(x) for all k > 1, it follows that a subset ® of M (IR") is equi-positive
on B(k) if and only if & is equi-positive on [—1, 1]". Therefore, the equi-positive
condition in Theorem 1.4 can be changed to that {vkj} in (1.5) is equi-positive on
n

[-2.2]"

Our second main result Theorem 1.6 is concentrated on the spectrality of infinite con-
volution u generated by finitely many admissible pairs firstly studied by Strichartz
[34]. Here we provide some easier verifiable sufficient criteria (compared with Theo-

rem A) so that w is spectral. In the following, for a digit set F € R", we denote by
Z|[ F] the additive group generated by the elements of F, that is,

ZIFl:=tkifi+---+knfun:ki€Z, fie F fori =1,2,...,n},

and F C R" is called uniformly discrete if there is a positive number § > 0 such
that || f1 — f2ll2 > 8 for all distinct f1, f» € F, and F denotes the Fourier-Stieltjes
transform of the measure 67 as in (1.1):

—~ . 1 .
— —2mi(§,x) - —2mi&. f)
aF@)—/e ’ "dsF(x)—#FZe WS (EeRY.
feF
Moreover, we use the symbol Z(f) to stand for the zero set of the function f on R".

Theorem 1.6 Given a sequence of admissible pairs {( Ry, Dy)} which are chosen from
a finite set of admissible pairs such that (1.6) (i.e., k > 1) holds. Assume that, for each
k € N, one has

(1) Z[Dy — di]) = 7" for some dy € Dy.
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(i1) the set Z(S/b:) N [—%, %]n is a uniformly discrete set.
Then the associated measure [ in (1.4) exists and it is a spectral measure.

Our third main result Theorem 1.7 gives another sufficient condition for infinite
convolutions to be spectral, which can be used to deal with the case that the zero set
zZ (8/;)) is the union of linear manifolds, see Example 1.10. An obvious difference to
Theorem 1.6 is that it allows the matrices Ry and digit set Dy to be chosen arbitrarily.

Theorem 1.7 Let {(Ry, Di)};2 | be a sequence of admissible pairs, where the matrices
{Ri}72, € GL(n, Z) satisfies (1.6) (i.e., k > 1) andthe digit sets { D };2 | is contained

inZ", and let
B (0, \z/—ﬁ) = {E eR":|&]l2 < ﬁ} (1.8)
K 2K

be the 2-normed closed ball. Assume that supycy supg, e p, {l Rk_ldk 2} < o0, and

n:=inf inf  |5p,(§)] > O. (1.9)
kENéeB(o,%)

Then the associated measure [ in (1.4) exists, and it is a spectral measure.
The following Corollary is an immediate consequence of Theorem 1.7.

Corollary 1.8 Given a sequence of admissible pairs {(Ry, Di)}72 |, where the matrices
(R}, € GL(n, Z) satisfies (1.6) (i.e., k > 1) and {Dy}2, € Z" is a sequence of
digit sets chosen from a finite set, say D(1), ..., D(N) for some N € N. Assume that
the union of the zero set U,ICVZI Z (%) is separated from the 2-normed closed ball
B(0, ‘2/—3) as in (1.8). Then the associated measure | in (1.4) exists and it is a spectral
measure.

Based on the research mentioned above, we are very surprised to find that admis-
sible pairs might be a necessary and sufficient condition for some special infinite
convolutions to be spectral.

Theorem 1.9 Let (R )72, € GL(n, Z) be a sequence of matrices satisfies (1.6) (i.e.,
k > 1), and let { Dy} be a sequence of digit sets chosen from {D®, D®}, where

o= {8 () o =1(0)-(2)-() (D)

If the associated measure w in (1.4) is a spectral measure, then (Ry, Dy) is an admis-
sible pair for each k > 2. Furthermore, the converse of this statement hold in the
following two cases:

G If {Rk},‘z‘;1 is a finite sequence, then the associated measure [ in (1.4) is a spectral
measure if and only if (Ry, Dy) is an admissible pair for each k > 2.
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(i1) Ifx :=infy>1 mino (Ry) > %, then the associated measure w in (1.4) is a spectral

measure if and only if (Ry, D) is an admissible pair for each k > 2.

It is remarked here that the part “admissible pairs = spectral” of Theorem 1.9 is a
direct result of Theorem 1.6 or Corollary 1.8. However, for the converse part “spectral
=> admissible pairs” of Theorem 1.9, it needs us to do much research on the structure of
spectra for measures v written asin (1.5) (see Theorem 5.2 for more details). The ideas
adopted here are totally different from the previous studies, which is of independent
interest and might shed some new light on the characterization of necessary condition
for general infinite convolutions being spectral measures.

Finally, we provide a simple and concrete example of spectral infinite convolution
to illustrate Theorem 1.7 or Corollary 1.8.

Example 1.10 Suppose that {R;}72 , € GL(n, Z) is a sequence of matrices such that
k = infy>; mino (Rg) > /2 and (R, D) is an admissible pair for each k € N,

where
0 1 0 1
p={(5)-(o)-(V)- (I
Then the associated measure

W(Rg, D) := SerD *Slelele *SerRglelD*---

exists, and it is a spectral measure. As a consequence, if

R(1)=[3§], R(2)=[jg], R(3>=[3421]’ R(“):[;g]’

then for any X : N — {1, 2, 3, 4}, the associated infinite convolution measure
w(X, D) = ‘SR(lD * 8R171R271D * ‘SR(lR;lR;‘D * .- with R, = R(X(k))

is a spectral measure.

The rest of the paper is organized as follows. In Sect.2 we review some basic facts
about admissible pairs and spectral measures. In Sect.3 we prove Theorem 1.4, in
Sect.4 we prove Theorems 1.6, 1.7, Corollary 1.8 and Example 1.10, and in the last
Sect. 5 we prove Theorem 1.9.

2 Admissible Pairs and Spectral Measures
In this section we collect some basic properties of admissible pairs or compatible pairs
on R”, and state the classical criterion for the completeness of exponential functions

due to Jorgensen and Pedersen [22].
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Lemma 2.1 [26] Let R € GL(n, Z) be ann xn matrix, andlet D, C C 7" be two finite
subsets of 7" with the same cardinality. Then the following statements are equivalent:

G (R7'D,C)isa compatible pair.

(ii) C is a spectrum of the measure §p-1p,.
(iii) dp-1p(c1 — c2) = 0 for any distinct ¢y, c2 € C.
(V) Y oecBpipE+0)P=1 (V5§ €R").

Lemma 2.2 [26,34] Let R € GL(n, Z) be an n x n matrix, and let D, C C 7" be two
finite subsets of 7" with the same cardinality such that (R~' D, C) forms a compatible
pair. Then the following statements hold.

(i) (R™'D 4 a, C + b) is a compatible pair for any a € R" and b € R".
(ii) No two elements in D are congruent modulo R (i.e., d; —d; ¢ RZ" for distinct
elegaents di,dj €D )f,vand no two elements in C are congruent modulo R*.
(iii) If C € Z" such that C = C (mod R*), then (R™'D, C) is a compatible pair;
(iv) If the matrices R; € GL(n,Z) and the digit sets D;, C; C Z" satisfy that
(R;le, Cj) is a compatible pair and 0 € C; for each j € N, then

(R7'Dy+ RT'R'Dy+ -+ RU'Ry . Ry Di,
Ci+R{Ca+ -+ R} ...R{_,Cp)

is a compatible pair for each k € N.

Associated to a Borel probability measure u and a discrete set A C R”, we set

Qua®) =) IRE+MNF (R,

reA

Lemma 2.3 [22] Let u be a Borel probability measure on R", and let A be a discrete
set in R". Then the following three statements holds.

(i) A is an orthogonal set for w if and only if O, A(§) <1 forall§ e R".
(ii) A is a spectrum for v if and only if O, A(§) = 1 forall £ € R".
(iii) Qu, A has an entire analytic extension to C" if A is an orthogonal set for the
measure [L with compact support.

It is remarked here that Lemma 2.3(i) is an immediate result of Bessel’s inequality,
and Lemma 2.3(iii) follows from [22, Lemma 4.2], while Lemma 2.3(ii) was only
proved in [22, Lemma 3.3] for compactly supported Borel probability measure by
using Stone-Weierstrass theorem. Recently, Li et al. [28] proved that Lemma 2.3(ii)
actually holds for probability measures without compact support.

3 Proof of Theorem 1.4

In this section we give the proof of Theorem 1.4, and it is divided into two steps.
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e The first step is to construct an orthogonal set I (see (3.8)) for the infinite convolu-
tion measure i := U (Ry, Di) in (1.4) by using the properties of admissible pairs
stated in Lemmas 2.1 and 2.2. It is worthy noting that this step involves adjusting
the method of [10, Section 4] for self-affine measures to the present context.

e The second step is to show that E(I") constructed in the first step is fotal in L%(w)
by applying Jorgensen—Pedersen’s completeness criterion (Lemma 2.3(ii)). This
step depends on developing Strichartz’s method in the proof of Theorem A (also see
[34, Theorem 2.8]) for infinite convolutions generated by finitely many admissible
pairs.

