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Abstract

In this article, we studied the convolution operators M} with oscillatory kernel, which
are related to the solutions of the Cauchy problem for the strictly hyperbolic equations.
The operator My is associated to the characteristic hypersurfaces ¥ C R3 of a hyper-
bolic equation and smooth amplitude function, which is homogeneous of the order —k
for large values of the argument. We investigated the convolution operators assuming
that the corresponding amplitude function is contained in a sufficiently small conic
neighborhood of a given point v € X at which, exactly one of the principal curvatures
of the surface ¥ does not vanish. Such surfaces exhibit singularities of the type A in
the sense of Arnold’s classification. Denoting by k;, the minimal number such that M},
is L? > L” -bounded for k > k »» we showed that the number &, depends on some
discrete characteristics of the surface X.
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1 Introduction

It is well known that the solution operator of the Cauchy problem for homogeneous
constant coefficient strictly hyperbolic equation, up to a regularizing operator, can be
written as a sum of convolution operators of the type:

My = F " @ g F, (1.1

where F is the Fourier transform operator, ¢ € C*(R"\{0}) is homogeneous of order
one function, a; € C C><’(Rg) is a homogeneous function of order —k for large &.

We demonstrate the motivation of the main problem in a simple example. Consider
the classical example related to the Cauchy problem for the wave equation in R x R":

92 du(x,0
£ Au= 0, u(x,0) = gox), %

o2 = g1(x),

where go, g1 are distributions.
The solution to the Cauchy problem formally can be written as:

| eltEl o p—itlél . eitlsl _ p—itls]
ux,y=F "\ ———F@o) |+ F | ———F—F@D |-
2 2i|€]

Thus, the solution operator of the Cauchy problem, modulo a regularizing operator,
can be written as a sum of Fourier multiplier operators having the form (1.1). Actually,
the classical Strichartz estimates are related to the wave equation [18].

Surely, analogical issues require much more effort for the higher order strictly
hyperbolic equation (see [12] and references therein).

After the scaling arguments for time ¢t > 0 the operator My is reduced to the
following convolution operator (see [16]):

My = F ' e® g F. (1.2)

Letl < p < 2beafixed number: We consider the problem: find the minimal number
k(p) such that the operator My, : L?(R") — LY (RY) is bounded for any k > k(p).
Where and further the p’ denotes the conjugate exponente.g. 1/p +1/p’ = 1.

Similar problems have been considered by many authors including Strichartz [18,
19], in the case when the characteristic hypersurface is the unit sphere, Brenner [5],
when the characteristic hypersurface has non-vanishing Gaussian curvature. These
results were extended by Sugimoto [14—-16], in which the characteristic hypersur-
face was convex (but, not necessarily strictly convex) and also for some non-convex
hypersurfaces (see also [13]).

Nevertheless, the problem remains in general wide open. Also, the issue is related
to many other open problems of harmonic analysis related to oscillatory integrals.

Note that if ai (&) = ||~ for large £ with 0 < k < v and ¢ = 0 then the problem
can be solved by using the classical Hardy—Littlewood—Sobolev’s inequality. Due to
the classical Hardy—Littlewood—Sobolev’s inequality if K > 2n(1/p — 1/2) then the
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operator (1.2) is bounded from L?(R") to LY (RY). Moreover, if a; is a classical
symbol of PsDO and ¢ = 0 then we deal with L? (R") +— LY (RY) boundedness
problem for pseudo-differential operators (see [14]). It is well-known that if a; is a
classical symbol of the PsDO of order zero then the corresponding PsDO is bounded
on LP(RY) for1 < p < oc.

Further, we assume that the function ¢ preserves sign, e.g. ¢(§) # 0 for any
& € R"\{0}(v > 2). Note that, due to the oscillation factor for a wider range of the
order —k of the amplitude a; we get the L”(R") — LY (R") boundedness of the
operator (1.2).

Next, without loss of generality we may assume that ¢(§) > 0 for any & # O.
Since ¢ is a smooth homogeneous function of order one, then, due to the Euler’s
homogeneity relation we have:

v

d
Y5 ) e,
j=1 9;

and hence the set X defined by the following

T={eR 9@ =1}

is a smooth or a real analytic hypersurface provided ¢ is a smooth or a real analytic
function on R” \ {0} respectively.
Further, we use notation:

kp :=kp(E) := inf (k > 0+ Myis LP(R") — L” (R") bounded for any ay}.
>
(1.3)

It turns out that the number &, (%) depends on geometric properties of the hypersur-
face ¥. More precisely, the number depends on behavior of the Fourier transform of
measures supported on X. The monograph [10] contains many modern results related
to the Fourier transform of surface-carried measures.

Since ¥ C R \ {0} is a compact hypersurface, then following Sugimoto [16],
it is enough to consider the local version of the problem. More precisely, we may
assume that the amplitude function ay (£) is concentrated in a sufficiently small conic
neighborhood I' of a fixed point v € ¥ and ¢(§) € C*°(I"). Fixing such apointv € X,
let us define the following local exponent &, (v) associated to this point:

kp(v) := inf (k : 30, My 2 LP(R) > L (RY)

is bounded, whenever supp(ay) C T'}.

The definition of &, (v) yields that it is an upper semicontinuous function of v for a
fixed p.
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Further, we use the following standard notation, assuming F being a sufficiently
smooth function:

alvl F(x)
AV F(x) := 8%’1 OV F(x) = —8xi/1 ol

where y := (y1, ..., ¥») € ZY is a multiindex, with Z := {0} UN, and |y| :=
Y+ +n.

Also, for the sake of being definite, we assume thatv = (0, ..., 0, 1) and p(v) = 1.
After possible a linear transform in the space Rg, which preserves the point v, we may
assume that d;¢(v) = 0(j = 1, ..., v — 1). Thus, in a neighborhood of the point v
the hypersurface X is given as the graph of a smooth function:

20F:{(Slr‘~’5é\)*lv1+¢(€:17"'1§U71))GRU:(519""$\)7I)GU}7

where U  R"~! is a sufficiently small neighborhood of the origin and, ¢ € C*(U)
is a smooth function satisfying the conditions: ¢ (0) = 0, V¢ (0) = 0 (compare with
[16]).

Further, we mainly consider the problem for the case v = 3. In order to state the
main results, we need the following Proposition [9]:

Proposition 1.1 Assume that ¢ is a smooth function defined in a neighborhood of the
origin of R? satisfying the conditions: 322(]5 (0,0) # 0and also 3¥ ¢ (0, 0) = 0 for any
lyl = 2withy #(0,2).

Then, ¢ can be written in the following form on a sufficiently small neighborhood
of the origin:

¢ (x1, x2) = b(x1, x2) (x2 — ¥ (x1))* + bo(x1), (1.4)

where b, by and r are smooth functions with b(0, 0) £ 0. The function \ (resp. bg) can
be written as ¥ (x1) = x{"w(x1) with a smooth function w satisfying w(0) # 0, m > 2
(resp. bo(x1) = x| B(x1), with a smooth function § satisfying $(0) # 0, n > 2) unless
Y (resp. by) is a flat function.

Further, we assume that if ¥ is a C* hypersurface and by is a flat function then by =
0. This condition agrees with so-called “R—condition” introduced in the monograph
[9]. Surely, if ¢ is a real analytic function then the R— condition is automatically
fulfilled.

Also, we assume that the function ¢ has a singularity of type A, (1 < n < oco) at
the origin (see [3] for a definition of A type singularities). The last condition means
that the hypersurface ¥ has exactly one non-vanishing principal curvature at the point
v, whenever n > 2 in the case v = 3.

Remark 1.2 1t is easy to show that the numbers m and n are well-defined for arbitrary
smooth function ¢ having A type singularity (see [16] and also [9]). Moreover, to each
point v € X of the surface with at least one non-vanishing principal curvature we can
attach a pair (m(v), n(v)) due to the Proposition 1.1.
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1.1 The Main Results

In this paper we prove the following statement, which is the main our result.

Theorem 1.3 Let = C R3\ {0} be a smooth surface having at least one non-vanishing
principal curvature at the point v = (0,0,1) € L and 1 < p < 2 be a fixed
number and also (m, n) be the pair defined by the Proposition 1.1. Then the following
statements hold:

() If2m > n (with 2 < n < oo) then k,(v) = (5 — %)(% -5

(i) If £ is a smooth hypersurface satisfying the R—condition and m > 3 and also
2m < n < oo then

B 1 11 2m+1D\ (1 1 1 m
or=man{ (50 ) (5 -3)- (- ) (G -3) -3 5

(1.5)

Let p € [1, 2] be a fixed number. As noted before, the kj, (v) is an upper semicon-
tinuous function of v defined on a compact hypersurface £ C R3\ {0}. Then the main
Theorem 1.3 yields.

Corollary 1.4 If ¥ C R3 \ {0} is a smooth compact hypersurface satisfying the
conditions of the main Theorem 1.3 at any point v € X then the following relation

kp(X) = rglea)%( kp(v)
holds true.

1.2 Classes of Hypersurfaces

Sugimoto [16] considered the problem for the case when & C R? is an analytic surface
having at least one non-vanishing principal curvature at every point and obtained an
upper bound for the number &, (X). More precisely, Sugimoto introduced [16] three
classes of hypersurfaces in R with at least one non-vanishing principal curvature.

Following [16] we can introduce the following classes of hypersurfaces by the
function ¢, defined in a small neighborhood of the origin, having the form given in
the Eq. (1.4): We say that X is of type I with order n if by(x1) = x}B(x1), where 8 is
a smooth function with 8(0) # 0; X is of type II with order m if by is a flat function at
the origin and also ¥/ (x1) = x{"@(x1), where w is a smooth function with »(0) # 0,
and finally, X is of type III if both functions v, bg are flat at the origin.

It has been obtained an upper bound for the number &, (v) for each class of hyper-
surfaces [16]. Moreover, Sugimoto suggested examples for each classes showing
sharpness of the bounds for those examples.

The natural question is: Whether the upper estimate for the number k,(v) given in
[16] is the sharp bound for each hypersurface of the appropriate class ?

Actually, due to the Theorem 1.3, we obtain the exact value of k,(v), improving
the results proved in [16], for arbitrary analytic hypersurfaces having at least one
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non-vanishing principal curvature and smooth hypersurfaces under the so-called R—
condition introduced in [9].