Proof of Theorem 1.4 First, since (R, Dy) is an admissible pair, by the statements (i)
and (iii) of Lemma 2.2, one might without loss of generality assume that

117"
0cCLCR|—=,=| NnZ" 3.1)
kl7272

such that (R,:1 Dy, Cy) forms a compatible pair for each k € N. Then, it is not hard to
check (e.g., see [34, Theorem 2.7]) that the discrete set E(A) = (2TI0) ) e A},
where

A=Ci+R{C2+R5C3+---+RCr + -, (3.2)

forms an infinite orthogonal set for L?(w), where Ry is defined as in (1.3).
For the convenience of discussions, we introduce the following notations: for any
two non-negative integers s > ¢ > 0, we define that

Ry = RsRs—1... Reyy where Ris—1=Rs, Rso0=R;
Dys =Rys (R Dist + Rez) " Dz + -+ Re)7'DS), B3)
Cor =Crri + R, Cria+ R Crs + -+ RE G

Obviously, from Lemma 2.2(iv), one concludes that, for each s > ¢ > 0, (R ¢, Dy 1)
is an admissible pair, or (RS_’IIDS,,, C; ;) is a compatible pair, or (R, Dy ;, Cs ;) isa
Hadamard triple.

With (3.3), for any strictly increasing sequence of positive integers {£x}p—, with
£y = 0 and ¢; > 1, the measure u in (1.4) and its orthogonal set A in (3.2) are
respectively rewritten as

o0
w = g, * vg, o Ry, and A= U Ay,
s=1

where

e, = b1 * Op—1p—1 ¥ O0p—lp—1 1y k- k0n-1 po1
s Ry Deyeg R, Ry, ¢, Doyt Ry, Ry 0, Dis oty R, Ree,

6, Res oy Degeg

vﬁs 28 T

-1 EY J *8 -1 p-1 pI *
Rygi1Deg+1 Ry 1Ry 12 Des+2 Ry 1R Ry 3Des+3
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and

Ay, =Crep + R} Crr ey +RE,Crs ey +- -+ Ry Coe

Step L. To construct a new orthogonal set T (see (3.8)) for wu, instead of A in (3.2).
To do this, we first claim that for each s > ¢ > 0, one has

(R} )7'Cyr S B(x),

where B(k) is written as in (1.7). This is equivalent to that for any ¢, ; € Cy;, one
has

IR ) ey lla < Z(ﬂ

3.4
D G4

For the proof of (3.4), we first notice that each ¢, ; € C, ; can be written as
Cor = Crpt + R Crpa + REG R pers + -+ REG R - RE s,
where ¢; € Cj foreach j = ¢+ 1,1+ 2,...,s. With an easy calculation, we get,
from (3.1), that
R D lesr =R, DT RE D e + RE ) TR ) e+ + RE ) e

* " _ 117"
€ (R )™ + R )+ 4 1) [—575] .

(3.5)

Remembering that (e.g., see [33, pp. 414]) the usual Euclidean norm or matrix norm
of a nonsingular square matrix R~! € GL(n, R) satisfies that

IR"Ml2:= sup R 'xh= ——n.
=1 min o (R)

Thus, the assumption (1.6) implies that

sup [ (R})™ l||z—sup||<R )* ||2—Sup||Rk la=«"" <1, (3.6)

k>1

and hence it follows from (3.5) and (3.6), and ||A o Bl < ||All2llBll2 (A, B €
GL(n, Z)) that

) K
RS ) e ll2 < (70770 70T 1)£ < 2(f 5
the desired result (3.4) holds.
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Next, we are going to construct a discrete set I' (see (3.8) below) by using (3.4)
and the “equi-positivity” of the family {vy;}. More precisely, since the family {vy,}
is equi-positive on the 2-norm closed ball B(«), there are positive numbers €, § such
that for each x € B(k) there is an h(x, vk;) € Z" such that

156, (6 + h(x, vg) + )| > € 3.7)

forall y € R" with [lyll2 <4, and h(x, vg;) = 0if x = 0.
By applying (3.4) and (3.7) recursively, we can choose a suitable special strictly

increasing subsequence {} of {k;} and construct a sequence of digit sets C¢, ¢, ,,
where £¢p = 0 and £; > 1, such that the discrete sets

e L
Loy =Copeg + Ry Coppy + Ry, Gz 0+ -+ Ry Cpp

o (3.8)
= U g,  where 0ely CTy, foralls>1
s=1

satisfying the following properties:

(i) The integer £; is an arbitrary positive integer in the sequence {k;} such that

CZ],@() = {cel,ﬁo +R;1,[Oh(c(|,eov Vﬁ]) © €yt € C(|,€Q’ h(cﬂ],(()’ Vel) € Zn} s

where the integer vector h(cy, ¢y, V¢,) € Z" is chosen such that

— —1

vey ((RZ,eo) Cey.to + (e %))‘ > €
for all ¢¢, ¢, € Cy,.¢,- In particular, we choose h(cg, ¢, ve,) = 0if ¢ ¢y =0 €
Ct,.¢,- This is guaranteed by the “equi-positivity” of the family {vg;} and the fact

-1
that (RZ’ZO) ¢t € B(i) by (3.4).
(ii) For each s > 1 and the constructed ¢, one can choose ¢4 > £, and define

—_~

_ *
C[SH’ZS - {chHst + Relq+|,¢rh(c£s+l»£s 4

Vo)t Copnts € Coyritys B(Co 000 ve,,) €2, (3.9)

where the integer vector h(cg,,, ¢, Ve,,,) € Z" is chosen so that

> €,

UZH—I ((RZJrl) Vs + (RZJA,Q) clH—lses + h(ceﬁ—ly@v’ le—l))
(3.10)

and

<=, @3.11)

-1
H (RZJA) Vs

2
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for all y5; € I'¢,. In particular, we choose A (cy =0e

Ces+lyes N

s+1 ,Zs ’ v€x+l) = 0 lf CZS+1,ES
The above constructions are reasonable because the finiteness of the cardinality of
the set I'y, means that we can choose £;,1 > £, large enough such that (3.11) holds,

and then the claim

-1
*
(RZS+1,ZS) Cegpnnts € B(K)

as in (3.4) and the equi-positivity of {vg;} guarantees (3.10) holds.
Finally, we show that the set I" in (3.8) forms an orthogonal set of © as in (1.4). In

fact, since (3.9) means that C; ; = Cy, ¢, , (mod RZ, s ), it follows from Lemma 2.2

(iii), (iv) thatall (R, De, ¢, ,, Ce, ¢, ,) are compatible pairs. By Lemma 2.2(iv),
(e, T'g,) is a spectral pair, it follows from Lemma 2.1 that

Z e E+ye)>=1 forall € € R". (3.12)
)/Er‘(x

Thus, the orthogonality of exponential functions E(I'y,) in the space Lz(p%) means
that

g, — Ty, € Z(g,) U {0} forall s > 1.
Notice that for each s > 1, we get that i = ¢, * v for some probability measure v.

It follows that & = fig, - 7, and hence Z(ftg,) € Z(i). Since ', is an increasing set
as in s, it follows from (3.8) that

[ —T c Z(m) U {0},

i.e., I' is an orthogonal set of . By Bessel’s inequality,

Qur®) =) |iE+y)> <1 forall§ eR". (3.13)
yell

Step I1. To show that T in (3.8) is a spectrum of  as in (1.4).
By Lemma 2.3, it suffices to show that Q,, r(§) = 1 for all £ € R". For this, we
fix £ € R" and define

g, + V)12 v €Ty [BE+ ) yerl;
= s s d = 3.14
e, ) 0, others, and 1) {O, others. ( )
Since u = g, * (v, o Ry,) forall s > 1, it follows that
26 =7z O (R))™), (3.15)
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which yields, from (3.14) and vz, (0) = 1 (s > 1), that
lim fo (y) = f(¥). (3.16)
§—> 00

On the other hand, by (3.8) and (3.9), each y;41 € 'y, is in the form

o * *
Vs+1 = Vs + Rls <ces+l»£x + RKSJr],(sh(ceH—laes’ UZS-H))

for some y; € I'y,, ¢ e G

that

and h(cg,,, ¢, Ve,,,) € Z", By (3.15), one has

A'+15ES s+1azs

-1
RE +¥or) = oy G+ ver )V ((Rz‘m) &+ ysm)

-1 -1
= I’Leﬁl (E + ys‘f‘l)veﬁl ((RZ_H) (S + VV) + (sz-+],55) ces+laes

+h(czs+1 s v€s+1 )) :
(3.17)

By (1.6), one knows that there is an sop € N (depending on &) such that s > sg implies

that
00"

-1
Combining this with (3.10) and (3.11) and (RZHY&) ¢r,.10, € B(K), the equi-
positivity of measures {vx} on the compact set B(k) (see (3.10)) implies that the
equality (3.17) becomes

< —.
s 2

¢ + ysr)| > € e, +ysr1)|  foralls > so,
which, together with (3.14), yields that
f() =€ fiy) forally el.