Remark 1.5 Note that in the case (i) of the Theorem 1.3 formally it is possible m = co
e.g. the ¥ can be a flat function. Sugimoto [16] suggested the example:

Gr(x) =1—(x3 —xP), (1.6)

which corresponds to the case (i), with ¥ (x1) = 0. From our results it follows that
the Sugimoto result [16] is sharp in that case. Moreover, the Sugimoto result, for a
surface of the class I with order #, is sharp if and only if 2m > n.

Note that the first case (i) agrees with the so-called linearly adapted condition
introduced in the monograph [9] (see also [8]). Also note that under the linearly adapted
case the sharp uniform (with respect to directions of the frequencies) estimates for the
Fourier transform of measures give the sharp bound for the exponent p inthe L? > L?
Fourier restriction estimate. It had been shown in [9] that it is only the case.

If n = oo e.g. if by is a flat function at the origin then so is 1, under the condition
2m > n. Hence, the Sugimoto result is sharp in that case also, in other words, the
results of the paper [16] are sharp for arbitrary smooth surface of the class III.

On the other hand if 2m < n < oo then the result of Sugimoto [16] is not sharp
for the hypersurfaces X of the class I. Our results show that one can not be ignored
influence of the number m for the surfaces of the class 1.

For the case n = oo and m < oo e.g. for hypersurfaces of the class II Sugimoto
obtained the sharp bound for &, (v), when X belongs to a subclass of analytic surfaces
of the class II. It turns out that the analogical result holds true for arbitrary analytic
hypersurfaces of the class I and also for arbitrary smooth surfaces of the class IT under
the R— condition. More precisely, from our result it follows that actually the statement
of the Theorem 2 proved by Sugimoto [16] (page no. 396) holds true for arbitrary
analytic hypersurface having type II and also for analogical smooth hypersurfaces
under the R-condition.

Consider the example of strictly hyperbolic equation of order 4 in the space R x R3,
for which the corresponding surface ¥ can be written as the graph of a function having
Ao type singularities:

*u A+ 1
S 2% + 3 (% + 3y = 0, (1.7)

where A is the standard Laplace operator in R2. It is the axisymmetric partial
differential equation.
Consider one of the roots of the characteristic equation

1
P(r,8) == t* — 202> + 5((&% +EDP+EN =0
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given by

1
() = \/|s|2 - \/|s|4 — (& +E) + &
Then the corresponding hypersurface % can be obtained from the plane curve

((61,63) 8L +EF > 1, (5 — 2% + (83 —2)* = 6)

by rotation around the O&;3 axis. It is easy to see that at least one of the principal
curvatures of the surface ¥ does not vanish at any point. Moreover, exactly one of the
principal curvatures does not vanish at the points

(«/icosg, x/zsing, 2+«/5> e,

with 0 < ¢ < 27, and directions of the normals to the surface X at the points coincide
with the direction of the O&; axis. Thus, the corresponding phase function ¢ has A
type singularities at those points.

Actually, one can consider the analogical axisymmetric equation in the space
R"(n > 4). Then more complicated non-isolated singular points appear. In this case we
can not get analogical estimates for the corresponding convolution operators. More-
over, one can construct examples of hypersurfaces in three dimensional space, for
which both principal curvatures vanish at some point and our methods can not be
applied.

We plan to consider the case of hypersurfaces in R3 for which both principal
curvatures vanish at some point (work in progress).

This paper organized as follows: in Sect.2 we give preliminary results on relations
between decay rate of oscillatory integrals and upper estimates for the number &, (v).
Then we obtain an upper bound for the number &, (v), for each class of surfaces in
Sect. 3. Finally, in Sect. 4 we give lower bounds for the number &, (v), which agree with
the upper bounds. The results of the last Sect. 4 finish a proof of the main Theorem 1.3.

Conventions: Throughout this article, we use the variable constant notation, i.e.,
many constants appearing in the course of our arguments, often denoted by ¢, C, ¢, §;
will typically have different values at different lines. Moreover, we use symbols such
as ~, < or << in order to avoid writing down constants, as explained in [9] ( Chapter
1). By xo we denote a non-negative smooth cut-off function on R with typically small
compact support which is identically 1 on a small neighborhood of the origin.

2 Preliminaries

The boundedness problem for the convolution operators is related to behaviour of the
following convolution kernel:

Ki = FH (O ar(®)).
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We define the Fourier transform operator and its inverse as [17]:

_ zS X
Fu)(®) i= m u(x)dx,
and the inverse
—lé-x
u(x) = _(2 B F(u)(§)dé§

for a Schwartz function u, where £ - x is the usual inner product of the vectors £ and
x. Then it has been defined for distributions by the standard arguments.

It is well known that (see [16]) the main contribution to K gives points x which
belongs to a sufficiently small neighborhood of the set —Vo(supp(ax) \ {0}).

In the paper [16] it had been shown the relation between the boundedness of the
convolution operator My, and behaviour of the following oscillatory integral:

I(h,2) = f HOOFIN) o ()dx, (A > 0, z € RV,
Rv—l

where g € C3°(U) and U is a sufficiently small neighborhood of the origin.
More precisely the following statements were proved in [16]:

Proposition 2.1 Let ¢ > 2 and a > 0. Suppose for all g € C°(U) and 1 > 1,

1%, .)”L‘I(Rl,}*l) = Cg)liay 2.1

where Cy is independent of A. Then Ki(-) = F~'[e*®ar(£)](-) € L1(R") and
: LP(RY) — LP' (R") bounded for p = 2q nifk>v—a— %

Also, Sugimoto [16] proved another version of the Proposition 2.1 in the case
g = 00. One can define

Kp,j(x) = F 1S ap&)D;()]1(x).

Here {®; (¢ )}°° | is a Littlewood—Paley partition of unity which is used to define the
norm

o0 q
Inllsy, = [ S @*IF " (@;@FmL)
j=0
of Besov space B;’q (see [4]).
Proposition 2.2 Let a > 0. Suppose, for all g € C3°(U) and A > 1,
11(2; ')”Loo(Rl;*l) = Cg)‘«iav 2.2)
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where Cy is independent of A. Then {Kk,j}i‘):l is bounded in L*°(R"), ifk = v — a.

Hence My is L? + L bounded, ifk > (v — 2a)(
replaced by an equation, if p # 1.

% — %) This inequality can be

3 An Upper Bound for the Number k, (v)

Note that we deal with the two-dimensional oscillatory integral 1(A, z) e. g. v = 3. If
¢ has singularity of type A, —1 with2 < n < oo at the origin and |z| > & (where § is a
fixed positive number) then the phase function ¢ (x1, x2) + x1z1 + X222 has no critical
points provided U is a sufficiently small neighborhood of the origin and g € C3°(U).
Therefore we can use integration by parts arguments and obtain:

IS —
| | B

which is better than what we expected.
Further, we assume that |z] << 1 and U is a sufficiently small neighborhood of
the origin. Then we use the stationary phase method in x; variable and obtain as:

C : n m
IO, 2) = _1/ e M@1(x1,22)+x7 B(x)+22x] “’("‘)+Z‘x1))g(x§(x1,m), x1)dx; + R(x, 2),
A2 JR

. . e . _3 .
where R is a remainder term satisfying the estimate |R(A, z)| < A72 and xg (x1,z2) 18
the unique critical point of the phase function with respect to x». Moreover, the phase
function ¢ (x1, z2) can be written as:

d1(x1,22) = 23B(22) + 25x19(x1, 22),

where B, g are smooth functions with B(0) # 0 (see [6]).

Then by using the Van der Corput type lemma [2] (the paper [7] contains analogical
estimates for oscillatory integrals with more general phase function) we see that the
estimate (2.2) holds true with o = % + % (see [11] and [8] for analogical estimates in
the case n = 00). It is the sharp uniform (with respect to the parameters z) bound for
the oscillatory integrals with phase having A type singularities. In this case we can
use Proposition 2.2 and have the following upper bound for the k, (v):

k <15 2 1 1 3.1
=(5-3)(5-3) ey

This case includes the class of surfaces of type Il e.g. the case m = n = o0o. Note
that the upper bound (3.1) does not depend on the number m. It turns out that, it is the
sharp bound for the k,(v) under the condition 2m > n. However, if 2m < n then the
bound (3.1) is not sharp. Thus, the sharp uniform estimates for the oscillatory integrals
give the sharp bound for &, (v) if and only if 2m > n.
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Now, we consider the more subtle case 2m < n. In this case we use the following
Lemma (compare with the Theorem 2 of [16]):

Lemma 3.1 Let ¢ be a smooth function satisfying the conditions of the Proposition 1.1,
in addition the R—condition, in which2m <n <ooand3 <m < ooandalso e > 0
be a fixed positive number. Then the following estimate

1 2
1A, ')”LmH(RZ) < C8A7(7+m,74r1)+6‘_

holds true.

Remark 3.2 For the case n = 2m the result of the Lemma 3.1 does not give a better
estimate for k, (v) than the sharp uniform, with respect to the parameters z, estimate for
the corresponding oscillatory integrals. On the other hand if 2m > n then the phase
function may have more degenerate than A,,_; critical points and we can not get
the sharp analogical estimates for L”+!(R?)—norm of the corresponding oscillatory
integrals.

Proof As noted before, we assume that |z| << 1 and ¢ is a fixed positive number. So,
in order to prove the Lemma 3.1 we show the validity of the following estimate:

(12
110 sy, < Cla~ (a4,

where V is a sufficiently small neighborhood of the origin.
Due to the stationary phase arguments it is enough to estimate the integral

Ii(x,2) = / M1 o (1, x5 (22, x1))dxy =: / eI (xy, 20)dxy,
R R
where we use the notation:

a(xy, z2) := g(x1, x3(22, x1)),

Dy (x1, 2) 1= X B(x1) + 22xT @ (x1) + 23x19(x1, 22) + 211

n—m
First, we assume that {|z2| < 8lzp| T ], where § is a sufficiently small fixed

number, Whish will be defined later.
If {A]z1|7=T < 1}, then the classical van der Corpute Lemma [2] yields:

1 1
< - . (3.2)

1 — 1 2 1 2 2n—m—1
R s T N N o P k= e

VABS

We show that, the estimate (3.2) holds true for )»|Z1|ﬁ > 1, whenever § is a
sufficiently small positive number.
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1
Indeed, we use change of variables as x; = |z1]| T y; in the integral /1 and denoting
y1 again by x| obtain:

1 . P 1
I = Ilem/elMZ”" P P201D g (|24 |7 xy, z2)dx,

where
L
Do (x1,2) = B(lz1]=Tx)x]
2
22 1 ) e
+—=r X1 oz Tx1) + —=x1g(|z1|"Tx1, 22) + sgn(z1)x1.
|z1] T |Z1]
Note that
|Z2| Z% 2 n—2m+1
——=- <8 <<1 andalso — <4§%z1] =T << 1.
|z1| =T |z1]

There exists a number N such that the phase function ®; has no critical point on
the set {|x;| > N}. Take a smooth non-negative function xg such that

1, for |x| <1.1

X) =
0 =10 for x| > 2.