Notice that 3, . f(¥) < 1by (3.13). Then }_, . fs(y) =< €~2. Now, applying
Lebesgue’s dominated convergence theorem, we get, from (3.12) and (3.16), that

Qur® =) [RE+y)IP =1 forall§ eR".

yell

By Lemma 2.3(ii), the measure u in (1.4) is a spectral measure.
This finishes the proof of Theorem 1.4. O
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4 Proof of Theorems 1.6 and 1.7

Recall that (see [10]) the integral periodic zero set of a Borel probability measure
on R” is defined by

Z(p) = (€ eR" : i + k) =0 forall k € Z"}.

4.1 Proof of Theorem 1.6

The proof of Theorem 1.6 relies on Theorem 1.4 and Lemmas 4.1 and 4.2.
The following lemma does not require the finiteness of the choices of admissible
pairs (Ri, Dy).

Lemma 4.1 Suppose {(Ry, Dy) : k € N} is a sequence of admissible pairs on R" such
that the measure y as in (1.4) exists, and the measures vi(k > 1) as in (1.5) exist, and
(1.6) holds (i.e., k > 1). Assume that, for each k € N, one has

(i) ZIDy — di] = Z" for some dy. € Dy.
(ii) the set Z(6p,) N [—%, %]n is a uniformly discrete set.

Then the associated measure (1 = (Ry, Dy) in (1.4) satisfies Z.(n) = B. Moreover,
Z(vi) =@ forallk € N.

Proof Suppose on the contrary that Z(u) # @. Thus, there is a §y € R” \ Z" such that
wE +m)=0 forallme Z". 4.1

As we do in the proof of Theorem 1.4, in what follows, we still without loss of
generality assume that

* 1 ln n
OGCkng —E,E NZ

such that (R,:1 Dy, Cy) forms a compatible pair for each k > 1. By Lemma 2.1,

3 (e €D =1 foralls e R", 4.2)

cr€Cr

where {ti ¢, : ¢k € Ci} denotes the functions system:

T (6) = (RE) TV (E + cp). (4.3)

Fix & € R" \ Z". We will yield contradictions by proving the following three
claims.
Claim 1. We show that Z(vy) # @ forall k > 1 if Z(u) # @.
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In fact, since the Fourier-Stieltjes transform [ of the measure u := (R, Dy) in
(1.4)is

pe) = [ aue = [[o @6 € <R,

k=1

where Ry, is defined as in (1.3), it follows from (4.1) and the Z"-periodicity of S/D\j
that, foreach k € N,

0=7n(50+c1+Rica+R5c3+ -+ R{_jcx + Rjm)
=500 ((RD ™0 + 1)) - 0, (R G0 + 1 + Rieo))
80, (RD ™G0 + 1 + Riez + -+ Ri_jc) +m)

5 (RO o +e1 + Riez + -+ + Ri_yc) +m)

=38p, (11,61 (50)) - D5 (T2.65 © T1.e1 (80)) -+ - 81y (T © -+ © T © The, (§0))

- Uk (Thoep 0+ 0 Tac 0 T1,¢y (§0) + M) (by (4.3))
“4.4)
foreachc; € C; C Z", where j =1,2,..., k.
Note that, by applying (4.2) several times, we get that, foreach j = 1, ..., k, there

is at least one c; € C; such that

80y (t1.61(50)) # 0, 8, (T2.65 © T1e, (80))
#£0, ..., 3p, (ke 0+ 0 Toe, 0 T gy (§0)) # O,

which means, together with (4.4), that

Uk (Thp 00 T2y 0 T (50) +m) =0 forallm € Z",
1.e., T, O+ 0 T2 ©T1,¢(&0) € Z(vy) for each k € N, and hence the Claim 1 is
proved.

From the arguments in Claim 1, it makes sense to put Yo = {&p}, and foreachk € N
we put

Y = [fk,ck 0::- 0T ¢ 0T (50) € Z(vg) IE)T(fj,cj 0::-0T] g (So)) #0, j= 1] .
(4.5)

Claim 2. We show that #Y; < #Y;, foreach k € N.
In fact, this can be proved by showing that all the elements of Y; are distinct.
Precisely, if there are two distinct sequences (ci, c2, ..., cx) and (¢}, ¢5, ..., ¢;) in
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]_[l;-= 1 C; such that
Thoep © Th—Tocmg © 0 Tl (§0) = Tg o) © Tgy ¢ 00Ty (50),
it follows from (4.3) that
c +RTC2+"'+RT"’R1>:_1CI< =C/1+RTC/2+"'+RT‘~R;:_1C]/{.
Setting ip = min{i : ¢; # c;}, we get that ¢;; = cl’.O (mod Rl.’:)), where c;,, C;O € Cjy,
which is a contradiction to Lemma 2.2(ii) since (Ri; ! D;,, Ci,) is a compatible pair.
Therefore, the Claim 2 is proved.

Claim 3. We finally show that #Y; = #Y) for k large enough.
In fact, each element 75 o, 0 -+ 0 T2, © T1,¢, (§0) Of Yy in (4.5) satisfies that

ITk,cp © - 0 2,65 0 T1,e (B0) 2

- ‘ R (Eo+c1 + Rica+ -+ + R,j_lck)H2

= | RO 6|+ | RO o1 + Riex -+ RE_yen)|

< |®)| - neoms + % (by (3.4))

<k &l + % (by (3.6)).

As k > 1in(1.6), thereis a large kg € N such that k > ko implies that « % I&oll, < 1,
therefore

Ye € Blx) i= {x eR": x|l < % + 1} forallk > ko.  (4.6)

Let
N := max# {2(5/,;) NBLk) k> 1} 4.7)

and
80=min{||x||2:xeZ((S/D\k)ﬂBé(K),kz 1]. (4.8)

Notice that each function Z ((S’i)\k ) is Z"-periodic and (S’D\k(O) =1, and

117" 1
=33 C B(k) € By ().
Thus the assumption (ii) implies that N is a finite positive integer and §p > 0.
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As 8o > 0, there is a smallest positive integer jo € N such that j > jjp implies that

K

2(/{—1)4_1

I(j50 >
and hence the requirement x > 1 in (1.6) and (4.6), (4.8) yield that, for all j > jj,
n 1 _ S 1 _
z (‘SRk;‘_,,kDm) NBY() =R}, Z@p,, ) NBYk) =0 (k= 1.
Consequently,
Jo R
2@ 0 Byw < | (Riy 142G ) N By )
j=1
and whence, for each k € N, one has that
# (Z(\Tk) N B} (I())
Jjo Jo
= > #(Ri 26, ) N BYW) = Y #(26D,.,) N BYW)) < Njo.
j=1 j=1

where the last inequality follows from (4.7). Furthermore, since Y; € Z(v;) € Z(v)
for all k € N, it follows from (4.6) that

#Y, = #(Z() NY) < # (z@) n Bg(x)) <Njo forallk > ko.

Combining this with Claim 2, we get the desired result of Claim 3.
By Claim 3, we might assume that there is a ko € N large enough such that

#Yr = #Y}, for k > ky.

Fixing k > ko. By the definition of Y} in (4.5), each & € Yj corresponds to a unique
Ck+1 € Ci41 such that

8D (Tht 1y (6)) # 0,
vlhere Tt 8) € Yer1 € Z(viy1), and therefore it follows from (4.2) that

|8Dk+1 (Tk+1,ck+1 (S))I = 1» i~e~’

1
T |#D
k1 d€Dyyy

1

eZni(d,rk+1,ck+1(§)) -
#Dp 41

1

T A T €]

deDyty

(4.9)
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where di4+1 € Dy is chosen so that Z[ D41 —di+1] = Z" satisfying the assumption
@i). Since 0 = (0, ...,0)* € D41 — di+1, by using the triangle inequality, we get
that all terms in the sum of (4.9) must be equal to 1. Thus it follows from (4.9) that

(d — diy1, Ths 1,000, (€)) € Zforalld € Dyyy. (4.10)

Lete; = (0,...,0,1,0,...,0)* be the standard basis of R", where i = 1,2,...,n
Whence, it follows from the assumption Z[ D41 — di+1] = Z" and (4.10) that

(i Tht1,c0, ) €Z foralli =1,2,...,n

This implies that

Tkt ey, () € Z",

and therefore

Ve 1Tt 1oy (€) = Tt 1y () = Vs 1(0) = 1.