We write the integral /; as the sum of two integrals using the function yg:

1 [ n2 1 X1
B= a7 [T a2 Pz () di
o I L TS e X
lzi[7=T [ e “a(|z1]"=Tx1, 22) (1 —x(y )dX1 =1 + ho.
Using the integration by parts formula in the integral /1, we get:

1 1
C n—1 C n—1 C
_ Clzl __ clal -

[112]

= n—1 — n_ 2 2n—m—1_ "
|)\_|Z]| n | |)\'|Zl|n71|m+l |A|W|Zl|(11—l)(l11+l)

Surely, it coincides with the estimate (3.2).

Now, we consider the estimate for the integral /1. The phase function of the integral
can be considered as a small perturbation of the function (0)x{ +sgn(z1)x;. Hence,
there exists a positive number 6 > 0 such that the function ®;(x1, z) has only non-
degenerate critical points, whenever the parameter z satisfies the condition: |z2| <

8|z1] T . Therefore we use Van der Corpute type estimate and obtain:

1
clalt c

1] < 1 0 = 2 n—m—1_*
|)»|7|Zl|2(”‘” |)‘.|m7+1|zll(nfl)(m+l)
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This completes a proof of the estimate (3.2) in the considered case.
Now, suppose {|z1]| "1 < t|za[}.

If |z2|nfm [A] < 1 then by using Van der Corpute type estimate we obtain the
following bound:

1 1

< —

1y 5 1 — 1 _n_ 2 _1 2 2n—m—1__*
AT A (22 PR DRI AT |z @D

Finally, we consider the case |z2| = |A] > 1, where our arguments based on induc-
tion method over m (see Proposition 3.3 stated below and we refer readers to [1] for
more general result with the detailed proof). In this case, it is natural to use the change

of variables x| > |z2|7=T x| in the integral /; which can be written as:
i [ ikl T B ) —
Iy = |zo|n=T | €'*2 2 Ya(|za]m=m xy, z2)dxy,

where

1 1
Do (x1, 2) := xy B(z2|=m x1) + sgn(z2)xT @ (|z2| =7 x1)

p_n=-1 1
+lza|™ mmsgn(z2)xig (22| =7 x1, 22) + X1

n—1

|Z2 | n—m

There exists a positive number N such that the phase function ®, has no critical
points on the set {|x;| > N}. Again, as before we write the integral /1 as the sum of
two integrals 11, 12 given by the formulas:

1 : s 1 X1
I = |zo|m /elezzln m<I>2(x1,z)a(|ZZ|nfmxl)X0 (ﬁ) dxy,

1 ; = 1 X1
|]12| = |Z2|n—m /elMZQl QZ(XI’Z)CZ(|ZZ|"*’”X1) (] — X0 (N)>dx1

For the integral 1, we get:

1 1
claafm=m _  clzafrm c

|112| S n_ = n_ 2 2 2n—m—1_ "~
R e I e e L N P

because on the support of the amplitude function of the integral I, the function
®,(x1, z) has no critical points.
Finally, we consider estimate for the integral /1. Note that

21 1 1 _n—1 _n—1
él = (S |:— = P i| = [—8 n—m 6 n—m ]
8

n—1 ’
|ZZ| n—m n—m §n—m
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n—1 n—1
Since the interval [ — 8 nem, (VH] is the compact set then the required estimate

follows from the corresponding local estimates. Let §; = 510 be a fixed point of

n—1 n—1
the interval [ — § n=m S_W]. Further, suppose that the parameter £; changes in a

sufficiently small neighborhood of the fixed point E?. Then the phase function ®, can
be considered as a small perturbation of the function

x1BO) + sgn(z2)x{'w(0) + E]Ox1.

If 5? # 0, then the phase function has only singularities of type Ay with (k < 2).
If E? = 0, then the phase function has singularities of type A,,—1 at the origin and all
other critical points are non-degenerate. In particular, if 2 < m < 3 then the phase
function has only singularities of type Ay with k < 2.

Assume m > 3 and sP = 0. Consider a smooth function ¢ (x1, s2) satisfying the
condition ¢ (x1, 0) = x{"by, (x1), where by, is a smooth function with by, (0) # 0. We
define the phase function

D(x1, 51, 82) 1= P (x1,52) + 51X] (3.3)

and consider the oscillatory integral:
I(A,51,52) = / axr, )e™ PR gy,
R

where a is a smooth function concentrated in a sufficiently small neighborhood of the
origin.

The following Proposition is analogy of the Lemma 4 of the paper [1]:

Proposition 3.3 Assume [ (X, s1, $2) is the oscillatory integral with phase (3.3). Then
there exists a neighborhood U x V. C R x R? of the origin of R x R2, (where
V = [—A, AV with a sufficiently small positive number A) and a function W such
that the following estimate:

v
[, 51, 52)] < 1 52) (3.4)

A2

holds true. Moreover, the following relation f[—A Al W(sy, s2)Pds) < 1is fulfilled for
anyl < p < %

Proof The proof of Proposition 3.3 directly follows from the more general Lemma 4
of the paper [1]. Also, Proposition 3.3 can be proved by induction method over m.
Note that if m = 2, then due to Van der Corpute Lemma the analogical estimate (3.4)
holds true with ¥ = C. O
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Therefore from the Proposition 3.3 there exists a function

n—1 _n—1
n—m S

n—m

2(m71)70 _
Wz e L 0 =

] = () L

1 _n—1
m , 8 n—m ]
p<i
such that the following estimate:
L 21 2
|Z2| n—m "IJ n—1 9 Z2 lIJ n—1 Z2
Il < — = (3.5)
A2 |Z2| 2(n—m) |)L| 3 |Zz| 2(n—m)
holds true for the integral 711, whenever m > 3. If m = 2 then there exists a function
n—1 n—1
W(&1,22) € L4_0[ — § nem B_W] such that the estimate (3.5) holds true with the
function W.
On the other hand the Van der Corpute Lemma yields:

1
[111] < Lzl

n

S|—

rzy "

By interpolating the two bounds we get:

2(m—1)
2 (m—=2)(m+1)
v =T » %2

| < —2

2 2n 1
A m+l |Z2| n

p—
—m
Thus, for the integral I; we have the estimate:

cx n=m (22)
|Il| < |ZZ|<8‘Zl|n_l

2(&7171)1
m—2)(m
X e (z1)WV ( 2’1,_1 722>( )(m+T)
dlz1fn=1 <[z
2 2n—m—1 +
|A|m+T |z | @=D0n+D

‘22| n—m

2 2n—m—1
|)\'|m+l |Z2| (n—m)(m+1)
V(z1, 22)
= —2 N
T
where
2(m—1)
) 21 (m—=2)(m+1)
n—m (2 X n—m 21)V —T, <2
7 B L R a7
(Zl’ 22) T 2n—m—1 + 2n—m—1
|Zl | (n—T)(m+1) |ZZ| (n—m)(m+1)
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Now, we show that U e L’”“’O(V). Indeed, let 1 < p < m+ 1 be a fixed number.
Then

n—m

—1
dzi Slzilm 1 dzi
2n—m—1 dZ2 = 28 2n—m—1 n—m °
lz1l<l |zq|@=D@Fn P JO 0 GNP~

1

Obviously, the last integral converges, whenever p < m + 1. Moreover,

2(m—1)p
z (m—2)(m+1)
\/ .2 X oo 22 l(Zl)
|ZZ|"7’" clzp| 1t <|z2
/ e dzidzy =
% |z | B=m)@ntD p
n—1
1 1 Sm—n 2m—1) »
= dZZ 2n—m—1 n—1 \Ij(m72)(m+1) (gls Zz)d'%_l S
0 |zo| @=m @D P~ n=m JO
! dzn
¢ 0 2n—m—1 n—1 <+OO

Zz(n—m)(m-H) P~ u=m

whenever p < m + 1.

Actually, in summation of the obtained estimates we came to a proof of the
Lemma 3.1.

Indeed, for the integral /; we have the following uniform, with respect to the
parameters z, estimate:

1
n < —-
| n
Ife > mil - % then the last estimate enough to have a proof of the Lemma 3.1.
Suppose 0 < ¢ < m%rl — % Then we use the estimate
Ui (2)
VAT —
|)\.| m+1

with ¥ e L"H-0(v).
Finally, interpolating the last two inequalities we get:

7,10
1

W S — =0

|)\'|E m+1

where 0 < 6 < 1. We can choose the number 6 such that the following relation

6 2(1-0 2 2 1
-+ ( ): —& or 8=9<———)>O.

n m—+1 m+1 m+1 n
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holds. Then the inclusion \1111_9 e L"TL(V)is obviously valid.

Analogical result holds true for the case n = oo.

Indeed, assume n = oo then by is a flat function at the origin. Note that it is enough
to use uniform, with respect to the parameter z, estimates obtained by Karpushkin for
the case n = m = oo for an analytic phase function [11] and alternatively we use the
estimates proved in the paper [8] for smooth functions. This case corresponds to the
surfaces of the class III.

Further, we assume that n = oo and 3 < m < oo. In this case, we essentially use
the R—condition. So, by = 0 and we have

$(x1, x2) = blx1, x2) (02 — ¥ o (x1))
In this case the phase function ®; has the form:
@1 (x1, 2) = 22x '@ (x1) + 23x19(x1, 22) + 21 X1

Then if |z1| > |z2| then the phase function has no critical point in x{, provided
that the amplitude function is concentrated in a sufficiently small neighborhood of the
origin. Then we use the integration by parts formula and have:

Ihl S —-
I+ |Az1]

The last estimate yields

ABS

1
~ NazlVir

Now, suppose |z1| < |z2|. Then we can pull out z; and due to Proposition 3.3 we
have the following estimate

v(32) e

|Il | S 1 - 1>
|zoA|2 A2
~ 2(m—1)
where ¥ € L m=2 _O(V). Thus, we have a conclusion of the Lemma 3.1 as before,
which finishes a proof of the Lemma 3.1. O