This yields that Ty 1,¢,, (§) ¢ Z(vy1). Itisacontradiction. Thus, we get that Z(u) =
@.

Next, by repeating the arguments above to each measure vy, we similarly get that
Z(vi) = @. This completes the proof of Lemma 4.1. O

Lemma 4.2 Given a sequence of admissible pairs {(Ry, Di) : k € N} which are
chosen from a finite set of admissible pairs on R" such that (1.6) and the assumptions
(i) and (ii) of Lemma 4.1 hold. Let vy (k > 1) be as in (1.5). Then there is a subsequence
{v; }7‘;1 of {v )32 | such that the measures {vy ;1 converges to an infinite convolution
measure

W(Ry, Dy) = (Sﬁ;lﬁl * 8(1?2131)_]52 koeek S(Ek...ﬁl)_lﬁk *

in the weak-star topology, where {(Rk, Dk)}k | is a subsequence of {(Ry, Dk)}k I
As a consequence, one has Z(,u(Rk, Dk)) = () by Lemma 4.1.

Proof For each j € N, we write vy = v j * wy, j, where

Vki = 0p-1 * 8,1 pol X —1 ,
k. Riy1Di1 ™ "R Ry Dt RiyrRiyj D+ j

and

Wg,j = dp- 4.11)

-1 * 8,1 —1 *
1 R 1 Dkerjrt T R Lk R Dy 2
By setting

M := supmax{||di|l2 : dx € Dy},
keN
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it follows from (1.6), (3.6) and (4.11) that the support of wy ; is contained in the
2-normed closed ball

kM
Bj(k) := {S eR": |2 < ﬁ} 4.12)

Since the sequence {( Ry, Dy )};2 ; contains only finitely many distinct admissible pairs,
we can apply Bolzano-Weierstrass theorem to each level of infinite convolutions vg.
By the famous Cantor’s diagonal process arguments, we can choose a subsequence
{v; };?‘;1 of the measures {v} such that

Vkj.j = Vkj1.j = Vkjyaj = forall j € N.
Let (ﬁj, 5j) = (Rk;+j» Dk;+j) (j € N) and define the measure

(Rk, Dk) =48% 513;11;;152 -k 8

R'D
Notice that, for each k; € N, the measure u(ﬁk, 5k) can be decomposed as
1(Re, D) = v, j * @x, (4.13)

for some infinite convolution measure 5/;/] , whose support is also contained in the
2-norm closed ball Bj(«) as in (4.12).
Therefore, for any £ € R” and j > 1, we have

) = 7, ©)a0 7€) = 7, 5() /R S )

=3 ([ cosenexndon i [ sinen (e oo, ;0
» Bj(x) » Bj(x) 7
= ;. (§)(cos 2 (€, x1) — i sin 27 (£, x2))

(4.14)

forsome x1, x2 € B (k). Here, the last equality follows from the intermediate value
property of continuous functions cos(2m (¢, x)) and sin(27 (€, x;)) on the compact set
Bj (IC)

Likewise (4.14), one can obtain from (4.13) that

A(Ry, Dy) = Tr,; (§)(cos 27 (€, x3) — i sin 27 (£, x4)) (4.15)
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for some x3, x4 € Bj(k). Whence, we get from (4.14) and (4.15) that

%k, (&) — A(Re, Dy
< [cos 2 (£, x1) — cos 27 (£, x3)| + | sin 27 (£, x2) — sin 27 (£, x4)|
< [ 2TEn) _ 2rEa)) g 2men) _ 26

<2 sup |1 =€V 50 asj— oo.
x,y€Bj (k)

Because ,u(Rk, Dk) is a continuous function, by [24, Chapter VI, Lemma 2.3], we get
that the measures vy; converge to ;L(Rk, Dk) in the weak-star topology. Furthermore,
in the proof of Lemma 4.1, if we replace p by w(Re, Dy), one similarly yield that
Z(u (R, Di)) = . This finishes the proof of Lemma 4.2. m]

In fact, combining the the arguments of Lemmas 4.2 and 4.1, we actually get the
following fact: “Under the assumptions of Lemma 4.2, any subsequence {vy; }j?ozl of
{vk}p2 | contains a subsequence converging to an infinite convolution

M(Rk,Dk) —8~ 1~ * 8% *6

. = = =~
(Rle) lDz (Rg...R1)™' Dy

in the weak-star topology, where {(ﬁk, 5@},?‘;1 is a subsequence of {(Ry, Dk)},fil.

Moreover, Z(/L(ﬁk, ﬁk)) =0
Now we have all ingredients for the proof of Theorem 1.6.

Proof of Theorem 1.6 Let vi be as in (1.5). By Theorem 1.4, it suffices to show that
the sequence of measures {v;} is equi-positive on the 2-norm closed ball B(k), that
is, there exist constants € > 0, § > 0 such that for each x € B(k), there exists an
h(x,v;) € Z" such that

inf inf |Ur(y +x + h(x, )| > €. (4.16)
k>11yll2<d

In order to prove (4.16), we need to show the following two claims.
Claim 1. For any € > 0 there exists a § > 0 such that

sup sup | D(x) — (V)| < €.
k=0 |lx—yll2<

Indeed, recall that M := sup, .y max{||dkll2 : dx € Dy} by (4.7), it follows from
(1.5) and (1.6) that

M
USUpp (vk) C {5 eR": &2 < KT} =: B.

1
k=1

Birkhauser



31 Page22o0f43 Journal of Fourier Analysis and Applications (2024) 30:31

Therefore, for any x, y € R”, we have

1Dk (x) — ()| < / e 2T ) 2T |y (1)
B ) 4.17)
<sup|l — e MO0 < 27|y — x|l - sup [I£]l
teB teB

Thus, for any € > 0, it suffice to choose § :=
of claim 1.

Claim 2. Foreach x € B(x), there exists a€, > 0 and an integral vector h(x, vg) € Z"
such that

e .
27 Supeg 12 This completes the proof

inf [ (x 4 h(x, v))| > €.
k=1

Indeed, suppose on the contrary that there is a xo € B(x) and a strictly increasing
sequence k; such that

1
|0k, (o +m)| < —  forallm e Z".
J

By the remark following Lemma 4.2, the sequence of measures {v; }Oo | contains a
subsequence converging to an infinite convolution

[,L(Rk,Dk) —8:1~ * 8% * 8%

x  m %
(Rle) lDz (R...R\)~' Dy

in the weak-star topology, where {(Ek, 5@},‘3‘;1 is a subsequence of {(Ry, Dy)}2 .
Therefore,

ARk, DY) (xo +m) = lim v, (xo +m) = 0
j—o00

holds for all m € Z", that i~s, Xy € Z(u(ﬁk, 5k)). However, the arguments of

Lemma 4.1 implies that Z(/L(Ek, 5k)) = (. This contradiction yields claim 2.

By Claim 1 and Claim 2, for each x € B(k), we choose a positive numbers €, >
0, an integral vector h(x, vg) € Z" and a §, small enough such that the following
inequalities

sup sup  [Ur(x) — (M| < 5 (4.18)
k=1 lx—yll2 <6,

and

inf |53 (& + h(x, v)| > % forall £ € B(x, 8y) (4.19)
bd

Birkhduser



Journal of Fourier Analysis and Applications (2024) 30:31 Page 23 0f43 31

hold at the same time, where B (x, §,) denotes the 2-normed closed ball with center x
and radius J.
As B(k) is compact, we can find x1, x2, ..., X, € B(k) so that

B(x) c | B(xi. 8y).

i=1

Letting
. €x; .
€= m;n{?’} and 8 < min{dy,,...,¥8,}
l
Thus, by (4.19), for any x € B(k) thereis aip € {1, 2, - - - , m} and an integral vector

h(x, vk) = h(x;,, v) such that x € B(x;,, 8,%) and

€xi,

3

[0k (x + h(x, vl =
Consequently, from trigonometric inequality and (4.18), we get that, for any ||y|| < §,

inf [V (y + x + h(x, ve)| = inf [V (x + 7 (x, ve))|
k=1 k>1

—sup [Vk(y +x + h(x, vg)) — Vi (x + h(x, vp))|
k>1

Gxio
> — > €.

We obtain the desired result (4.16) and the proof of Theorem 1.6 is complete. O

Remark 4.3 In the proof of Theorem 1.6, we actually establish a fact that if {vi}
converges to v in the weak-star topology with Z(v) = , then {vi} is equi-positive.
As the referee mentioned to us, this fact in one-dimensional case was obtained in [30,

Theorem 1.1], and was also generalized to higher dimensional case in [31, Theorem
1.2].

4.2 Proof of Theorem 1.7 and Corollary 1.8

The proof of Theorem 1.7 needs the following lemma.

Lemma 4.4 Under the assumptions of Theorem 1.7, we get that

inf  inf [0 (&) > ¢ (4.20)
k>1 117"
56[—5’5

for some positive constant c, independent of k, where vy is written as in (1.5).

Consequently, Z(vy) = @ for all k € N. Moreover, if v is a limit point (in weak-star
topology) of the sequence {vi}, one also has that Z(v) = @.
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Proof Fixing & € [—1, 1]". By the hypothesis, we set

M| :=sup sup {||R,:]dk||2} < 00. 4.21)
keNdgeDy

Notice that, for each j > k and all d; € D, one has

k+1
IR7 djll2 < &~V 0wy

- -1 p— - -1 -1
IR 1 djlla = IR Rly - R Rl < IR Ry - R

Thus, if we choose the smallest positive integer jo(k) > k such that

o=k 1

o

then j > jo(k) implies that

2n|(R_1d & < 271||R d~,~||2- (4.22)

- b4
1§02 < mm-
Moreover, it follows from (1.6) that for all j > k > 1, one has

Jn

RS &l = IRRSZ] R &l <im0 ny2 < o

that is, R* 15 € B0, 3~ ) forall j > k. Note that jo(k) —k is a constant for all k € N.
Whence

Jo(k) 00
@&l =[] oo, ®'o1 ] 160, R
j=k+1 Jj=Jjolk)+1
s | L ZcosZn(R;}cd,é) (by (1.9))

#D
J=Jjo(k)+1 1 deD;

v

o

Jotk)—k T

> U cos 1] (by (4.22))
1
plotk)—k 1—[( —sin _)f
k)—k :

Jo .

> 1_[< 16K21) =:c>0.

This completes the proof of (4.20), and therefore the first statement is proved.
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Next, suppose that (4.20) holds, but there is a ko > 1 such that Z(vy,) # @. Then
there is an & € R” such that

Vo +m) =0 forallme Z".

This clearly yields that there is an & € [—1, 1]" such that ¥, (1) = 0, contradicting

to (4.20). Thus, we get that Z(v;) = @ for all k € N.
Moreover, if there is a subsequence {vg; }‘j?i 1 of {vk} such that v, converges to a
measure v in the weak-star topology, we get, from (4.20), that

V(&) = lim |vg; (€)= ¢
J—>00 ;
forall £ € [—1, 1]", which yields that Z(v) = #.
The proof of Lemma 4.4 is finished. O
The idea of the proof of Theorem 1.7 is essentially identical to that of Theorem 1.6.
Proof of Theorem 1.7 Let vi be as in (1.5). By Theorem 1.4, it suffices to show that the
sequence of measures { v} is equi-positive on the 2-norm closed ball B (k) as in (1.7).

As in the proof of Theorem 1.6, it also requires the following two claims.
Claim 1. for any € > 0 there exists a § > 0 such that

sup sup |D(x) — (V)| <.
k=0 |lx—yll2<6

Claim 2. Foreach x € B(x), there exists a€, > 0 and an integral vector h(x, v;) € Z"
such that

inf [Vr(x + h(x, vp))| > €.
k>1

For the claim 1, it follows from (4.21), (1.5) and (1.6) that

M
|LJ supp (w) © {s ER": [l&]ly < — 11}.

K —
k>1

Then, a similar argument as in (4.17) will give the desired result of Claim 1.
For the claim 2, we assume on the contrary that there is a xo € B(x) and a strictly
increasing sequence k; such that

— 1
[Ur; (xo + m)| <~ forallm € Z".
' J

By applying Banach-Alaoglu’s theorem (cf. [15, Theorem 5.18]), we can extract from
the sequence {v, } a subsequence tending to a measure v in the weak-star topology.
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Here, in order to avoid complicating the notations, we assume that this subsequence
is {vg; }. Whence,

V(xp +m) = lim ﬁj(xo +m)=0
j—oo

holds for all m € Z", that is, xg € Z(v), or Z(v) # (. However, Z(v) = J by
Lemma 4.4. This contradiction yields claim 2.

The proof left is the same to that of Theorem 1.6, so we omit the details of the
proof. This completes the proof of Theorem 1.7. O

Proof of Corollary 1.8 Since k¥ > 1 and the assumptions of Corollary 1.8 mean that
(1.9) holds. Thus, we get Corollary 1.8 by Theorem 1.7. O

4.3 Proof of Example 1.10

We end this section by giving the proof of Example 1.10.

Proof of Example 1.10 For the first statement, by Theorem 1.7 or Corollary 1.8, it suf-
fices to show that the zero set Z(5p) has a positive distance to the 2-normed closed
ball

B0, (V2)™) =g e R : [Ella < W26) 7).

In fact, this is clearly true since k > V2 implies that (\/Zc)_1 < 1/2, and the zero
set of the function

S, &) = 1 (14679 (1427%)

is the union of two family of parallel lines

Z(SE)::{(%—;n>:neZ,yeR}U{(lj_n>:xeR,neZ},
2

which means that inf{|[£]l> : & € Z2(p)} > 1.
For the second statement, with easy computations, one gets that

mino (R(1)) = mino (R(2)) = 2y/3 — /5 ~ 1.748 > /2,
mino (R(3)) = mino (R(4)) = /29 — vV17) ~ 3.123 > /2.
By setting
cor={(5).(1):(")-G)} e@=1(0)-(5)-(i)- ()}
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o={()-()-G) G cw={(0)-()-()-C)}

one check that, for each k = 1, 2, 3, 4, the matrix

11 1 1

[2711(R(k)"dc)] _|t-1r1r -1
deD,ceC 11 —-1-1

1-1-11

Hpuy-1p,c:

is unitary, i.e., all (R(k), D) are admissible pairs for all k = 1, 2, 3, 4. Therefore, the
second statement follows from the first. This completes the proof of Example 1.10. O

5 Proof of Theorem 1.9

The proof of the sufficient part of Theorem 1.9(i), (ii) depends on Lemma 5.1, whose
one-dimensional version has been obtained by Deng and Li in [9, Lemma 3.1].

Lemma5.1 Let A € GL(n, Z). For for each k > 0, we let R, € GL(n,Z) ben x n
matrices and Dy C 7" be finite digit set, and set

Vg = 8R’l -,

%81 pol1 *
1 Drt1 Ry 1 Ripa D2

o %8

_8A

1 1 p—1 %8, 1 p—1 p—I *
D1 ATR; 15 Dit2 AT R Ri3 Diss

Then (vi, A) is a spectral pair if and only if(v,EA), A*(R;H)’lA) is a spectral pair.

Proof Since (x,y) = (Riy1x, (Rf,)™'y) and (B~'x, y) = (x, (B*)"'y) hold for
all B € GL(n,R) and for all x, y € R", it follows that, for any £ € R",

V(€) = H Sp- .. ()

1 R Die

= S0, (AT AXRE, ) 'E) - 15 R Dy, (A7 PA* (R T'E)
j=2

o0
=5A71Dk+1(A*(R]f+l)_1§)H’SA_IR e

k+j
j=2

Do, A" REDTIE)

= vV RE ) e).

Thus, if we define I' = A*(R¥, )~ A, we get that

k+1

YR E+DP =D P AR )T E + )1

reA reEA
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= > M ArRE DT E+ P
yell

This yields the desired result by Lemma 2.3. O

We first give the proof of the sufficient part of the statements (i), (ii) of Theorem 1.9.
Proof of Theorem 1.9 (admissible pairs = spectral measure) Assume that (R, Dy)
is an admissible pair for each k > 2. By Lemma 5.1, it suffices to show that the
following infinite convolution

'U“::(SA’ID1*3A—1R2’1D2*SA—IR;1R51D3*”" 5.1

is a spectral measure, where A = diag[3, 3] if D1 = D®;and A = diag[2, 2] if
Dy = DW.

We will prove the sufficient part of Theorem 1.9(1) (resp. Theorem 1.9(ii)) by
checking that all assumptions of Theorem 1.6 (resp. Corollary 1.8) are satisfied by the
measure . Obviously, Z[ID®1 = Z[DW] =72, ie., assumption (i) of Theorem 1.6
is satisfied. And (ii) of Theorem 1.6 also holds, because it follows from the fact that

Z6my =+ (! 72 5.2
@Bpe) = 321 (5.2)

= ((2) () (D) e e

are both uniformly discrete set in R?. In particular, if x > %, then (v/2x)7! < */TE,
and (5.2) and (5.3) yield that

and

| =

— 2 —
it flelh € € 260 = X2 int el € € 260 =

This means the condition of Corollary 1.8 is satisfied.
It remains to show that (A, Dp) is an admissible pair. For this, by setting

=0 (=1 GHO)

we obtain, from Definition 1.2, that (diag[3,3], D®,C®) and (diag[2, 2],
D® . Cc®) are Hadamard triples, i.e., (A, D1) is an admissible pair.