From the Lemma 3.1 it follows the required upper bound for the number &, (v)
in the case 2m < n. Indeed, first, we use the Proposition 2.1 and obtain L? > L7
boundedness of the convolution operator My with k > % — miﬂ for pg = % Also,

we get LP! — L1 boundedness of the convolution operator with k > % — }l for

p1 = l and also L?? L”> boundedness of the convolution operator with k = 0 for
p2 = 2. Then by analytic interpolation of the obtained estimates, we get the required
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upper bound for the number &, (v):

1\/1 1 2(m +1) 1 1 m
k““)fma"{(*a)(;‘z)’G T)(;‘z>‘z+z}-

(3.6)

Further, we consider a lower bound for the number &, (v).

4 On the Sharpness of Results (a Lower Bound for the Number k,(v))

Theorem 4.1 If 2m > n, then there exists an amplitude function ay such that the
associated operator My is not LP(R3) +— LP (R®) bounded, whenever k < (5 —

D= 2)-

Proof We show that the sequence of functions suggested in [16] can be used to prove
sharpness of the upper bound for the &, (v) in the case (i) of the Theorem 1.3. Let us
take a smooth function in R? such that ay (&) = |&|~¥ for large £. For instance, we can
take ax (§) = (1 —xo0(&1))|&] g Following, Sugimoto [16] we introduce the function:
Gy) =14+ ¢(y1,y2) — yVé(y). Define smooth non-negative functions f, g with
f(©0) = g(0) = 1 concentrated in a sufficiently small neighborhood of the origin,
and a smooth non-negative function with (1) = 1 and with support in a sufficiently
small neighborhood of the point 1.
We set

uj(x)=2j(%_%)( ) F F ;277 ) (x),

where

(27 55) ¢ (25 55) nw@iglt

&G (% 75)

€ C(R?).

i o
The sequence [ l(v] 2~ g . 2*%-, .))} ~is bounded in LP(R3). Indeed, the
J

following inequality holds:
IF~ @7 2702 ) le S wj @ 2702 )|y
On the other hand
o @0 27 )7
=/fp'< &L >gp'< B2 )
¢(27]/'1§1 27128, &) ©(27Img, 27112, &3)

x7 (fﬂ(2 gy, 270028, E))((27ME)? + (27/28)? + EDM?
©27I/mE, 271128y E3)2P GP (&1 /@(2IImE), 271128, £3), E2 /(27T /M8, 2711285, £3))

dg.
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Since x is concentrated in a sufficiently small neighborhood of one, then we have:
% < @(27I/mg, 27728, £3) < 2. On the other hand supports of the functions f and
g are concentrated in a sufficiently small neighborhood of the origin. Hence, |£1]| < 1
and |&| < 1 and also |&3] ~ 1, because ¢(0, 0, 1) = 1. This yields:

||Uj(2_j/n’y 2_j/2" ')”Lp/ /S L.

Consequently,

~ |-

1F 7 0@l 52/ )7 = o (32)

Hence the sequence {u j} ~ | is bounded in the space L? R3).
On the other hand there is a relation:

Miuj(x) = 2/ (3-3) (=3)—ki+2i 1

eup(g) ( <p(§>) (j )Xl(2 Tp(€))
v(6)2G (% )

We perform the change of variables given by the scaling 27/ £ + & and obtain:

Myuj(x) =

get:

Myuj(x) =

V(@2m)?

/ 21—+ (1000 £(2h y1)0 (24 y) 41 (Wdidy.

Finally, we use change of variables 2//"y| — y;, 2//2y, > y, and obtain:
Myuj(x) = 21((%*%)(’ﬁ)*k*%*%+3)
/ 2 M=) =2 s -2 72y —30 W 1.2 32))
R3

FODg)x1(M)drdy.
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If |x3 — 1] < 277, |x1| « 277=D/n " |x,] « 277/2, then the phase is the non-
oscillating function, because ¢ (277//" y;, 277/2y,) = 0(277) provided the supports of
f, g are small enough.

Consequently, we have the following lower bound:

_ 2./((5—z)(—ﬁ)+%—%—k = 2i((5-2)(G-3)-4),

Therefore, ifk < kp(v) := (5— %)(% — 1), then || Myuj ||, y — oo(as j — +00).

Thus, the operator My : L (R%) — L' (R3) is unbounded. ]

The Theorem 4.1 finishes a proof of the part (i) of the main Theorem 1.3 for the
case n < 00.

Remark 4.2 The proof of the Theorem 4.1 shows thatif 2m < nandk < (5 — %) (% —

%) then ||Myu;|,,, — oo(asj — +00), for some bounded sequence {u;} in the

space L? (R3) Thus, the operator My : L? (Rg) — L? (R3) is an unbounded operator,

whenever k < (5 — L)(1 — 1) Indeed, we can repeat all arguments of the proof of

the Theorem 4.1 takmg tﬁe sequence of functions:

w0 =273 07) P10 ),
with
(2% 55 ) 8 (24 %) @@l

9(§)’G («z(&) f(zs))

for the case 2m < n and obtain the following lower bound:

k >[5 ! L1 4.1
o= (5-5) (5-3) “n

for the number &, (v) whenever 2m < n.
The same arguments can be used for the case n = m = oo. Then we have the
following lower bound:

vi(§) = € CP(RY)

k >5 ! ! 4.2
p(U)_ <;—§> 4.2)

for the number &, (v), which corresponds to the class III of surfaces.
The lower bound (4.2) finishes a proof of the part (i) of Theorem 1.3.