Opverall, the measure [ in (5.1) satisfies all assumptions of Theorem 1.6 (resp.
Corollary 1.8). This finishes the proof of Theorem 1.9 for which admissible pairs
imply spectral measures. O

In additional to Lemma 5.1, the following Theorem 5.2 plays a crucial role in
establishing the proof of “spectral measure = admissible pairs” for Theorem 1.9,
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which of course includes the proof of the necessary part of the statements (i), (ii) for
Theorem 1.9.

Theorem 5.2 Let (R )72, € GL(n, Z) be a sequence of matrices satisfies (1.6) (i.e.,
k > 1), and let { Dy} be a sequence of digit sets chosen from {D®, D®}, where

o= (8 () ()] e =[(2)-(0)- (). ()

If the associated measure w(Ry, Dy) in (1.4) is a spectral measure, then all measures
Vg written as in (1.5) are spectral measures.

It is remarked here that Theorem 5.2 will be proved by induction. More precisely,
we set vg := w(Rg, Di) and prove Theorem 5.2 by the following two cases: for each
k>0,

o if v with Dyyq = D® s spectral, then vy is also spectral (Theorem 5.5(ii)).
e if vy with Dyyq = D® is spectral, then vy is also spectral (Theorem 5.7(ii)).

Here and after, for each nonnegative integer k > 0, the measure vy is written as in
(1.5), i.e,

Ve = 6,1 * 8 o1 pol *8 -1 pl pI *
k Ri1 Dt Ry 1 Rir D2 R 1 R R 3 Diets

where D1 = D or Dy, = DW.
Standard Hypothesis in the Rest of this Section We always assume that

A = diag[6,6] =6, and S=1{0,1,...,5}x{0,1,....5}, (5.4

where I is the 2 x 2 identity matrix; and for each v, we define a new probability
measure

©) . (A ._
Ve =y =81, 56-1Rkj20k+2 * 86—11?;;21%;:30“3 ke,

(5.5)

where Dyy1 = D® or Dy41 = D®.
Lemma 5.3 below gives a simple characterization on the spectra of vy or u,E6), which
makes sense to make assumptions as in Theorems 5.5 and 5.7.

Lemma 5.3 With notations above, the measure vy admits a spectrum Ay with 0 € Ay
if and only if the discrete set

Tk = A*(Rf.) Ak = 6(R}, )" Ak with0 € Ty

is a spectrum for the measure vlgé). Moreover, Ty C 72, and hence T can be uniquely

decomposed into the following disjoint union

I = J+6r®), (5.6)
seS
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where l"s(k) satisfies that

F§k)={a)eZzzs+6a)eFk},

with the interpretation that s + 6FS(k) =0 ifFS(k) = (. In particular, since 0 € Ty, it
follows from (5.6) that 0 € I‘(k), therefore,

Ty # 0. (5.7)

Proof The first statement clearly follows from Lemma 5.1. By the orthogonality of
E(Ty) in L2(v®), we obtain, from (5.2) and (5.3), that

oo
Ty — Tk S6Z(p,,) U JO6RE o RE j2(6D,.,) S 7.
j=2

Since 0 € Ty, we get that I'y C Z? and hence (5.7) holds. The representation (5.6) is
also clear because | det A| = 36 and S is a standard digit set associated with A, that is,
S is a complete set of coset representatives for Z2/AZ?, it follows that each y € T'y
corresponds to a unique s € S and w € Z? such that y = s + Aw = 5 + 6w. This
completes the proof of Lemma 5.3. O

The arguments below will be divided into two cases: Dyy1 = D and Dy, =
DW.

5.1 The Case that Dy, = D®.

For the measure v; with D1 = D®, we divide the set S in (5.4) into the following
12 sets.

8P = (0,0, 2,9, 42", 8 = ((1,0*, 3, 9" (5.2",

SY = 12,0, (4, 9", (0,2)"),

8P = (3,0, 5.4, (1.2%), 8 = {4,007, 0,4*, 2.2"},

S =1{G5,0", (14", 3,2)%),

8P = {0, )", 2,5 4.3}, 8¢ = (1, D*, 3,5)", (5.3)%),

89 = {2, D, (4.5)", (0,3)%),

Sy = {3, D*, (5.5 (1.3}, S} = {4, D*, (0,5)", (2.3)*},

SO =65, D", (1,5* 3,3)*).

2

The basic properties of the sets {S ;3)}}.
to prove Theorem 5.5. C

| are stated as follows, which will be used
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Lemma 5.4 Let A and S be as in (5.4). With notations above, the following statements
hold.

O Ss=U ;2: 1 81(3), where the unions are pairwise disjoint.
(i) Foreach j = 1,...,12, there is a unique (ji, j2) € {0,1,...,5} x {0, 1} such
that

8P =8P+ (ji. j2)*  (mod A).

(iii) Ifa € S](.3) and a’ € S](.,3) for distinct j, j/, thena — a’ ¢ 2(56711)(3)).
(iv) Foreach j =1,2,...,12, one has (Afl D@, 8/(.3)) is a compatible pair.

Proof The statements (i) and (ii) are obvious, and (iv) is easily checked by the definition
of compatible pairs in Definition 1.2.
To prove (iii), if a € 3](.3) and a’ € 31(.,3) with j # j/, it follows from (ii) that there

existay, az € SO and distinct (ji1, j2), (j{, j}) € {0, 1,..., 5} x {0, 1} such that
a=a + (i, jp)*+611 and d =ax+ (ji, j5)* + 602
for some 71, 1, € 7. Thus,
(a—a)* = (a1 —a))* + (j1 — ji, ja — Jp) +6(11 — )", (5.8)
where
i — Jjis 2 — Jjp) € {0, 1,...,5} x {0, £1}\ {(0, 0)}. (5.9

There are two possible cases:
o If a; = ay, it follows from (5.8) and (5.9) that

(a—d)* e+{0,1,...,5) x {0, £1}\ {(0, 0)} + 6Z>. (5.10)

e Ifa; # ap,thenitis easy to see from 81(3) that (a1 —an)* € {(4,2)*, (2, 4)*}+67Z2.
This, together with (5.8) and (5.9), yields that

(a—a)* ¢ {2, 4" 4,2} + 62 (5.11)
Notice that (5.2) implies that Z(S;D\@)) ={2,H* 4,2)* + 672 . Therefore, by
(5.10) and (5.11), we get that (a — a’)* ¢ Z(8¢-1p»), this proves (iii). ]

In terms of Lemma 5.3, we assume that 0 € Iy is a spectrum of v,£6) with
Di+1 = D® By Lemma 5.4(i) and (5.6) in Lemma 5.3, the set I'; can be furthermore
decomposed into the following pairwise disjoint union

12
= U Gj+6r®, (5.12)

=1 5;e89
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where F(k) = {w € Z* : 5; + 6w € Tk }. Also, F(k) #£ @ since 0 = (0,0)* e T.

Associated to each sequence (s;) := (s1,52,...,512) € ]_[}2:1 853), we define a new
discrete set

12

Te((s;) = (ésj + r§j_<>> . (5.13)

j=1

Theorem 5.5 Let 0 € Ty be a spectrum for v,&6) with Dyy1 = D®, and write Ty, as
in (5.12). Then the following statements hold.

(1) Forany s € SF’), Fff) £ 0;

(ii) For any sequence (s;) € ]_[;2:1 81(.3), the set ' ((s})) forms a spectrum for viy1.

Proof Fix £ € (R\ Q)2. Applying Lemma 2.3(ii) to the spectral pair (v,ié), I'y), we
get that

1=0 (6)r Z Z Z ‘v,£6)(§+s]+6a))

J=ly; esz) wel"(I;)

By (5.5), we compute that u,f)(g) = 31)<3>( )er1(3) holds for all & € R2. This,
together with the integral-periodicity of Sp0 p&, yields that

2
:Z Z (SD(3)<éE+éSJ~>‘ Z

i=5jes wer®

_ I 2
vk+1( &+ sJ—i-a))‘

12 2 2
/1 1 _ 1 3
< E E dpi) (gé—i-gsj)‘ - max E ‘vk+1< &+ sl—f—w)‘ :sjeSJ(,)

Jj=1 s 63;3) wel‘;]]‘.)

2
— 1
vk+1( &+ sj—{—w)‘ :sjesj(.3) <1,

12
= Z max Z
=t eer®

(5.14)

where the last equality uses the fact that (A~!D®, S (.3)) is a compatible pair for each
j=1,...,12 by Lemma 5.4(iv), which yields, from Lemma 2.1(iv), that

Z Sp3) 63;' + gs]-

es

2
=1 (£eR?,

Sj
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and the last inequality follows from the following claim:

Claim Under the assumption of Theorem 5.5, for each sequence (s;) € ]_[}2: 1 S/@,
the non-empty set I'y.((s)) as in (5.13) forms an orthogonal set of vi4.1. Consequently,
by Lemma 2.3(i),

— 2 — 2
Q‘)kJrl-Fk((Sf))(g) = Zye[‘k((s,)) ‘Vk+1 (éf + }/)| = 2}2:1 Zwerl{_‘j‘_’ |Uk+1 (‘i: + %Sj +a))|

<1l (eR.
Proof of Claim. Fix a non-empty set 't ((s;)), it suffices to show that
W1y —y) =0 for two distinct y, y" € Tk ((s;)). (5.15)

First, by (5.12) and (5.13), we get that 6y, 6y’ € Tk, therefore, the orthogonality of
E(Ty) in L2(n\®) yields that

26y —6y") = 0.

Next, we show (5.15) in the following two cases.

o Ify,y' € %sj + Fs(f) for some 1 < j < 12, itis clear that y —y’ € Z2, and hence
the integral-periodicity of @ and 8/1)-8(0) = 1 imply that

0=vP6y —6y) =5pa(y — ¥ a1y —¥) = kai(y — ')
(5.16)

o Ify € %sj + Fg.() and y' € %sj/ + Fs(];) for two distinct j # j', by the integral-

periodicity of 6 53), we get that

—_

0 =06y —6y") = 86-1 po» (6y — 6 Vi1 (¥ — V') = 861 po (sj — 8, ) Vkri(y — ¥').

Since 8¢_1 p) (sj — s;/) # 0 by Lemma 5.4(iii), we get that vi1(y — ') = 0.

This finished the proof of the claim.
Moreover, by (5.2), we obtain, for all j = 1,2,...,12 and for all 5s; € 85-3) and

forall &€ € (R\ Q)?, that
3pe <8~§ + gs])

which yields from (5.14) that

2

0,
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2

= max E

wer)
J

2

2
— 1
vk+1( &+ s]—i—w)’ :sjeS](.3)
wel“y;.)

oy 1
Uk+1< &+ s]-l—w)

(5.17)

Notice that 0 = (0, 0)* € 'y implies that F((,k) # () by Lemma 5.3. Thus, the right

hand of (5.17) must be positive, which clearly yields that F§]f) # () for any s1 € 81(3),
i.e., (i) is proved.

Combining (5.14) with (5.17), we obtain, for each sequence (s;) € ]_[izz 1 S]@ and
forall € € (R\ Q)2 that

Q1. (5 6)

= Z Vk+1 <€E + V) Vit 1 < s +a))

v €l ((s;))
Furthermore, because (R\Q)? is denseinR? and Q. ,, r 4 ((s,)) 1s acontinuous function
on R? by Lemma 2.3(iii), it follows that Q,, , T(sn (&) = 1forall § € R2. By
Lemma 2.3(ii), each set I'x ((s;)) forms a spectrum for v . The proof of Theorem 5.5
is complete. O

2
=1

ZZ

(k)

5.2 The Case that Dy, = D¥.

In this case, we divide the set S into the following 9 subsets:

S = {(0,0*, 3,0)*, (0,3)*, 3.3)*}, S5V = ((1,0)*, 4, 0%, (1,3)*, (4, 3)"},
S = 12,0, (5,0 2,3)" (5.3)*), S{” = ((0, D*, B, D*, (0, H*, (3, 4"},
S = {0,2)*, (3,2)%, (0,5, 3, 5)*}, S = (1, D*, (4, D*, (1L H*, (4, 4"},
S = {2 D" 5, D5 2.4 G.H*, S = (1,25, 4. 2%, (1,5, (4,5,
S =12,2)*% (5,2% 2,5", (5,5").

The basic properties of the sets {854) }?zl are stated as follows, which will be used
to prove Theorem 5.7.

Lemma 5.6 Let A and S be as in (5.4). With notations above, one has
i) S= U?:] 85-4) and the union is disjoint.
(i) For each Sj(.“), there exists a unique (j1, j») € {0, 1,2} x {0, 1, 2} such that
S =8 + (. i)
(iii) Foranya € 81(4), a e SJ(.A,L) with 8;4) #* S](.‘}), we have a — a’ ¢ Z((S;;U).
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(iv) Foreach j =1,2,...,9, one has (Afl DWW, 854)) is a compatible pair.

Proof The statements (i), (ii) and (iv) can be easily checked.
To prove (iii), it is first noted that (5.3) implies that

Z(S5-1 p) = {(0,3)%, (3, 0)*, (3,3)*} + 6Z2. (5.18)

Thus, if a € 81(.4), a e Sﬁ) with j # j/, by (ii), there exist a, ay € 81(4) and two
distinct elements (j1, j2), (ji, j3) € {0, 1,2} x {0, 1, 2} such that

a=ai+ (i, p)* d=a+ (i, )" (5.19)
It is clear that
(i1 = jis 2 — jp) € {0, £1, £2} x {0, £1, £2} \ {(0, 0)}. (5.20)

Thus,
o If a; = ay, it follows from (5.18) that

(@—dy* =i —ji. ja— j) ¢ Z@6 1 p»)-
e Ifa; # as, then a; — ax € £{(0, 3)*, (3, 0)*, (3, 3)*}, and hence one gets, from
(5.18), (5.19) and (5.20), that

(a—a)* ¢ Z6e1pm).

This completes the proof of Lemma 5.6. O

In terms of Lemma 5.3, in what follows, we assume 0 € I’y is a spectrum of v156)

with Diy1 = D®. By Lemma 5.6(i) and (5.6) in Lemma 5.3, we now write the set
I'x as a pairwise disjoint union

9
=J U 6j+er®), (5.21)
=] S_,'ESI(-4)
where Fs(f) = {a) eZ?: sj+ 6w € Fk}. Associated to each sequence (s;) :=
(s1,82,...,59) € H?:l 854), we define a new discrete set
’ 1
— k
() = <6sj + r‘gl_)) . (5.22)
j=1

It is remarked here that F(()k) =% P since 0 = (0,0)* € I'y.
The following Theorem 5.7 below is essentially parallel to that of Theorem 5.5. We
will give its details of proof for the sake of completeness.

Birkhauser



31 Page360f43 Journal of Fourier Analysis and Applications (2024) 30:31

Theorem 5.7 Suppose 0 € T is a spectrum of v,£6) with Dyr1 = D™, and we write
Iy as in (5.21). Then the following statements hold.

(i) Foranys) € 81(4), Iy, #9;
(ii) For any sequence (s;) € ]_[3:1 S](.4), the set T'y((s;)) forms a spectrum for
Vk+1-

Proof Fix £ € (R\Q)2. As we do in the proof of Theorem 5.5, one can similarly yield
that

9 —_—
1=0,0 ., Z 3N O +sj +6w)P

=568 werl

/1. 1\
(SD(4) 8§+6S1 Z

=1 565 wer®

_ 1 2
Vk+1< &+ 5% +w>‘

2
— 1
vk+1< &+ s]+a)>‘ :sjeS§4)

(5.23)

Here, the last equality follows from Lemma 5.6(iv) that (A~'D®, 81(4)) is a
compatible pair foreach j = 1, ..., 9, which is equivalent to that (by Lemma 2.1(iv))

Z Sp@ <€§ + gs]->

S 681(-4)
and the last inequality follows from the following claim:

2
=1 (V€ eR?),

Claim Under the assumptions of Theorem 5.7, for each sequence (s;) € ]_[?: 1 8;3),
the non-empty set 'y ((s;)) as in (5.22) forms an orthogonal set of vi41. Consequently,
by Lemma 2.3(i),

Qo Te(s@® = D |V (gfﬂ)‘ =2 > ‘Vk+1 (5+5Sj+w)‘

y€l((s;)) J=1 yer®
J

<1 (V& eR?).

Birkhduser



Journal of Fourier Analysis and Applications (2024) 30:31 Page370f43 31

Proof of Claim. Fixing a non-empty set 't ((s;)). It is enough for us to show, for any
two distinct elements y, ¥’ € I'x((s;)), that

Uity —yhH =0.

Because 6y, 6y’ € Ty by (5.21) and (5.22), we prove this claim by the following two
cases:

o Ify,y € %sj + Féf) for some 1 < j < 9, one has that y — y’ € Z%. Now it
follows from S/D;(O) = 1 and the integral-periodicity of @ that
_ /(.6\) N _ % o N N ’
0=y (6y —6y") =8pay (¥ — ¥ k1 (¥ — V) = V1 (¥ — V).

o Ify e %sj + Fs(f) and y’ € %sj/ + Iy, for some distinct j and J/, it follows from

the integral-periodicity of 5/D$ that

0= v 6y — 6y") =851 pe (67 — 6y Wi 1(¥ — ¥') = 851 p (5 — ;)W r1(¥ — ¥
Because 8;;;) (sj —sj) # 0 by Lemma 5.6 (iii), we conclude that Vel (y —
y) =0.