Further, we consider the case 2m < n. We prove the following statement.
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Theorem 4.3 If2m < n, and m > 3 then

1 1 1 2m + 2 1 1 1 m
bo=m{(s= ) (5-3)- (- 57) (5-2) -2+ )

(4.3)

Proof Since we already got the upper bound for &, (v) (see (3.6)), then it is enough to
prove a lower bound for that number.

Ifk < (5- %)(% — %), then the operator M, is not L?(R3) — L? (R?) bounded
(see Remark 4.2).

Assume k < (6 — @) (% - %) - % + % We show that My is not L?(R?) >
L? (R?) bounded.
We slightly modified the Sugimoto [16] arguments and consider the sequence

ﬂ+.i(m+l)

uj=2"7"" T ;27 ) ),

where

i g im (& g \" (& x1(@@))EF
we=r ()0 (- () 2 () 2l oy
G) @& \o® v®/)) )6 (Wlé), Wzé))

where f, g, x1 € C§°(R) are non-negative smooth functions satisfying the conditions:
f(©0) = g(0) = 1 and supports of functions f, g lie in a sufficiently small neigh-
borhood of the origin of R and x; is a non-negative smooth function concentrated
in a sufficiently small neighborhood of 1 and identically vanishes in a neighbor-
hood of the origin and also x;(1) = 1 (cf. [16]). Obviously v; € CgO(R3) and

/7

_jm+tl
lvjlly ®3) ™ 277 »n | where the symbol “ ~" means that there exist non-zero

constants ¢, ¢co > 0 such that
_jm+l / _jm+l
2/ < [ e < a2 T
R

Indeed, we use change of variables £ = A(y, y2, 1 + ¢ (y1, y2)) in the integral
_/R3 [v;(§)|? d&. Note that on the support of v; make sense the change of variables,
provided j is big enough. Then we get:

f v ()17 d& = / £ @ g? @ (3 — Yo ()
R3 R3

/ kp' ’ - m+1
AP (2 L 2 (14 Gy, y) D) T G2 (1, yoddyidyadd ~ 2775
Thus, for large j we have

||“j||Lp(]R3) ~ 1
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Now, we consider the lower estimate for || Myu |, » ®R3)
We have:

+l

Myu; = F e ® g &) Fu; =277 W P L ®ar)v; 277 6))(x).

We perform change of variables given by the scaling 2/& — £ and obtain:

3j _,_/(:ln;—l) —kj

\/(271)3 R3
£ & & \"
2n —— 20 2
f( w(é))g( (fp(é) (w(%‘))
3 ))) x1(@(&)) i
w(?’(é}-) 2(5)(;( & ) 2

My (x) = o2 @) —x)

o€ 9&)
Finally, we use the change of variables § — A(y1, y2, 1 +@(y1, ¥2)) and we have:

3j , jmtD)
oA kj N
My j(x) = — 2 A 1—x3—(nxi+yax+x3¢ (31,52))) o

V@2m)3 R3

X fQ2hy1)g @ (y2 — M (1)) x1 (Wdrdyidy,.

Now, we perform the change of variables

_i _jm
y1=2"nz1, y2 =yl'o(y) +27/ " 2.

Then we get

3]+»1+l

»H»l i .
Myuj(x) =27 w Y / P O3EXI) £ (21)0(20) 1 (Wdidz1dza.

where

D3(z, x, J) '—1—x3 (2 "X1Z1+x22 ”21 Tw 2~ "11)+222 nxz—i—

2jm

X327 3b(27 2y, 27 (@ R+ 2) + 27z 1827 )

We use the stationary phase method in z; assuming,

J(n m)

[1—x3] << 27, |x1] << 27n; Y , o] << 27 “4.4)
and, reminding that 2m < n, to obtain:
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(3 mtl_1_1
Myuj(x) = 21(E+r717*2*§*k)

</R PR £ ()6 (25 (21, x2)) 1 (WdAdzs + 02 (Z'T])> ,

where

By = Dyzi,x, j) =1 —x3 — 1121277 — 270 w277 zy)

_ "y _
279 B(27nz1) + X3 B(z1, X2, %3, 27,
and B is a smooth function satisfying the condition | B| «~ 1. Consequently, accounting

the conditions (4.4) and the inequality 2m < n, we establish the following lower
bound:

(3amEl 11 (3 mr)
||Mkuj||Lp/(R3)22j(”+"P’ iy (3-) k)c

where ¢ > 0 is a constant which does not depend on j. Thus if

k<(6_w><l_1)_l+ﬂ
n p 2 2 n

then the operator My is not L? (R?) — LY (R3) bounded.

Analogical result holds true for the case n = oo.

Thus, if £ < k,(v) then the My is not L? — L?' bounded operator. This completes
a proof of the Theorem 4.3. O

Theorem 4.3 finishes a proof of the part (ii) of the main Theorem 1.3.
Thus, the main Theorem 1.3 is proved.
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