We complete the proof of the claim.

In this case, it follows from (5.3) that, forall j = 1,2,...,9 and for all s; € 854)
and for all £ € (R\ Q)?,

2
# 0,

3pe) 6“3 + gsj

and hence this yields, together with (5.23), that

(1 1 (1 1
Z [Vk+1 (g§+68j+w> |> = max Z [Vk+1 (854-68]‘4-&)) 2 1S 6854)

wel“g) wel“y;)

(5.24)

Since 0 = (0, 0)* € T implies that [\ # f, it follows that the right hand of (5.24)
is positive. Thus (5.24) implies that r§{‘> # () for any 51 € 81(3), i.e., (i) is proved.
Whence, by (5.23) and (5.24), we get, for each sequence (s;) € ]_[}il Sj(.3), that

/(1 2 2 /11 2
Qu 1. Ty () ) = > (géwﬂ/)‘ =y > ‘Vk+1 <g€+gsj‘+w>‘ =1

yerk((s)) 5= er®
°J
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holds for all ¢ € (R\ Q). Since Q,,, Tt ((sj)) is continuous on R? by Lemma 2.3(iii),
it follows that va,l“k((sj))(f) = lforall¢ € R2. Therefore, each set [k ((s;)) forms
a spectrum for v by Lemma 2.3(ii). This completes the proof of Theorem 5.7. O

Proof of Theorem 5.2 Since vy := w(Ry, D) is a spectral measure, the proof of
Theorem 5.2 follows from Theorem 5.5 and 5.7 by induction. O

The proof of Theorem 1.9 also needs the following Corollary 5.8, which is a direct
result of Theorems 5.5(i) and 5.7(i).

Corollary 5.8 For each nonnegative integer k > 0, assume that Ay, is a spectrum of vy
such that 0 € Ay. Then the following two statements hold.

(k) (k)
1+ b

() If Diy1 = D), there are integer vectors t € 72 such that
+ 8

1 k 1 k
R 9"+ Rl 19 e Ay, cREn (42" + Rl 19 € Ay (5.25)

k) (k) (k)

(i) If Dk4+1 = D®, there are integer vectors t|", t, ", 13 € 72 such that

1 o 1 o 1
cRENG.O" + RO Y. ZREG 0.3 +RE LY. ZRE, G
+R] 1M e A (5.26)
Proof By Lemma 5.3, the set
Ty o= AR} ) Ak = 6(RY, ) Ax
is a spectrum for v,ﬁﬁ).

(i) If Dy = DO, it follows from Theorem 5.5(i) that T\ # @ for all s; € S =
{(0,0)*, (2,4)*, (4,2)*}, and hence (5.12) implies that

1
ER,fH U i +6r®) c A
51631(3)

This yields (5.25) holds.
(i) If Dgpy = D@, by Theorem 5.7G), T # ¢ for all 5y € SP =
{(0,0)*, (3,0)%, (0, 3)*, (3, 3)*}, and hence (5.21) implies that
1
<R U Gi+6rf) c Ax
1eS®

This yields (5.26) holds.
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Now we have all ingredients for the proof of the rest of Theorem 1.9.
Proof of Theorem 1.9 (spectral measure = admissible pairs)

Suppose vg := w(Rg, Di) is a spectral measure. By Theorem 5.2, for each
nonnegative integer k > 0, the v, written as in (1.5) is a spectral measure.

Fix k > 0. We next give the proof of Theorem 1.9 by proving the following two
cases.
Case L. In the case that Dy = D@, we define

A® = {(0, $20....s12) ;€8P 2 < j < 12}.

By Theorem 5.5(ii), for any sequence (0, s2, ..., s12) € A® | the pairwise disjoint
union set

12
1
'0sy...s12) ;=1 U U (gsj' + Fs(‘f))
j=2

as in (5.13) forms a spectrum of vx11. By Lemma 5.3, it is easy to see that

12
1
2 2

F(0sy...512) € 72| U <gs,- +7Z ) . (5.27)

j=2

We next show that (Ry7, Dy+2) is an admissible pair for all £ > 0.

() If Dyra = D@ in vy, it follows from Corollary 5.8(i) that, for any
, s, ...,512) € AP there are two integers tl(kH), t2(k+1) e 72 depending on

(0, 52, ..., s12) such that
1 1
{ER}:H(Z, 4)* 4+ R 1D, cRin@.2 + R,;"+2t2(k+l)} CT(0s3...512).

Therefore, we conclude from (5.27) and Lemma 5.4(ii) that

12
[RE (2, 9%, RE (4,2} < N (6Z2U U (s,- +6Z2)) c 672,
j=2

0,52,.,512) €A
that s, {Rzﬂ(l’ 2)*, Rip(2, 1)*} C 3Z2. It follows that
RZ+2(1, —-D*e 372 and Rl’{“+2(_1’ * e 372, (5.28)

Write the matrix Ry as

_|lab| _ a by a by | .
Rk+2—|:dc]—3[dl Cli|+|:d262i|—.3R1+R2, (5.29)
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where ay, b1, c1,d; € Z and az, by, c2,dy € {0, 1, —1}. Thus, by the residue
system of modulo matrix diag[3, 3], it follows from (5.28) that the matrix R in
(5.29) must belong to one of the following matrices

00 01 10 11 1 -1
ool +[o1] =[16)- =[] =[i71)
By [3, Proposition 2.5] or [19, Theorem 1.8], (Ri+2, D(3)) is an admissible pair
for each k > 0.

(ii) If Diyr = D™, by Corollary 5.8(ii), we get that, for any (0, s2, . .., s12) € A,

there are two integer vectors tl(k+1), ték'H) e 72 depending on (0, s2, ..., s12),

such that

1 1
{ERZ‘H(& 0)* + Rf o1t cRin0.3)7 + R,j+2r2<"+‘>} CT(0s;...512).

Similar to (i) above, we can get, from (5.27) and Lemma 5.4(ii), that

R} 5B.0)%, RE5(0.3)*} €622 & (R{,(1,0)*, RY,,(0, )"} € 2765.30)

This clearly yields that each element of R , belongs to 27Z, we denote it by

R,f+2 € M>(27); in other words, if we write Ryyp = |:Z i:|, thena, b, c,d € 27.

_f/(0 a/2 d/2 (a+d)/2
“=1(o) (52) () (B2572)) ==

one can check that the the matrix

By setting

11 1 1
) 1-11 —1
]deD<4>,ceC =111 =121

1-1-11

s ip—1
HRle(“),C — [62m<R d,c

is unitary, that is, (R42, D(4)) is an admissible pair for each k > 0.

Case II. In the case that Dy = D™, we define

A® = (0, 52, ..., 59) 15j € S](.4),2 <j=<9}.

It follows from Theorem 5.7(ii) that, for any sequence (s3, ..., S9) € A@ | the set
e
. k
r(0s;...s9):=To| J| <8sj + F§j)> (5.31)
j=2
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is a spectrum of v 1.

() If Dyyp = DO, by Corollary 5.8(i), we obtain that, for any (0, s2, ..., s9) € AW,

(i)

(k+1) t(k+1)
2

there are integer vectors 7 , €72 depending on (0, 52, . . ., s9) such that

1 1
{ER;H(z, 4* + Rl 1, ER;:“(Z’ 4)* + R{+2t2} eT(0sy...59).

By (5.31) and Lemma 5.6(ii), we get that

9
{RF 2. RE,(4.2)*} C N oz?|J| JG;+6z3 | | <6z
0,57, ...,59) € A® j=2

By repeating the arguments after (5.28) and (5.29) in Case I (i), we will get that
(Ri+2, D®) is an admissible pair for each k > 0.

If Dyyo = D™, by Corollary 5.8(ii), we get that, for any (0, 52, ..., s9) € A®,
there are two integer vectors tl(kﬂ), tékﬂ)

such that

e 72 depending on (0, 52, ..., s9),

1 1
{ERZ+2(3, 0)* + Rf o1t cRER0.3)" + R,;"+2t§"+‘)} C T(0s;...59).

By (5.31) and Lemma 5.6(ii),

9
{Ri2 (3. 0)*, R 5(0,3)*} € N oz J| J G, +62%) | | <6z
(0,s7,...,59) € A® j=2

By repeating the arguments after (5.30) in Case I (ii), we will get that (Rx42, D)
is an admissible pair for each k > 0. This completes the proof of Theorem 1.9 for
the case that spectral measure implies that admissible pairs.

m}
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